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(1) Use the formulas in Section 6 to find the 1-norm, 2-norm, and co-norm of

the matrix
3 4
A= [ 3 3]
Solution:

The sum of the absolute values of each row is 7; hence || A||cc = 7.
The sum of the absolute values of each column is 7; hence | A = 7.

We have
T, |3 4|3 4 25 24
ATA= {4 3] 14 8] T 24 25
The eigenvalues of AT A are given by solving

O_det<[3 g] - BZ 3;]) =(\—25)2 — 247

which yields A = 25 £ 24 = 49, 1. Hence
| All2 = Va9 = 7.

Note that a similar computation shows that for any «, 8 € R, the matrix

5]

has eigenvector (1,1) with eigenvalue o 4 3, and eigenvector (1, —1) with
eigenvalue a — . This makes finding the eigenpairs of real, symmetric 2 x 2
matrices easy. There is no such simple formula for such n x n matrices with
n > 3.
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Use the formula in Exercise 2 to find the 1-norm, 2-norm, and oco-condition
number of the matrix
A 3 4
T4 3|
Solution:
We have

A [3 4 1 [3 -4 _[-37 w1
4 3 9-16 |—4 3 4/7  =3/7
Hence the formula in Exercise 2 shows that for p = 1,2, 00 we have
Al =B8]+ 4 =7, A, =1-3/7I+14/7 =1,
and therefore
cond,(4) = || 4], HA_al =7-1=7
for p =1,2, c0.
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(3) Consider the system in Example 2.2: Ax = b with

107 0
A_[O 3].

Show your work in the following calculations:
(a) If b=[10]T, what is x = A~'b?
(b) Let y € R be any number. If b = [1 y]T, what is X = A~ 1b?
(¢) Show that the relative error between b and b (see Definition 3.1) is
Reloo (b, b) = Jy/.
(d) Show that
Rel (X, x) = |y|107/3.
(e) How does the ratio of the relative errors in the previous two parts

relate to the co-condition number of A?
(f) Show that

=~ |y
Rel(b,b) = — 71
(b.b) = (L Tl
(g) Show that
lyl/3

Rel(x,X) =
=) = (107, y173)

(h) Compute the ratio of the relative errors in the previous two parts for
the four values y = 10,1,107!,1078; how do these values relate to the
oo-condition number of A?

Solution:
(a)
e[ 5 B8]
(b)
x=A"b= [100_7 1(/)3} m - [1;/_;} '
(c)
Rel.. (b, b) = |B||;]:<|>|Oo B |||E(1)ig;||: B @ -
(d)

o ¥ —x[lo _ 11(0,9/3)lloo 7
Rel,(X,x) = = = [y[107/3
: 1] oo 11077, 0)[loo
(e) Since A, A~! are diagonal, their condition numbers (with respect to
the oo-norm, but also any p norm) is the largest absolute value of their

entries, and hence

condog (A) = [|Also [|[A™ |oo = 107 - (1/3) = 107/3.




JOEL FRIEDMAN

It follows that the ratio of the relative errors above is precisely the

condition number (i.e., we have found a worst case relative error “in
the solution of Ax = b”).

(f)

1b]|oc [(1L,9)llec  max(1,|yl)
()
o X =%l 1100,5/3)llo ly/3|
Rel,(x,X) = ~—= = =
. % 110=7,y/3) e max(10-7, |y/3])
(h) The relative error is therefore
ly/3| [yl max(1, y])

max(10=7,|y/3|) / max(1,|y|) ~ 3max(10-7, ly/3l)

It follows that
(i) For y = 10, or really any |y| > 1, the relative error is
191/ Gly/3) = 1.
(ii) For y = 1,107, or really any y with 1 > |y| > 3-1077, the
relative error is 1/(3|y/3|) = 1/]y|-
(iii) For y = 1078, or really any y with |y| < 31077, the relative
error is 1/(3-1077) = 107/3.
Hence it is only for |y| < 3-1077 that the relative error is really the
condition number 107/3, i.e., the worst case. For |y| > 1 the condition
number is 1, which is much smaller than the condition number; and
for |y| between 3 - 10~7 and 1 the condition number decreases as |y|
increases, covering the full range of 107/3 to 1.
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(4) Let v = (v1,...,v,) € R", and let M = ||v] oo, i€,
M:max(|v1|,...,|vn|).

Let p be any real number with p # 0.
(a) In at most 20 words, explain why

MP < |u1P + -+ + |oa|P.
(b) In at most 20 words, explain why
o1 [P+ -+ Jop [P < MPn.

(¢) In at most 20 words plus one or two formulas, using parts (a)
and (b), explain why

IVlise < IVllp < 221V oo.

Solution:

(a) Each |v;|P is non-negative, and one of them equals MP.
(b) Each |v;[? is at most MP, and there are n values of 1.
(¢) Taking p-th roots in parts (a) and (b) gives
M < (joiP -+ |vn|p)1/P < n'/PM;
hence [by the definition of ||v]|, for p =1, o0]

IVlise < IVllp < 221V
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(5) Let v = (v1,...,v,) € R" such that
v S V2SS U,

and let 1 denote the vector (1,1,...,1) € R™. Let € R be a variable. Let

Umiddle = (V1 +vp,)/2, and r = (v, — v1).

(a) In at most 20 words plus one or two formulas, show that if
T < Umiddle, then

|z — v,| > 7/2.

(b) In at most 20 words plus one or two formulas, show that if
T > Uniddle, then

|z —wvy| >r/2.

(¢) In at most 20 words plus one or two formulas, show that if
T = Umiddle, then

|z —v1| = |z —vp| =7/2

(d) In at most 20 words plus one or two formulas, find the value of
x € R at which

f(@) = lv — 21w

attains its minimum.
Solution:

(a) We have
Vp — T = (Un — Umiddle) + (VUmiddle — Z) > Up — Umiddle = 7'/2,
and hence |z — v,| > /2 (since r > 0 since v,, > v1).
(b) We have
T —v1 = (T — Umiddle) + (Vmiddle = V1) > Umiddle — V1 = 7/2,
and hence |z — v1| > r/2.
(¢) We have
Umiddle = V1 = Up — Umiddle = T'/2,
and hence
|Vmiddle — V1| = |Vmiddle — Un| = 7/2.
(d) For any 7, v1 < v; < vy, and so for z € R,
|lv —21]|eo = mlax|vi — z| = max(|z — v1], |z — vnl)
which greater than r/2 if & # vmiddle, by parts (a) and (b), and equals
r/2 if = vmiadle by part (c).
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