
CPSC 303
, April 12 ,

2024

- Review ODE schemes :

- Where do they come from ?

~ How accurate are they ?

· The stiff equation Bad Case

E
Of '↑ - [1000 A

- Complex eigenvalues who complex

eigenvalues : Why is

c = - Cu "Stiff" ?

-What about the central force problem?



Note :

- Additional office hours

next week.

- More practice final

questions to appear

early next week

(with brief solutions).



OUR ODE SCHEMES :

For y' = f(y) , y(0) = yo :

Forward Ever :

Yia = Yi + h f(yi)

Backward Euler: (forsties

Yin = yi + hf (yi +)
~ implicit

Implicit Trapezoidal :

Yixi = y, h
f (yi) + f(yix) zud

L order

2 scheme



zudarden

Explicit Trapezoidal scheme

C

Yix =

Yi + h
f(yi) + f()

&

In
2

where
= =

yi + h f(yi)

RK4 (Runga-Kutta 4)

Ne
J

= i, Yi f(y)1)

-

Yi 4
= blah blah blah

Y:+ = Yi + h (blah blah blah



Where do they come from ?

Forward Euler is direct,

others are more puzzling...
-

y' = f(xy) , y(0) =

y .

I

Idea : Choose >0 "smell",

to 0
, +, = h

,
+z = 2h

, ty . -

y(+ +h) = y(t) + Ly (1xE Y"(e)
+

. .
-

= y(t) + hy(t) + O(hz)



t
in

= tj +h

y(tix) = y(t : ) hy(i)
+ O(nz)
-

drop

y (tix) = y(t ; ) + Ly (i)

↓
= y(t , ) + hf(y(ti)

↓
Yia =- pithf(yi)

Error : Lapefully --



Since

Yit-Yothflyi) = O(h)
hopefully

error ; Yi Yithfly ;
1 + O(L)

Yi given i C(Lt

Yi gree Yia
O(L)

i

& errors
! O(ihz)

Y(T) = y(ti) = y(ih)



Error

y (T)
-

Yi

(where it - T
,

i = T/h(

is just i0(L])

T/L · O(hz)

= O(T - h)
Auth : ~
kind a true ,

but

constant Y" ,

Lipschitz f(y) ,
-



For practical considerations :

Y' = c Y y (0)
= Yo

T' = At y(d) = %..

Y , = y(L) = e
ah

yo

= ((x ah +) ) Yo2

Forward Euler :

Y =a , Yia Yithf(yi)



= yill + ha)

Yia (Itha) yo
Fix T > G

Y + 1 = (1 + ah) Yo
-

L+ C Mat
C

What could possibly go

wrorg
?



"Think of this
Consider : ↑ as < block

Soy :

Y =fi
baX

(x2) = f
-

1000I

(2)() = (3]
- 1000t

y . (1)
= e

- 1000 t

y ,
(0) = e 2

,

Y2() = + y ((0)
= e2+ 3

.



Say + = 1 :

f() = (e
100 +

2
,

e

*

3)
= (e

-

10002
,
e . 3)
*

↑
locks

Legligible
But Euler's method :

-

Yin (ITA) i



Hi = (5thA)" Yo

y(1) =y

Y = LITLA)" Yo

=
1 +

ht1000)C

-DanielE



So he" "
this works for

2 = 2 ye

Ya
, (2

= 1522) y

Batt for en h =

cos

so al = Exc ((0x) = - 3

I ah = - 2

(15ch) = =2) G



Fix! Backward Erler :

Yix = Yi + h f(yix)
-

still O(h) error
Y ;+ Yix

overall global error O(TL)

first order scheme

Yia
=

yi + h(aYix)

Yia A 1 - ha) = Yi

Yix .

= Yi / ( -ch)



But you really have to

tailor the scheme when

problems arise
.

Backwards Euler solves

eigenve = - 1000
I

i < "small

[
-

100007 - diag(-10002

eigenvolves 1000, 2



Complex eigenvalves :

& 0

X T -

X

solutions

x (t)
=
9

, sin() +

decs(ct)

> big = oscillating more

quickly

y
= [, ]



1 = ( , ) : (8)
C = 1

↑ = ( ? !] Y
Euler's method :

Yin = (I + LA) ii
I) Fi



Energy !

(x) + ((X)
2

C = 1

E(t) = (x) + x
=

= (x(t)) + (x(t))

((t) = 0 E E() constant

y = (E] , E = 1y112



Bay z = Fil
(I + LA)E

! 4 =
C

(I((1) =
1

+
1225 +

(2
,
+h2272

= (7,+z2)(1 + ht)



So

energy (y;)

= (1th) energy /yo)

Six -X

,Itchy


