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12,2020

- finish the Cook -Levin theorem :

- if SATEP
,
then HP =p

- if 3. SAT c. P
,
then HP =p

- In practice we are more interested in 3. SAT

[We will need some Boolean algebra . . . ]
- Formalize NP - completeness and reductions

-

Many languages are HP - complete :

3 SAT
,
3- COLOUR

,
4 - COLONA R

,
etc

.

SUBSET - sum
,
PARTITION

,
etc

.

EXPANSION
,
etc

.

VERTEX COVER
,
etc

.

etc .



Breakout Room Problems

① Say that SATEP .
Show that

given a
Boolean formula

,

f =f( Xi
,
-
-

. ,Xn) ,

t *

one can find Xi
,
.
- in E { T, f )

sit . if f c- SAT
,
then fcxit

,
.
. . ,xi ) : T .

② If L
, Ep Lz by an 01h31 reduction

,

and Lz Ep Lz
" '

' 01ns ) "

,

then L
, Ep Lz .

How much time does the

reduction
require ?

③ Say that 3 COLOUR is HP - complete .

Show that 4 COLOR n
' ' "

.

Is 2- COLOUR t.JP - complete ?



④ Show that for fixed ku. -Ho ,

X
,
on Xz on Xz or X.

y
or Xs on Xf ST

iff (for those values of X
, ,
. .

, Xf) the

formula

( X ,
or Xz or y , ) AND

i::::÷::
( 743 on Xs on Xo )

is satisfiable
.

⑤ Say that LEN P and we can
prove

that Lep ⇒ NP =P
. Does this

mean L is necessarily HP - complete ?



⑥ Any Boolean f
-

- f (Xi , . . . xn) can

be written as

( clause , ) or ( clause z) on - - -

or ( clause zn)

where

clause
;
= literal
; ,

AND literati
,
AND

. . .

AND literalism

where each literal
;
, j
is one of

Xi ,Xz
,
- . .

,

Xn
,

T X
, ,TXz ,

. . .

,

7 Xn

( and T is negation ) ,

i. e . as a DNF of sized
"

(or less)

and width ( or less ) .

⑦ Any Boolean f = fly
,
- . . ,Xn) can be

written in CNF of size 2
"

and width n
.



-

"

The only constant that a theoretician

care about is the one in their salary
"

- Richard ka -p
t

[we'll see this today . . . )
-

Idea! We have a non - deterministic

Turing machine logarithm M
,

we have an input to M ,
W
,

given Lm ,w)

( assuming Q = { I , - - . 1Gt} ,

r =L I , - , IM} ,
in Q

I = initial state

2 = accept state

3 = reject a



Iieductrai
Convert (M ,

w) → Boolean
f

formula M
,
w

s 't
'

① M accepts w iff fm
,

SAT

there {② fm
,w
has size poly in Iwl

huge ③ We can produce fm
,
w
with

constants

00 ( poly cm) a poly time algorithm
w

ul-oh ④ Then
,

if SAT c- P ⇒
( v.Manker)

Language ( M) E P

"
u

This proof really gives
a reduction



←
state t.me a

time
I

↳stir
-Idea : o

,
Iii: :

C
← step Itme N

n n

f / / H - poly cm

cell 1
cell 23

.

.
.

cell Htt

Lij k = f T if at time i
,
cell j ,

the symbol
k is written

f- otherwise

y ; j
s f
T if at time i , tape head is at

cell j
f otherwise

2- is
-

. { ft Ef time i
,
we are in state s

otherwise

-

We went far all i
, j , exact one T among

① Xi
, j , I , Xi .jp , - - it iij.fr/

AND



② similarly far Yij ,
2- is

AH3fwewwtZn.z_T@Ci.e
.
after H steps we are in

the accept

AND State)

④ We wut w
.
-

- who LW to be

written initially ,
and initially

tape head in cell l
,
States initial style

AND
⑤ The transition from step i

to step ixl is a valid computation

in M ( for i -- O
, 1,2 , - → 1J - l )
t

Remark : Ultimately , we
want have

formula
. fm

,w
to be in 3 CNF

form !

i. ye .



Fm ,w= clause
,

AND clause
,

AND
- - -

mm clause
.m.

. 471914,1
where

clause ; = literati
,
,

or literati
,

or literal,
where

I ,¥,.at = x
, ,
-
. .,Xn ,

TX
, ,

- Xz
,
- - -TXN

AND = A on = V
,

NEGATIONS 7

( Not)

-

③ Zu,z=T is same as

( 7µs or ZN,z°rZµz)



① Part ! for all i ,

Zi
,
l l Zi

,
2 'Zi

,3
' - - -
Z
i
,
I Q1

exactly one is true
.

• Zi,iorZi,zoRZ;zor__or£C
(Is true) need trick → 3 CHE

AND
• (Ai, on 77%2 or 77in)
AND

( 'Ii , on 77,3
or - tip )

' 3 literals

i -

i.e . 2-
i. j ,
" 'Zijn 'Big



Trick : Think of 2-
in ,

- - , tidal

as fixed ; then
-

Zi
,
,
on 2- i.z or - -

Zi
,k,
" /

iff this is satisfiable ( add Ui
,

.

) :
-

- e

( Zi
,
,
or 2-
in
on Kei

,
, ) T

auxiliary
AND { dummy }
( Thi

, ,
or Zi

, z
or Ui

, z ) variables

AND

( TU i ,z on 75,3 on hi
,
3
)

:

( → Uist
.

nor Zi , i. ,
or Final )



-

Breakout
rooms for problems

-40 e ⑥

-101223 - 10 :3 'd

is INF ,
not ENE



④ X
,
on Xz on Xz or X.

y
or Xs on Xf ST

iff (for those values of X
, ,
. .

, Xf) the

formula

( X ,
or Xz or y , ) AND

i::::::::
( 743 on Xs on Xo )

is satisfiable
.

-

Say ( X ,
or X
,
or y , ) AND

.÷÷÷÷÷÷÷÷ I :*... ..
[

can be satisfied§ X
,
sf

, xz=f , a#y y , =p

g an,µ,,74 ,
if

,
and Xzsf ⇒ yes T

T Yz s f ,
- . Xzsf =) -

- -



so I blah can be satisfied , at

least one
④f Xi

,
- y
Xn Must beT

But if
, say , X

,
=T then

( X ,
or X
,
or y , ) and

YET

÷::÷÷÷÷÷÷÷÷÷÷÷:
→

true i

#

Review

⑤ step i m step it, is
valid

transition in M

:i÷÷i:÷÷÷÷÷÷÷÷÷:÷



"i"yif tape head at time i is on cell j ,

then

\ if •

exclusively one of 1Cell j , time ixl
: write

poss ,

next state pass - state ,la :÷÷÷÷÷÷÷:÷
.

tape head
pass - tape z

as some
on

,

:3CHF if state -2

( huge ( )
( constr ;

,


