
Midterm Prep Solutions

(I (a) false : the solution is y(t) = eBY
< any
/RM

(b) True :
given y1t, To ,

the unique solution is

YIt) = Alt-tol To ; here t 5 .

(false
.

See
,

for example ,
HW7 , Problem 6 :

[ii]e - [ii] (ii) - (dia]
but Ko ( : zia] # Koldi)
(d) False (e) True : I see HW7 ,

Prob 4
,
and class notes)

If A-5
,
Ax = 5

,
then

Reltrro( , ) kg/P) Relfrrp/5 ,
5)

,

with

equality iff Berror : 5-5 satisfies

Beree-I'll , and Al . I. .

(f) true (since fly) = y" is differentiable at yo)

19) false (see HW1
,
Prob 3 for (g) and (f)

(h) false (i) true

The general solution to y' = (1" 2 is for a? b



y(u - (b)t
d) -G

C aitb

- it b)2 tb

(j) false (k) true : E (t = G(y(t) = y +)( 1) = yY -(1)

- -4) (1) (see also AW 2
,

Prob 4(f)

(2) true : similarly (see also AW2
,
Prob 4(g)

(M) true : see HW7 ,
Probs (1) and (3)

(2) f(x) = f(x)

f(x+h) = f(x) + hf(x) + 4 -"(x) + G(k3)

f(x+3)) = f(x) + 32f(x) + (224) f(x) + 0(h3)
so

C
a
f(x) + 4f(xth) + Gf(x +32)

-(a + 4
,
+ (2)f(x) + (4 ,

+ 3(z) hf(x)

+ (4 + 9(2/2)h2f"(x) + 0(23)

So if
I

[in] (i) : (i) .



ther

·(x) + y
,

f(x + h) + (nf(x+3h)
- f(x) +

N

O(42)

(Compare HW 1
,
Problem 2)

(3) & (4) Compare 16W2
, Prob14) :

-y + = dt = = t + C

= yit- ic .

for (3) : + = + +C = + = 3 + C
,

( = - 3= -

s y(u) = 4+
Ec + + 4 =T

, y()+ 0.

for (4) : + = + - = 0 + c = c = -

so y(t) = It =as t+ 1
,
y(t)- D.

(s)(a)i = %(i) = (i) : (ij)()
So

: At where A- (id] .



(b) See HW5
,
Prob (2) : (here #) = x/) isI one-dimensional (

so mi = -mu(((x ) xi
where u(III) = /XII

,
so who -

and 8'(r) = u(r) where U(r) = Fr + C

So

Energy (t) = MIN + m(lIx 1)

- Em/xF + m([(x +C)

(where C is an arbitrary constant.)·

(b) Using a method in class
,
03-08 in 2024,

mi - mx
,

so mixx = mxx
,

so

E m(x = j m(x) + 2 so

↳ arbitraryEnergy = Em(x) -E mx constant

So X( + ) = c e + c
,
e

*

are
both solutions

,

so 1 = x(0) = 4, +C2
,

0 = XI0) and



X(t) = cet-ce su 0 = x(0) = C.
.

So we solve C
,
TC=

3 = c=G= 4-G=
C

.

- Cz= G

So
x(t - Get et

(6) Similar to(5)
, ↑ = By where

n = (i :
and

Energyle = Em() + -m>x

(7) See HW 4
,
Problem (5)

(a) xn = c + 2(k)
(b) I = Xo = c. +C and i = X, C&
Sc c

,
+ (z = 1

C
,

+ City = 'Cy-

= 3/y = G = 3/z

c, = - /2

so xn = = + 3(k)



So Xn+" in exact arithmetic ,

and in MATLAB Xn -> /2 to

within a factor of (112-S) or so,

since
- /2 is a normal number. So

MATLAB will report Xn=
2 for large

My to within the limits of double precision .

[However
,
it is not clear that Xulz

will report 8 or (1) . ( = 2- 52) ...]

(3) HW 4
,
Problem (S) :

Xn = (2)"
,

but

we know this will cycle (with period 6)

around the values 2-1074 . n with

n = 1
,
2

, 3
.

(8) Compare HW 4
,
Prob (4)

Homogeneous recurrence is



Xn +
-2xn = 0

,

solution Xn = 2 C
.

Try Xn = antb for particular solution

to Xn
+
2Xn = n + 3
m - a = 1

a(n+ 1) + b - 2)an +b) & E a - b = 3

-

- a) + (a -b) I
a =

- 1

b = a- 3 = 4

So
Xn = - n-4 is particular solution.

So general solution is
Xn = <2 - n-4.

19) Compare HW4
,
Problem (3) .

Homogeneous OD- has solution y (t)
= e2tC

,

Particular solution to y(t)-attb
gives y - 2y = + + 3

& a=
-

a - 2(at +b) b = a .



Coy(t - 22+

( + (t - 74)

(10)
/Alle = max(1 + 4

,
1 + 4 + 3) , (3 = 104)

- 5 + 3 = 5 + 154

b= ( !,2 ++)
/I a+ 10 = 5(8 + 3)

S-K(a) - (8d 164(40 + 133+4
= 4 : 15

Su Relerra (,) 4 :03 Relfrrp(5,
b)

(roughly)

e 4 % 03 08 : 4 . 183

So I is known to relative error

at most 4 . 10.



(11) Compone HW 4
,
Prob(2)

(a) y(z) = eSHttd
y = e3t . 4

(b)
Yin

= Yith Sy :
= (1 + h5) y :

so
, by induction

Yi = (1 + 54)"yo
and yi is an approximation to y(totihl .

With hi In and to 0
, Yi approximates

Y (2) for torih
= 2

,
i

. e
.

i . T =2

i

. e . i-2n . So

Y2n = (1 + Sh)
>

"yo

- (1 + S/)224

approximates y (2) with fuler's method
, him



log((1 +4) . 4)

- 22 log(1 + 3) + log4

- 2n(5( + 0(Y2) + log 4

- 10 + 0("n) + log 4

So log ((1 + 'In) 4) 810 + log4 .

and
log(y(2) -(g)e' . 4)

- log(e4 log (4) : 10 + Log 4

[Hence I/(1 +9/)" 4) =

lots"! 214
- y(2)

(12) Compare HW 4
,
Prob (2)



(a) y(t) - eSHd y = est. 4

So

y('In) = es'n . 4

(b) For hi'l
, y , approximates y(toth) = y ( )

and
Y, = Yoth (5yd) = (1 + 5/n) yo = (1 + 4) 4

() Similarly /see HW4 , Prob(2d)(

i = (1 + 9/n)4

Y . Yoth
stil

Z

- 4 + k*
(tS(4

- 4/1 + !3Yn)

- 4) I + + in



(d) Euler : 4 (I + /n)

Explicit Trap : 4 (19 +
3> 2)

Exact :

y ( n) =esk . 4 , so

①ExactCIScn
+

- 52/net Oll e

Hence Explicit Trap and Exact

agree to 8) Yn3) ,
which is closer

than Euler is toExact (which is

O('n2)) .

& Alternatively:

Taking logs :

log (Euler) = log 4 + log (1 + n)



-log4 + 5/n - =(5) + 0(Y n3)

log (Exp . Trap) :

log4 + (5(n + 'k3)2) - (%+ by
+O('/n3)

- 194 + 3/n + 0(Yn3)

log (Exact) : log)es1 . 4)

-

log4 + 5/n

Hence log (Exp .Trap) is closer than

log(Euler) to log (Exact)

Hote : Using ex = 1 + x +
4
/ + 0(x3)

far (X) small is simpler than using
log((+2) = E - 24/ + 0133) for 191 small


