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Abstract
An emerging field in user-adaptive systems is affect adaptivity: modeling and
responding to an estimation of the user’s emotional state. This could be particularly useful in the context of Intelligent Tutoring Systems (ITS), where learning
gains are sensitive to the user’s affect. Previous research used an empirically validated Dynamic Bayesian Network (DBN) to create an ITS affect model, but could
not plan affect-sensitive responses. This paper will extend this research by converting the model into a Partially Observable Markov Decision Process (POMDP)
representation, in order to compute a plan of interventions for the ITS agent to take
given an estimation of the user’s mood and goals. Two different methods for solving the POMDP will be compared: Incremental Pruning (an exact method) and
SARSOP (an approximate method). Factors affecting the tractability of POMDP
representations will also be discussed.
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Introduction

Developing adaptive computer interfaces that respond to the specific traits of each user
is the focus of great interest. Through the use of statistical analysis and probabilistic
reasoning, these systems can build a model of the user’s goals, preferences, expertise,
or cognitive abilities, in order to better serve user needs [16]. The ability to model and
adapt to user tastes and preferences has already been extensively explored for commercial purposes [29]. Other applications include helping users perform tasks more
efficiently and easily by adapting to their needs and abilities.
An area that has begun to be explored recently involves modeling and adapting to
the user’s emotional state, or affect [28]. Although affect adaptivity is a difficult problem, it has enormous potential. Not only does emotion have a substantial effect on
human behaviour, but during human social interaction a great deal of information is
communicated through emotional cues [14]. For a truly advanced artificial intelligence
to interact effectively with a human, it should be able to adapt to these cues. Potential uses of an emotionally adaptive interface include helping those with disorders of
emotional regulation or expression, such as individuals with Autism Spectrum Disorder (ASD) [25]. Such a system could help these individuals perceive the emotions of
others, and also mirror the displayed emotions of an individual with ASD so s/he could
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learn how to express the emotions s/he wished to convey. Or, affect adaptivity could
simply allow a system to react appropriately to, and potentially improve, any user’s
mood. Emotional sensitivity could be the next step in creating a truly intuitive and
interactive computer interface.
Intelligent Tutoring Systems (ITS) provide an excellent application for modeling
user affect. An ITS is usually a system with an artificially intelligent pedagogical
agent, that adapts learning interactions to individual students’ expertise and cognitive
abilities [10]. The role of the ITS includes choosing material, planning tests, and giving
tailored hints to the tutored students [12]. While research has shown that ITSs have led
to increased learning gains, this effect could potentially be magnified by incorporating
affect sensitivity [12]. Studies have shown that individuals who are able to maintain a
positive affect while studying are able to deal better with confusion, and eventually obtain higher learning gains [8]. Attempts to incorporate affect sensitivity into ITSs have
already been met with success; in one experiment, students perceived the emotionally
adaptive version of an ITS as more useful and appropriate [26]. Recently, an ITS interface combined data from a camera, eye tracker, and body posture measurement device,
in order to detect if the user experienced boredom, frustration or confusion [10]. The
system was shown to be effective at promoting learning, especially for low domain
knowledge students [10].
Although affect modeling is a promising research direction, especially in regards to
ITS, it is an extremely difficult problem involving a great deal of uncertainty [2]. For
this reason, current research suffers from several shortcomings. For instance, many
affect models rely on data collected from expensive and cumbersome equipment that is
only available in a lab. One such system used both eye tracking and electromyography
(EMG) sensors placed on the user’s forehead in order to determine the user’s mood
[7]. A superior system would utilize lab equipment and extensive testing to build user
models, but only require interaction log data to predict the traits of a new user. A second
problem is that because building the affect model can be so time consuming, much
research stops short of putting the information obtained about the user’s emotional
state to good use [8]. Further research into how an agent can utilize the model to plan
effective responses and interventions is required. Essentially, the next step is to find a
way to translate simple observations about the user’s behaviour into a plan of actions
for the ITS agent, in the face of a great deal of uncertainty about the user’s actual
emotional state.
Fortunately, a mechanism for planning in the face of uncertainty based on observations of hidden states exists, and it is known as a Partially Observable Markov Decision Process (POMDP). POMDPs combine the concepts of a Hidden Markov Model
(HMM) and a Markov Decision Process (MDP) into a model that is both able to deal
with uncertainty about the current state of the world, and make decisions about the
best action to take next [6]. Therefore POMDPs appear well-suited to modeling user
emotion in an ITS context, and planning the most appropriate tutoring actions. It is the
intention of this research to extend an ITS affect model previously developed by Zhou
and Conati [28] using a POMDP, and thus incorporate the ability to plan and make
decisions.

2

2
2.1

Background and Related Work
Partially Observable Markov Decision Processes

POMDPs have been used to model a variety of real world problems. The ability to
handle uncertainty in movement and sensing makes POMDPs popular in robotics and
navigation [18], but they have also been used for dialogue control, pursuit evasion, sensor placement, games, trust/reputation reasoning, planetary rover control, map learning [20], and aiding people with disabilities such as dementia [15].
A POMDP is a stochastic state process, occurring over multiple time steps, that can
be described as a tuple < S, A, Z, T, O, R >, where: S is a finite set of states; A is the set
of actions; Z is the set of observations; T (s0 | s, a) is the transition function, and gives
the probability of transitioning from state s to state s’ after taking action a; O(z | a, s0 ) is
the observation function, and gives the probability of seeing observation z after taking
action a and ending up in state s’; and R(s, a) is the reward function, which gives the
expected reward for taking action a in state s [17]. A belief state b is a probability
distribution over all states, where b(s) gives the probability of being in state s. The
initial belief state b0 gives the probability of starting in each state. A discount factor γ
can be used to calculate the value of rewards in the future. A reward t time steps in the
future is worth γ t r [20].
In an MDP, the solution consists of a
policy π that simply dictates which action to take in every state [17]. The
value of a policy Vπ (s) can be determined based solely on the expected reward. However, in the case of a POMDP,
a policy π is a mapping from a belief
state to an action. Because the dimensionality of a belief state grows with the
number of states, explicit representation
of a policy for every possible belief state
becomes intractable for all but the smallest problems [1]. Finding the optimal
policy involves finding the maximum set
of alpha vectors, where an alpha vector is a linear function that gives the ex- Figure 1: A value function with three alpected reward of taking a given action pha vectors, showing how the value of each
over all belief states. Together, the al- action changes with the belief in the probapha vectors form a piecewise linear and bility of being in state s
convex value function, which maps belief states into expected total discounted reward [5] (see Figure 1).
As the POMDP steps through time and t increases, the complexity of the value
function and the number of alpha vectors needed to represent it can grow doubly exponentially in t. When the optimal policy is not finitely transient [20], an infinite number
of linear functions may be needed to describe the optimal value function, so the number
of alpha vectors can actually grow without bound. Therefore, solving POMDPs may
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actually be impossible in the worse case. In fact, a theoretical result has shown that a
completely general exact POMDP solution algorithm could be used to solve the halting
problem [20]. Essentially, the complexity of solving a POMDP exactly is “forbidding”,
and makes all but the smallest example problems intractable [19]. Ironically, although
POMDPs are able to represent real world problems and their inherent uncertainty much
more accurately than MDPs, they are so much more complex that only simple, toy examples that do not reflect the real world are able to be solved exactly [3]! Fortunately,
many approximate algorithms exist that can efficiently compute an estimate of the optimal policy. The intent of this paper is to compare the practicality and accuracy of both
an exact and approximate solution to a POMDP used in an affect-sensitive ITS context.
There are a number of methods for solving a POMDP exactly, including the value
iteration, policy iteration, witness, linear support, and one pass algorithms [5]. Many
of these utilize dynamic programming to gradually improve the estimation of the value
function each iteration. Perhaps the most efficient method currently available is Incremental Pruning (IP), developed by Zhang in 1996 [27]. IP builds on the idea that many
alpha vectors in the value function become completely dominated by other vectors, and
are thus irrelevant to the optimal solution. Pruning these vectors leads to a more compact representation of the value function at time t, making it more tractable to compute
the value function at time t + 1. Although IP is not the only method that prunes these
extraneous alpha vectors, it goes one step farther by breaking down the equation for
the value function into three parts, and optimizing each part using findings from linear algebra and proofs developed by Zhang [27]. Empirically, over 95% of the total
execution time of exact POMDP algorithms is spent solving linear programs, so these
optimizations are extremely beneficial [5]. This paper will apply Incremental Pruning
to the affect sensitive ITS model and demonstrate that despite its high efficiency, only
the simplest formulations of the problem are able to be solved exactly.
Because exact solution methods can fail with less than a dozen states, they can
be “woefully inadequate” for handling real world problems [18]. Therefore this paper will also present the results of using an approximate solver known as SARSOP,
or Successive Approximations of the Reachable Space under Optimal Policies [18].
As mentioned before, one of the biggest roadblocks in computing POMDPs involves
representing the value function at each possible point in the exponentially sized belief
space. This insight has led to the development of point-based methods, which represent
the value function at only a few sampled points in the belief space - preferably those
points which are reachable from the initial belief state under an arbitrary sequence of
actions. SARSOP goes one step farther by attempting to represent only the subset of
points in the belief space that are reachable under the optimal sequence of actions [18].
Since the optimal sequence of actions cannot be known ahead of time (after all, that is
what the algorithm is trying to compute), SARSOP uses a predictive heuristic to initially guide exploration of the belief space. Then, pruning is used to avoid sampling
the belief space in regions that are unlikely to be optimal, and instead focus on those
that appear to be most relevant to the final solution. This type of belief space pruning
also enables efficient alpha vector pruning [18].

4

2.2

Affect Modeling and Intelligent Tutoring Systems

This research intends to expand upon that of [28], in which Zhou and Conati built a
probabilistic model of the affective states of students using an ITS called Prime Climb.
The model is based on findings from psychology, including the OCC theory of emotions [24]. This theory states that emotional reactions are contingent on an individual’s goals, and outcomes in the world that affect these goals. Therefore Zhou and
Conati [28] used empirical survey results to develop a set of goals that students using
Prime Climb tend to have, and model how events in the software affect those goals.
OCC theory dictates that when a goal becomes satisfied, the student will be in a state
of positive affect. Conversely, if an event opposes the student’s goal, it will lead to a
negative affective state. [24]. In order to create a model that can map new users to goals,
the Five Factor Personality model was leveraged [9]. In the end, a probabilistic model
was developed in which dependencies among goals, personality, and interface actions
were established through correlation analysis between the goal questionnaire results,
personality test results, and interaction logs [28]. The model is also dynamically updated; as more evidence becomes available, the posterior probabilities are updated in
real time, during the game [8]. Although the model achieved an accuracy of 68.72%
in identifying user emotions, it was not able to use this estimate to plan which action
to take [8]. The next step in this work is to use the modeled relationships between the
students’ behaviour, goals, and emotions to allow the agent to plan how to intervene
and instruct more effectively. A POMDP may be an excellent tool for this task, as
POMDPs have already been used in work on goal recognition [11]
In fact, POMDPs have also been applied to modeling affect, although not in the context of an ITS. Bui et al. [3] used a POMDP to model the stress level of rescue workers
issuing voice commands and queries to an automated system. Like [28], this system
also modeled both goals and emotions, but not the relationship between them. Only the
effect of emotions on actions was represented [3]. The authours assert that a POMDP
is well suited to the task of responding appropriately to uncertain, ambiguous, and constantly changing emotion. This claim was supported by the fact that their POMDP
strategy outperformed three handcrafted strategies when the user committed error induced by stress [3]. The authours hope that a POMDP-based strategy will improve
the weaknesses of previous affect modeling techniques, which have poor confidence
estimates, cannot cope with dynamic, changing user goals, and are labour intensive to
create [3].
Work on using POMDPs in an ITS context has also begun, but these systems do
not incorporate affect sensitivity. Folsom-Kovarik et al. [12] created a system which
used a POMDP to model students’ domain knowledge, so that an ITS could plan which
topic to teach next. Because of the ability of a POMDP to plan and handle uncertainty,
the authours felt it could be beneficial in an ITS situation in which material and hint
selection requires planning and timing, and interventions can be more or less helpful
depending on the cognitive states and traits of the user [12]. However, when attempting
to create an ITS POMDP, they found that the largest possible model they could create
had only eight states; any more and the SARSOP implementation they were using
exhausted all 8G of available memory [12]. These authours have demonstrated that
although POMDPs may be theoretically appropriate for an ITS, in practice modeling
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them presents many challenges - a theme which will also be reflected in the results of
this paper.
The research presented in this paper attempts to build on and combine the work
of [28], [3] and [12] in order to build an affect-sensitive Intelligent Tutoring System
using a POMDP. The next two sections will discuss how the problem was modeled and
the results that were obtained.

3

Approach

A diagram of a portion of the affect model developed in [28] is presented in Figure 2.
The top row of personality traits represent those components of the Five Factor model
that were found to be most relevant to the goals of students using Prime Climb. The
next row represents the goals themselves, which include Have Fun, Avoid Falling, Beat
Partner, Learn Math, and Succeed By Myself. Some implementations of this model also
included a goal called Want Help. These goals tend to manifest themselves as interac-

Figure 2: Affect Model as described in [28]
tion patterns within the Prime Climb game. The object of the Prime Climb game is to
climb to the top of a mountain of prime numbers, by moving only to numbers that are
coprime with the partner’s number. If a student moves to a number that shares a common factor with his or her partner’s number, s/he will fall. There is also a magnifying
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glass tool that lets the user click on a number to see its factors, and a help dialog box
that lets the user ask for advice.
This portion of the model is responsible solely for predicting the user’s goals; the
rest of the affect model is not pictured. However, it can be described simply as follows:
the user’s goal, the user’s action outcome (including climb or fall), and the agent’s
action predict whether the user’s goal is satisfied. If it is satisfied, the user will be
happy; if it is opposed, the user will be unhappy. The actions the agent can take include
providing a hint, providing help when the user is stuck, teaching a concept, encouraging
the user, or doing nothing.
To model this network as a POMDP, I treated the goals as possible states. Observations are the interface behaviours exhibited by the student: use tool, move quickly, use
help, fall, climb. The observation probabilities were based on the conditional dependencies in the original model [28]. The actions the agent can take are: hint, help, teach,
encourage, none. Probabilities from the original model that relate to the student’s goal
being satisfied were used to create reward values. For example, if the student is in state
Learn Math, and the agent chooses action teach, the student’s goal will be satisfied
with probability 0.6. Therefore, a reward for choosing teach given Learn Math could
be modeled as 0.6 (or 6 if integer rewards are required). All models used a discount
factor of 0.95, which was based on an example presented in [20].
Unfortunately, in the original research no data about how the user’s goals change
over time was collected [8]. To deal with this problem, I created several models with
different assumptions. In models with identity transition probabilities (see Figure 3),
the assumption is that the user’s goals are static, and do not change over time. The
opposite assumption, that the user’s goals are constantly changing and each goal has
equal probability of transitioning to every other goal, is described by uniform transition
probabilities. To create versions with goal transitions based on data presented in [28],
I used the relationship between the agent’s actions and the student affect outcomes to
design transition probabilities (shown in Figure 3 as a small number of transitions). I
accomplished this by adding a Goal Satisfied state, and having transitions to that state
based on the previous state and the agent’s actions (the probabilities formerly used for
rewards). I then simply added reward values for being in the Goal Satisfied state.
Figure 3 presents the various model formulations and their relevant characteristics.
Affect1 is the original model, in Affect2 the goal Want Help was removed, Affect3 incorporated personality as states, Affect4, Affect6, Test2 and Test3 add a small number
of transition probabilities by having a Goal Satisfied state, Affect5 makes the assumption of uniform transition probabilities and incorporates integer rewards, and Affect6 is
identical to Affect5 except without uniform transitions, designed to test the assumption
that transitions strongly affect tractability. In all but one version of the model (Affect3),
I discarded the information about personality traits. Although models with this simplification do not truly encompass all information gathered in [28], I wished to create a
model that was not dependent on unrealistic measures such as a personality test, which
the user might find intrusive or time consuming and be unwilling to provide. I felt that
a model that decided the appropriate response based solely on readily available data
about the user’s interface actions would be more useful.
Figure 3 also includes test models, which are greatly simplified models that involve
a limited number of states, actions, and observations, designed to test the effect of
7

the magnitude of these variables against the effect of the transition probabilities. The
number of states, actions, and rewards, and whether reward values are represented as
rational or whole numbers can all affect tractability [21]. Another factor is the degree
of “observability”, where a completely unobservable model has only one observation
that is equally likely in every state, and a fully observable model has one observation
for each state [21]. Therefore the ratio of observations to states in also an important
factor.
The exact solution algorithm used for this research was Incremental Pruning, as
implemented by Anthony Cassandra in his publicly available pomdp-solve-5.3 software [4]. Tests using this algorithm were performed on an iMac with a 2.4GHz Intel
Core 2 Duo processor and 2GB 667 MHz DDR2 SDRAM. The approximate solution
algorithm used was SARSOP, and the implementation used was APPL [23]. Experiments using this algorithm were performed on a PC with a 2GHz AMD Dual-Core processor with 4GB RAM. The approximate solver was set with a timeout of five hours,
after which the best solution obtained was recorded.

4

Results

Figure 3: The various POMDP models, their characteristics, and the results of solving
them with both an exact and approximate method. An exact solution was found for
rows in bold. Solution times followed by a * indicate that the algorithm timed out
before the minimum error threshold was reached.
Figure 3 presents the different models and the results of solving them. It is clear
from the table that the biggest factor in the tractability of the models relates to the
transition probabilities. Those models with identity transition probabilities are actually
impossible to solve exactly. In order for a POMDP solution to converge to a unique
stationary probability distribution, the state transition diagram must be a singly connected component, or irreducible [22]. With no transition probabilities, not only will
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the state transition diagram not have this property, but it will in fact consist of a number
of completely disconnected components, one for each state.
On the other hand, making the uniform transition probabilities assumption essentially means that each state is equally likely at every time step. This means that the
belief about the current state is not dependent on the entire history of actions and observations, but only on the most recent observation. Thus, a model with uniform transition probabilities will not have an exponentially expanding number of alpha vectors,
one of the biggest drawbacks to the POMDP model. Similarly, actions that are purely
information seeking will not be useful in this type of POMDP model. Yet it is still
distinct from a fully observable MDP, because observations must be used to make a
probabilistic estimate of the unknown, hidden state, before a decision can be made. It
should be noted that uniform transition probabilities have been used in classic POMDP
example problems [20].
If information about how goals evolved over time was known, the assumption that
they change constantly might not be realistic. However, in the absence of any such
information it appears more likely that goals will change rather than remain static. Indeed, Zhou and Conati point out that because of the dynamic nature of their model, new
evidence is used to update the conditional probabilities, which will most likely result in
a new and different estimate of the user’s goal during the course of the interaction [28].
Previous work on goal recognition also makes the assumption that goals change with
respect to time [13]. Therefore, in the face of no evidence about how goals change
over time, the assumption that they change constantly appears more realistic than the
assumption goals are static, and produces simple and interpretable results.
An example of a simple solution obtained for the Affect5
model is shown in Figure 4.
This solution consists of a policy graph, which dictates the
best actions to take in each belief state, and is one of the outputs produced by the SARSOP
algorithm. This policy involves
only two belief states, B1 corresponds to a state in which
the goals Learn Math, and Want
Help are the most likely and
Succeed By Myself is the least
likely, and in state B2, the goal
Have Fun is the most likely and
everything else is equally less
likely. As shown in Figure 4, Figure 4: The policy graph computed for the Afthe prescribed action for B1 is to fect5 model, containing only two belief states. A
teach the student, which makes indicates a recommended action, and O an observasense given that the rewards for tion.
teaching when the user’s goal is
Learn Math or Want Help are 6 and 8, respectively, and the reward for teaching when
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the user’s goal is Succeed By Myself is -9. The prescribed action for belief state B2
is to encourage, which reflects the fact that there is a reward of 9 for encouraging a
student whose goal is Have Fun, and there are no negative rewards for encouraging
the student in any state. Recall from section 3 that these reward values are based on
empirically validated probabilities of the student’s goal becoming satisfied given the
agent’s action. While this policy is extremely simple, I would argue it is a completely
reasonable and acceptable approach. A human tutor is most likely to teach her student
when she perceives that the student wants help or wants to learn, and in the absence of
these observations she may simply encourage the student.
Nearly all of the models (except those with uniform transitions) were not able to
be solved exactly. Although an approximate solution was obtained for each model, for
many of them it could not converge to a stationary probability distribution within the
five hour time limit. The difficulty of solving POMDPs is a common problem, also
experienced by [3], [19], [12], [15], [5] and [18]. It seems that an approximate solution
may be the only realistic and feasible option for any sufficiently complex problem.
Fortunately, most approximate solutions are highly accurate [18]. This is also reflected
in Figure 3; for the two models in which the exact solver finished, and the optimum
expected reward is known, the approximate solution’s expected reward is only off by a
small margin. It is clear, then, that an approximate method like SARSOP is a practical
and useful way to approach solving POMDPs. This is because SARSOP is an anytime
algorithm, so even for those models on which it timed it, it was still able to output and
save the best solution discovered within the time limit [18]. Any of these solutions can
therefore be incorporated into the ITS model of [28] in order to help the agent in Prime
Climb decide on the best intervention at each time step.
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Future Work

Obviously the major difficulty in this research was guessing at how to model transition
probabilities in the absence of evidence about how goals change over time. Therefore,
the next step is to conduct a study about how users’ goals relate to each other and
evolve over time while playing Prime Climb. This information can be used to create a
more realistic POMDP model.
Another interesting direction would be to extend the network described in [28] into
a true Dynamic Decision Network, in which the utility of various actions is modeled
explicitly, and the net could be used to calculate decisions. In fact, there is a great deal
of similarity between DDNs and POMDPs; a DDN can be used as input to an exact
pomdp solver [2]. In [2], DDNs were actually explicitly combined with POMDPs to
form a probabilistic estimate of emotion and decide how to act.
To make the POMDP models more efficient, it is also possible to decompose
the problem into modules which are handled separately from the computation of the
POMDP solution. [15] uses a module called a belief monitor to process camera images
and estimate which step of a handwashing task an elderly individual is currently performing. Similarly, [3] uses a module called a state estimator to compute the internal
belief about the user’s stress level based on their vocal patterns, such as pitch, volume,
etc. Essentially, supplementing a POMDP with external modules which implement
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techniques such as particle filters or Bayesian networks to interpret observations or
decide actions can improve efficiency [12].
Finally, another promising direction that could be particularly beneficial to this research is Limited Memory Influence Diagrams, or LIMIDs [19]. These are essentially
decision networks which relax the “no forgetting” assumption: that the current state is
dependent on the entire history of actions and observations. Relaxing this assumption
leads to increased computational efficiency [19]. Coincidentally, making all transition
probabilities uniform in this research was a crude form of relaxing the no forgetting
assumption. This is because if it is equally likely that the previous state was any of the
other states, then the previous state provides no information about the likelihood of the
current state. This could be seen as an extreme form of “limited memory” - complete
amnesia. Another innovation proposed in [19] relates to pruning non-requisite nodes;
these are nodes that do not affect the outcome or potential utility of a decision variable.
This technique could also be usefully applied to the affect model presented here. For
example, there is no action that the agent can take to help a student accomplish the
goal Beat Partner, so this information appears to be largely irrelevant to the model.
Calculating and pruning irrelevant nodes could greatly decrease the complexity of the
model.
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Conclusion

Modeling user affect could potentially benefit a number of applications, particularly
Intelligent Tutoring Systems in which learning gains are sensitive to the emotional
state of the user. Since affect modeling is a difficult problem involving a great deal of
uncertainty, and ITSs require that the pedagogical agent choose the correct action at
the correct time, this problem seems like the ideal application for a POMDP. However,
many real world problems are almost impossible to represent as a POMDP that can be
solved exactly. This paper presented the results of modeling an existing probabilistic
network as a POMDP, and the difficulties therein. It demonstrated that by making a
simplifying assumption that the user’s goals are constantly changing and do not depend
on their previous goals, the problem becomes quite tractable. However, even without
this assumption, multiple approximate solutions exist that will allow a pedagogical
agent to select the most emotionally appropriate action while tutoring a student. This
work could be extended by researching how goals relate to each other over time, as well
as incorporating new innovations related to decision-theoretic planning and inference
in stochastic domains.
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