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A REGULAR EXPRESSION FOR DIV-BY-3

JOEL FRIEDMAN

Copyright: Copyright Joel Friedman 2019. Not to be copied, used, or revised

without explicit written permission from the copyright owner.

Disclaimer: The material may sketchy and/or contain errors, which I will elabo-

rate upon and/or correct in class. For those not in CPSC 421/501: use this material

at your own risk. . .

In class we derived a regular expression for DIV-BY-3, defined as

L = {0, 3, 6, 9, 12, 15, . . .}
(which is the language over ⌃ = {0, 1, . . . , 9}, and we do not allow leading zeros in

elements of L and we do not consider the empty string to be part of L.
In class of October 2, 2019 (see class notes), began with a five state NFA, added

an ending state, and then eliminated the intermediate states. The expression we

got was

0 [ T0T
⇤
1
,

where

T0 = S2 [ S3S
⇤
4
S5, T1 = S0 [ S1S

⇤
4
S5,

where

S0 = R0 [R2R
⇤
0
R1, S1 = S3 = R1 [R2R

⇤
0
R2, S2 = R0

0
[R2R

⇤
0
R1,

S4 = R0 [R1R
⇤
0
R2, S5 = R2 [R1R

⇤
0
R1,

where

R0
0
= 3 [ 6 [ 9, R0 = 0 [ 3 [ 6 [ 9, R1 = 1 [ 4 [ 7, R2 = 2 [ 5 [ 8.

In the above expressions we have omitted some necessary parentheses.

Repeated substitution yields the following regualar expression (after adding

needed parentheses):

0[
✓ ⇣

(3 [ 6 [ 9)[ (2 [ 5 [ 8)(0 [ 3 [ 6 [ 9)
⇤
(1 [ 4 [ 7)

⌘
[

⇣
(0 [ 3 [ 6 [ 9)[

(2[5[8)(0[3[6[9)⇤(2[5[8)
⌘⇣

(0[3[6[9)[ (1[4[7)(0[3[6[9)⇤(2[5[8)
⌘⇤⇣

(2[5[8)[ (1[4[7)(0[3[6[9)⇤(1[4[7)
⌘◆✓ ⇣

(0[3[6[9)[ (2[5[8)(0[3[6[

9)
⇤
(1[4[7)

⌘
[
⇣
(0[3[6[9)[ (2[5[8)(0[3[6[9)

⇤
(2[5[8)

⌘⇣
(0[3[6[9)[

(1[4[7)(0[3[6[9)
⇤
(2[5[8)

⌘⇤⇣
(2[5[8)[ (1[4[7)(0[3[6[9)

⇤
(1[4[7)

⌘◆⇤
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Thm : Any regular expression
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① If w
, ,Wz are brought to the

same state of a DFA
recognizes

L
, then Accfutilw , ) = Accfut /wz)



② If the number of
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,
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regular .
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