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Abstract. In many engineering optimization problems, the number of function
evaluations is severely limited by time or cost. These problems pose a special chal-
lenge to the field of global optimization, since existing methods often require more
function evaluations than can be comfortably afforded. One way to address this
challenge is to fit response surfaces to data collected by evaluating the objective
and constraint functions at a few points. These surfaces can then be used for visu-
alization, tradeoff analysis, and optimization. In this paper, we introduce the reader
to a response surface methodology that is especially good at modeling the nonlin-
ear, multimodal functions that often occur in engineering. We then show how these
approximating functions can be used to construct an efficient global optimization al-
gorithm with a credible stopping rule. The key to using response surfaces for global
optimization lies in balancing the need to exploit the approximating surface (by
sampling where it is minimized) with the need to improve the approximation (by
sampling where prediction error may be high). Striking this balance requires solving
certain auxiliary problems which have previously been considered intractable, but
we show how these computational obstacles can be overcome.
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1. Introduction

In the automotive and semiconductor industries, as well as many others,
there is a growing emphasis on designing products using math /computer
models. Computer models facilitate the exploration of alternative de-
signs and reduce the need for expensive hardware prototypes. This
math-based approach is often made difficult, however, by the long run-
ning times of the computer codes involved. For example, an automotive
crash simulation may take twenty hours. Designing optimization algo-
rithms that can deal with such expensive functions is a great challenge
to the optimization community. In this paper, we explore an approach
based on fitting response surfaces to data collected by evaluating the
objective and constraint functions at a few points. These response sur-
faces are then used to visualize input-output relationships, estimate the
location of the optimum, and suggest points where additional function
evaluations may help improve this estimate.

The response surface methodology we use is based on modeling the
objective and constraint functions with stochastic processes—an ap-
proach that to many people seems complex and unnatural. The basic
idea behind this approach, however, is quite intuitive. When we fit a
stochastic process to data, we are essentially calibrating a model that
summarizes how the function typically behaves, properties like how
much the function tends to change as we move by different amounts
in each coordinate direction. When predicting at a new point, we are
essentially computing the function value that is most consistent with
this estimated typical behavior. As we show later, this methodology is
especially good at modeling the nonlinear, multimodal functions that
often occur in engineering.

The stochastic process approach to approximating functions has a
long history in at least three literatures: mathematical geology, global
optimization, and statistics. In the mathematical geology literature, the
approach is called “kriging” and dates back to the early 1960’s (see [10],
[11], [12], and [21]). Here the data often consist of core samples taken at
different locations, and the goal is to find a function that approximates
the underground concentration of a valuable mineral.

In global optimization, the use of stochastic processes is called
“Bayesian global optimization” or the “random function approach.”
It dates back to a seminal article by Harold Kushner in 1964 [19] and
has since been pursued by many authors (e.g., [4], [5], [9], [16], [23],
[24], [27], [31], [33], and [37]). The focus here is on using the stochastic
process to develop “figures of merit” for where to take search points.
These figures of merit balance local and global search in an attractive
fashion.
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In statistics, the approach began in the early 1970’s out of a general
interest in approximating integrals and other hard-to-compute “func-
tionals” of functions [30]. Most recently, the focus has been on de-
veloping accurate approximations to expensive computer codes and
then using these approximations for visualization and optimization
([13],18,[29], [36)).

While all the above literatures use stochastic processes, there are
differences in emphasis, in the specific types of stochastic processes, and
in parameter estimation. In mathematical geology, for example, some of
the model fitting techniques are specifically designed for two or three
dimensions and it is usually assumed that the functions are noisy
all quite reasonable when one is modeling ore grade as a function of
location in a mineralized zone. In the statistics literature, on the other
hand, the functions are usually deterministic and have more than two
variables.

In our work, we take the stochastic process model commonly used in
the statistics literature and apply it to global optimization. Two things
set us apart from previous work in Bayesian global optimization.

First, we emphasize the need to validate the stochastic process model
before using it to guide an optimization procedure. For this purpose we
have developed several diagnostic tests based on cross validation. When
the model fails to validate, it is sometimes possible to transform the
function or otherwise modify the model so that it does validate.

Second, the figure of merit we use to select search points is rigorously
based on a statistical model, and we optimize this figure of merit exactly
using a special branch-and-bound algorithm. In contrast, Mockus [23]
and Zilinskas [37] use simplified statistical models and optimize their
figures of merit heuristically using multistart and Monte Carlo meth-
ods. The algorithms of Elder [16], Perttunen [27], and Stuckman [33]
are heuristic extensions of Kushner’s one-dimensional algorithm [19]
and, as such, do not use any statistical model at all. Cox and John [9]
use a statistical model, but they optimize the figure of merit by com-
plete enumeration over a fine grid a procedure obviously limited to
one or two dimensions. Booker et al. [6], working on applications at
Boeing Corporation, develop a procedure called BLGS based on a sta-
tistical model but do not use a figure of merit to select search points.
Instead, at each iteration they sample some points where the value of
the response surface is very good, as well as other points where the
estimated error in the surface is high. Booker et al. [7| explore hybrid
approaches in which the stochastic process model is combined with
other optimization techniques.

The response surface approach to global optimization has three ma-
jor advantages. First, the technique often requires the fewest function
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evaluations of all competing methods. This is possible because, with
typical engineering functions, one can often interpolate and extrapo-
late quite accurately over large distances in the design space. Intu-
itively, the method is able to “see” obvious trends or patterns in the
data and “jump to conclusions” instead of having to move step-by-step
along some trajectory.

Second, the response surface approach provides a credible stopping
rule based on the expected improvement from further searching. Such
a stopping rule is possible because the statistical model provides con-
fidence intervals on the function’s value at unsampled points and the
“reasonableness” of these confidence intervals can be checked by model
validation techniques.

Third, the response surface approach provides a fast approxima-
tion to the computer model that can be used to identify important
variables, visualize the nature of the input-output relationships, and
quantify tradeoffs between multiple objectives. In short, the approach
not only provides an estimate of the optimal point, but also facilitates
the development of intuition and understanding about what is going
on in the model.

In Section 2 we introduce the reader to the stochastic process model.
Rather than giving a formal presentation, we motivate the stochastic
process model as a modification to linear regression that addresses some
of regression’s major shortcomings. We show how the stochastic process
model] is used to construct response surfaces and comment on how
this approach is related to splines and traditional design-of-experiment
methods. Section 3 describes our techniques for validating a stochastic
process model, and Section 4 shows how these models are used for
global optimization. The topic of visualization is explored in Section 5
using examples from real problems. Finally, Section 6 discusses some
remaining challenges and opportunities.

2. The Stochastic Process Model

Suppose we have evaluated a deterministic function of k£ variables at
n points. Denote sampled point i by x(® — (xgi), ...,J:;:)) and the
associated function value by y® = y(x®), for i = 1,...,n. Perhaps
the simplest and most familiar way to fit a response surface to such
data is linear regression. In this technique, the observations are treated

as if they were generated from the following model:

y(x®) = Zﬂhfh(x(i)) +ed (i=1,...,n).
h
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In this equation, each f(x) is a linear or nonlinear function of x; the
Br’s are unknown coefficients to be estimated; and the ¢?’s are nor-
H12al]y distributed, independent error terms with mean zero and variance
o”.

Applying linear regression to a computer code has major practical
and conceptual problems. The practical problem is that we usually do
not know what functional form to specify for the regression terms. Af-
ter all, if we knew a form that fit well, why would we have developed
a complex computer code in the first place? Of course, one can always
use a flexible functional form that assumes different shapes via dif-
ferent parameter settings. But flexible functional forms, by their very
nature, have many parameters, and so we would need many function
evaluations to estimate these parameters.

The conceptual problem with regression is that the assumption of
independent errors is blatantly false when modeling a deterministic
computer code. Because the code is deterministic, any lack of fit will
be entirely modeling error (incomplete set of regression terms), not
measurement error or noise. This means that the error terms are really
collections of left-out terms in x, so that we may write ¢® as ¢(x(®).
Moreover, if y(x) is continuous, then €(x) is also continuous, because it
is the difference between y(x) and the continuous regression terms. It
follows that, if x(? and x(9) are two points that are close together, then
the errors €(x(®) and ¢(x(9)) should also be close. In short, it makes
no sense to assume that e(x®) and e(x) are independent. Instead,
it is more reasonable to assume that these error terms are related or
“correlated,” and that this correlation is high when x(® and x are
close and low when the points are far apart.

In the stochastic process approach, we do not assume that the er-
rors are independent, but rather assume, as indicated above, that the
correlation between errors is related to the distance between the corre-
sponding points. We do not use the Euclidean distance, however, since
this distance weights all the variables equally. Rather, we use the special
weighted distance formula shown below:

d(x, x)) Zelx —aPP Ow=0paeL2). (1)

(We will discuss the ro]es played by the parameters 85 and pp short]y).

Using this distance function, the correlation between the errors at x (i
and x) is

Corr [e(x®), e(x))] = exp [—d(x?,x1D)]. (2)

The correlation function defined in (1) and (2) has all the intuitive

properties one would like it to have. In particular, when the distance
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Corr[e(xM),e(x(M)] o

Figure 1. Example correlation functions used in the stochastic process model.

between x(* and x(9) is small, the correlation is near one. Similarly,
when the distance between the points is large, the correlation will ap-
proach zero. The parameter 0 in the distance formula (1) can be in-
terpreted as measuring the importance or “activity” of the variable xp.
To see this, note that saying “variable h is active” means that even
small values of |$§:) 7Y )| may lead to large differences in the function
values at x@ and X(J). Thinking in statistical terms, this means that
even small values of |:c§:) - xﬁf )| should imply a low correlation between
the errors €(x(") and e(x(9). Looking at equations (1) and (2), we see
that, if 6, is very large, then it will indeed be true that small values
of |$h) — :L'El | translate to large “distances” and hence low correlation.
This is illustrated in Figure 1 for the case of only one input variable,
x. Two correlation functions are shown, corresponding to # = 1 and
@ = 4. The curve for 8 = 4 relates to a more active variable, as cor-
relation drops off more rapidly with the change in z. The exponent
pr is related to the smoothness of the function in coordinate direction
h, with pn = 2 corresponding to smooth functions and values near 1
corresponding to less smoothness [26].

It turns out that modeling the correlation in this way is so powerful
that we can afford to dispense with the regression terms, replacing
them with a simple constant term. This gives us the model we use in
the stochastic process approach:

y(X(i)) :,u—l—e(x("')) (i=1,...,n), (3)

where /1 is the mean of the stochastic process, €(x(®) is Normal(0, 52),
and, as just discussed, the correlation between errors is not zero but
rather is given by equations (1) and (2). The estimates of the parame-
ters p and o2 have little direct interpretation, as they must be combined
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with the estimates of the correlation parameters (the 65’s and pp’s) in
order to make predictions.

We call this model a “stochastic process model” because the error
term €(x) is a stochastic process, that is, it is a set of correlated ran-
dom variables indexed by space (here, the k-dimensional space of x).
It has become common to call the stochastic process model in equa-
tions (1)—(3) the “DACE stochastic process model,” where “DACE” is
an acronym for “Design and Analysis of Computer Experiments,” the
title of the paper that popularized the approach [29].

The DACE model has 2k + 2 parameters: u, o2, 61,...,0k, and
P, ..., Pr. We estimate these parameters by choosing them to maximize
the likelihood of the sample. Let y = (¥, ...,4™) denote the n-
vector of observed function values, R denote the n X n matrix whose
(i,7) entry is Corr [e(x®), e(x(1))], and 1 denote an n-vector of ones.
Then the likelihood function is:

1 (y—1w)R(y —1p)
@Ry PIRE W

202

Note that the dependence on the parameters 6, and pp for h =1,...,k
is via the correlation matrix R [see equations (1) and (2)].

Given the correlation parameters 8, and pp for h =1,...,k, we can
solve for the values of ;1 and o2 that maximize the likelihood function
in closed form:

TR 1y

—— 5
1R 1 (5)

b=

and ;
_1YRYv — 14
5‘2 — (y 1/1') R (y 1/1') ] (6)

n

Substituting equations (5) and (6) into the likelihood function, we get
the so-called “concentrated likelihood function,” which depends only
upon the parameters 6, and pp for h = 1,...,k. This is the function
that we maximize in practice to give us the estimates 8, and pn, and
hence an estimate of the correlation matrix R. We then use formulas (5)
and (6) to get the estimates ji and 52

Now the stochastic process model in equations (1)—(3) is essentially
a generalized least squares (GLS) model with a simple set of regres-
sors (just a constant term) and a special correlation matrix that has
unknown parameters and depends upon distances between the sam-
pled points. It is well known that, when the errors are correlated,
the GLS estimates of ¢ and o2 are more efficient than the ordinary
least squares estimates, and our maximum likelihood estimates in (5)
and (6) agree with the GLS estimates (except for the usual n versus
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Figure 2. A simple illustration of how correlation should affect prediction. The pre-
diction at x*, being close to the data point z», should be adjusted from the regres-
sion line to take into account the positive residual at @,

n—1 in the denominator of 62). But the impact of correlated errors on
prediction is usually only discussed in more advanced statistics books
(e.g., [34], p. 280) and in the literature on kriging [12] and computer
experiments [29].

In order to get an intuitive understanding for how correlated errors
should affect prediction, consider the illustration in Figure 2 where
there is only one input variable, x. The point at which we are predicting,
z*, is close to the second data point, (2. Moreover, let us assume that
the value y(a:(Q)) lies significantly above the estimated mean [ as shown
in Figure 2. The fact that y(a:(Q)) lies above the regression line implies
that the left-out terms in x, which constitute the error, have a large
positive value at (2. Since z* is close to z(?, it makes intuitive sense
that these left-out terms will also be positive (though not identical)
at *. Thus our prediction at z* should not be constructed merely by
plugging z* into the regression equation (which would just give ).
Instead, it should be equal to the value of the regression equation (i)
adjusted upward to take into account the correlation with the error at
the nearby point z(? where the residual is large and positive.

Formally, let r denote the n-vector of correlations between the error
term at x* and the error terms at the previously sampled points. That
is, element % of r is 74(x*) = Corr[e(x*), e(x®)], computed using the
formula for the correlation function in (1) and (2). It then turns out
that the best linear unbiased predictor of y(x*) is

§(x*) = i+ PRy — 14). (7)

The derivation of this predictor can be found in [29]. On the right-hand
side of equation (7), the first term, fi, is the result of simply plugging
x* into the regression equation, and the second term represents the
adjustment to this prediction based on the correlation of ¢(x*) with the
error terms at the sampled points. Note that if there is no correlation
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(r = 0), then we just predict y(x*) = ji. To see that the DACE predictor
interpolates the data, let us suppose we are making a prediction at the
ith sampled point, so that x* = x(®. In this case, r will be equivalent
to the ¢th column of R, which we may denote by R; . Hence

YR = (R™) = (RRy) =, ®)
where e; is the ¢th unit vector. Equation (7) then reduces to
D) = ot ey — 1) = ju+ (y — o) = .

Thus, the prediction at x(9 is the observed value y@, and the DACE
predictor interpolates the data.

The correlation of the errors should also affect our estimate of pre-
diction accuracy. Going back to Figure 2, it makes intuitive sense that,
since z* is very close to (2, we should be much more confident in our
prediction of y(z*) than we would be if z* were far away from all the
sampled points. This intuition is reflected in the general formula for
the mean squared error of the predictor, which we denote by s%(x*):

(1- 1R 'r)’

20k} _ 2 -1
s(x*)=0" |[1-rR7'r + TRTT

9)

(A full derivation of this formula can also be found in [29].) In the
expression for s(x), the term —r’ R~ !r represents the reduction in
prediction error due to the fact that x* is correlated with the sam-
pled points. With no correlation, that is, if r = 0, then this adjustment
would be zero. The term (1—1'R™!r)2/1’R ™1 reflects the uncertainty
that stems from our not knowing p exactly, but rather having to esti-
mate it from the data. Finally, let us again suppose that we are making
a prediction at the ith sampled point, so that x* = x®. As shown
in (8) we would then have R™1r = e;, so that

rR7r = re; = ri(x*) = Corr(x*,x) = Corr(x®,x®) =1 (10)

and
TR r=1¢; = 1. (11)

Substituting (10) and (11) into equation (9), it follows that s?(x(®) = 0.
This is as it should be: with a deterministic function, once we have
sampled a point, we know its value there. Thus, our uncertainty, as
measured by mean squared error, should be zero.

It will often be convenient for us to work with the square root of the
mean squared error, s = 1/s%(x). This provides a root mean squared
error (RMSE) for measuring uncertainty in our predictions.
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In summary, we have the following, The RMSE at a sampled point is
zero. The RMSE at a point very far away from the data (where r ~ 0)
is about o. And the RMSE in between these extremes is o reduced by
an amount that depends on how close, and therefore how correlated,
the point in question is to the sampled points. Similar statements can
be made about the DACE predictor y(x). At a sampled point, 7(x)
agrees with the data. At a point very far from the data (where r ~ 0),
y(x) is about fi. In between these extremes, 3(x) is based on a smooth
interpolation of the data according to equation (7).

The derivation of the predictor 7(x) as the “best linear unbiased pre-
dictor” is not especially intuitive or enlightening and, for that reason,
we have not repeated it here (interested readers can find it in [29]).
Fortunately, however, there is a more intuitive way of deriving the
predictor. As mentioned earlier, the parameters of the model—u, o2,
01,...,0k, and p1,..., pr—describe how the objective function typically
behaves. In particular, the parameters 601, ..., 0r describe how sensitive
the function is to each input variable and the parameters pi1,...,p
capture how smoothly the function varies in response to each variable.
When we estimate these parameters by maximum likelihood, we are
essentially finding values of the parameters that best describe the be-
havior of the function as evidenced in our sample. When we predict
the function’s value at some new point x*, we are in a very precise
sense—computing the value of the function that is most consistent with
this typical behavior. Let us explain.

Suppose we just guessed the value of the function at x* to be some
number #* and then added this “pseudo observation” as point n + 1.
Having added this point, we could compute the likelihood of the aug-
mented sample. This likelihood would measure how well the pseudo
observation “fits” with the original data, that is, the likelihood that
they were all generated from the same model. Of course, we could guess
many different values of y*, and for each guess we would get a differ-
ent likelihood value. It turns out that the value of y* that maximizes
this augmented likelihood, and in this sense is most consistent with the
function’s typical behavior, is precisely the predictor in equation (7).
(See Appendix 1 for details.)

One weakness of DACE theory is that the predictor and its mean
squared error are derived under the assumption that the parameters
0%, 01,...,0;, and p1,...,pr are known. In practice, the true values
of these parameters are not known, and the DACE formulas are used
substituting the estimated parameters, This theoretical sleight of hand
appears to have no serious consequences, although it probably leads to
a slight underestimation of prediction error in small samples. In what
follows, we will write o2, 01,...,0k, and py,...,pp without “hats” (*),
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Figure 3. (a) Contours of the Branin test function; (b) contours of a DACE response
surface based on the 21 sampled points shown as dots; (c) a quadratic surface fit to
the 21 points; (d) a thin-plate spline fit to the 21 points.

as if they are the true values, since this is necessary for the formulas to
be theoretically correct. However, the reader should understand that,
for all calculations, we use the maximum likelihood estimates of these
parameters. In particular, the root mean squared error, s(x), from (9)
is also an estimate in practice, and we shall refer to it as the standard
error of prediction.

While the above discussion has hopefully made the DACE model
conceptually appealing, nothing is as convincing as seeing it in action.
In Figure 3(a) we show the contours of the Branin function, a well-
known test function for global optimization [14]. In Figure 3(b), we
show the contours of the predictor from a DACE model based only on
the 21 points shown as dots. This response surface was created by esti-
mating the parameters i, o2, 01, 02, p1, and pe via maximum likelihood
and then calculating the predictor in (7) over a fine grid for the purpose
of generating the contour plot. The DACE predictor is so accurate that
some people do not even notice the differences between the contours in
Figures 3(a) and 3(b). It is clear that we should be able to locate the
optimum quite accurately with only a few more function evaluations.
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In contrast, Figure 3(c) shows the result of fitting a general quadratic
surface and Figure 3(d) shows a thin-plate spline. The quadratic func-
tion completely misses the minimum in the lower center. The thin-plate
spline, while better than the quadratic, still does not capture the shape
of the function as well as the DACE interpolator.

There is an interesting relationship between the DACE predictor
and the thin-plate spline. To see this, let us write the DACE predictor
in (7) as

) =it e =it S eni(x),
i=1

where ¢ = R™1(y — 1/1) is a vector of constants and where r;(x) =
Corrle(x), e(x)] for i — 1,...,n. Thus, we see that the DACE predic-
tor is a linear combination of “basis functions” r;(x) for i = 1,...,n
that interpolates the data.

Now the thin-plate spline predictor shown in Figure 3(d) is also a
linear combination of basis functions. These functions include polyno-
mial terms and terms of the form

p(lx—x@D )  (i=1,...,n), (12)
where || - || is the Euclidean distance norm and
p(t) = t*log(t). (13)

Given that both the DACE predictor and the thin-plate spline can
be thought of as basis-function methods, it follows that the differences
in their predictive accuracy, as seen in Figure 3, must be due to the
difference in these basis functions. And that is exactly the case. The
basis functions for the thin-plate spline are fixed in advance, being
specified by equations (12) and (13). The basis functions in the DACE
predictor, however, depend upon the correlation parameters 85 and pp
forh=1,...,k, and these are “tuned” to the data during the maximum
likelihood estimation. This is one explanation for the superior accuracy
of the DACE predictor in Figure 3.

In fact, one can get much better results from the thin-plate spline
if one first scales the data in a way suggested by the estimated DACE
parameters. This is shown in Figure 4 where part (a) reproduces the
Branin function, part (b) shows the spline with no scaling, and part
(c) shows the spline with scaling. The scaled spline, though not as
“smooth,” is nevertheless more accurate, though still not as accurate
as the DACE surface.

Readers familiar with traditional design of experiments (e.g., the
textbook by Box, Hunter, and Hunter [8]) may wonder how these tech-
niques are related to DACE. In both methods, the motivation is to



EFFICIENT GLOBAL OPTIMIZATION 13

©
\>

-5 0 5 10

Figure 4. (a) Contours of the Branin test function; (b) a thin-plate spline fit to the
21 points; (c) a thin-plane spline fit using scaling suggested by the estimated DACE
parameters.

assess how the performance of an engineering design depends upon
certain factors of interest. In standard design of experiment (DOE)
methods, it is assumed that the data come from physical observations
subject to random error. This error is due to the presence of other fac-
tors, in addition to those under study, that cannot be easily controlled
or measured. As a result, much of the effort in standard DOE is on
minimizing the effect of uncontrolled factors by careful blocking and
randomization of run order. Because substantial noise is assumed to be
present, it is unrealistic to model complex nonlinear behavior, and so
simple linear or quadratic regression models are usually employed (they
are implied if not always explicitly written down). To fit these simple
regression models, designs with two or three levels for each factor are
sufficient.

In a computer experiment, the situation is quite different. All factors
are controllable and run order is irrelevant. Moreover, with computer
models, it is common to allow the factors to vary over wider ranges than
in physical experiments, and over such large ranges the function will
be more nonlinear. To capture this nonlinearity, we use the stochastic
process model discussed above in conjunction with designs that vary
each factor over many levels. This motivates the use of space-filling
designs such as Latin hypercubes [22], an example of which is the 21-
point design in Figure 3(b).

We now summarize the similarities and differences between the stan-
dard linear regression model and the DACE model. The two models
share a common mathematical framework consisting of regressors and
errors, but the emphasis is quite different. Linear regression focuses
entirely on the regressors and their coefficient estimates, and makes
simplistic assumptions about the errors (independence). In contrast,
DACE makes simplistic assumptions about the regressors (just a con-
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stant term) and focuses entirely on the correlation structure of the
errors. Thus, regression and DACE are probably best thought of as di-
ametric opposites. Regression is about estimating regression coefficients
that (together with the assumed functional form) completely describe
what the function is. DACE is about estimating correlation parame-
ters that describe how the function typically behaves. As we have seen,
DACE makes predictions by interpolating and extrapolating from the
data in a way most consistent with this estimated typical behavior.

3. Model Validation

We saw in the previous section that the DACE model worked well for
the Branin test function, giving good prediction accuracy with just
21 evaluations. We assessed this accuracy, however, by comparing the
contour plot from the DACE model with the ¢rue contours (Figure 3).
Obviously, this is not a practical procedure. After all, if it were feasible
to compute the true contours, we would not need any approximation in
the first place. It is practical, however, to select a few additional points
as a “validation” or “test” sample and compare actual and predicted
values on this small sample. But there is an even better procedure,
called “cross validation,” that allows us to assess the accuracy of the
model without sampling any points beyond those used to fit the model.

The basic idea of cross validation is to leave out one observation,
say y(x(i)), and then predict it back based only on the n — 1 remain-
ing points. We call this prediction the “cross-validated” prediction of
y(x®) and denote it by 7_;(x(®). The subscript —i emphasizes that
observation 7 is not used in making the prediction. In principle, when
making these cross-validated predictions, one should re-estimate all the
DACE parameters using the reduced sample. However, unless there are
very few observations or major outliers, dropping a single observation
usually has a negligible effect on the maximum likelihood estimates.
What we do in practice, therefore, is to use the DACE parameters es-
timated using all the observations, but only use the remaining n — 1
points in computing the correlation matrix R and the vectors r and y
in the predictor (7).

In addition to the cross-validated prediction at x(@, we also get a
cross-validated standard error of prediction analogous to (9), which we
denote s_i(X(i)). Together, these two quantities can be used to com-
pute a confidence interval for y(x(i)) using the mean prediction plus
or minus three standard errors (see Figure 5). Since the DACE model
is approximately 99.7% confident that 7(x(®) lies in this interval, an
attractive model-validation test is to see if the observed y(x() does
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Figure 5. In ordinary cross validation, one observation (here the second) is left out
and predicted back using the remaining n — 1 observations. The cross-validated
confidence interval is the cross-validated prediction plus or minus three standard
€rrors.

indeed lie in this interval. Since each of the n points can be left out in
this procedure, we can do this test n times.

Instead of actually drawing confidence intervals, it is more conve-
nient to compute the number of standard errors that the actual value
is above or below the predicted value:

y(x?) —§_i(xD)
s_i(x®) )

We will refer to this quantity as the “standardized cross-validated resid-
ual.” If the model is valid, the value should be roughly in the interval
[—3,+3].

To illustrate these ideas, Figure 6 shows the diagnostic tests for a
DACE model fit to the Goldstein-Price (GP) test function [14]. The
surface was based on the same 21-point experimental design we used
for the Branin function [see Figure 3(b)|. In Figure 6(a) we plot the
actual function value versus the cross-validated prediction. If the model
were good, the points should lie on a 45° line; in this case, the relation-
ship is very weak. Figure 6(b) plots the standardized cross-validated
residuals versus the cross-validated predictions. Two problems are ap-
parent. First, there is the one extreme standardized residual with a
value around 4. Second, the remaining residuals tend to decrease with
the predicted function values, suggesting a systematic bias in predic-
tion. Finally, Figure 6(c) plots the standardized cross-validated residu-
als versus the values that would be expected from a random sample of
n independent standard normal variables (the so-called Q-Q plot). If
the standardized residuals act like normal deviates, these points should
lie close to the 45° line. The extreme residual is again apparent.
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Figure 6. Diagnostic tests for the Goldstein-Price function: (a) actual function val-
ues versus cross-validated predictions; (b) standardized cross-validated residuals ver-
sus cross-validated predictions; (c) ordered standardized residuals versus standard
normal quantiles.

When the diagnostic plots fail to show a good fit, as here, it is some-
times possible to improve the fit of the DACE model by transforming
the function. We typically try the log transformation, In(y), or the in-
verse transformation, —1/y. For the GP function, the log transforma-
tion works well. Figure 7 shows the same diagnostic plots after replacing
all the function values by their logs. As can be seen in Figure 7(a), the
prediction accuracy is better, but still not great. The important thing,
however, is that the model correctly anticipates the magnitude of the
prediction errors. This is made clear in Figure 7(b) where the standard-
ized cross-validated residuals are all in the interval [—3,+3]. Moreover,
the Q-Q plot in Figure 7(c) shows much better agreement than before.
The diagnostic plots suggest that, even on the logarithmic scale, the
GP function is difficult to model accurately with just 21 points; nev-
ertheless, the model captures these difficulties through the standard
€rror.
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Figure 7. Diagnostic tests for the log-transformed Goldstein-Price function:
(a) actual function values versus cross-validated predictions; (b) standardized
cross-validated residuals versus cross-validated predictions; (c) ordered standard-
ized residuals versus standard normal quantiles.

4. Global Optimization

4.1. USING RESPONSE SURFACES FOR GLOBAL SEARCH

The simplest way to use response surfaces for optimization is to fit
a surface and then find the minimum of the surface. But as shown
in Figure 8 this process, even if iterated, can easily lead to a local
minimum. In Figure 8, the (unknown) objective function is shown as
the solid line, and we assume that we have evaluated this function at
the five points shown as dots. The dotted line is the DACE predictor
fit to these points. The DACE predictor is minimized almost exactly at
the local minimum (z = 2.8). If we sample the function at the minimum
of the DACE surface, update the surface, and iterate, we are clearly
only going to get a highly accurate estimate of this local minimum.
The problem with simply finding the minimum of the DACE surface
is that this procedure does not acknowledge our uncertainty about that
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Figure 8. The solid line represents an objective function that has been sampled at
the five points shown as dots. The dotted line is a DACE predictor fit to these
points.
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Figure 9. The DACE predictor and its standard error for a simple five-point data
set.

surface. It puts too much emphasis on exploiting the predictor and no
emphasis on exploring points where we are uncertain. To eliminate
this problem, we must put some emphasis on sampling where we are
uncertain, as measured by the standard error of the predictor.

Figure 9 shows the standard error of the predictor. Because of the
large number of sampled points around x = 2, our uncertainty, and
hence the standard error of the predictor, is very low in that region.
In fact, the standard error in this region is so low that, in order for
the reader to see it, we have had to magnify it in an inset. Notice that
the standard error does indeed go to zero at all the sampled points,
as it should. In rises up in between, but sometimes only by a little.
The standard error is maximized around z = 8.3, suggesting that this
might be a good place to search from the point of view of global search.
But sampling there would be equivalent to putting all our emphasis on
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Figure 10. Our uncertainty about the function’s value at a point (such as z = 8
above) can be treated as if the value there were a realization of a normal random
variable with mean and standard deviation given by the DACE predictor and its
standard error.

global search, and this is just as bad (if not worse) than putting all
our emphasis on local search. What we need is a figure of merit that
balances local and global search.

A highly attractive figure of merit that balances local and global
search is “expected improvement.” This concept can be found in the
literature as early as 1978 (e.g., Mockus et al. [24]). The expected im-
provement criterion is computed as follows. Let fpin = min(y™, ...,
y(”)) be the current best function value. Before we sample at some point
X, we are uncertain about the value y(x). Of course, there is nothing
random about y(x); we simply do not know what it is. Let us model
our uncertainty at y(x) by treating it as the realization of a normally
distributed random variable Y with mean and standard deviation given
by the DACE predictor and its standard error. This idea is illustrated
in Figure 10 where, at the point x = 8, we have drawn a normal den-
sity function with the mean and standard deviation suggested by the
DACE model. If we treat the function’s value at z = 8 as a realization
of the random variable Y with the density function shown in Figure 10,
then there is some probability that the function’s value at x = 8 will be
better than (or “improve upon”) our current best function value fmin.
This is true because the tail of the density function shown in Figure 10
extends below the line ¥y = fmin. Different amounts of improvement, or
different distances below the line ¥ = fmin, are associated with differ-
ent density values. If we weight all these possible improvements by the
associated density value, we get what we call “expected improvement.”

Formally, the improvement at the point x is I = max(fmm — Y, 0).
This expression is a random variable because Y is a random variable
(it models our uncertainty about the function’s value at x). To obtain
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Figure 11. (a) The expected improvement function when only five points have been
sampled; (b) the expected improvement function after adding a point at z = 2.8. In
both (a) and (b) the left scale is for the objective function and the right scale is for
the expected improvement.

the expected improvement we simply take the expected value:
E[/(x)] = E [max(fmn — Y,0)]. (14)

To compute this expectation, let us introduce the compact notation 3
and s to denote the DACE predictor and its standard error at x. In this
notation, Y is Normal(7, s2). By expressing the right-hand side of (14)
as an integral, and applying some tedious integration by parts, one can
express the expected improvement in closed form:

B{I()] = (fmin — 9)® (M) s (M) R

In the above, ¢(:) and ®(-) are the standard normal density and distri-
bution function. Note that it is s, not s?, that appears in equation (15).

Figure 11(a) shows the expected improvement function for our sim-
ple one-dimensional example (the value of the expected improvement
is shown on the right-hand scale). Surprisingly, it has two peaks, one
at x = 2.8 and another at z = 8.3. The peak at x = 2.8 is higher,
so we would sample there. But on the next iteration, as shown in Fig-
ure 11(b), the expected improvement is maximized at x = 8.8, and thus
we are driven to search globally.

As this example illustrates, the expected improvement function is
highly multimodal. In fact, it is easy to show that expected improve-
ment is zero at the sampled points and is positive in between (though
perhaps very small). As in Figure 11, it is also common for there to
be large areas where the expected improvement is essentially zero and
so appears quite “flat.” Both of these features make optimizing the
expected improvement function with standard multistart approaches
difficult and potentially unreliable.
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Although multimodal, the expected improvement function is in closed
form, and so we can hope to exploit its structure when trying to find
the maximum. As we will soon show, it turns out that we can max-
imize E[/(x)] to guaranteed optimality using a branch-and-bound al-
gorithm. To use branch and bound, we need some way to compute
an upper bound on E[I(x)] over any rectangular subregion defined by
Ih < xzp < up for h = 1,...,k. The computation of these bounds is
greatly facilitated by the fact that E(/) is monotonic in g and in s.
In fact, if one computes the derivative of E(I) as given in (15) with
respect to ¢ or s, one gets several terms that cancel, resulting in the
surprisingly simple expressions:

oy s

and

BE(I) — ¢ (fmin —ﬂ) > 0.
Os s

Thus we see that the expected improvement is larger the lower is
7 and the higher is s. Because of this monotonicity, to find an upper
bound on E[/(x)] over a box for x it suffices to find a lower bound on
y and an upper bound on s over the box—call them ¥~ and s¥ —and
then compute E(I) using equation (15) substituting § = y* and s = sY.

Since some readers may not be interested in the details of how these
bounds y” and sV are constructed, we will defer our discussion of them
to Sections 4.3 and 4.4. In the next subsection, we will move ahead
and discuss how the exact maximization of expected improvement is
used to construct an optimization algorithm called EGO (for Efficient
Global Optimization). We will also show results of applying EGO to a
few standard test problems.

4.2. THE EGO ALGORITHM

The EGO algorithm begins by fitting a DACE model to a set of initial
points specified by what we call a “space-filling” experimental design.
The 21 dots in Figure 3(b), for example, are a space-filling design in two
dimensions. These space-filling designs are constructed using a special
code developed by Welch that searches for a Latin hypercube design in k
dimensions that has the property that all the one- and two-dimensional
projections are nearly uniformly covered. Based on past experience,
we find that about n = 10k points are needed in the initial design.
However, in order to have a convenient, finite-decimal value for the
spacing between points, we usually deviate slightly from this “10k”
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rule. For example, in two dimensions we use 21 points so that the inter-
point spacing is 1/(n — 1) = 1/20 = 0.05 of the range of each variable.
Similarly, in three dimensions we use 33 points and in six dimensions
we use 65 points.

After evaluating the function on the initial design, we fit the pa-
rameters of a DACE model using maximum likelihood estimation. We
then apply the diagnostic tests of Section 3. If the plots look satis-
factory (the cross-validated standardized residuals are less than 3 in
magnitude, etc.), we say the DACE model is satisfactory. Otherwise,
we re-fit the DACE model after applying a log or inverse transforma-
tion (—1/y) to the dependent variable. If one of these transformations
gives satisfactory diagnostic plots, then we use the transformed func-
tion in the rest of the analysis. (If no satisfactory transformation can
be found, we would not continue with our method, but this does not
occur in the examples given below.)

Once the initial DACE surface is fit and any transformation made,
we proceeded iteratively. First, we maximize the expected improvement
using the branch-and-bound algorithm. If the expected improvement is
less than 1% of the best current function value (on the untransformed
scale), we stop. Otherwise we sample the function where expected im-
provement is maximized, re-estimate the DACE parameters with max-
imum likelihood, and iterate.

We now apply EGO to four test functions from [14]: the Branin
function, the Goldstein-Price function, the Hartman 3 function, and
the Hartman 6 function. The dimensions of these problems are 2, 2, 3,
and 6, respectively.

For all these problems, we fix p, = 2 in the correlation function
given in equations (1) and (2). We do this because one of our best
bounding methods, discussed later in Section 4.4, is currently limited
to this special case. While this bounding technique can be extended to
handle the case pp < 2, the extension is more complicated and we have
not yet implemented it.

For the Goldstein-Price and Hartman 6 functions, the diagnostic
tests suggest that the functions should be log-transformed: In(y) for
the Goldstein Price function and — In(—y) for the Hartman 6 function.

Table I shows the results of applying EGO to the test functions.
For each function, we report the number of evaluations when expected
improvement is less than 1% of the current best function value, that
is, when the stopping criterion is satisfied. We also report the actual
relative error on convergence. Note that the algorithm stops when the
estimated relative accuracy (based on the expected improvement crite-
rion) is 1% or less. The true relative accuracy at this point, however,
may differ from 1%. To facilitate comparisons with other algorithms,
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Table I. Test function results for the EGO algorithm.

Evaluations to Evaluations
Test meet stopping  Actual error required for
problem criterion when stopped 1% accuracy
Branin 28 0.2% 28
Goldstein-Price 32 0.1% 32
Hartman 3 34 1.7% 35
Hartman 6 84 1.9% 121

the last column of Table I shows the number of evaluations that are
required to achieve an actual relative error of 1% or better. Note also
that all relative errors shown are with respect to the original, untrans-
formed scale. When using a natural log transformation, we stop when
expected improvement on the log scale is less that 0.01 in absolute
terms, because this is approximately equal to a 1% relative change on
the untransformed scale.

For the Hartman 3 and Hartman 6 functions, the actual relative
error on convergence is slightly greater than the target of 1%. There
are two reasons why this might happen. First, the standard error of
the predictor does not take into account the fact that the correlation
parameters (the 0),’s, px’s, and o2) are not known with certainty but
rather are estimated. As a result, the standard error may be a bit too
small, causing us to underestimate expected improvement.

Second, our expected improvement criterion estimates the gain from
sampling one additional point. We then find the maximum, over all
points, of this expected improvement quantity. What we really want,
however, is not the expected improvement at any one point, but rather
the expected improvement from sampling all the remaining points,
which is obviously larger. Thus we see, once again, that our expected
improvement criterion understates the true potential gain from further
search.

To compensate for this inevitable underestimation of the potential
gain from further search, one can use a lower tolerance than actually
desired (e.g., 0.1% instead of 1%) and/or require the convergence tol-
erance to be met for several iterations in a row. For example, if one
insists that the 1% criterion be met two times in a row, then the ac-
tual relative errors for the Hartman 3 and Hartman 6 functions become
0.5% and 0.6%, respectively.

To give the reader a feeling for the computation times, on a PC with
a Pentium II 266 processor, the first iterate (both maximum likelihood
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Figure 12. Contours of the Branin function with the initial sample (open squares)
and the first three points selected by the expected improvement maximization (filled
squares).

and branch and bound) requires 139 seconds for the Branin function, 6
seconds for the Goldstein Price, 40 seconds for the Hartman 3, and 135
seconds for the Hartman 6. In every case, the iterations take longer as
the search progresses. For example, computing the last iterate for the
Hartman 6 function takes 262 seconds.

For the Hartman 6 problem, the branch-and-bound algorithm is too
slow to run to full convergence. Instead, the results shown in Table I
are obtained using a “limited memory” branch-and-bound algorithm
that only keeps the best 50 nodes in the tree and uses a maximum of
500 iterations. The branch-and-bound solution is then fine-tuned using
local search to get our final estimate of where expected improvement
is maximized.

Although the limited-memory branch and bound speeds up the
search, it also runs the risk of not finding the true maximum of ex-
pected improvement. To check the accuracy of this limited memory
version, we also ran it on the two- and three-dimensional problems
where we could maximize expected improvement to full optimality. In
every case we obtained the same results as in the full branch and bound
(but with less time). Thus, we have some reason to believe that the lim-
ited memory version is an effective expedient for speeding up the EGO
algorithm.

Figure 12 shows the first three iterations of EGO on the Branin
function. The open squares are the initial sample of 21 points and
the solid squares are the first three iterates from the maximization
of expected improvement. The contours are those of the true Branin
function. With these first three iterates, the EGO algorithm essentially
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finds all three global minima. Only four more iterates are required to
meet the stopping criterion.

We have not focused on proving convergence theorems for EGO,
though we believe that such theorems should be possible. For example,
it should be possible to prove that EGO must converge in the limit
as the number of function evaluations goes to infinity. Specifically, we
believe that the following conjecture is true:

CONJECTURE 1. Assume that: (i) the parameters 0y, are strictly
bounded away from zero, and (i) the objective function is continuous
and defined over a box with finite lower and upper bounds. Then the
search points generated by EGO (if run without stopping) will form a
dense subset of the feasible region.

Assumption (i) is needed because, if 6, = 0, then variable zj is
irrelevant to the predictor, standard error, and expected improvement.
Thus, there is no reason for the search to be dense with respect to
this variable. Although we have not proved this conjecture, interested
readers might consult the work of Marco Locatelli [20] who has proved
a similar theorem for a related one-dimensional Bayesian algorithm.

4.3. BOUNDING THE MEAN SQUARED ERROR VIiA CONVEX
RELAXATION

As mentioned earlier, to implement the branch-and-bound algorithm
we need a lower bound on ¢(x) and an upper bound on s(x) or, equiva-
lently, on s%(x). We have explored two ways to compute these bounds.
The first is fairly standard in the literature and is based on convex
relaxation. The second is unusual because it is based on a nonconvex
relaxation. It turns out that the convex relaxation provides the tightest
bound for s%(x), and we will discuss this bound first. The nonconvex
relaxation turns out to be better at bounding g(x); it is discussed in
Section 4.4.

To find an upper bound on s2(x) over a box defined by £, <z, < up
forh=1,...,k, we need to find an upper bound on the solution to the
following problem:

PROBLEM 1. Choose r = (r1,...,7s) and X = (z1,...,Tk) to

_ 1R 1,2
Mazimize o> {1 —rR7r + %%L}

subject to  In(r:) = — S5 | Oplxn — a:gi)|ph (i=1,...,n)

b <zp < up (hil,...,k).
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The reader will recognize the objective function as the formula given
in equation (9) for the mean squared error, s?(x), of the predictor. The
first set of constraints forces r to take on the values defined by the
correlation function in equations (1) and (2).

Problem 1 is difficult both because the objective function is poten-
tially nonconvex and because the equality constraints are nonconvex.
Before we show how we handle this, it will be convenient to write
Problem 1 in an equivalent but more standard form. First, note that
the lower and upper bounds on z1,...,zx imply, through an interval-
analysis calculation, lower and upper bounds on the variables rq, ..., 7.
This gives us simple bounds on all the variables. Since we desire an
inequality-constraint formulation, we can replace each equality con-
straint with two inequalities of opposite sense (both < and >). Finally,
we can convert the problem to minimization by multiplying the ob-
jective function by —1. All this gives the following problem, which is
equivalent to Problem 1:

PROBLEM 2. Choose r = (r1,...,rs) and X = (z1,...,T)) to

o - 1-1TR'r)?
Minimize —o> [1 —rR7'r + TR-T1 }
k :
subject to  In(r;) + > Onlxn — a:ﬁf)|7’h <0 (i=1,...,n)
h=1

¢ (@)
—In(r) + 2 On (—|wh—$,: ) <0 (i=1,...,n)
h=1
lh < zn < un (h=1,....k)
i <ry <oV (i=1,...,n).

To deal with the nonconvexity of the objective function, we use
the method proposed by Androulakis, Maranas, and Floudas in their
aBB algorithm [2]. This method is based on finding the Hessian of the
objective function and examining its eigenvalues. Now the Hessian of
the objective function in Problem 2 is an (n+ k) X (n+ k) matrix since
there are n + k variables: r1,...,7r, and x1,...,z;. However, since x
does not appear in the objective function, only the upper left n X n
corner of the Hessian is non-zero. This upper-left portion is

_ (R711)(R11y
1R™11

If all the eigenvalues of this upper-left portion of the Hessian were

nonnegative, then the objective function would be positive semi-definite

and we would have no problem. But what if there is a negative eigen-
value? The key insight of the BB algorithm is that we can overpower

202 |R™! (16)
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Figure 13. Linear underestimator for the nonlinear term In(r;).

this negative eigenvalue and simultaneously obtain a valid underesti-
mator by adding a specially constructed term to the objective function.
In our case, we would modify the objective function to be

1! _11‘ 2
w] +aZ(n )i ). (17)

2 -1
—o“|1-rR 7 'r + TRTT

The additional “a term” adds a constant to the diagonal of the
upper-left n X n corner of the Hessian. Thus, if we set

a= max{O,—)\min},

2

where Amin is the minimum eigenvalue of the matrix in equation (16),
then the Hessian of the modified objective function will be positive
semi-definite. Moreover, since each term (r; — rL)(r; —rY) is negative,
the modified objective function must be less than or equal to the orig-
inal one. In short, by replacing the original objective function in Prob-
lem 2 by the modified one in (17), we will have relaxed the problem
and made the objective function convex.

Unfortunately, this is not enough, because the constraints in Prob-
lem 2 are still nonconvex. We eliminate this problem by replacing the
nonlinear terms in the constraints with linear underestimators. For ex-
ample, the nonlinear and nonconvex term In(r;) in the first set of con-
straints in Problem 2 is replaced by a linear function a+br; that under-
estimates it over the interval [r¥, r¥]. This is illustrated in Figure 13.

Similar linear underestimators are used to replace the other nonlin-
ear terms in Problem 2: |zp — a::)P’h in the first set of constraints and

—In(r;) and —|zn — a:s)|ph in the second set. Some of these underesti-
mators are chords, like that shown in Figure 13, and some are tangent
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lines (we compute the tangents at the midpoint of the interval for x5, or
ri). Because we are underestimating the nonlinear terms, we are mak-
ing the constraints easier to satisfy, and therefore relaxing the problem.
Note that it is not strictly necessary to underestimate all the nonlinear
terms, since some of them, such as —In(r;) are actually convex. We use
linear underestimators for all the nonlinear terms because this leads to
a linearly constrained problem that can be solved much faster than the
relaxation that retains some nonlinearities in the constraints.

When all this is done, we have a relaxation of the original problem
with convex objective function, linear constraints, and simple bounds.
This relaxed problem can be solved with any good local optimizer.
The solution to this relaxed problem, with a sign reversal (to go from
minimization back to maximization), is an upper bound to Problem 1
and hence an upper bound on s?(x).

Having obtained a convex-relaxation bound on s%(x), the corre-
sponding convex-relaxation bound on y(x) is almost trivial. This is
true because y(x) is a linear function of r:

§(x) = i+ o,
where
c=RY(y —14).

Thus, to find a lower bound on H(x), we need merely minimize this
linear function subject to the linear constraints and simple bounds just
discussed for bounding s*(x) that is, we need merely solve a LP! In
practice, however, this lower bound on #(x) is less tight than the bound,
based on a nonconvex relaxation, discussed in the next subsection.

4.4. BOUNDING THE PREDICTOR VIA NONCONVEX RELAXATION

In the special case when the parameters pp in the correlation function
are equal to 2, it is possible to relax the expression for y(x) to a sum
of nonconvex, one-dimensional functions that can be easily optimized.
When every pp = 2, the correlation function simplifies to:

ri(x) = Corr[e(x), e(x()] = exp [ Z@h ( Tp — xh )2] .

The predictor g(x) is just a linear combination of these r;(x) functions
using the constants ¢ mentioned at the end of the last subsection:

n
=n+ Z CfiT'i(X).
i=1
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Now let z;(x) be the quadratic function

zi(x) = Z On, (a:h — :ch )2. (18)

If x is restricted to a subregion defined by ¢, < xp < up, then these
bounds on x will naturally induce lower and upper bounds on z;(x) via
an interval analysis of equation (18). Let us call these bounds 2/ and
2Y. Using these z;(x) functions, let us rewrite the predictor as

560 = 1+ 3 crexpl-z(x)L

i=1

We now find linear functions a; + b; z; that underestimate the terms
ci exp(—z;) over the interval [z, 2V]. If ¢; > 0 the linear underestimator
will be a tangent to ¢; exp(—z;) at the midpoint of the interval [z, 2V]
If ¢; < 0 the underestimator will be a chord. If we substitute these
linear underestimators into the predictor, we obtain an expression that

must always be less than or equal to g(x):

ux) = ﬂ+§:qn@%=ﬂ+§:QﬂpF%@ﬂ

i=1

Y

i+ _lai+bizi(x)]
=1

n k
= ﬂ-l-z a; -I-biztgh (@"h —$s))2]

= ,LL—I—Za,—I—ZtQth ( h—xh) . (19)

Now note that the underestimator in the final expression is a linear
combination of terms

Zb ( h—wh )2.

Furthermore, each term is a quadratic in one variable, x,. A quadratic
in one variable can easily be minimized over the interval [¢, u|, re-
gardless of whether the quadratic is convex or concave. Plugging the
xp’s that minimize these quadratics into the last line of (19) gives us
a valid lower bound on 7(x). This bound is usually (but not always)
stronger than the bound on g(x) based on convex relaxation described
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at the end of the previous subsection. Moreover, it is incredibly fast to
compute. To save time, therefore, we only use this bound in EGO.

It turns out that we can compute an upper bound on s*(x) using
a similar nonconvex relaxation. However, for reasons we do not fully
understand, this “nonconvex” bound on s2(x) is much weaker than the
“convex” one described in Section 4.3, and hence we do not use it in
EGO.

5. Visualization

One of the advantages of using response surfaces for optimization is
that one not only gets an estimate of the optimum, but also gets a
fast approximation to the computer code. This fast approximation (the
predictor from the DACE model) can then be used to help identify im-
portant factors, visualize the nature of the input-output relationships,
and quantify tradeoffs between multiple objectives.

We identify key factors by decomposing the total variation of the
predictor into contributions from individual variables and from pairs of
variables (interactions). To explain how this is done, we will consider
the simplest case in which there are just two variables, both of which are
restricted to the unit interval [0, 1]. The extension to more than two
variables and general bounds will be obvious, but writing down the
general case requires long, messy equations that obscure the simplicity
of the ideas.

To assess how variable x; affects the output, we simply integrate out
all the other variables (just x2 in our simple two-variable case). This
gives a function solely of z1 which we denote by a1(z1):

1
a1(a:1)/ y(x1, z2) dxa.
0

Intuitively, the average effect a1(x1) tells us the “typical value” of the
objective function for a given value of x1, averaging out the variation
generated by the different possible values of xo. It is also known as the
“main” effect of x1. The average or main effect of z2, denoted as(z2),
can be defined analogously.

The average effect of a pair of variables is defined by integrating
out the remaining k£ — 2 variables. In the simple two-variable case we
are considering, there are no other variables to integrate out. Thus,
in this simple case, the average effect of variables 1 and x2, denoted
a12(x1,x2), is the same as the predictor y(z1,z2). We will still write
it as ai2(z1,z2), however, in order to make it easier to see how the
formulas generalize.
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The final quantity of interest is the overall average of the predictor,
denoted ag. This is found by integrating out all variables (here just

two): .
aop = / / y(x1,z2) dx1 dxa.
o Jo

Now consider the identity

y(z1,22) = ao
+  |aa(z1) — ao| + |az(x2) — ao)
+  {a12(x1, 72) — ao — [a1(x1) — aol — [az(z2) — aol}.  (20)

This is seen to be true by collecting the coefficients of ag, a1, and as,
all of which turn out to be zero. The only term remaining is a12(x1, x2)
which, as mentioned above, is equal to y(z1,x2).

The three lines on the right-hand side of (20) involve terms of in-
creasing complexity. The first line is the part of y(x1, z2) explained by
the overall mean. Having taken this into account, we are left trying to
explain y(z1,x2)—ao. The second line can be interpreted as the portion
of this remainder explained by the average effect of x1 and the average
effect of xo. Having taken these further components into account, we
are left trying to explain the remainder y(x1,x2) — ao — [a1(z1) — ao] —
[a2(x2) — ao|, or the third line in (20). This component represents the
non-additivity or interaction effect.

Now let us rewrite equation (20) as

y(z1,x2) — ao =
[a1(z1) — ao| + [az(x2) — aol
+  Aara(z1,72) — ao — [a1(z1) — ao] — [az(z2) —aol}. (21)

If we square and integrate the left-hand side, we get, by definition, the
total variance of the predictor:

1,1
Total variance = / / [9(z1, 22) — ao)? dzy dao.
o Jo

Squaring and integrating the right-hand side generates a number of
terms. One of them will be

/01/)1[@(331) — ao|? dxy dry = Al[al(xl) o) da.

This term can be interpreted as the component of the the total variance
of the predictor explained just by variable x1. Similarly, we have the
term

Al/ol[cw(:w) — ao|* dz1 dwo = /01[@(562) — a0l das,
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which is the component of variance explained just by variable xo. Fi-
nally, we have the term

/01/01 {a12(w1,32) — a0 — a1 (w1) — ao| — [az(z2) — ao]}* dwy ds.
(22)

This can be interpreted as the variance explained by the interaction of
x1 and x2.

The reader will probably have noticed that we have ignored the
“cross-product terms” that are created when we square and integrate
the right-hand side of (21). All of these cross-product terms, however,
reduce to zero. For example,

/01 /Ol[al(wl) — aol|az(w2) — ao| dx1 dao
= /Ol[al(ah) — ao| dx1 /OI[QQ(J;Q) — ag] dza

— (a0 — ao)la0 — ao] = 0.

Thus we see that the total variance in the predictor can be decomposed
into components due to main effects and interactions. By dividing by
the total variance, we can express these components as percentages.
When there are only two variables, the percentages for the main effects
and two-variable interactions will add to 100%. When there are more
than two variables, these percentages will generally add up to less than
100%, the remainder being due to interactions of higher degree.

Computing this variance decomposition requires us to compute many
integrals, some of which seem, on the surface, to be multidimensional
integrals [e.g., equation (22)]. However, if all the variables have simple
upper and lower bounds, so that the feasible region is a hyperbox, and
if we use the correlation function shown in equations (1) and (2), then
it turns out that all these multidimensional integrals reduce to one-
dimensional integrals. The reason is that all the integrands are sums
of products of one-dimensional functions in the zp’s, and hence the
integral is a sum of products of the one-dimensional integrals (as long
as the limits of integration do not depend upon the variables). Thus,
computing the variance decomposition is usually not a problem.

To illustrate these methods, we will discuss an application in which
DACE models were used to investigate how the performance of an
integrated circuit depended upon 36 input variables [3]. The integrated
circuit was modeled with a computer program that had a running time
of a few minutes. There were several performance measures for the
circuit, but we will consider just one called VCH, a voltage spike that
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Figure 14. Actual VCH values versus cross-validated predictions in the inte-
grated-circuit application.

was to be minimized. (We use the same variable names as in the detailed
paper [3] to facilitate cross referencing.)

The initial experimental design had 120 runs. This was less than
would have been suggested by our “10 times the number of variables”
rule, but 120 runs seemed sufficient because it was thought that many
variables would be relatively unimportant. Figure 14 plots the actual
VCH values versus their cross-validated predictions and shows good
agreement. The other diagnostic plots (not shown) suggested that the
standard error of prediction was also realistic.

The variance decomposition showed that the main effects of two
variables, called T2 and N2, accounted for 19.1% and 42.8% of the total
variability of the VCH predictor. The interaction between T2 and N2
accounted for another 4.5% of the variation. Thus, these two variables
alone contributed 19.1 + 42.8 + 4.5 = 66.4% of the total variation in
the VCH predictor from all 36 input variables. Further examination
of the analysis of variance showed that only about five input variables
were important in predicting VCH. This application illustrates that,
even with a high-dimensional engineering problem, it may be feasible
to focus attention on a fairly small number of variables in optimization.

Figure 15 shows the main effects of variables T2 and N2 [i.e., the
analogs of the functions ax(zy) in our previous notation|. In addition
to the main effects, Figure 15 also shows pointwise 95% confidence
intervals. It would take us too long to discuss the derivation of these
confidence intervals. Intuitively, they reflect the fact that the predictor
we are averaging when we compute a main effect is only an estimate of
the actual function’s value. The true function could be a little higher or
lower, so if we averaged over the true function we might get a slightly
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Figure 15. Estimated main effects of variables T2 and N2 on VCH in the inte-
grated-circuit application.
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Figure 16. Estimated joint effect of N2 and T2 on VCH in the integrated-circuit
application.

different result. If the model is working well then, at any given point, the
“true” average effect—that is, the one computed with the true function
and not the predictor would lie in the interval with 95% confidence.
The main effect plots show the nonlinearity of the relationship between

VCH and variables T2 and N2.

Figure 16 shows a contour plot of the estimated joint effect of T2
and N2 on VCH [the analog of ai2(z1,x2) in our earlier notation|. Note
that, for low values of N2, the VCH contours are almost horizontal.
This means that, when the value of N2 is small, increasing T2 has
little effect on VCH. On the other hand, for high values of N2, the
VCH contours are steeper. This implies that increasing T2 has a major
effect on VCH. Thus we see that the effect of T2 depends upon the
level of N2; that is, the variables interact.
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Figure 17. DACE surfaces for viscosity and yield stress in the automotive example.

As an aside, we might mention that one can also compute the stan-
dard error of the estimated joint effect. In this case, the standard error
turns out to be small, suggesting that the estimated interaction in Fig-
ure 16 is indeed real.

One final example will illustrate the use of DACE models to iden-
tify and quantify tradeoffs. This example is based on an automotive
application which is largely proprietary. Suffice it to say that we were
interested in optimizing the properties of a material by adjusting the
quantities of two key ingredients, 1 and x2. Two performance measures
were of interest: viscosity and yield stress. Everything else equal, it was
desirable to have lower viscosity and higher yield stress. Unfortunately,
there was a tradeoff between these two performance measures. That
is, material compositions that did well on viscosity were different than
those that did well on yield stress. The goal of the analysis was to find
the material compositions that were “efficient” in the sense that one
could not get lower viscosity without sacrificing (i.e., lowering) yield
stress.

DACE models were fit to data based on the same 21-point design
used earlier on the two-dimensional test functions. The resulting sur-
faces for viscosity and yield stress are shown in Figure 17 . Using these
surfaces as surrogates for the true functions, we could then solve the
problem “choose z1 and x2 to minimize viscosity subject to yield stress
being greater than or equal to C.” The solution to this minimization
problem is necessarily an efficient point, since it is not possible to
do better on viscosity without relaxing the constraint, that is, with-
out allowing worse yield strength values. By solving this optimization
problem for many values of C', we were able to locate the efficient
combinations of 1 and xo. This efficient set is the solid line in Fig-
ure 17. Furthermore, we can directly visualize the tradeoff by plotting
the combinations of viscosity and yield stress that we obtain from the
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Figure 18. The tradeoff between viscosity and yield stress in the automotive exam-
ple.

minimization problems. This is shown in Figure 18. As a result of this
tradeoff analysis, the engineers discovered an attractive region in the
space of x1 and z2 that had not previously been known. This allowed
new materials to be made that outperformed the previous best material
on both viscosity and yield stress.

6. Discussion

One of the challenges we had to face in implementing EGO was the ill-
conditioning of the correlation matrix R. Theoretically, the correlation
matrix R is guaranteed to be positive semi-definite because the DACE
correlation function is “completely monotone” (see Cressie [12], p. 86).
There are two reasons, however, why the correlation matrix can be
nearly singular. First, if the function is very smooth and predictable, the
points in the sample will be highly correlated, which implies that each
column in the correlation matrix will be almost a column of ones. As
a result, the columns will be highly collinear. Second, towards the end
of an optimization run, the algorithm will tend to sample points near
previously sampled points. Unfortunately, when two sampled points are
close together, the corresponding two columns in R are nearly identical,
making R nearly singular,

This ill-conditioning is usually manageable if one is only computing
the predictor and its standard error, but it creates difficulties in the
bounding calculations. To date, we have addressed these difficulties by
using the singular value decomposition of R and zeroing small singular
values, as suggested in the book Numerical Recipes [28].

Another challenge is to speed up the branch-and-bound algorithm.
The time required by the algorithm depends crucially on the tightness
of the upper bound for the mean squared error of the predictor, s*(x).
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Fortunately, we have an idea that might lead to a better bound. This
idea is based on computing an upper bound on s(x) via a max-min
problem. We describe this idea further in Appendix 2 in hopes that
some reader might be able to help us work out the details. Another
desirable extension of EGO would be to handle nonlinear constraints.
We have already implemented one way to do this with some success [32],
but there are other approaches that might be better and need to be
tried.

Since some finite-element codes naturally and cheaply produce gra-
dients in addition to function values, it would also be desirable to ex-
tend EGO to be able to use such gradients. As it turns out, the DACE
predictor is easily extended to handle derivatives [25]. When this is
done, the predictor not only interpolates the data but also agrees with
the gradient at each sampled point. As a result, it is much more accu-
rate.

Although we have not discussed it here, the DACE methodology
can also handle data collected using physical experiments where there
is both signal and noise [17]. With noisy data, the use of DACE for
visualization and what-if analyses is virtually unchanged from the de-
terministic case. Unfortunately, it is not immediately clear how to ex-
tend our optimization algorithm to the case of noisy functions. With
noisy data, we really want to find the point where the signal is opti-
mized. Similarly, our expected improvement criterion should be defined
in terms of the signal component. Since we can not observe the signal
directly (it is always masked by noise), it is less obvious how to proceed.
Nevertheless, we believe that an extension to noisy data is possible, and
this will be a focus for us in future work.

Most engineering systems can be approximated with models of vary-
ing degrees of accuracy or “fidelity.” Everything else equal, it would be
desirable to work with the most accurate model. But highly accurate
models may take days to compute, making optimization difficult for
almost any algorithm. On the other hand, switching to a very fast, low-
fidelity model may entail an intolerable loss of accuracy. Rather than
searching for the optimal intermediate degree of accuracy, the best ap-
proach is probably to use both low- and high-fidelity models. We believe
that this is an extremely promising area for further research, and so we
will digress for a moment to describe some of our ideas on this subject
as well as those of other researchers.

In Figure 19(a) we show (hypothetical) low- and high-fidelity models
of how system performance, y, depends on a design parameter, x. As
shown in Figure 19(b), the high-fidelity model has been run at just four
points (dots). In contrast, the low-fidelity model has been run not only
at these four points but also at many others (squares). This reflects
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Figure 19. Exploiting engineering models of both high and low fidelity.

our assumption that the low-fidelity model is much cheaper to run. If
we fit a DACE model using only the four high-fidelity observations,
we would obtain the predictor shown in Figure 19(c). This predictor
is fairly inaccurate, since it entirely misses the sharp increase in y as
x approaches zero. This is understandable, because there are no high-
fidelity observations for low values of x.

In contrast, Figure 19(d) shows a DACE predictor computed using
both the high and low-fidelity observations. Intuitively, this predictor
uses the low-fidelity observations to suggest the best way to interpolate
the high-fidelity observations. Formally, the predictor in Figure 19(d)
was constructed by using the output of the low-fidelity model as if it
were another input variable. There are still only four observations on
the high-fidelity model, but now we have two explanatory variables
(x and the output of the low-fidelity model). To make a prediction at
a new point, we first run the low-fidelity model to obtain the second
“input variable” and then compute the DACE predictor as usual.

The approach illustrated in Figure 19 is just one way to combine low-
and high-fidelity models. An even more appealing approach, from the
conceptual point of view, would be to treat the outputs of the low- and
high-fidelity models as correlated dependent variables in a multivariate
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DACE model. In the mathematical geology literature, this approach. is
known as “co-kriging” ([12], [35]).

As mentioned earlier, other researchers are working on ways to do
optimization using both low- and high-fidelity models. The ideas behind
these other approaches, however, are quite different from those just
discussed. For example, Eby et al. [15] run several genetic algorithms
on the low-fidelity model and use the resulting solutions to “seed” the
populations of other genetic algorithms run on the high-fidelity model.
In essence, they are using the low-fidelity model to suggest promising
areas of the search space for further analysis with the high-fidelity
model. Alexandrov et al. [1] developed a variation of the classical trust
region method in which search steps are based on the low-fidelity model
instead of the usual local quadratic approximation. Because the low-
fidelity model is presumably more accurate than the local quadratic
model, their method should be able to take larger steps and converge
in fewer iterations.

To sum up, we have discussed the value of using a special kind of re-
sponse surface—the DACE model—for optimizing expensive black-box
functions and for visualizing what is going on in a complicated model.
The use of DACE for visualization is fairly mature. In fact, it has been
used on quite large problems, such as the 36-variable integrated-circuit
problem in Section 5. However, in the past, the use of DACE models
for optimization has been ad hoc, based on manual direction of the
search. We have nothing against looking at the data and working inter-
actively. Quite the contrary, we have spent quite a few years promoting
the value of gaining insight into a model through visualization. But
while engineers appreciate visualization for generating understanding,
at the same time they would welcome a fairly automatic method for op-
timization. The results here suggest that such an automatic procedure
is already in hand for many unconstrained, low-dimensional problems.
The challenge is to push this approach further.

Appendix 1

This appendix provides an alternative derivation of the best linear un-
biased predictor given in equation (7). Suppose we want to predict the
function’s value at some point x*. Let * denote some candidate pre-
diction. To assess the goodness of this candidate prediction, we add the
“pseudo observation” (x*,y*) to the data as point n + 1 and compute
the likelihood of the augmented sample. This likelihood measures how
well the pseudo observation “fits” with the original data; that is, the
likelihood that they were all generated from the same model. We will
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now show that, if one computes the value of ¥* that maximizes the like-
lihood, then one gets the best linear unbiased predictor in equation (7).

Let ¥ = (y' v*)' denote the vector of observations when augmented
by the new pseudo observation and let R denote the correlation matrix
with the pseudo observation. If we let r denote the vector of correlations
of the error at x* with the errors at the original n data points, then

the correlation matrix is:
~ R r
R ( Bt ) .

Recalling the formula for the likelihood function in equation (4), it
is clear that the only part of the augmented likelihood function that
depends upon y* is

- ~12\ /(R r\ '/ y-1i
1R (g —1a) = ¥, Yo,
G- R g - (3N (T ) (3

By using the partitioned inverse formula (e.g., [34], p. 18), we can get

.. . = —1 . . .
an explicit expression for R, which then allows us to write the right-
hand side of the above as:

1 * ~\2 ZI'IR_I(y o 1ﬂ)
1—r’R_1r(y M) 1R Ir

(y* — [1) + terms without y*.

The y* that maximizes the augmented likelihood is then found by
taking the derivative of the above expression and setting it equal to

Z€ero: R-1( )
2 « o 2Ry —14
1-— r’R_lr(y )+ 1—rR7'r
Solving for y* then gives us the standard formula for the best linear
unbiased predictor in (7).

=0.

Appendix 2

In the standard derivation of the best linear unbiased predictor (which
we have not shown), it turns out that s%(x) is the optimal objective
value from the following minimization problem:

Choose ¢ to minimize: o2?(c/Re —2r'c + 1)
subject to: cd1=1.

It follows that the maximum of s%(x) over a box defined by ¢, <
xh < up for h = 1,...,k, is the solution to the following max-min
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problem:
max min  0%(c'Rec —2r'c + 1)
XTI ¢
subject to: c¢'1=1

k .

In(r;) = — > Onlxn f:cg)P’h (i=1,...,n)
h=1

bh < xp < up (h=1,...,k).

The second constraint ensures that r is related to x according to the
DACE correlation function. It is conceivable that one could find a way
to relax the max-min problem to a form that can be easily solved, and
thereby compute a valid upper bound on SQ(X). The appeal of this
approach is that the inverse of R—and all the associated numerical
difficulties does not appear anywhere in the formulation.
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