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Admin

* In hybrid mode now:
 Thursday office hours available both in-person (ICICS X563) and on Zoom

* A2 due Friday night
 Groups of up to three, allowed separate per question
e |f you don’t have a group and want one, post on Piazza (asap)

A1 grading: allllllllmost done — sorry
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Practical learning algorithms

e So far, only really talked about ERM (and variants like SRM)
* Not always practical: e.g. NP-hard to maximize accuracy of a linear binary classifier

* A scheme that usually Is practical: convex learning problems
o Can get an e-approximate ERM with gradient descent:

. iINO (%) steps, If loss is convex and has Lipschitz gradients

. iN0O (log %) steps, if loss is strongly convex with Lipschitz gradients



Convexity review

Stephen Boyd and
Lieven Vandenberghe

 Most of you probably already know most of this

(based on the survey), but a quick reminder! convex
Optimization

* For proofs and detalils, see e.g. chaps 2-3
of Boyd and Vandenberghe (free pdf)



https://web.stanford.edu/~boyd/cvxbook/

Convex sets

e Ifx,y€ C,thenax+ (1 —a)y € Cforalla € |0,1]
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Convex functions

f: & — Risconvexif, when X is a convex set:
 the epigraph {(x e xXR:r >f(x)} is a convex set

. it lies below its chords, f(ax + (1 — a)y) H/af(x) + (1 — a)f(y) fora € [0,1]

/// v =€
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Convex functions

f: & = Risconvex if, when & is a convex set:
 the epigraph {(x, NeXIXR:r> f(x)} iS a convex set
. it lies below its chords, f(ax + (1 — a)y) > af(x) + (1 —a)f(y) fora € [0,1]

» if fis differentiable: convex iff f lies above its tangent planes

Jx) > f(y) + [ Vf(W](x —y) forallx,y

o if fis twice-differentiable: convex iff its Hessian sz IS positive semidefinite
sz > (0 or alleigenvalues >0 or VT[sz]V > () forallv or V2f= A'A
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Operations that preserve convexity

If f and g are convex functions, then so are
e af foranya > 0

., J+ & oreven L{ J,(x)dw(y) if each f, is convex and w a measure

20, v:) = [=7)°
L-s (?\)

s
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Operations that preserve convexity

If f and g are convex functions, then so are
e af foranya > 0

., J+ & oreven L{ J,(x)dw(y) if each f, is convex and w a measure

e x> f(Ax + b) .
Rilg)= Ly -7

L1y =0 (wr) =X RE

LS (‘4/> DD(W)

v
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Operations that preserve convexity

If f and g are convex functions, then so are
e af foranya > 0

., J+ & oreven L{ J,(x)dw(y) if each f, is convex and w a measure

e x> f(Ax + b)
e x> g(f(x)iff: L - R and g is nondecreasing

x — max(f(x), g(x)), oreven x — sup fy(x)
yed

If f(x, y) is convex in (x, y), then A(x) = 1nt f(x, y) for nonempty convex C
yeC

. Perspective transform: h(x,t) = tf (%) fort > 0

v



(pause)



Convex learning problems

A learning problem (#, £, ) is convex if
e / is aconvex set
« foreachz € £, £(-,2)is aconvex function

A = Lxy> Wi wt’(f’\°(3
at +hbg = xr> a€0t bsl

M= {w i weRD


https://mathoverflow.net/a/92961/19623
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Convex learning problems

A learning problem (#, £, ) is convex if
e / is aconvex set
« foreachz € £, £(-,2)is aconvex function

 Example: linear regression with square loss
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Convex learning problems

A learning problem (#, £, ) is convex if
e / is aconvex set
« foreachz € £, £(-,2)is aconvex function

Example: linear regression with square loss
Non-example: linear classifiers with 0-1 loss

For convex learning problems, ERM is a convex optimization problem
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Convex learning problems

A learning problem (#, £, ) is convex if
e / is aconvex set
« foreachz € £, £(-,2)is aconvex function

Example: linear regression with square loss
Non-example: linear classifiers with 0-1 loss

For convex learning problems, ERM is a convex optimization problem
 Usually implies learnable in polynomial time (but not always)



https://mathoverflow.net/a/92961/19623

Convex problems aren’t necessarily learnable

. Consider (homogeneous) linear regression on R, Z(w, (x,v)) = (wx — y)?
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Convex problems aren’t necessarily learnable

. Consider (homogeneous) linear regression on R, Z(w, (x,v)) = (wx — y)?
» Suppose a deterministic A can (agnostically) PAC learn this problem

. Take € = 0.01, 06 = 1/2, n big enough that L,(A(S)) —1nt Lg(w) < €

z; = (1,0) M WZ=21
Let u = 10 199, = ) — - D =1
. H = & 99 ’ %=, — 1) 1({21) {1 —u z=12 »({22})
0.0\
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Convex problems aren’t necessarily learnable

. Consider (homogeneous) linear regression on R, Z(w, (x,v)) = (wx — y)?
» Suppose a deterministic A can (agnostically) PAC learn this problem

. Take € = 0.01, 06 = 1/2, n big enough that L,(A(S)) —1nt Lg(w) < €

= (1,0
Let y = IOg 19090 Z; _ Eﬂ, z 1y 2(12}) = {1 R Dr(12}4) = 1

» Atleast 99% prob to only see z, in §: 97 ((zz, ...,zz)) = (1 —p)*> e %" =0.99

W
U L=<
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Convex problems aren’t necessarily learnable

. Consider (homogeneous) linear regression on R, Z(w, (x,v)) = (wx — y)?
» Suppose a deterministic A can (agnostically) PAC learn this problem
. Take € = 0.01, 06 = 1/2, n big enough that L,(A(S)) —1nt Lg(w) < €
w
H { =<

= (1,0
Let y = IOg 19090 Z; _ Eﬂ, z 1y 2(12}) = {1 R Dr(12}4) = 1

» Atleast 99% prob to only see z, in §: 97 ((zz, ...,zz)) = (1 —p)*> e %" =0.99

. Letw=A ((zz, . ,zz))
100

. IfWw< 7 have Lgl(w) >u-(w—0)>*> E = 8n/10g¥ > 795n.

. But L@1(O) = 1 — u, so excess erroron &, > _,,,_1 +u>795n—-1>¢

. Ifw > —, then L%(w) >1-(uw+1)>> (1——)2 > —, but L%( ﬂl ) = ()

2M
10
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Bounding # isn’t enough

» Remember our bounds on 2R, for linear classes depended on bounding
the normof h, # = {w € R : ||w|| < B)
 Optimal won &, is —1/u ~ — 200n, which is really big

« Counterexample for learning #Z = {x — wx : |w| < 1} with square loss:

Zl — (1///1,())
. Exactly the same as before, but scale by 1/u:
ZQ — (19 T 1)

« Wx on the old problem corresponds to %(,ux) here; same loss

« Now # is bounded, but we have really big x values
» oh, yeah...our bound on 2R required bounding ||x|| too!

11



Some learnable classes

* A learning problem (# ', Z, ) Convex p-Lipschitz B-Bounded if
. X C R%is a convex set, with ||w|| < Bforallw € %
» foreachz € £, 7(-,7)isaconvex, p-Lipschitz function

i (> = w77

N4 a(ww(ww)

o ‘Z/(WPCC, 73

c',
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Some learnable classes

* A learning problem (# ', Z, ) Convex p-Lipschitz B-Bounded if
. X C R%is a convex set, with ||w|| < Bforallw € %
» foreachz € £, 7(-,7)isaconvex, p-Lipschitz function

* A learning problem (#, £, ) Convex [/-Smooth B-Bounded if
. X C R%is a convex set, with ||w|| < Bforallw € #
» foreachz € £, (-, 7) is a convex, nonnegative, f-smooth function

A function fis -smooth if Vfis [-Lipschitz

TS =) ke (w) ~ - )J/
- L =2 (w X T X
ﬁgi(w)" Z(w % "/9 Ko - 2 (oY) x|

£ o \wexe-ye ( Ie
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Some learnable classes

* A learning problem (# ', Z, ) Convex p-Lipschitz B-Bounded if
. X C R%is a convex set, with ||w|| < Bforallw € %
» foreachz € £, 7(-,7)isaconvex, p-Lipschitz function

* A learning problem (#, £, ) Convex [/-Smooth B-Bounded if
. X C R%is a convex set, with ||w|| < Bforallw € #
» foreachz € £, (-, 7) is a convex, nonnegative, f-smooth function

A function fis -smooth if Vfis [-Lipschitz

 We’ll see soon that these classes are always learnable (efficiently!)
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Key property of /-smooth f

) —flx) = [ Vi(ty+ (1 =0x) - (y—x)dr

0

1

< VAx)-(y —x) + J Vf(ty + (1 = )x) — VAx)
0
1

| (r.' = ‘
~ j VA0 + Vf (19 + (1= 0x) = V@) - (v = 0 dr | M
0

ly — x|l d

<V G-+ | B+ =nr-x] Iy -l

0

1 /{}_—/O mesns 11 15 pPrd
= VA - =0+ plly = ol | (o s A-BEC

0
= VAx) - (v =)+ Blly — x|

13

(implies V*f(y) < BI, if it exists)
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(pause)
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Gradient descent

0), maybe 0 or sampled randomly. (SSBD calls this w(l))

e Start at w'
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Gradient descent

. Start at w©, maybe 0 or sampled randomly. (SSBD calls this w(l))

(t+1) _

« Stepsare w w® — pVAwY), where n > 0 is a learning rate
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Gradient descent

. Start at w©, maybe 0 or sampled randomly. (SSBD calls this w(l))

(1+1) _

« Stepsare w w® — pVAwY), where n > 0 is a learning rate

» Output last iterate w'!) _?‘ () =40+ VH - (v-w) *%ﬂwl?

y

SO -1 T €0F)
7

<0
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Gradient descent

0), maybe 0 or sampled randomly. (SSBD calls this w(l))

. Start at w'
. Steps are w'D = w — pVAW®), where > 0 is a learning rate

o Qutput last iterate w)
* Not the only choice:
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Gradient descent

0), maybe 0 or sampled randomly. (SSBD calls this w(l))

. Start at w'
. Steps are w'D = w — pVAW®), where > 0 is a learning rate

o Qutput last iterate w)

* Not the only choice:
T-1

SSBD use average of iterates, w = - Z w0
T
=0

) T
Sometimes tail average — Z W
' T
t=T)/2
o Sometimes best iterate: argminWa);te[T] J (W(t))

« Or best on a validation set: argminw@;tem LV(W(t))
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Analysis of gradient descent

o SSBD section 14.1 analyzes:
average iterate, initialize at 0, Lipschitz f

very particular fixed n that depends on length of optimization 1 (also B, p)
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» In practice, can be hard to compute 3, and 1/ usually too small
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Analysis of gradient descent

o SSBD section 14.1 analyzes:
average iterate, initialize at 0, Lipschitz f

very particular fixed n that depends on length of optimization 1 (also B, p)

* We'll do something else (more standard): SRR
last iterate, f-smooth f, fixed n < 1/p ST R \
lw® — w| T

We'll prove: fiw)) — f* <
. P Jw) —f onT

e SO can get suboptimality € in O(1/¢) steps

: ..:;:”:: . ’:/:\: ‘:.:;' "o e,
‘o;’.-. ? 3 ‘.g N

» In practice, can be hard to compute f, and 1/p usually too small = & &
 Backtracking line search has a similar rate
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fw®) < fow) + V) Tw* = wi+5lw = wl)’
= f(w) + VW) (= VW)+2 1= V)|
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. f-smooth functions have  f(v) < f(w) + Vfw) (v — w) + Euv — wl|?
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. fis convex, Vfis -Lipschitz, learning rate n < 1/
. f-smooth functions have  f(v) < fiw) + Viw)' (v — w) + gHv — w||?
e lterate w goes to wT = w — i Vf(w); plugging in to above, get
fow+) < fow) + VI Tw* = w)+5lw* — w2
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= f(w) — (1 — ﬁ—”) |V f(w)H2 first-order convexity condition:

. fw®) 2 fiw) + Vfiw) " (w* = w)
< J(w) = EHVf(w)H so f(w) < fiw*) + Vw) (w — w*)

“descent lemma”: we’re decreasing the objective! (note: didn’t use convexity yet...)

< fO0%) + V) 0 = w¥) = 2| VA |




fis convex, Vfis f-Lipschitz, learningraten < 1/5; wt =w —n VAw)
Have flw™) < filw*) + Vf(W)T(W — W*) — gIIVf(w)HZ
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= [lw = wH||I* = []w* — w¥||*

1
Plugging back in, f(w™) < flw*) + 2—}7 (Hw — wk||? = ||lwT — W*HZ)

1
andso f(w™) — flw*) < o (W D — w2 = []w® — w¥||?)
n
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1
now know fiw®) — flw*) < —= (w0 = w|I* = [lw® —w¥|I*)
n

1
Fow D) — fiw*) < — Z (fow®) — fiw*))  (because of the descent lemma)
k=1
[
— w0 — w2 = [lw — wH||2
2nT kgl ( )

<

0~ (4] 2427 FT AT
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fis convex, Vfis f-Lipschitz, learningraten < 1/5; wt =w —n VAw)

|
now know fiw®) — flw*) < —= (w0 = w|I* = [lw® —w¥|I*)
H

1
Fow D) — fiw*) < — Z (fow®) — fiw*))  (because of the descent lemma)
k=1
[
< |W(k 1) w*||2 . ”W(k) — w¥|| )
2nT —

1
— (W@ = w*[|> = W — w*||?)
2;7T
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fis convex, Vfis f-Lipschitz, learningraten < 1/5; wt =w —n VAw)

1
now know fiw®) — flw*) < —= (w0 = w|I* = [lw® —w¥|I*)
H
T
Ffw D) — fiw*) < — : Z (f(w(k)) f(w*)) (because of the descent lemma)
L d
2;7T -
1

(WD — w12 — Jlw® — w||?)
1

(HW(O) — w¥]|2 = [lw — w¥|?)
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fis convex, Vfis f-Lipschitz, learningraten < 1/5; wt =w —n VAw)

1
now know fiw®) — flw*) < —= (w0 = w|I* = [lw® —w¥|I*)
n
A
fwD)y — Aiw*) < — Z (f(w(k>) f(w*)) (because of the descent lemma)
k=
1 oz
<5 2 (I w2 = o =)
k=1
I (0) % |2 (1)
W(‘W — w¥|| = [lwh — w*||?)
1 B
S—HW(O)—w*HZ <—ﬁWIth7] — 1

2nT 2T B
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fis convex, Vfis f-Lipschitz, learningraten < 1/5; wt =w —n VAw)

|
now know fiw®) — flw*) < —= (w0 = w|I* = [lw® —w¥|I*)
H

1
Fow D) — fiw*) < — Z (fow®) — fiw*))  (because of the descent lemma)
k=1

1z
< 5o 2 (w0 =P = [t — )
k=1
1 (0) 2 T
? (W@ = w2 = [[w® — w*||%)
| B
< —— W@ — |2 < B0 with n=—
2;7T 2T B

1z
note f (? Z w(k)) Z f(w™): same for average iterate
k=1

k—l 19



So what?

* Defined Convex-Lipschitz-Bounded and Convex-Smooth-Bounded classes
o Will show they're learnable; didn’t quite get there yet
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* \We can ~efficiently optimize empirical risk for Convex-Smooth-Bounded classes
 SSBD section 14.1 shows (worse) rate for Convex-Lipschitz-Bounded, avg iterate
* Turns out can get much faster rate if objective is strongly convex
 Don’t actually need differentiability everywhere: subgradient descent

 For more: check out Bubeck (Convex Optimization: Algorithms and Complexity),
Nocedal and Wright (Numerical Optimization), or take CPSC 536M
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 SSBD section 14.1 shows (worse) rate for Convex-Lipschitz-Bounded, avg iterate
* Turns out can get much faster rate if objective is strongly convex
 Don’t actually need differentiability everywhere: subgradient descent

 For more: check out Bubeck (Convex Optimization: Algorithms and Complexity),
Nocedal and Wright (Numerical Optimization), or take CPSC 536M

 Next time:
 How to use this / related stuff for learning guarantees
 How to analyze classifiers (since 0-1 loss isn’t Lipschitz or smooth)
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