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How do we approach ODE's

and PDE's

↑
Het Ea --

ODE's :

Y' = f(t , Y) :

(1) Look locally :

-

= F(
,) , (tol = YoY

t near to Tayl series, --



Euler's Method
, Explicit

Trapezoidal, - -

(2) Real Question : Do these

methods work for t near + to
,

Step size ,

h
,
in Euler's method,

Trapezoidal--h + o and

approximate y(t)

Method : Choose a simple OD],
for which we do know solution

-

y'(x) = A (t)



we know

(t) = eA(t - +) =
if we impose ↑ (to) =0 .

2 : If
!

= H
,Y)

= some invariant is preserved

(Energy) , then you can run

the method and test if the

preserved invariant is numerically
preserved
.

If y = j(t
,)
-

can be "reversed in time



then you can run the equations,

reverse them ,
and

you
should get

back to your initial conditions

Still
, things or go wrong-

Do the same thing for the

heat equation :

u= =

4xx I ↓

X = C X = 1

We designed a method

u
+

eu(x ,
t+ H) - u(x ,t)

H



u
xx
=

4(x+ h) + u(x - L) - zu(x)

h2

u(x
,
+ +H)

= u(x
,

H)() - 2p) +

(a(x + h
,
t) + u(x - h ,

t)) &

p = + Jor Che for
ut= Chxx(

Rem ! If p
= J , you get a

scheme that is accurate to higher
order



Method : Find a simple ,
exact

solution
,

and see how things
war

Simple solution :

u(x
,t) = si(πx)e

+2 t

t = 0 u(x
,0)
-

X= g x= 1

sin(TX)

th 0 the solution decays by
+



Claim ! We can test scheme

-H

!Y
& t

x - h X xth

u(x
,
t+H) =

( - 2p)k(x ,t) +g (u(x -hi )
= e

-πt
.

a(x
,
t)

= 4 - 20) sin(πX) +
sin(X)= p(sin(π(x -h) + sm()xx+)



Sin ( +B) = Sing Cos+ Cos Sin
sin (9-B) Sindcos-
-

(sic)(2 cos)

sin(πX -Th
-

sin(ax +[h) = (sin( x))(2cos(h)
So !

(1-2p) sin(x) + j(sn(π(x h))=
sin(a(2)

E

(sin(πx))(1 - 2p + g2cos(L)
[Anclog of y = Dy ...



Eulers method !

y(t +h) y(t) + hf(x
,y)

LAy()
Yma Ymx LA YmI

Se

=

(lhA)ym I
Ym = (1 + hH)

"

Yo

So

a(x
,
t +1) = ( - 2p)a(x,) +Chin

In case U
,
01 = sin(

k(x
,
t) = sin(X) e

+2+

u(++ + 1) = u(x ,t) (1 - 20 + 2 cos(h)



u(x
,
0) = sin(πX)-

u(x
, (6) = (1 - 2p + 2, as(ah))u(x , o)

k(x ,
2()E in our heat eq approx,

in exact crithmetic ↑
= (1 - 2p +2 pcs(xh)) a(x ,o)

Y

a(x , SH) = (1 - 2px2cs(h)) u(x, c)

Fig ,
take hto

, p . Ho

u(x , s ) = (1 - 2 p + 2 cos(h))s u(x , 0)



Say ta S

assume takeh small with S
h2

S t-
& I

for some Sell
, him

I I A

X= 0 x,
hx2 = 2h

-- Y
m

= I

= hm

= 'Im

in (1 - 20 + 2g os (h))s
->

- T +,
e

(Analog : Euler's method y'sAy : &



Ya = (1 + AL) Yo

I (im (1 +Ah)" = eA+, In+ 8

nh = t
,
- to

L Trap . Yes (1+Ah)" Yo
-

cos(ah) = 1- ---

4 !
Sc

1 - 2p + 2 cos(πh)
= 1 - 2p + 2p(1 - E O(L)



= 1 - Oh
So need

#
Somettug
under(1- ) Y

So time step size
I must be

roughly order hi
~

So just asTrapezoidal rule
converges faster than Euler's

method for Y' = By ,



the calculation

u(x , Hs) = (1 - 2p +2pcs (L)
u(x

,
0)

for u(x
,0 = sir(TX)

You can test that for pol/6,
this

convergence (h+0
,
H =Oh

is faster by a order in he

1 - 2p + 2ecos(πh)
= 1 -29( .. )


