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Marks

[8] 1. Give an explicit description of a Turing machine that takes as input, x ∈ {0, 1}∗,
and (1) accepts x if the first character of x equals the last character, and (2) rejects
x if not. You should explicitly write your choice of Q, Σ, Γ, q0, qaccept, qreject, δ and
intuitively explain how the machine works. For example, you should write Σ =
{0, 1}, since this is the input alphabet.

Continued on page 3
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[8] 2. Let Σ be a finite, nonempty alphabet.

(a) Show that Σ∗ is infinite but countable.

(b) Is the set of subsets of Σ∗ countable? Justify your answer.

(c) Explain the relevance of parts (a) and (b) to computability in the situation where
you have a set of programs that are strings over Σ, all of which take their inputs
from strings over Σ.

Continued on page 4
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[8] 3. Outline how to reduce 3SAT to SUBSET-SUM; illustrate this reduction on a simple
example.

Continued on page 5
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[8] 4. Show that if L1 ≤P L2, i.e., L1 is polynomial time reducible to L2, and if L2 ≤P L3,
then L1 ≤P L3. If the L1 ≤P L2 reduction takes time order n5, and the L2 ≤P L3

takes time order n9, give a bound on the time the L1 ≤P L3 will require.

Continued on page 6
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[8] 5. Let DOUBLE-SAT be the language of Boolean formulas that have at least two sat-
isfying assignments. Show that DOUBLE-SAT is NP-complete.

Continued on page 7
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[8] 6. Recall how we showed Lyes is undecidable. Assume to the contrary that there is a
program, P , that decides Lyes. Let D be a program such that for all programs, Q,

Result(D, EncodeProg(Q))

= ¬Result(P, EncodeBoth(Q, EncodeProg(Q)))

Argue that considering the value of Result(D, EncodeProg(D)) leads to a contradition.

Continued on page 8
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[8] 7. In this course we studied problems that cannot be solved (via counting arguments
or self-referential constructions) and that seem hard to solve quickly (NP-complete
problems). In two or three paragraphs, outline the techniques for proving these results,
and describe problems that you might encounter in practice that would relate to these
results.

Continued on page 9
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[8] 8. Use the Myhill-Nerode theorem to show that:

(a) L = {x ∈ {0, 1}∗ | x contains 01 as a substring} is regular (i.e., recognized by a
DFA), and

(b) L = {x ∈ {0, 1}∗ | x = 0n1n for some n ≥ 0} is not regular.

Continued on page 10
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The End
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