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1 Introduction

These notes are heavily based on a chapter on unsupervised learning by (Ghahramani| (2004) and the “Pattern
recognition and machine learning” book by Bishop| (2006). The parts on sampling and Markov Chain Monte
Carlo are based on a review by |[Neal| (1993).

Machine learning is usually divided into supervised, unsupervised and reinforcement learning. In super-
vised learning, our data consists of (x,y) pairs, where x is some input and y is the corresponding label. For
example, = can be an image of a cat and y can be the label “cat.” These are used to train our model (e.g. regres-
sion) so that during test time, when we can accurately predict a label for a new input. This approach works
very well but requires a lot of labelled inputs. Unsupervised learning is all about getting insights from data
when we don’t have labels.

In order to do this, we have to either explicitly or implicitly place a model on the structure of inputs and
labels. Bayesian modelling is a way to coherently do this. It is coherent in the sense that everything we do with
our data follows the rules of probability theory which in turn corresponds well with how we update beliefs
about the world (see Cox Axioms or the Dutch Book Theorem).

1.1 Basic Probability

Random variables and probability distributions are the basic building blocks of probabilistic models. In this
course, we will restrict ourselves to continuous random variables whose support is a subset of R? and discrete
random variables whose support is a subset of countable set (of symbols or numbers or whatever).

Notation. We will use P and p to denote probability mass functions of discrete random variables and proba-
bility densities of continuous random variables respectivelyr_-] We will denote random variables with a capital
letter (e.g. X) and their values with the corresponding small letter (e.g. x). We will write P(x|y) instead of
P(2]Y = y) to denote the conditional density/probability of the variable X given {Y = y}. VectorsinR%,d > 1
will be bolded, e.g. x. A set of variables x;,2;11,...,z; (with i < j) is sometimes denoted as z;.;. We use ~
to mean “is sampled from” or “follows the distribution”; e.g. © ~ Normal(y,0?) means x is sampled from a
normal distribution with mean p and variance 02 and X ~ Normal(y, 0?) means that X is a random variable
distributed according to the normal distribution with mean x and variance o2. Densities or probability mass
functions of known probability distributions are functions of the same name, with the distribution parameters
on the right of the conditioning bar, e.g. Normal(z|u, 0?) or Categorical(z|w). For a summary of commonly
used probability distributions, see Appendix
Discrete random variables must follow

P(x)>0, VYo and Y P(z)=1 1)

Continuous random variables must follow
p(x) >0, Vzx and /p(x) dz = 1. (2)

All manipulations of probabilistic models in this course boil down to using the following identities (and
their corresponding versions for continuous random variables):

P(y)=> P,y (sum rule) (3)

P(z,y) = P(ylz)P(x). (product rule) 4)
Bayes rule arises from the combination of the sum and product rules:

P(yle)Px) _ Plylr)P(x)
Ply) | S, Pll)P@)

P(aly) = ®)

2 Graphical Models

Graphical models refer to a family of frameworks for representing probabilistic models using graphs. Doing this
is useful for two reasons:

* We can visualise statistical dependencies between random variables in the model.

¢ Inference and learning in the probabilistic model can be formulated in terms of operations on a graph.

1We will use p for mixtures of continuous and discrete random variables. This should hopefully be clear from the context.



2.1 Directed Graphical Models

Consider a probabilistic model of random variables z1, z2, ...,z n. Applying the product rule repeatedly, we
can write down the joint distribution (or just “joint”) of these random variables as follows:

P(zy,...,on) = P(x1)P(az|1) P(xs|ey, 22) - - Plon|zy, .., on-1). (6)
This is a full factorisation of the joint. A full factorisation is usually an over-representation of the actual joint:
what if P(x3|z1,xz2) = P(x3|z2), i.e. X7 and X3 are conditionally independent given X, (write X AL X3|X5)?
A factorisation which incorporates this information is more desirable.

Consider the directed graphical model in Figure[Ia]which represents the following factorisation of the joint
distribution of P(z1.5):

P(.’tl;g,) = P(Zl)P(Zg)P($3|Z1, fﬂQ)P(C&l‘(EQ, £L‘3)P(l‘5|$3, 1’4). (7)

= = =
A S e s o)

(a) (b) (©) (d)

Figure 1: Examples of directed graphical models (DGM). (a) Unconditioned DGM, (b) DGM with observed
random variable x5, (c) DGM with an observed random variable =5 and a fixed, deterministic hyperparameter
«, and (d) Example of the plate notation: y,, is repeated forn € {1,...,N}.

In general, given a directed acyclic graph consisting of vertices V := {1,..., N} and directed edges E, each
vertex n represents a random variable X,, and the joint probability of X;,..., Xy is
N
P(z1,...,zn) = H P(zn|pam)), (8)
n=1

where pa(n) := {m : (m,n) € E} denotes the set of parents of vertex n, i.e. the set of all vertices pointing to
the vertex n. A probabilistic model is defined by specifying each conditional probability term P(x,|2pa(n))-

Observed variables We denote that a variable is observed by shading the corresponding vertex in the graph.
In Figure x5 is the observed variable. It means that in this model of P(z;.5), we have data for x5 and are
interested in P(x1.4|25), or more generally any subset of 1.4 given x5.

Hyperparameters. We denote that a variable is a deterministic one by a small filled circle. This variable is
usually called a hyperparameter of the model and is usually written on the right of the conditioning bar after
a semicolon. In Figure [ld « is the hyperparameter of a model whose joint is written P(z1.5/ct). Since x5 is
shaded, we are interested in P(x1.4|z5; @).

Plate notation. If an indexed variable is repeated many times, we use can illustrate it by including it in a
rectangle with the end index in the bottom-left corner. In Figure the graph represents a model of P(z, y1.n)

with the factorisation P(x, y1.n) = P(x) Hszl P(yn|z).

2.1.1 Conditional independence

Directed graphical models allow us to read off conditional independence relationships between variables in
the model using a graph-based algorithm. We say “a is conditionally independent of b given ¢” if p(a,b|c) =
p(alc)p(blc) and denote this by a L blc. Independence is just a special case in which we don’t condition on
anything. We say “a is independent of b” if p(a, b) = p(a)p(b) and denote this by a L b.

Before introducing the D-separation algorithm for detecting conditional independencies in a general graph,
let’s consider the following simple cases for three-variable models.



Tail-to-tail. Consider the model in Figure [2al and [2e| which has the factorisation p(a, b, ¢) = p(c)p(alc)p(b|c).
pla,b) = > .p(a,b,c) =3 .p(c)p(alc)p(b|c) which in general doesn’t equal p(a)p(b) (Try it yourself on a toy
model!). Hence a [ b.

However, if we condition on ¢, p(a,b|c) = p(a,b,c)/p(c) = p(c)p(alc)p(blc)/p(c) = plalc)p(blc). Hence
a 1L blc.

We can think of observing c as blocking the path from a to b: when it’s observed a and b are independent,
when it’s not, they are dependent.

Head-to-tail. Consider the model in Figure 2bland R2fj which has the factorisation p(a, b, ¢) = p(a)p(c|a)p(blc).
pa,b) =3, p(a,b,c) = 3. pla)p(cla)p(ble) = p(a) 3_. p(c|a)p(blc) which in general doesn’t equal p(a)p(b) (Try
it!). Hence a [ b.

However, if we condition on ¢, p(a,blc) = p(a,b,c)/p(c) = pla)p(c|la)p(blc)/p(c) = p(alc)p(blc). Hence
a 1L blc.

Similar to the tail-to-tail case, we can think of observing c as blocking the path from a to b.

Head-to-head. Consider the model in Figure[2dand[2g|which has the factorisation p(a, b, ¢) = p(a)p(b)p(c|a, b).
p(a,b) =3, p(a,b,c) = 3. p(a)p(b)p(cla,b) = p(a)p(b) >_. p(cla,b) = p(a)p(b). Hence a L b.

However, if we condition on ¢, p(a,b|c) = p(a, b, c)/p(c) = p(a)p(b)p(c|a,b)/p(c) which in general doesn’t
equal p(alc)p(blc) (Try it!). Hence a ) b|c.

Unlike the previous two cases, observing ¢ unblocks the path: a and b are independent before conditioning
on ¢ but conditioning on it makes them conditionally dependent. This phenomenon is called explaining away.

2.1.2 D-separation

Consider a general directed graph in which A, B and C are arbitrary nonintersecting sets of nodes (whose
union may be smaller than the complete set of nodes in the graph). We wish to ascertain whether a particular
conditional independence statement A Il B|C is implied by a given directed acyclic graph. To do so, we
consider all possible paths from any node in A to any node in B. Any such path is said to be blocked if it
includes a node such that either

¢ the arrows on the path meet either head-to-tail or tail-to-tail at the node, and the node is in the set C, or

* the arrows meet head-to-head at the node, and neither the node, nor any of its descendants, is in the set
C.

If all paths are blocked, then A is said to be d-separated from B by C, and the joint distribution over all of the
variables in the graph will satisfy A 1l B|C.

The concept of d-separation is illustrated in Figure [2d| and In Figure the path from «a to b is not
blocked by node f because it is a tail-to-tail node for this path and is not observed, nor is it blocked by node
e because, although the latter is a head-to-head node, it has a descendant c in the conditioning set. Thus the
conditional independence statement a L b|c does not follow from this graph. In Figure Ph| the path from a to
b is blocked by node f because this is a tail-to-tail node that is observed, and so the conditional independence
property a 1L b|f will be satisfied by any distribution that factorises according to this graph. Note that this
path is also blocked by node e because e is a head-to-head node and neither it nor its descendant are in the
conditioning set.

It should be noted that this section is more-or-less copied from (Bishop, 2006 8.2.2).

2.2 Bayesian Linear Regression

Bayesian linear regression starts by modelling the joint over both the data and the parameters. The graphical
model is shown in Figure
The joint distribution corresponding to this graphical model factorises as follows:

p(y1.n, wlxiN, @, 0%) = p(wla)p(yr.n|w; x1.v, 07) )
N
= p(w|a) Hp(y7L|W§X7za02> (10)
n=1
N
= Normal(w|0, oI) H Normal(y,, |[w!x,, 0?). (11)
n=1
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Figure 2: Simple directed graphical models to investigate independencies a_Lb and conditional independencies
a 1L ble. (a, d) ¢ is a tail-to-tail node, (b, e) ¢ is a head-to-tail node, (c, f) ¢ is a tail-to-tail node, (d, h) more
complicated example illustrating the concept of d-separation. See text for details.

N

Figure 3: Graphical model for Bayesian Linear Regression.

By modelling the full joint, we can answer many interesting questions such as what is the posterior of w
given the data? Using the sum and product rules and omitting hyperparameters to the right of the conditioning
bar:

W oix P(W) [ P(yn|W: %) "
PO ) = T TN plylwi ) -
N
H (Yn|W; X). (13)

Another question we might ask is: given the data and a new test point %, what is the posterior predictive
distribution of §? Again, we just use the sum and product rules:

P(U|X, y1:n; X1:N) = /P(@,W|f<,y1:N;X1;N)dW (14)
:/p(mW»fC)p(W\ylzN;Xl:N)dW- (15)

These are just some of the interesting questions that we might ask. We will see in Section [, how to answer
these questions.

2.3 Hidden Markov Model

Hidden Markov Model (HMM) forms an important building block for richer time-series analysis models and
have played a historically important role in control engineering, visual tracking, speech recognition, protein
sequence modelling, and error decoding. Given a sequence of inputs y;, ys, - - ., ¥, HMMs model correlations
between them by introducing latent or hidden state variables z1, zs, ..., z7.

In particular, the joint distribution for a Hidden Markov Model factorises, according to Figure[d} as follows:

T
p(xlzTaylzT‘e HP xt‘xt 17 (Yt|xt79) (16)
t=1



Figure 4: Graphical model the Hidden Markov Model.

Here, z; denotes the hidden state of an HMM at time ¢t. We assume that z; can take discrete values in
{1,...,K}. P(x1]0) is simply some initial distribution over the K settings of the first hidden state. We call this
distribution 7, represented by a K x 1 vector. The state-transition probabilities P(z.|z;—1;6) are captured by a
K x K transition matrix A, with elements A;; := P(z; = i|z,—1 = j;6). The observations in an HMM can be
either continuous or discrete. For continuous observations y,, one can for example choose a Gaussian density;
thus p(y,|z: = i;6) would be a different Gaussian for each choice if i € {1, ..., K}. For discrete observations
Y1, let us assume that it can take on values {1,...,L}. In that case the output probabilities P(y;|z,;0) can
be captured by an L x K emission matrix £. The model parameters for a discrete-observation HMM are

0= (m A E).
Questions we might want to answer are:

e What are the parameters that maximise the likelihood of observed data: arg max, p(y,.r|0)?
* What is the distribution over the hidden states, given the observed states: p(z1.7|y;.1; 0)?
¢ What is the most likely sequence of hidden states, given the observed states: arg max, . p(z1.7|y;.7:0)?

* What is the next point in the sequence: p(§¥|y;.7;6)?

2.4 Latent Dirichlet Allocation

Latent Dirichlet Allocation is a probabilistic model used for modelling topics in a corpus of documents (docu-

ments is a set of words).
An annotated graphical model can be seen in Figure 5| below.

o-------——— - hyperparameter for m,.

@ fffffffff - - RT, distribution of topics for document d.

—————— - - +H--€{1,...,T}, topic for word wy, 4.

Wnd} — - — - — - - +H--€{1,..,W}, n-th word in document d.

€ RW, distribution of words for topic ¢.

hyperparameter for 3,.
Figure 5: Graphical model for Latent Dirichlet allocation.
The joint probability is
p({ma},{zn.a}, {wn.a}, {Bi}le,7) 17)

= (Hpma)) (HHP(zn,de})) (HHP(wn,dlzn,d,{ﬂm) (Hp(ﬂm)) (18)
d d n d

n t



where

p(m4|a) = Dirichlet(mg|a),
p(B;|v) = Dirichlet(8,|v),
P(zy ql{ms}) = Categorical(zy, 4|7q),
P(wn,d|zn,d7 {ﬂt}) Categorical (wn’dLBZmd) s

Some of the questions we might want to answer are:

¢ How many topics are there in the corpus: arg max

d=1,...
t=1,...

nzl,...,Nd,dzl

’rl:l,...,Nd,d:l,...

P({wnq}e,~y,T)?

e What are the various topics of words: P({zp 4 }{{wn.4}; &, ¥)?

e Which topics does this document belong to: p(mg|{wn 4}; o, ¥)?

2.5 Gaussian Mixture Model

D ok

(19)
(20)
21)

(22)

Gaussian Mixture Model (GMM) is a probabilistic model used for clustering data points x;.. For each data

point x,,, there is a corresponding latent (hidden) discrete random variable z,, taking values in {1,...,

which represents the cluster this data point comes from.
The graphical model can be seen in Figure [e|below.

(a4
ATO
—e v
Xn 223 +—e 3
N K

Figure 6: Graphical model for the Gaussian mixture model.

The joint probability is

N
p(xlsz Z1:N, Al:K? ll’l;Kaﬂ-|aa A07 v, B) =

n=1

where

p(mla) [ T] p(zalm)p(xalps.,, A,

p(m|a) = Dirichlet(7r|cx)
p(Ak|Ao,v) = Wishart(Ag| Ao, v)

Normal(p,|0, (BAg)™1)

P(z,|m) = Categorical(z,|m)

)
)
p(ky| Ak, B) =
)
) =

(Xn|zna M1k Ak

Normal(xy,|p, , Az_”l)

K}

K
[H (Ak|Ao, v)p(per| Ak, B)
k=1

(23)

(24)
(25)
(26)
27)
(28)

Possible inference goals include: estimating candidate cluster centers and covariances; checking whether

any two data points are in the same cluster; and estimating how many distinct clusters exist in the data.

2.6 Probabilistic Principal Component Analysis

Probabilistic Principal Component Analysis (Probabilistic PCA) is a probabilistic model used for dimensional-
ity reduction. Given a set of high dimensional data points y.,, we might want to know their representation
in a lower-dimensional manifold. For each y,,, we model its lower-dimensional representation x,, as a latent

variable.

The graphical model for probabilistic PCA is in Figure [?]below.
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N

Figure 7: Graphical model for Probabilistic Principal Components Analysis.

The joint probability is

N
p(ylsz Xl:N‘Wv M, 02) = H p(xn)p(ynlxn; W, 122 02) (29)
n=1
where
p(x,,) = Normal(x,|0, I) (30)
(¥, |%n; W, i, 0%) = Normal(Wx,, + u, 0°T). (31)

Possible inference goals might include
* Maximum likelihood learning of parameters: arg max w , ,2) P(y1.5y /W, i, a?).

e Dimensionality reduction: p(x1.x|yq.n; W, p, 02).

2.7 Undirected Graphical Models and Factor Graphs

Other graphical model that is commonly used is the undirected graphical models (or Markov fields). In this
case, the edges don’t correspond to the conditional probability distributions. Instead, they represent “com-
patibility functions.” Conditional independence relationships can also be inspected from undirected graphical
models although not using the D-separation algorithm. Factor graphs generalise directed and undirected
graphical models. A factor graph consists of two types of nodes: factors and variables. An edge in a factor
graph is undirected and is always between one factor node and one variable node. Each factor node corre-
sponds to a factor (that needn’t be a probability distribution) in the joint factorisation. This factor is a function
of variables corresponding to the variable nodes connected to that factor node. We will not consider these, and
other, graphical models in this course.

3 Inference, Learning, Monte Carlo Integration, Basic Sampling

In general, given a probabilistic model p(z,y|6) of latents =, observed values y and hyperparameters 6, we
might be interested in the following quantities.

Maximum likelihood/posterior learning of parameters 6: maximizey p(y|6) or maximizeg p(y|0)p(9).

Note that in a fully Bayesian approach, we would place a prior over # and treat it as another latent variable
over which we would do posterior inference. However, this is not always possible. Maximum likelihood and
maximum a-posteriori are point estimates of the posterior. This estimator is accurate in the limit of number of
observed data going to infinity when the posterior becomes peaked on the maximum likelihood point.

These point estimates can be plugged in to the likelihood model to approximate the posterior predictive:

1 z,y|0
Posterior. p(z|y;0) = %'

By inspecting the posterior over the latents, we can learn the hidden structure of our data under our model.

Marginal likelihood. p(y|0) = [ p(z,y|0) da.
The marginal likelihood (or the evidence) is often used for model selection. Assuming there are two models
that we are considering, m; and ms, we would like to know their probabilities given the data:

Pmily) = p(ylm:) P(m;) (32)

2, plylmy)P(my)”




Here, the denominator is independent of the choice of m; and so we are only interested in the numerator,
p(y|lm;)P(m;). We often use the marginal likelihood or evidence p(y|m;) to approximate this quantity. This is
the basis of Bayes factors in which one looks at the ratio p(y|m1)/p(y|m2) in order to choose a model.

Posterior expectations. E,.,(z(y:0)[ = [ f(x)p(z|y;0) dz

In many cases, we want to do somethmg w1th our posterlor. For example we might want to know the
expected utility of an agent under the posterior distribution for some utility function f. Or we can design f to
be some risk whose expected value we want to later minimize.

Posterior predictive. p(Jly;0) = [ p(9|z; 0)p(z|y;0) dx
We would like to predict the next data point under our model while incorporating our posterior uncertainty
about the latents given past data.

3.1 Inference by Analytic Integration: Dirichlet-Categorical Model

Here, we will consider a simple probabilistic model to model categorical data in which inferential questions
can be answered by analytic integration. Consider a data set consisting of NV data points 1. which take on the
values from {1, ..., K}. Let our model consist of a latent variable 6 representing parameters of the Categorical
distribution so that the likelihood is P(z,,|0) = Categorical(z,,|0) = 0, . Let the prior for 6 follow the Dirichlet
distribution with hyperparameters a € R¥. Hence, we can write the full joint of the latent variable and the
data as follows:

likelihood
pr1or N
p(0,x1.8) = p(@ )HP 2,|6) (33)
n=1
N
= Dirichlet(0| ) H Categorical(x,,|0) (34)
n=1

(Zkak ar—1
(Hk( )Ha )H%n- (35)

Posterior. We can derive the posterior as follows:

p(8lz1.n) = p(z1.n,0)/p(21.N) (Bayes’ rule) (36)
x p(z1.n,0) (the two quantities are proportional w.r.t. 8) (37)
L (3, ) A .
=|==—1|0" 0., (substitute from (35)) (38)
( e L% 1T &
P (Ze00) T ot ) T
= | =—=— (where we let ny, := 1(z, = k)) 39)
(e o) I >
x H 0.* H 9,?’“_1 (the two quantities are proportional w.r.t. 8) (40)
k k
_ H ezthrnk*l (41)
k
 Dirichlet (8]c + (n1,...,ng)") (the two quantities are proportional w.r.t. 6). (42)

We know that p(60|z1.y) = Dirichlet (8|ac + (ny,...,nk)") /Z for some proportionality constant Z indepen-
dent of 0. Given the fact that [ p(6|z1.x)d6 = [ Dirichlet (6| + (n1,...,nx)") d@ = 1, we conclude that
Z =1and p(0|z.n) = Dirichlet (8o + (n1,...,ng)7).

Effectively, we start with a Dirichlet(a) prior belief for 8 and after observing data z,.n, we update our
beliefs about 6 to Dirichlet (8]c + (ny, . ..,ng)T). The vector a is also known as the “pseudocounts”.



Posterior predictive. Leta’ :=a+ (n1,...,nx)7.

P(& | x1.n) = /9}?(5?79 | 71.n) O (sumrule)  (43)
= /gp(aé | 0,21.n)p(0 | 21.v) dO (productrule)  (44)
= /gp(ﬁt | 0)p(0 | x1.n)dO (conditional independence Z 1 x1.5(0)  (45)
= /9 Categorical(% | ) Dirichlet(6 | ) d@ (from the model and from {@2))  (46)
= / 6; Dirichlet(0 | &) d@ 47)
= IEZNDiriChICt(a/) [02] (the 2th element of the mean) (48)
= Zofoé% (read off tables) (49)

= Categorical (i

o’ )
—_ . (50)
Dk %
That is to say, our belief about the next data point £ under this model given the data x;.n follows a Categorical
distribution with the normalised updated pseudocounts as parameters.

Marginal likelihood.
p(07x1!N)
TI.N) = ——2 Bayes’ rule 51
p(x1:N) (0717 (Bay ) (51)

Dirichlet(8|c) [],, 6, )
= bstitute f th del and {4 52
Dirichlet (8]a + (11, ..., nx)?) (substitute from the model and #2))  (52)

r @k o — ng
[1_([2;(%)) (ITx 0% 1)} [1. 9
= : (substitute expressions for Dirichlet density) (53)
F(N+Zk O"") 6041,:+nk*1
Hk I(ag+ng) k7k
>k k) [1x T 4 nk)
N+ ar) [T, Tlax)

r
= ( (cancel terms).  (54)
I'(
3.1.1 Interpretation

One real-life scenario that can be modelled using the Dirichlet-Categorical model is the following. Let 0,
represent the proportion of customers of age between 10k and 10(k + 1) with K = 15 that are served by an
organisation. Then

* o is the “prior” belief about what the (unnormalised) proportions should be,
* 1z, is the age bracket of the nth observed customer,

® O|z1.n is the customer age distribution after incorporating the actual age data z;.ny, represented with
uncertainty (variance) that shrinks as N — oo,

* Z|xq1.n allows you to predict the next customer’s age whilst taking into account uncertainty about the

value of 6.

Important. Learning, prediction, and inspection can all be expressed in terms of analytic and computational
manipulation of probability (marginalisation and conditioning) within a model specified as a joint distribution
of latents and observed values.

3.1.2 Conjugate pairs

Here, we have seen that modelling data points .y as a joint distribution consisting of the Dirichlet prior over
the latent 6 and the Categorical likelihood for data z,, given 8 has allowed us to answer inference questions
using analytic integration. The Dirichlet and Categorical distributions form a conjugate pair where the Dirichlet
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distribution is a conjugate prior for the Categorical likelihood. Wikipedia page on conjugate priorf] contains a
list of conjugate pairs for modelling various types of data. Conjugate pairs are often used as a building block
of a more complicated model so that we can partially integrate things out as part of the underlying inference
algorithm (for example, see Section [5).

3.2 Harder Problem: Gaussian Mixture Model

Consider again the Gaussian Mixture Model introduced in Section One of the inferential questions we
might want to ask is whether two points come from the same cluster. We can formulate this as an expectation
under the posterior as follows:

P(ZZ = Zj|X1:N) = Z P(Zi, Zj|X1;N) ]I(Zi = Zj) (55)
= Z P(z1.n1%1:8) 1(z: = zj) (56)
Z1:N
= / / / [Z (21N A, By, mXN) Lz = 25) | dpy g dArgdm (57)
wJALk g Z1:N
= E(ZI:N791:K77T)NP("X1:N)[]l(zi = ZJ)} (58)

This looks difficult, but actually, thanks to the carefully chosen priors, we are able to do most of the integration
analytically. This is not always the case in which case we turn to approximate inference algorithms such as
Monte Carlo integration.

In this problem, we have been able to formulate our question as finding an expectation of a test function (in
this case 1(z; = z;) under the posterior. In general, inference, prediction, and inspection can all be expressed
as expectation of some test function f under some target distribution p(x).

3.2.1 Aside: How to Build a Model for Your Own Problem?

Statistics, machine learning, and other fields consist of the exploration and characterisation of the space of
models. Most models you see are “convenient” in that much integration is analytically possible and that
inference, inspection, and prediction are all known to work well and reliably for a wide variety of problems.
The design of new models involves equal parts knowledge of a problem domain, familiarity with statistical
model building blocks, and mathematical /computational aesthetic. Often it is possible to creatively map your
specific inference problem onto an existing model, saving time and effort.

3.3 Monte Carlo Integration

As we have seen in the previous examples, it is important to be able to find expectations of various functions of
random variables distributed according to some target distribution. Let X be the random variable of interest,
distributed according to P and f be the test function. We are interested in the expectation of f(X). We can
obtain a Monte Carlo estimator by sampling from P:

N
1 A
E[f(X)] =) _f@)P@)~ 5> f™)=] (59)
x’ n=1
where ("), n = 1,..., N are independent samples from P. We call f the Monte Carlo estimator of E[f(x)].

Claim 3.1 (Unbiasedness of the Monte Carlo estimator). The estimator f is unbiased, i.e. E[f] = E[f(X)].
Proof.

B[ =E | Zlef(w(”))] (60)
= % Z ]E_[ f (x(") )] (from linearity of expectations) (61)

n=1
- % > E[f(X) (since 2™ is a sample from P) 62)
B[O ©)

2https://en.wikipedia.org/wiki/Conjugate_prior

11


https://en.wikipedia.org/wiki/Conjugate_prior

O

Claim 3.2 (Variance of the Monte Carlo estimator). The variance of f is independent of the dimensionality of X and
decreases at the rate of 1/N.

Proof.
. 1 X

Var[f] = Var N n;f(x(n))] 64)

| X
=3 > Var { f(gC(n))} (see AppendixB) .

1 n;l
=Nz Z Var [f(X)] (since (™ is a sample from P) (66)

n=1
= & Var[7(X)]. o

O

If f is poorly behaved, N is small, or the 2(") are correlated, the variance of the estimator could be quite
large. In sampling-based inference there is usually a difficult practical trade-off between the latter two.

In general, generating samples from complex distributions encountered in machine learning is not easy.
Typically, most of the probability is concentrated in regions whose volume is a tiny fraction of the total. In
Section {4, we will explore methods to search for these relevant regions in order to sample from this complex
distribution.

3.4 Rejection Sampling

One correct, but extremely inefficient algorithm to sample from probability distributions is rejection sampling.
Our goal is to sample from a target distribution p(z) whose density can be evaluated only up to a normal-
ising constant Z,, i.e. we can only evaluate p(z) = Z,p(x).
Assume that we can sample from a proposal distribution ¢ with a density ¢(x) which can also only be
evaluated up to a normalising constant Z,, i.e. we can only evaluate §(z) = Z,q(x). Assume also, that we can
bound p(z) by kG(z) for a finite k for all z in the support:

kG(x) > p(x) for all . (68)

kq(x)

T () @

Figure 8: Illustration of rejection sampling.

The procedure that generates N samples z(™),n = 1,..., N from p is described in Algorithm below.

Algorithm 1 Rejection sampling
1. n <+ 1.
2: whilen < N do
3: Sample z from g.
Sample u from Uniform(0, k§(x)).
if u < p(z) then
(™ .
n<n+ 1.
return {z(M} . 5.

3This is the case when the target is the Bayesian posterior, in which we can’t evaluate the posterior density p(z|y) but can evaluate
p(zly) = p(z,y) = Zpp(z|y) where Z, = p(y) is the marginal likelihood.

12



3.4.1 Why it works?

Sampling = ~ ¢ and u ~ Uniform(0, kG(z)) yields a pair of values uniformly distributed in the grey region
in Figure 8| If v < p(z), then z is accepted, otherwise it is rejected and the process repeats until a sample is
accepted. Accepted pairs are uniformly distributed in the white area; dropping u yields a sample distributed
according to p(z), and equivalently, p(x). The efficiency of rejection sampling depends critically on the match
between the proposal distribution and the distribution of interest.

3.4.2 Conditioning via Ancestral Sampling and Rejection

Consider a directed graphical model in which x are the latents and y are the observed variables. One can
sample from the joint model P(z,y) by successively sampling from random variables in the topological order
of the corresponding nodes. In other words, start sampling from random variables/nodes that don’t have any
parents, then keep sampling ones which already have sampled parents (Exercise: Check why this can always
be done!). This way of sampling from the joint P(x, y) is called ancestral sampling.

We can combine ancestral sampling and rejection sampling to generate samples from the posterior P(z|9)
for a given observe § of interest.

P(z,y) = P(z,y) 1(y = 9) (69)
_ {P(a:,@) ify =9 0
0 otherwise

_ {P(@P(m ify =g o

0 otherwise.

Here, we have set up P(x,y) so that it is really an unnormalised version of P(z|fj) (normalising constant
Zp = P(y) = >, P(xz,7)) assigning zero probability for all (z, y) in which y # §.

The proposal distribution is Q(z,y) = Q(x,y) := P(x,y). Sampling from Q is done using ancestral sam-
pling. We can see that for k =1,

kQ(z,y) = kP(z,y) > P(z,y) Ly = §) = Q(z,y) (72)

for all (z,y). o

Using these choices for P, () and k, the algorithm for rejection sampling simplifies to Algorithm Note
that we have combined lines[#and |in Algorithm|T]to line[d]in Algorithm[2]since they are equivalent for these
choices of P, () and k.

Algorithm 2 Conditioning via Ancestral Sampling and Rejection

1: n <+ 1.
2: whilen < N do

3: Sample (z,y) from P(z, y) via ancestral sampling.
4: if y = § then

5: A

6 n<n+ 1.

' return {1y,

Unless the prior and posterior are extremely well matched this will be an extremely inefficient sampler. It
doesn’t make sense to consider this algorithm for continuous observations since the probability of {y = §}
which is the probability of accepting a sample is zero.

4 Markov Chain Monte Carlo

At a high level, algorithms such as rejection sampling don’t include a searching element which is one of the
reasons it doesn’t work well in high dimensions. Markov Chain Monte Carlo (MCMC) is a family of algo-
rithms that incorporate searching. An MCMC algorithm works by building a Markov Chain which converges
to a unique invariant distribution (hopefully the same as the one we are after) and can be used to estimate
expectations with respect to this distribution.

We first review Markov Chains and then present two most commonly used MCMC algorithms: Metropolis-
Hastings and Gibbs sampling.

13



4.1 Markov Chains

Definition 4.1 (Markov Chain). A first ordeiﬁMarkov Chain is a series of random variables X (0, XV X @) for
which the following conditional independence holds:

P(x™ |z 2= D) = p(g)|g(n=1) forn=1,2,... (73)

A Markov Chain is specified by the initial distribution for X©) and the transition distribution Ty, (z(™) —
() = Pzt (),

Definition 4.2 (Homogeneous Markov Chains). A Markov Chain is homogeneous if T,, = T foralln € {0,1,2,...}.
Denote the probabilities of the marginal distribution of X (™) by p,,. p,, can be expressed as
pa(@™) i= P) = 37 PPz D) = 3 preD) et 5 o). (74)
p(n—1) p(n—1)

Definition 4.3 (Invariant distribution). A distribution is invariant (or stationary) with respect to a Markov Chain
if the transition distribution of that chain leaves that distribution unchanged. More formally, a distribution m(x) is the
invariant distribution of the Markov Chain with the transition T if, for all x:

n(z) = w(@)T(x' — x). (75)

We are interested in constructing Markov Chains for which the distribution we wish to sample from is
invariant.

Definition 4.4 (Detailed balance). A transition distribution T is reversible if there exists a unique distribution m such
that

()T (x — ') = (") T(2" — z). (76)
This condition is called detailed balance.

Detailed balance implies that 7 is an invariant distribution since

Z 7(a\T (2’ — z) = Z 7(2)T(x — 2') = n(2) Z T(x — ') = n(x). (77)

’ ’

x x

For our purposes, it is not enough merely to find a Markov Chain with respect to which the distribution
we wish to sample from is invariant. We also require the Markov chain to be ergodic—that the probabilities at
time n, P(z(™) converge to this invariant distribution as n — oo, regardless of the choice of initial probabilities
P(z(©). This property is called ergodicity.

Theorem 4.1 (Fundamental Theorem). If a homogeneous Markov chain on a finite state space with transition distri-
bution T has m as an invariant distribution and

v = min II(I]I; 0T(ac — ') /m(x’) >0 (78)
z  zliw(x’)>

then

1. that Markov chain is ergodic, i.e. for all x, regardless of the initial distribution P(x(®)

lim_py(z) = () (79)

2. If f(z) is a real-valued function from the state space of the Markov chain, then the expectation of f with respect
to the distribution p,, written E,[f] := > f(x)p,(x), converges to its expectation with respect to w, written

E[f] =3, f(z)n(z). Le.
lim E,[f] = E[f]. (80)

n—oo

We therefore have

¢ Detailed balance (equation (76)) as a sufficient condition for 7 being the invariant distribution, and

4First order refers to the fact that X () is only dependent on one previous random variable, X ("~1).
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* A condition to ensure that 7" is ergodic, i.e. T" avoids traps and can visit everywhere in our state space

(equation (78)).

Note that there are alternative conditions such as regularity or [irreducibility and aperiodicity] which imply er-
godicityE]

The theorem as stated guarantees only that at large times, the distribution will be close to the invariant dis-
tribution. It does not say how dependent the states at different times might be, and hence does not guarantee
that the average value of a function over a long period of time converges to the function’s expected value. In
order to guarantee that we can use samples from a single realisation of a Markov chain to estimate expecta-
tions, a whole family of ergodic theorems has been developedﬂ The bottom line is: We can approximate integrals
in equation |59\ using samples from single Markov chains even if they are dependent and the state space is not discrete.

It is often convenient to construct the transition distribution from a set of base transition distributions,
given by By, ..., Bk, each of which leaves the desired distribution invariant, but which may not be ergodic
individually.

Proposition 4.1 (Mixture of Base Transitions). Let By, ..., B be a set of base transition distributions each of which
is invariant with respect to . Let a1, . .., ak be mixture probabilities for the base transition distributions where o, > 0
and ), oy, = 1. Le. the transition distribution is given by:

T(x —a')= Z arB(x — 2'). (81)
k

If 7 is invariant with respect to each of the By, then it is also invariant with respect to T. Furthermore, if each of the By,
satisfy detailed balance, T will as well.

Proof.
ZW(I'/)T({E/ —x) = Z (w(m’) ZakBk(x’ — x)) (82)
x’ x’ k
= Z <ak. ZW(m’)Bk(x' — 3“)) (83)
k x’
=Y (@) (84)
k
=7(z) > (85)
k
= 7(x). (86)
O
Proposition 4.2 (Sequence of Base Transitions). Let By, ..., By be base transition distributions applied in sequence.

Ifeach By, is invariant with respect to w, the resulting transition distribution obtained by applying these base distributions
in sequence is also invariant with respect to m:

Proof. Represent the transition distribution by a transition matrix T where T;; = T(i — j) and the target
distribution 7 by a row vector m where m; = (7). Similarly, represent the base distributions by matrices

B4,...,Bg. The transition matrix is T = B; - - - Bg. Since each By, is invariant, we have B, =  for each k
and hence

mT=n(B; --Bg)=n(By---Bg)=---=7Bg =, (87)
which means that 7" is invariant with respect to 7. O

4.2 Metropolis-Hastings Algorithm

The Metropolis Hastings (MH) algorithm generates a Markov chain a particular stationary distribution. As-
sume we can sample from a proposal distribution ¢(:|z) := ¢(x — -). Let 7 be the required distribution
(stationary distribution for this Markov chain). Assume we can only evaluate ¢ and 7 up to a multiplicative
factor (i.e. we can only evaluate §(x — z’) = Z,q(x — 2) and 7(x) = Z,m(x)). The MH algorithm is outlined
in Algorithm

5For a detailed explanation of these concepts, consultNeal| (1993).
6For those interested: [Roberts et al.| (2004, Fact 5), |[Robert and Casella| (2013, p- 241, Theorem 6.63), Meyn and Tweedie| (2012, p. 433,
Theorem 17.3.2).
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Algorithm 3 Metropolis Hastings algorithm

1: Sample 2 from an arbitrary probability distribution.
2. forn=1,...,N do

3 Sample 2’ ~ g(z(""Y — ).
4 Let the acceptance probability of 2’ be
~ 5 (n—1)
(n—1) N w(z)q(a" = = )
a < Alx — 2’) = min (1, A D)@ D 54 ) (88)
5: Sample u ~ Uniform(0, 1).
6: if u < a then
7: (™ o/,
8: else
9: (™ ¢ p(n=1),

421 Why it works?

We need to prove that 7 is the unique stationary distribution of this Markov chain.
We can express the transition distribution as follows:

gz — 2 A(x — 2') ifx #
T(x—a) = qlz — =) + Z gz = 21— Az — ') ifex=2a" (89)
z! ! #x

To prove that 7 is a stationary distribution of this Markov chain, we make sure the detailed balance equation
holds.
For z # 2/, we have

7(z)T(z — ') = m(x)q(z — 2’) min (1, m) (90)
= min (7(z)q(x — '), (2" )q(z’ — z)) (91)

= m(2')q(z’ — x) min (17 m) (92)

=m(2)T (2 — z) (93)

For z = 2/, the detailed balance equation 7 (z)T(x — z') = n(2’)T (" — z) obviously holds.
Provided that ¢ is chosen so that equation holds, we obtain a general-purpose Markov chain for simu-
lating from and thereby computing expectations with respect to arbitrary distributions .

4.3 Gibbs Sampling

Assume we want to sample from 7(x) := 7(z1,...,2p). We can only sample from the conditionals 7 (x;|x_;)
where x_; denotes z1.p with the i component omitted, i.e. (z1,...,%;—1,Zi+1,...,2p). The Gibbs sampling
algorithm (4) is given below.

Algorithm 4 Gibbs sampling algorithm

1: Sample x(©) from an arbitrary probability distribution.
2: forn=1,...,N do

3 Sample z{" ~ 7r(~|:c§"_1),xg"_1), L)
& Sample 2" ~ 7w (-a{, 2"V, (" 1))
5:

6 Sample 2" ~ w(-[2™ 22 )

4.3.1 Why it works?

To show that this procedure leaves 7 as the invariant distribution, we can treat each of the conditionals as a
base distribution. Due to Proposition it is sufficient for us to show that each base distribution has 7 as the
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invariant distribution.

S n(x)Blx = %) = 3 [m(anlx_)mGp)] [w(xuxk) 16 = x;-)] (04)
x x i#k

= m(ahlxp)m(x ) Y mzelx ) (95)

= 7(x'). | (96)

Due to Proposition the algorithm could have equally sampled from the mixture of base distributions in-
stead of going through them in sequence.

We can also view Gibbs sampling as an instance of the MH algorithm. If the proposal of MH ¢, (x — x’) is
set to be m(zj[x—_x) - [[; 24 1(z; = x) the acceptance probability is one (shown below) and so it is equivalent
to one sampling step in Gibbs sampling.

A(x = x') = min (1, 7r(x/)qk(x—>x)> 97)

(
(X (zk|x" ) - Tliwe Lt = 2
i (1, T T 16t = 54) o8
m()m (@ lx k) - Tlipr Ui = x)
() |x_ )m(x, ) m(xg]x oy 1(a) !
— min | 1, ( k| —k) ( —k) ( jc| —k) Hz;ék: ( i k) (99)
m(@r[x—p)m(x—p)m (@) [xk) [T @i = 1)
=1 (100)
5 Gibbs Sampler for Gaussian Mixture Models
(e
Ao
!
; | v
Xn Kk e [3
N K
Figure 9: Graphical model for the Gaussian mixture model.
This section is adapted from internal notes written by Brooks PaigeE] and Tom Rainfort}ﬂ
Recall that the joint probability is
N K
p(xl N, 21: NaAl Ky M. K77T|Oé A07V ﬁ 7T|Oé H Zn|7r Xn‘ﬂzn Zn ] |;IT[ Ak:‘AO7 l*l’klA]wﬁ)
n=1 k=1
(101)
where
p(m|a) = Dirichlet (7| ) (102)
p(Ak| Ao, v) = Wishart(Ag| Ao, v) (103)
P(p| Ak, B) = Normal(pe;,|0, (BA) ™) (104)
P(z,|7) = Categorical(zy|m) (105)
p(Xn|Zn, 1235:¢) Al:K) = Normal(xnluz,,ﬁAz_nl)' (106)

Possible inference goals include: estimating candidate cluster centers and covariances; checking whether
any two data points are in the same cluster; and estimating how many distinct clusters exist in the data.

"brooks@robots.ox.ac.uk
8twgr@robots.ox.ac.uk
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5.1 Gibbs sampler

A basic Gibbs sampler would sweep through each latent random variable in turn—all the z,, all the u;, and
Ay, and m—and sample each conditioned on the current settings of all other random variables. However, this
can mix poorly.

A more efficient Gibbs sampler sweeps through sampling all the z,, in turn, with the other random variables
marginalised out analytically; our carefully-chosen priors are exactly those such that this analytic integration
is possible. To be completely clear: in the “basic” Gibbs sampler, each z, would be sampled from the full
conditional distribution

Zn Np(Zn|Z—mH1;K,A1:K,7T,X1:N) (107)

where z_,, is all elements of z except for the z,, under consideration. This, of course, requires values of each of
the p. 5, A1k, ™. The “collapsed” Gibbs sampler instead draws each from the conditional distribution

Zn NP(Zn|Z—n7X1:N)~ (108)

5.1.1 Useful known results for conjugate pairs

What does this distribution look like, though? We're going to take advantage of two known results (Gelman
et al|(2004). The first exploits Dirichlet-Multinomial conjugacy to express a predictive distribution in closed
form, marginalizing over the latent dirichlet 7:

N]E—n) +a

—& 109
N—-1+Ka (109)

p(zn = klz—n;0) = / p(zn = k|T)p(m]z_n, a)dm =

where N, lgfn) is the count of the number of elements of z_,, which are assigned to cluster k. A derivation of
this result can be found on the Wikipedia page for the “Dirichlet-Multinomial distribution”.

The second analytic integration uses Normal-Wishart conjugacy to marginalise over latent means and pre-
cisions. Let x\ ™™
with

C x_,, denote the set of points x; such that z; = k. Then we can marginalise out y;, Ay

p(xnlzn = k%) = / / P(Xnl2n = ki, g, Ap)p(pi R, Ak, B)p(ARIRS™, Ao, v)dpydAy,

AL(By +1) > (110)

Moy o
r Bi(vi — D +1)

= t(l/; —D+1) (Xn

where D is the dimension of each data point x,,, and the multivariate ¢-distribution is defined as

_ D@D e (4] Tl e
ty (Xp|m, W) = T(0/2)yD/2n D2 |W| 14 ;(Xn —m) W™ (x, —m) . (111)
The parameters of that ¢-distribution are given by
. B+ NIz
pi= e (112)
B+ Ny
* <z z \ T ﬁng_n) o o T
P A0 D (e R (0 — ) T e (R ) (R — ) (113)
B+ N
nGA,i*") k
Bi=5+ N (114)
vi=v+ NI, (115)

(in our example model, note that p, = 0.) Here we have introduced a little extra notation, defining index sets
for the current cluster assignments, and per-cluster means, using

(=1) i g 2, o L
Ay ={iz =kt #n} Xy = F z(: )xn. (116)
neA; "
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5.1.2 Collapsed Gibbs sampler

Great; now let’s collapse the Gibbs sampler. Recall, we want to sample from p(z,|z_,,x1.n). For each z, = k,
this is proportional to the joint distribution of both z,, = k and x,,, with

p(zn = k7xn|z—nvx—n)
Zf:l p(zn = j7 Xn|Z,n,X,n)

p(zn = klz—n, x1.8) = (117)

So, if we can compute that numerator, we can write a collapsed Gibbs sampler. (To avoid clutter, we’ll avoid
writing out the hyperparameters «, 5, v, A to the right of the conditioning bar.) Using the results in the previ-
ous section, and the conditional independence structure of the model,

p(zn = k’,Xn|Z_n,X_n) = ///P(Zn = kaXn77T7/1'1:K7A1:K|Z—n7X—n)dﬂ'dﬂfl;[{dAl:K

/// Zn =k, Xy, T, gy Ag|Z_p, X )dmrdp, d Ay H// va ]\x( ”))du]dA

J#k

=1
- / / / Pknln = ko i, AR)P(2n = B7)p(re]z—n)p(pases Arl%S ™) dredprdAs

J
- m// anzn - k l‘l’kﬂAk) (IJ‘kvAk|Xk )dl'l‘dek

N 1

My o
b 5k( -D+1

Now, the Gibbs sampler can sweep through z, and for each n evaluate equation for each cluster id k£ and

sample according to these (unnormalised) weights a new value of z,.
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A Miscellaneous

Random variables X and Y are independent if p(a: y) = p(x,y).
Expectation of a random variable X is E[X] = [ ap(z) d.
If X and Y are independent random Var1ables

E[XY] ://xyp(fﬂvy) dz dy (119)
//xyp y)dzdy (120)

= / zp(z) dz / yp(y) dy (121)

= E[X]E[Y]. (122)
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Hence their covariance, defined by E[XY| — E[X]E[Y] is zero.
If X and Y are independent random variables, then the variance of the sum is the sum of the variance:

Var[X + Y] = E[(X + Y)?] - [E[X + Y]]’
=E[X?+2XY +Y? - [E[X]* + 2E[X]E[Y] + E[Y]?]
2

= (E[X?] - E[X]?) + (E[Y*] - E[Y]*) +
= Var[X] + Var[Y] + 2 (E[XY] — E[X] E

(E[XY] - E[X]E[Y])
YD)

= Var[X] + Var[Y].

For a constant a € R and a random variable X:

Var[aX] = E[(aX)?] — [E[(IXH2

B Probability distributions

Summarised in Table

= a’E[X?] - *E[X])?
=a® (E[X?] — E[X]?)
= a* Var[X].
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https://en.wikipedia.org/wiki/Gamma_function
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