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Today ! Stiff Equations,
SImplicit Euler's method

.
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,

classes,-

- Skills :
a long list

- Sample Final Exam Problems

(mostly on stuff after midtern)



Last time :

ODE =A

or y' = 2y
as

Euler's method

Y(t) = Yo
h-
-> t
- I

h -> t

?

↑m prex Hathm)



↑ma = Ym Lf(Y/m)

= (I + LA)
m

for 71 : A

Ym = (IT LA) Yo

(For heat eq . analog,
mI (IthA) uns I((1 -2p)5 +g(cos(h) - 1)

M

in caseU(X ,
d) = sin(TX)



Say y' = ay

Or --- Y' = x y
SC Y(0) = Yo

Ym = (1 + +h)
*

yo

Y (T) ,

fix +
,
let h+ 0

Ym = y(mh) + y(π)
m =T/L



SC

Y(T) approx by

↑
+

(10 x L) y(0)

I

Ym

lim (1 + xL)
+

= p
+T

h= 0

What goes wrong---

If X30 ,
then



y(t) = et(
-+d)
y(to)

· x O

Y,

I

&

↑ Ih

appexi (Ixh) increases

-

undershoots : b

eth -+
...



Problem : what if O

Example X = -1000

- 100 (t -to)
y(t) = e

Yo K
· Yo

i
-

to

but
T/L

ym = (( +(h) Yo
-

T/L

(1 - 1000L)

If /1 - lacch) not =



If he jnl then

ym = (1 - 1000 Yo

= (6 -10)M yo

= (9) y.
What to do --

Points :

(1) You have to modify
something in x = -1000

-

T I Y'= AY , Y=5)



you have
X = -1000 ,

but it's

a
bit hidden -

(3) If X EC
,
i not real,

similar issues
,
but worse-

"Stiff Equation" refers to

- X
very negative ,

or

- A with very negative eigenvalues
,
or

- Y = =(4) where nearTo

--)= (1 = C + A(y -Yo
- X

Const r

- error -
Quadratin



Solution toI
very negative

Or Y' = A where

eigenvalues of A very

negative

A = S s

1" - s() jt
= s(x .

-

]s



Euler's method :

y(t+h) = y(t) + Ly'(t)

(y() = xy) = y(t) + hi)yH)

Ym + 1
= Ym + & flym)

= Ym(1 + hx)

Yyly( + C

= y'( + + E) + 0(Lt



= y'(t+h) + O(n)
Sai

y(t +h) = y(t) + h f(y(t+h)
Implicit Euler's Method

Backward (2 17

nin
e

if y'- ily



Implicit because

Yma = Ymth flymai
? known ?

(Rem: If h suff small :

Yma =

Ym + h f (ymal

= math flymrhymal
f

Ym +

hf(ymal



Imagine we can find you
from

Yma = Ym + h f(yma)

then Y' = -1000 y

Yma = ym + L(ym+ ( - 100)

Yma(1 + looch) = ym

y m + 1 =



Then Y'fly you get

Yma (1-xh) = Ym

Yma
(1 - xh)

X = 0
,
+
,
-10
,

- 1000 --

so 0
, ym decreases

and is qualitatively better.
-

But is a positive :In



If
h

is negative

1- xh0

1 Ah G
So

T' = ( occ) F

(in) = (. )
then you need something else.



Consider

X
/
-
I c X

C

·Elle *

-

We know

C
,
sm(ct) + Cycos( +)

gives a solutio X(4).

A

- =



Y' = C = ) = (x, )
· [=)
= [i] ()
S T
(9 -3)



Note !

X'Co
given Y(0) = C X (0) I
x(t) = C

, sin(ct) + (200s(ct)

stay bounded-

So--

Ym = (1 +AL) Yo
-

want to be bounded



What is

(1 + AL)M in

size ?

Find eigenvalves of (0-2) :

det)(x n =) - ( ! =)) =
+ ( = 3) = 0

↓
complex

xv + c = 0 number

x = I F C



(1 + h) )"

(1t hFc)M
~

(11 hic)
M

((1 + i hc/m

= Witho E
if he is any fixed , pas

real



(1 + (h)m/z

= (posnumber)
Mr

Real case !
m

(1 - 1000h)
So

- 1
< (1 - 100h)

2-looch O


