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The biharmonic problem



The problem

The biharmonic problem

Find u ∈ C 4(Ω) such that

∇4u = f , u =
∂u

∂n
= 0 on ∂Ω,

where Ω ⊂ R2 has piecewise smooth boundary ∂Ω, f ∈ L2(Ω).



Two approaches

Original form

∇4u = f , u =
∂u

∂n
= 0 on ∂Ω

Mixed form

−∇2w = f

−∇2u = w

u =
∂u

∂n
= 0 on ∂Ω
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The finite element formulation

Finite element formulation

a(u, v) :=

∫
Ω
∇2u∇2v dΩ =

∫
Ω
fv dΩ,

u =
∂u

∂n
= 0 on ∂Ω

u, v ∈ S0 ⊂ H2
0 (Ω), S0 = span{φ1, φ2, . . . , φN}



The finite element formulation

N∑
i=1

ui

∫
Ω
∇2φi ∇2φj dΩ =

∫
Ω
f φj dΩ

Linear system

Au = b,

(A)ij =

∫
Ω
∇2φi ∇2φj dΩ,︸ ︷︷ ︸

a(φi ,φj )

(u)i = ui , (b)j =

∫
Ω
f φj dΩ

A is symmetric positive definite and sparse



Preconditioned conjugate gradients



PCG
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PCG

Additive Schwarz methods
X. Zhang (1994,1996)

BPX preconditioning
Oswald (1995)

Problem-specific multigrid methods
S. Zhang (1989), Bramble & X. Zhang (1995)

Fast auxiliary space (FASP) preconditioning
S. Zhang and Xu (2014)



Block preconditioners



Block preconditioners

Aij =

∫
Ω
∇2φi∇2φj dΩ

A =


A11 A12 A13 A14

AT
12 A22 A23 A24

AT
13 AT

23 A33 A34

AT
14 AT

24 AT
34 A44


} u
} ∂u/∂x
} ∂u/∂y
} ∂2u/∂x∂y

Aij ∈ Rn×n, i , j = 1, . . . , 4



First preconditioner

P1 =


A11 A12 A13

AT
12 A22 A23

AT
13 AT

23 A33

A44



4× 4 8× 8 16× 16 32× 32

λmin(P−1
1 A) 0.72 0.64 0.61 0.60

λmax(P−1
1 A) 1.28 1.36 1.39 1.40



A first analysis

A =


A11 A12 A13 A14

AT
12 A22 A23 A24

AT
13 AT

23 A33 A34

AT
14 AT

24 AT
34 A44

 P1 =


A11 A12 A13

AT
12 A22 A23

AT
13 AT

23 A33

A44



Theorem (PMHTH 16)

P−1
1 A has 4n− 2r eigenvalues equal to 1 and any remaining eigenvalues λ

satisfy
0 < 1−√µmax ≤ λ ≤ 1 +

√
µmax < 2.
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A first analysis

A =
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Theorem (PMHTH 16)

P−1
1 A has 4n− 2r eigenvalues equal to 1 and any remaining eigenvalues λ

satisfy
0 < 1−√µmax ≤ λ ≤ 1 +

√
µmax < 2.

λmax(P−1
1 A) < 2 but the smallest eigenvalue could be arbitrarily

small



A closer look



The assembly process

Aij =

∫
Ω
∇2φi ∇2φj =

M∑
i=1

∫
Ωi

∇2φi ∇2φj

Ωi

Ω
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The assembly process

Ωi

Ω

To assemble the matrix A, we form

A = LT


Ae1

Ae2

AeM

 L



Idea behind the analysis

A = LT diag(Ae)L, P1 = LT diag(Pe)L

Idea: use the element matrices for eigenvalue analysis, since this is
independent of the mesh size (Wathen 1987, 1992)



The smallest eigenvalue

A = LT diag(Ae)L, P1 = LT diag(Pe)L

Variational characterisation of eigenvalues

λmin(P−1
1 A) = min

x 6=0

xTAx
xTP1x



The smallest eigenvalue

A = LT diag(Ae)L, P1 = LT diag(Pe)L

Variational characterisation of eigenvalues

λmin(P−1
1 A) = min

x 6=0

xTAx
xTP1x

= min
y=Lx ,
x 6=0

yT diag(Ae)y
yT diag(Pe)y

Can just examine each 16× 16 generalised eigenvalue problem

Aez = µPez



A sticky situation



The smallest eigenvalue

λmin(P̂−1
BDA) = min

x 6=0

xTAx
xTP1x

= min
y=Lx ,
x 6=0

yT diag(Ae)y
yT diag(Pe)y

Both Ae and Pe are singular

null(diag(Pe)) ⊂ null(diag(Ae))

For all grids tested yR
T diag(Pe)yR > yM

T diag(Pe)yM for any y = Lx
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Pulling things together

Theorem (PMHTH 16)

Assuming that yR
T diag(Pe)yR > yM

T diag(Pe)yM , the eigenvalues λ of
P−1

1 A satisfy
0.0118 ≤ λ < 2.

Similar results hold for stretched grids.

For comparison:

4× 4 8× 8 16× 16 32× 32

λmin(P−1
1 A) 0.72 0.64 0.61 0.60

λmax(P−1
1 A) 1.28 1.36 1.39 1.40



A more practical preconditioner



Second preconditioner

P1 =


A11 A12 A13

AT
12 A22 A23

AT
13 AT

23 A33

A44

 P2 =


A11 A12 A13
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12 A22

AT
13 A33

A44



4× 4 8× 8 16× 16 32× 32

λmin(P−1
2 A) 0.72 0.62 0.58 0.56

λmax(P−1
2 A) 1.28 1.38 1.40 1.41

Can bound eigenvalues by combining bounds for P−1
2 P1 and P−1

1 A
These are complicated
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Implementation

P2 = UL =


I A12A

−1
22 A13A

−1
33

I
I

I



S11

AT
12 A22

AT
13 A33

A44

 ,
where

S11 = A11 − A12A
−1
22 A

T
12 − A13A

−1
33 A

T
13

Can lump A22, A33, A44, or use diagonal, without greatly affecting
eigenvalues/bounds

Can approximate S11 using multigrid



Results



Square elements

P1

P2

P[LU]
2

P[AMG]
2

Direct solver



Stretched elements

P1

P2

P[LU]
2

P[AMG]
2

Direct solver



Distorted elements

P1

P2

P[LU]
2

P[AMG]
2

Direct solver



Non-convex domain

P1

P2

P[LU]
2

P[AMG]
2

Direct solver



Conclusions

Conclusions

Preconditioners based on blocking A according to basis function type
can be very effective

Both P1 and P2 seem to give mesh independent convergence; proved
for P1

Preconditioners robust to stretching and distortion of elements

Some loss of robustness of AMG version but still the fastest!

Future work

More complete analysis of P1 and P2

Alternative block preconditioners

More robust AMG

Thank you!
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