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(1) If p(x) = Co- C
,
X+ C2x + CzX3 , we

have

p(1) = Co + C+ Cz + C3

p'(i) = c
,
+24

,
+ 3C

p(2) =
ca +2c

,

+ 47
,

+ 8 Cy

p'(2) =

c + 4(2 + 12Cs

Hence given pli , p'li) , pl2) , p'(2) ,

we get

a system of 4 equations with 4 unknowns.

This system has a unique solution if the

homogeneous system does
. So it suffices

to show +bot there is a unique polynomial
p(x) as above with

p(1) = p'(l) = p(2) = p'(z) = 0
,

namely P(X) = 0 : Since p(1) = (2) = 0,



we have pl/37:0 for some 12.

Hence pl has 3 roots (1
,
3

,
2) ;

by applying Rolle's theorem to p'
,

we

have theat p" has at least 2 roots

Jone between 1 and 3
,
another between

& and 2) ; similarly p has at

least one root . Since

p"(x) = GC3 has 31 root,

we have <3 = 0 ;

then p(x) =

CTX + XC ; since

p"(x) = 2C2 has 2 roots,

C = 0
.

Then p(X) = CTXC
,

· Since

P'(X) = C
,
and Las 3 roots

, CO.



Then p(x) =
Co ; since p(1)-p/2) = 0,

C, = 0 .

Hence the only polynomial p as

above is p(x) =0
.

12) We have

f(x +h) = f(x) + L f
/

(x) + E "(x) + O((3)

f(x+2h) = f(x) + 2h f(x) +1) f(x) + 0(L3)

f(x+3h) = f(x) + 3h f'(x) + (3) ((x)x0(L3)
Hence

= (Co= (
,
+ (2) f(x) + (0+ 2c

,
+3()hf(x)

+ (( + 40+9(z) f(x) + O(L3)



So

c
.

f(x +h) + c
,
f(x +22) = ( f(x+3h)

= f () +C(h)
h2

iff
Cot+ ( = 0

C
.

+ 2
,
+ 3(z = 0

C
.

+ 47
,

+ 92 = 2
.

Since

C ! 2's I149

is the transpose of
a Vandermonde matrix,

the above 3x3 system has a unique
solution

.



(3) We have

Sick/)

Hard
,
n -

J T If
redjn- 1 : I

Sir ((n)/n)

sin (π(n) + Sir(35/n)
T I

i

sin (2π/n)

ISin(2/) Sir(/)

I sir (25(m -37/n + Sir(2π(n -x(n)

L sin(z5(n-2/n)

Since

sin(c + B) + sin(e-B) Iseeasa s
= 2 sin(e)cos(B)

and sin(0)-sin(i) = 0
,

we have



Hrod
,

ne ,

U

sin (π(n) + Sir(35/n)
E I

sin( 07 sin(2π/n)

ISin(2/) Sir(/)

iI sir (π(n -3)/n + sir(π(n - /n)

L Sind π(n -2)/n C + sin(π)

· 20 enI
= U 2cos(F(n)



Hence 2 cos(π/n) is the

corresponding eigenvolve .

Note! This is a good way to

conceptualize why in class on

04-08 we have that the heat

equation approximation is

u(x
,

s +) = ) 1 - 2p + 2 cos(πh)) u(x, c)

when
u(x

,
d) = Sin(πX).

(4) We have mH = -U( x/lIX

Where-(X/1XI = - 4X,

So U(II) = 41 / So UIr = 40



So ' = c for 8-22
.
Hence the

energy is

2 m(x) + m(2xz)
.

Je .g. Homework 5,
Problem 2).

[An alternate approach is to multiply

mx + 4mx = C

by x and integrate :

m =x + 4mxx =0

SG

2 m(x) + m(2x7) =
constant,

and the left-hand-side is the energy .7



Note : if U(r) = 22 + C where

C is any constant ,
then still t'(r) = U(r).

Hence one can equally well say that

the
energy is

2 m(x( + m(2xz) + C

for any constant
,
C.

(It is simplest to take C-O
,
which

we do above
, and which we do for

Part (b)

(4b) With

Energy = 2 m(x) + m(2xt),

since x (17-1 and /1- 4,

Wa have



Energy =

m (( (16 + 2(17) = 10m.

(4c) Hence for all t we have

10m : Energy = m(2xz)
SC 2(x(t)) - 10 so XAl =-

5) (a) Similar to solution of Homework 4
,

Problem (2a)
.

(b) Since

y(n) = ea
yo

= (1 + ch +1 = 8(2) Yo
= (1 + ch + ((y + O(h),

any second order method must



have

Y ,

- an approximation to y (h)
Valid

up to 0(43)

(O(h3) for a second order method),

So

Y ,
must equal y (h) + 0(63)

(= (1 + ch + (( yo + 0((3)) + O((3)
= (1 + ch + ( ( yo + O(L)

(6) Hence

y = - 300 Y
,
y ,
(0) : 2



y2 =

ye , yz(0) = 3

so
y ,
(t) = e

- 300 +

2

yz(t) = e
=

3

(c f(t) = je 3x+ 2
,
e

+ 3)).
(b)
i (IthA) i

- (7 + to (3 ;)) :

· (13) i

· (2 %)i



So

( - 2) 2
Hi = 1-20 - I I(1 + Po)"3

) The first component is F2)2
,

which does not decrease.

(d) For in Yi hf(Xin)

We have

= Yi + h 30 in

[ci) Yin = Xi + 7 100] Fin
So

(-
..

) Fin - Fi



so

Fix = ( /a) Fi
So

↑i = [! 0007" To

sli )T I
So for Backward Euler's method , the

first component is (4) 2 ,
which

does decrease in i.

Hote ! The above is an example of

a "stiff ODE" where backward



Ever does better than forward Euler.


