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- Some more HP - complete problems
- How to solve P us

.

HP l ? ) 89.3 Gip]
"

Circuit

- There are 22
"

Boolean complexity
"

functions on n
- variables

- For n large ,
less than Fri

can be computed by a

circuit of size 272in

- If 3COLOUR EP
,
then 3 COLOUR

has polynomial size circuits : can

we refute the conclusion ? ? ?

- Questions about circuit ( formula

size ( depth of Boolean functions

are still wide open .



Breakout room problems :

① Show that

PARTITION = { ( n , , . . . ,nm) / for some
Ifm] , §±ni=¥. hi }

is HP - complete

② Show that

VERTEX - EXPANSION
= { ( G ,

a
,
b) /

there is a Ac Fg with / Alsa

and friml > b }
is NP - complete



③ Show that CLIQUE = { ( G.k) / G
has a clique of size K } is

HP - complete

④ Show that every
Boolean

function on n variables

can be computed by a

formula of

⑨ Size E n 2
"

AND

⑤ Depth E Togzn? n.



fresh either , terminology :

Let G -

- (V
,
E) be an ( undirected )

graph . Let A - V be a subset .

① MA) =
"

neighbours of A
"

s f v EV ( V&A and some

edge is incident upon u

and some element of A }

② A is a clique if any two elements

of A are joined by an edge .



today ! - Some more
NP - complete problems

- Circuit size for Boolean functions

→ 9.3 (Sip)
mm[* 2W "

I
1 short ptntutoan
ions minutes p.io#mp:Fehn*ians
Rest

review for

final

-



Boolean formulas sums of integers
--

So far : SAT
,
3 SAT

,
SUBSET - sum

-7

are HP complete } }
1

Today 's CLIQUE PARTITION
-
new idea TT)

{CLIQUEin graph thy { CLIQUE

MINESWEEDER is also NP - complete
( the proof requires

"

gadgets
"

that are

pretty sophisticated)
-

CLIQUE : { LG , k) / G has a clique
of size K /

clique in G -

- (V.E) is a subset

A CV sit
. every two

vertices in

A is connected by somme edge .



• o-

TNT
clique of site 4
-

Thin : CLIQUE is HP - complete

Proof :① CLIQUE is in HP -

algorithm ! given ( G
,
K) ,

"

non -deterministically
guess ) write down

"

a subset of k vertices
,

and then verify that this subset is a

clique .

G -

- (VE ) , V -- Cn)
,
Ken ,

and

need to check whether are not

G contains some ( Y) edges . E (2) EM .



② Show 3 SAT Ep CLIQUE
e.g ,

( X
,
or Xz on - Xz ) AND

( X ,
or 7 Xz or X 4 ) AND

( n Xz or Xg on a Xy )

n

: :c:: :÷÷. ÷!!..
Hint to construction :

④ ④ HI
.

¥0
' {

④
How put in edges sit

.

there's a 3 clique iff



Another type of reduction
:

PARTITION = { Ln , ,
. . .

, nm) I sit .
there is Ic fl , . - , m) sit .

¥
.

hi
= ¥, ni f

ers . 23.4.5.12?c-PAritTw#J( 42,3
,
tooo)

&
-

To show PARTITION is HP- complete

① Guess I all , - pm) , then check if #

② SUNSET -sum Ep PARTITION

given SUBSET- sum question
! ( n , , . - , Nk ; t)



now create a PARTITION instance

equivalent to ( n , , - . ,n, ; t) in SUBSET -SUM

←
is there is:c Gift " - - '

gwensit
.

En ; st ←

iek

Nl partition problem
"

Guess
"

=

"
non- deterministically neurite

'
"

down!

-

Breakout ?

Problems ① and/or ③
10:10 → 10:20



" an I
① Hint to construction :

- --
- no edge ④ ④

← II
.

if opposite
,

i

:÷÷÷: I
from this

,

Pitot'T edge
Now put in edges sit

.

there's a 3 clique iff

form a clique she 3

if 3CHf is lsiatiffrzlk ,
then graph has a clique

"

'
' ' ' not in

,
i . . .

doesn't here edgy

{ if graph has a clique ⇒ Nf is satisfiable



SUBSET - SUM : 41,3
,
7,19 , 4,315577

( nun ,nz - - - innit>
→ PARTITION

I 37 19 4 31 → 57

( 'also 1×3×7×19 -14+31=65 )

I 3 7 B 9 4 31 57

- t

can you slplit
sum - t

t and ⑧ ←
2T- s

I 37 19 4 31 57

add
poos - oooo - ? ?

add
Zt -s ←

I 3 7 19 43132333435 ; 57



( sum - t) -13 ( sumxt)

-

t 3 ( sumxt)

-

svff large

④
@103070 B 90 40310 57

- t

57+8

81 571

i →

8 { some numbers / rest { 57-
-

-

sun is the same
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