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(1) Let us make some calculations regarding the matrices Sy, 1 and S,, _; in the
case n = 3, where

01 0 000
Ss1=10 0 1|, S3_1=1{1 0 0
000 01 0

(a) Using regular matrix multiplication, compute the expressions S3 153 _1
and S3 _153 1. Are they equal?
(b) Compute the way Ss 1S53 1 operates on a vector x = (1, x9, z3) € R?

as
S3,1(83,-1%),
i.e., by first computing
£
Ss3._1 |x2 ],
x3

and then applying 53,1 to the result.

(c) Similarly compute the way that S3 _1.531 operates on a vector x =
(71,2, 23) € R3.

(d) Using matrix multiplications, compute the values of

S?%,lv S??,l'
(e) Compute the way that
S:%}lﬂ Sg,l

operate on a vector x = (1, 22, 3) € R? by applying twice and three
times, respectively, the operation of S;; on x.
(f) Compute the value of

eSth
using the formula
eM =T+ (At) + (At)%/2 + (At)®/3! 4 - - -

using either direct matrix calculations or operator calculations as
above.
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(g) Compute the value of (4 S51)~" using (5) (of the Homework 7 hand-
out). Check your work by multiplying this result by I + S51 to see
that you get the identity matrix.

Solution:
(a)
[0 1 0] [0 0 O] [1 0 0]
S3153_1=1(0 0 1|1 0 O|=1|0 1 O
0 0 0] [0 1 0] 10 0 0]
and
[0 0 0] [0 1 O] [0 0 0]
S3_-1531=1(1 0 O [0 O 1|=1]0 1 0
0 1 0] [0 0 O] 0 0 1]
(b)
T
S3,1(S3,-1x) = S3.1 | S3,-1 |22
T3

which using the formula for S, _1x in Section 2.1.

0 X1
=831 |T1| = |22
xTo 0

by the formula for S, 1x in Section 2.1 (of the material in Homework 7).
(c) Similarly, by the formulas in Section 2.1 we have

1
S3,-1(93,1%) = S3,1 | S31 |22
T3
xT9 0
=831 |x3| = |72
0 I3
(d)
01 01> Jo1o0][0o 1 0 00 1
S3,=10 0 1| =(0 0 1|]|0 0 1|=1]0 0 O
00 0 00 0/l0 o0 0 00 0
and hence
01 0][0 o0 1 00 0
S8, =85,82, =10 0 1| [0 0 o[=1[0 0 0O
00 0/l0 o0 0 00 0
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(e) Again, using the formulas in Section 2.1 we have

L1 Z1 ) T3
S3 2| =830 | Saa (22| | =830 |as| = |0,
x3 T3 0 0
and hence
T T3 0
S§71 T2 = 53,1 0].=10
3 0 0
(f) We have S5 = 0 for m = 3 and therefore for all m > 3. Hence
X1 T
653,1t To| = (I —+ (Sg,lt) + (5’372t)2/2 L0404+ ) o
I3 T3
1 o (25 x1 +twg + (12/2)x3
= |zo| +t|z3| +(#/2) |0 | = To + tas
T3 0 0 T3

We do not give the matrix

calculation, but since

xr1 + tIIZQ + (t2/2)$3_ 1 t t2/2 I
o + txg =10 1 t T2 ,
I3 00 1| |z

the equivalent matrix computation produces the 3 x 3 matrix on the
right-hand-side above.

(g) We have

(I+S831) ' =1—831+S55,—55,+

and S35, = 0, we have

100 010 00 1
(I+831) '=1-8,+55,=1]0 1 0/l —(0 0 1 000
’ 001 [0 00 000

1 -1 1]

=10 1 -1

0 0 1]

To check that this is really the inverse we multiply

1 -1 1 1 -1 17[1 10 1 00
0 1 =1 (I+S31)=|0 1 —1] (0 1 =10 1 0],
0 0 1 0 0 1]]0o o0 00 1

which, indeed, is the identity matrix.
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(2) (a) Assuming that € R is nonzero, simplify the expression
—1)\3
(:C +x ) .
(b) Fix any value of n € Z; simplify the expression
(Cn,l + Cn,fl)B'

(c¢) Using the binomial theorem

n
(x+y)" =2 +na" 1y + (2)x"2y2 + o nay™ T ",

write an expression for
(m + .13_1) "
(d) Using the binomial theorem, write an expression for

(Cn,l + On,—l)n~
Solution:

(a)
(x + x_l)g =22 4+32%22 '+ 32 2+ 3 =23+ 3+ 3 L+ 273

(b) Since Cy,_; is the inverse of C), 1, these matrices (and all their powers
commute), and hence, by part (a),

(Cra + Cumr)’ = C3 1 +3Cn1 +3C, 1+ 03
or, equivalently
Cn3z+3Ch1+3C, 1+C, 3
(©)

(z+a )" =a"+na" a7t + (Z) 2" 2024 gD 4 g

_ In + nxn72 + (;”) $n74 4. _|_nx7n+2 + Jﬁin.
(d) We use part (¢) in the same way as part (b) used part (a) to get
n
(Cpt + Cpr)" = Oy + 00072 + (2>C,’}’14 +-+nC P+ C Y

or equivalently

n

Cn,n + ncn,n72 + (2

)Cnmﬁl + -+ nCn,7n+2 + Cmfn-
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11
A= Nring,Q = |:1 1:| )

and for n € Z>9 ={0,1,2,...}, set X,, = A", i.e.,

(a)

(b)

()

Xo=15, Xi=A4, X;=A?
Show that

10 11 2 2
fo=lp o= me s3]

Can you guess a formula for X, based on these three examples? [There
is no credit for this part, but you should take a new moments to see if
there is some simple pattern to this sequence.]

Show that for any a,b € R, we have

a a| (b bl [2ab 2ab
a al|b bl |[2ab 2ab

Explain concisely why we may now conclude that for any a € R we

have
a a|l|l 1| |2a 2a
a al |l 1] |2a 2a

Show that the next few terms in the sequence {X,,} are

4 4 8 8
IR L
Show that the {X,,} satisfy the “two-term (matrix) recurrence equa-
tion”

1 1
Xn+1 - Xn |:1 1:|
and also the recurrence equation

X1 = E ﬂ Xn, 00

Have we seen such a “two-term (matrix) recurrence equation” related
to the Fibonacci numbers? What is this “two-term (matrix) recurrence
equation”

related to the Fibonacci numbers?

Are you surprised that, in view of the fact that

11 2 2 44 8 8
S R S M R N

that
1/2 1/2
Xo# {1/2 1/2}?

[No credit for your answer to this question, just say whether or not
you were surprised.] Explain why, in retrospect, you shouldn’t be very
surprised. [Full credit for your explanation here.]
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Solution:

(a) The values of Xg, X7 are Iz, A which we know. In addition,

2
2 |11
o[

o)1 o1] [2 2
ol R R A
) All answers are correct.
(c) Each entry of the product is (a,a) - (b, b) = 2ab.
) Set b =1; in this case 2ab = 2a.
) Since X has all its entries equal to 2, X3 has all its entries equal to

4, by part (d), and then X, has all its entries equal to 8.
(f) For n > 0 we have

Xpp1 = A" = A"A = X, A,
and similarly
Xpgp1 = A" = AA" = AX,,.

(g) The two-term Finbonacci reccurence is

Foi2| |1 1| |Faa
F,x1| |1 0| F,
(h) I find this a little surprising. However, since A is not invertible, we
can’t expect that
Xo=X;47"

really makes much sense, i.e., we cannot expect that

a a1 117"
a al |l 1
makes sense and should have all entries being the same.
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