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In class we derived a regular expression for DIV-BY-3, defined as

L = {0, 3, 6, 9, 12, 15, . . .}

(which is the language over Σ = {0, 1, . . . , 9}, and we do not allow leading zeros in
elements of L and we do not consider the empty string to be part of L.

In class of October 2, 2019 (see class notes), began with a five state NFA, added
an ending state, and then eliminated the intermediate states. The expression we
got was

0 ∪ T0T
∗
1 ,

where

T0 = S2 ∪ S3S
∗
4S5, T1 = S0 ∪ S1S

∗
4S5,

where

S0 = R0 ∪R2R
∗
0R1, S1 = S3 = R1 ∪R2R

∗
0R2, S2 = R′0 ∪R2R

∗
0R1,

S4 = R0 ∪R1R
∗
0R2, S5 = R2 ∪R1R

∗
0R1,

where

R′0 = 3 ∪ 6 ∪ 9, R0 = 0 ∪ 3 ∪ 6 ∪ 9, R1 = 1 ∪ 4 ∪ 7, R2 = 2 ∪ 5 ∪ 8.

In the above expressions we have omitted some necessary parentheses.
Repeated substitution yields the following regualar expression (after adding

needed parentheses):

0∪
( (

(3 ∪ 6 ∪ 9)∪ (2 ∪ 5 ∪ 8)(0 ∪ 3 ∪ 6 ∪ 9)∗(1 ∪ 4 ∪ 7)
)
∪

(
(0 ∪ 3 ∪ 6 ∪ 9)∪

(2∪5∪8)(0∪3∪6∪9)∗(2∪5∪8)
)(

(0∪3∪6∪9)∪ (1∪4∪7)(0∪3∪6∪9)∗(2∪5∪8)
)∗(

(2∪5∪8)∪ (1∪4∪7)(0∪3∪6∪9)∗(1∪4∪7)
))( (

(0∪3∪6∪9)∪ (2∪5∪8)(0∪3∪6∪

9)∗(1∪4∪7)
)
∪
(

(0∪3∪6∪9)∪ (2∪5∪8)(0∪3∪6∪9)∗(2∪5∪8)
)(

(0∪3∪6∪9)∪

(1∪4∪7)(0∪3∪6∪9)∗(2∪5∪8)
)∗(

(2∪5∪8)∪ (1∪4∪7)(0∪3∪6∪9)∗(1∪4∪7)
))∗
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(and we have added some colour to make things easier to check and navigate).
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