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Marks

[10] 1. Give a formal description of a Turing machine—and explain how your machine
works—that recognizes the language

L = {0n10n | n is a non-negative integer}.

You should explicitly write your choice of Q,Σ,Γ, δ, q0, qaccept, qreject. You may use
two tapes if you like. You may either write out the values of δ, or depict these values
in a state diagram.

Continued on page 3
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[10] 2.

(a) Give a DFA that recognizes the language

0∗1∗ = {0n1m | n,m are non-negative integers}.

You may either write out the values of δ, or depict these values in a state diagram.

(b) Let L = {0n10n | n is a non-negative integer}. What is Future(L, 0001)? Explain.

(c) Show that the language L in part (b) cannot be recognized by any DFA.

Continued on page 4
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[10] 3. In class and the textbook we showed that 3SAT is reducible to SUBSET-SUM by
a polynomial time reduction, f . Briefly describe this reduction and justify that w ∈
3SAT iff f(w) ∈ SUBSET− SUM. Explain why f takes roughly quadratic time to
compute. [Recall that 3SAT is the set of 3CNF formulas that are satisfiable, and
SUBSET-SUM is the set of integers n1, n2, . . . , nr, t such that for some I ⊂ {1, . . . , r}
we have

∑
i∈I ni = t.]

Continued on page 5
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[10] 4. Let DOUBLE-SAT be the set of descriptions of Boolean formulas that have at least
two satisfying assignments. Show that DOUBLE-SAT is NP-complete. [Hint: You
may use the fact that SAT is NP-complete. Don’t forget to show that DOUBLE-SAT
is in NP.]

Continued on page 6
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[32] 5. 4 points per part. Briefly justify your answers; you will not get credit for just
writing “yes” or “no” (or any short answer without justification).

(a) Show that if C1, C2, . . . are countable sets, then C1 ∪ C2 ∪ · · · is countable.

(b) What does Savitch’s theorem assert, and why does this show that NPSPACE
(non-deterministic polynomial space) is equal to PSPACE (polynomial space)?

(c) Let A be any problem that is complete for PSPACE under polynomial time
reductions. Is PSPACE contained in PA?

(d) Let LNP easy consist of all descriptions of a triple, 〈M, i, t〉 where M is a non-
deterministic Turing machine that accepts input i, running in time t where t is
expressed in unary. Show that any language in NP can be reduced to LNP easy

by a polynomial time reduction.

Continued on page 7
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(e) Let HALT be the Halting Problem for Turing machines, and let HALTHALT be
the Halting Problem for oracle Turing machines with oracle HALT. Is there an
oracle Turing machine with oracle HALT that can recognize HALTHALT?

(f) Same problem as the last part, except with “recognize” replaced with “decide.”

(g) Say that you are given a description, < A,w >, of an NFA (non-deterministic
finite automaton), A = (Q,Σ, δ, q0, F ) and a word, w ∈ Σ∗, and that the transi-
tion function δ:Q×Σ→ Power(Q) is written out by each of its values. Can you
decide if A accepts w in polynomial time of the length of < A,w >?

(h) For each non-negative integer, n, let SATn be those strings of length n that lie
in SAT. If SAT is in P, how do we prove that SATn has polynomial size circuits?
How does this related to the question of P versus NP?

Continued on page 8
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The End
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