CPSC 532D — STATISTICAL LEARNING THEORY
Danica J. Sutherland

University of British Columbia, Vancouver
Fall 2024

For syllabus-type material, see the course website.

This file contains all the notes for the course, and will be updated frequently as we
add more sections. Each section is also available as its own standalone file from the
course website; these will generally only be updated after class to correct mistakes
(and I'll tell you either in class or on Piazza if any of these are important).

These notes are heavily indebted to a variety of sources, including [SSBD14; MRT18;
Bach24; Wail9; Tel21; Ma22] as well as papers cited throughout.

Contents

1 Setup; ERM 5
1.1 Linear regression . . . . . . . . . . i i it 5

1.2 General problemsetup . . ... ... .. .. ... ... ... 7

1.3 Empirical Risk Minimization . . . . . ... ... ... ......... 8
1.4 Error decompositions . . . ... ... ... ... oL 9
1.4.1 ERMestimationerror . . . .. ... ... .. .......... 10

2 ERM with finite hypothesis classes 11
2.1 Estimation error: asymptotics . . . . . .. ... 11
2.2 Uniform convergence, boundedloss . . . . .. ... ... ....... 12
23 Finite H . . . . . . L 13
2.3.1 Is this finiteness assumption reasonable? . . . . . .. ... .. 14

3 Concentration inequalities 15
3.1 Markov . . ... 15
3.2 Chernoffbounds . . . ... ... ... . L o oL oo 16
3.3 Subgaussianvariables . . . . ... ... o Lo L 16
3.3.1 Proof of Hoeffding’slemma . . ... .............. 18

4 PAC learning; infinite H 19
41 PAClearning . . . . .. ... .. ... 19
4.2 Coveringnumberbounds . . . ... .. ... .. ... . ... 20
4.2.1 Smoothness: Lipschitz functions . . .. ... ... ... ... 21

4.2.2 Putting it together with a set covering . . . . ... ... ... 23

4.2.3 Aside: Bounds on covering numbers . . ... ... ... ... 26

5 Rademacher complexity 29
5.1 Ag-g-g-g-ghost(sample) . . ... ... ... ... .. ........ 29
5.2 Properties of Rademacher complexity . . . . .. ... ... ...... 31
5.2.1 Talagrand’s contractionlemma . ... ............. 32

5.2.2 Complexity of bounded linear functions . . . ... ... ... 33

For more, visit https://cs.ubc.ca/~dsuth/532D/24w1/.

1


https://cs.ubc.ca/~dsuth/532D/24w1/

10

11

5.3 Concentration . . . . . . . . . . e e e 35

Growth functions and VC dimension 39
6.1 Zero-oneloss . . . . . ... . ... 39
6.2 Finitesets. . . . . . ... ... ... .. 40
6.3 Growth functions . ... ... ... ... ... . ... . ... 41
6.4 VCdimension . ............. ... . ... .. 41
6.4.1 Examples of computing VC dimension . . . . ... ... ... 42
6.4.2 Growth function bounds in terms of VC: Sauer-Shelah . . . . 44
Online learning 47
7.1 Online Binary Classification in Realizable Setting . . . . . .. .. .. 47
7.2 Decision-Theoretic Online Learning and Exponential Weights (Hedge) 52
7.3 Bandits . ... 56
7.3.1 Adversarial bandits.. . . .. ... ... o o000 56
7.3.2 Stochasticbandits . . . .. ... ... ... . 000 L 58
Lower bounds; no free lunch 65
8.1 No free lunch for high-VC«classes . . ... ... ... ......... 65
8.1.1 Interpretation . ... ... ... ... .............. 67
8.1.2 Aside: “learning is NP-hard” . . . . . ... ... ... ... .. 68
82 Lowerbounds ... ....... ... .. ... . ... ... 69
8.3 The “Fundamental Theorem of Statistical Learning” . . . ... ... 70
Nonuniform Learning 73
9.1 Structural Risk Minimization . ... .................. 73
9.1.1 With Rademacherbounds . . ... ............... 75
9.1.2 Problems with bound minimization .. ... ... ... ... 75
9.1.3 Aside: Avoiding the d dependence . . . . ... ... ..... 76
9.1.4 Relationship to regularization . . . . .. ... ......... 77
9.2 Nonuniform learnability . . .. ... ... ... ... .. ....... 77
9.3 Minimum DescriptionLength . . . ... ... ............. 78
9.3.1 SingletonClasses . . . ... ... ... ............. 78
9.3.2 Minimum Description Length . . . . .. ... ... ...... 78
Universal Approximation 81
10.1 Denseness . . . . . . .. .. i 81
10.2 Universal Approximators . . . . . . .. ... ... .. ... 82
10.3 Universal approximation of neural networks . . . . . ... ... ... 83
10.3.1 Constructive proofs . . . . ... ... ... ... ... ... 83
10.3.2 Non-constructive bound via Stone-Weierstrass . . .. .. .. 85
10.4 Circuit complexity . . . . . ... ... . o oo o 86
10.5 Interpretation . . . ... ... ... ... ... ... ... ... 86
Kernels 89
11.1 Defining function spaces . . . . ... ... ... ... ... ...... 89
11.2 Polynomial functions . . . . . ... ... ... .. . . L. 91
11.3 Reproducing kernels . . ... ... ... . ... ... ... ... ... 92
11.3.1 Special case: linear kernel . . . .. ... ... ... ...... 93
11.4 Optimizinginthe RKHS . . . ... ... ....... ... ...... 94
11.4.1 Example: kernel ridge regression . . . . ... ... ... ... 94
11.5 Other kernels . . . .. ... ... ... .. . . ... . . ... . ... 95
11.5.1 Some properties . . . . . . .. ... oo 97



12 Is ERM enough? 99

13 Optimization 101
13.1 Gradientdescent. . . . . . ... ... ... ... 101
13.2 B-smooth functions . . . . ... ... oo Lo 102
13.3 Aside: convex functions . . . . ... ... Lo o oL 104

13.3.1 Aside: SGD non-convex convergence . . . . .. ........ 105
13.4 Are deep networks f-smooth? . . .. ... ... .. .. ... ... 105
13.5 Is a stationary pointenough? . . . . . . ... ... ... ... ... 106

14 Neural Tangent Kernels 109

14.1 Simplecase . . . . . ... ... e 109
14.1.1 Approximation quality . . . . ... ... ... ... ... ... 110
14.1.2 The neural tangentkernel . . . ... .. ... ... ... ... 111
14.1.3 More general networks . . . . ... ... 111

14.2 Optimization . . . . . . . . . ..o it e 112

14.3 Does this mean deep learning is solved? . . . ... ... ... .... 114

15 Implicit Regularization and Margins 115
15.1 Gradient descent for linear regression . . . . ... ... ... .... 115
15.2 Separable logistic regression . . . . .. ... ... ... . ... 117

15.2.1 Margin maximization . . . . . . ... ... ... ... ... .. 118
15.2.2 Hinge loss interpolation . . . .. ... ... .......... 119
15.2.3 Marginanalysis . . . ... ... .. ... ... .0 . 120

15.3 Other models/algorithms . . . . . .. ... ............... 121

Bibliography 123






1 Setup; ERM

This course is about: When should we expect machine learning algorithms to work?
What kind of problems are possible for machine learning models to represent? What
is possible to learn from data?

There are many complementary ways to study these questions. This course takes a
primarily theoretical, mathematical approach, but tries to be guided by experimental
results.

To phrase these questions more precisely, let’s start by thinking about one of the
simplest and best-understood machine learning models, linear regression. We’ll use
this as an example to set up our more general problem and think about how we can
address those questions.

1.1 LINEAR REGRESSION

In the typical linear regression setting, we have m training inputs x; € R? and
corresponding outputs y; € R. (For one of many possible examples, x; might be a
collection of summary features for a large geographic area, and y; the number of
hectares that burnt in forest fires in a given year.) We’ll denote this as

S = (1 91)- -, (6 Ym)) © (RT X R)™, (1.1)

While I used the term “training set” (because it’s extremely well-established termi-
nology), we actually want to potentially allow repeated data points. Occasionally,
we might also care about the order (e.g. in online learning), so mathematically, we’re
going to use treat S as an m-tuple, not a set.

The usual assumption — which is definitely not always true, but is overwhelmingly
the usual assumption in analyzing these kinds of things — is that these (x, y) pairs
are independent samples from a distribution D. We also write this S ~ D™, meaning
that each of the m entries of S is an independent sample from D.

Our goal is to use S to find a weight vector w such that w - x ~ v, for fresh (test)
samples (x,y) ~ D. Another way to phrase this is that we’re looking for a linear
predictor, i.e. a function h,, : RY — R of the form h,,(x) = w - x, such that f,,(x) = p.

Statisticians, econometricians, etc. are often most concerned with getting the “right”
w vector. For instance, we might assume y = w* - x + Gaussian noise, or written
another way (y | x) ~ NV (w* - X, 0'2), and ask how well we recover w*, e.g. by showing
that ||w — w”|| goes to zero as m — co.

Machine learners are generally more concerned with getting predictions right. We’ll
typically measure this with the squared loss,

GE Bwex-w2]= B30 - 9] (1.2)
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Is linear regression “really

machine learning”?
Obviously Legendre and
Gauss didn’t use that term
in the early 1800s, but one
reasonable definition of
machine learning is
‘something you can publish a
NeurIPS paper about,” and
as someone with multiple
NeurIPS papers about linear
regression, that makes the
answer yes.

«

D™ is called a product
distribution, and is a

distribution over (R4 x R)™
of m-length iid sequences.

You might also want an
offset, w - x + b, but we’ll
usually ignore that, since
you can just add a constant
1 feature to x.



For example, if x ~ N (p, X)
and y | x ~ N(w* - x, 62),
let M = pu' + 3. Then
E(w-x- y)2 =

o2 + (w—w*) T M(w — wx) <
0% + M|l [lw — w*||?, where
the operator norm ||M|| is
constant for a given problem.

The metres-and-inches

example above is one such
case: since one column is
0.0254 times the other, X is
not full-rank.
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Often, recovering the “right” parameter vector, i.e. finding small ||w — w”||, implies
that the predictive error is small (though not always, with nasty enough D).

There are many situations, though, where you can have large ||w — w*|| but small
predictive error. For instance, imagine that the first dimension of x is a person’s
height in metres, and the second dimension is their height in inches, both measured
to arbitrary precision. Because one inch is exactly 2.54 centimetres, the w vectors
(1,0,...)and (0,1/.0254,...) give identical predictions. So do any (wy, wy,...) such
that wy +.0254w, = 1. There are infinitely many such vectors, and they can be
arbitrarily far from w*. Statisticians call (versions of) this problem multicollinearity
and talk about how it causes issues with identifiability. For the most part, machine
learners ignore this kind of problem; the different ws give identical predictions
on D. This is in some ways good, because these problems can be far worse with
more complicated kinds of models, such as deep learning; it’s bad in other ways,
since although these examples have identical predictions on D, they can have very
different predictions on other distributions!

Anyway, we’d ideally like to solve the following optimization problem, which mini-
mizes a quantity known variously as the risk, the population loss, or various other
names:
min E [J(w-x-p)?|=min E |3(h(x)-p)*| 1.3
in B [wex—y/|=min E_[3(hv)-9)’] (1.3)
We don’t have direct access to D, though. Instead, we the most common choice is
to estimate that expectation with an empirical average on the training set (simple
Monte Carlo), and instead solve
n LY 2 =min LY (h(x) - 31 (1.4
mu£n2m,1wxz Vi _m}}n2m'1 x;)—vi)°. .
1= 1=
The thing we minimize here is called the training loss, the empirical risk, or various
other names.

As you’ve probably seen before, we can solve this minimization in closed form.

Let X € R™“ be the matrix whose ith row is xl-T, and y € R" the vector whose
|2

ith entry is y;. Then the objective is - ||Xw —v||, which is a convex problem
whose objective has gradient #XT(Xw —y). That’s zero iff X' Xw = X'y; if XX
(which is d x d of rank at most min(n, d)) is invertible, there’s a unique solution
w = (X"X)"'XTy = X'y, where X' is the pseudoinverse. Otherwise, there are
infinitely many minimizers, which can be expressed as X'y + z where z is any vector
in the null space of X. The training set predictions for any of these solutions is the
same: Xw = XXy + Xz = XX1y.

Having found this solution, we have lots of questions to ask: how well did solving
(1.4) do as a proxy for the problem (1.3)? That is, given an estimate w or equivalently
i, what is the loss (1.2) of that predictor? Is it likely to be small, in different
situations? Is it as small as any algorithm could hope to achieve? If we try to
estimate (1.2) for that solution with a test set, how tight should we expect our
estimate to be? If X'X isn’t invertible (always the case if d > n), which of the
infinitely many minimizers should we pick?

For linear regression in particular, many of these questions can be tackled with basic
linear algebra. You may have seen some of them in statistics courses; Chapter 3 of
the textbook of Bach [Bach24] does some of these analyses framed in the language
of learning theory. This is quite interesting, but we’re not going to pursue that
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approach in any more detail in this course, instead generalizing to other problems.

1.2 GENERAL PROBLEM SETUP

Our default, general learning problem is as follows:

o Instead of a data distribution D over RY x R, D is over some domain Z. For
supervised learning, Z is often a product space Z = X x ) of (x, y) pairs, where
x is an input object (e.g. an image) and v is a label (e.g. whether the image
contains a dog). Occasionally, though, we want to learn over some other kind
of space that doesn’t have clear input-outputs.

* We have m independent, identically distributed samples zy,...,z,, ~ D, col-
lected in a training “set” S = (zy,..., z,,) ~ D™.

* We have a hypothesis class H. In supervised learning, this is usually a set of
predictors h : X — ), a space of prediction functions.

- In linear regression, H was the set of d-dimensional linear predictors,

(x> w-x:weR. X > 2x + 3 means “the
function which, given the
— We could use bounded-norm linear predictors, {x — w - x : ||w|| < B}. argument x, returns 2x + 3”;

H is a set of functions. This
— We could use decision trees of a certain depth, decision forests of a certain s fike lambda x:  2xx+3

. . . in Python.
size, neural networks of a certain architecture, ....

— Often, Y = ), but it might not; for example, it’s common to have a
problem with binary labels so that ) = {0, 1}, but to make probabilistic
predictions in ) = [0, 1], or general confidence predictions in R.

* We have a loss function € : H x Z — R. In supervised learning, this often
takes the form €(h, (x,v)) = [(h(x), y) for some [ : Y xY — R. Some common
examples:

— Squared loss: (9, y) = %(y v)2. (Sometimes the % isn’t included.)

— Zero-one loss: 1(9,y) = 1(9 # ), usually used for Y = Y a discrete set of The function 1 returns one

labels. This corresponds to one minus the accuracy of a predictor. if its boolean argument is
true, and zero if not.

— Logistic loss: I(9, y) = log(1 + exp(-yp)) for Y =R, Y ={-1,1}. This loss
—>Oif3§—>yoo,i.e.1fy_1andy—>oo,ory_—1 and 9 — —oo: you're
very confidently right. It’s log 2 if = 0, a totally ambiguous prediction.
The loss goes — oo if ) — (—y)oco: you're very confidently wrong.

— Softmax cross-entropy loss, a multi-class generalization of logistic: here
Y =1kl ={1,2,...,k}, Y = RF is the space of logits, and the loss is

yy)

k
1(9,7) = —log + = -9, +log Zl exp(y;)-
]:

_Z exp(y;)
j=1

* Lp(h) = E;op €(h, z) = E(y,y)~p l(h(x), y) is called the risk, the population loss,
the true loss, etc; this was (1.2) in logistic regression.

m
. Ls(h) = % Y 4(h,z) = Z I(h(x;), v;) is the empirical risk, the sample loss, the
lo

tn -.
© i
A’_‘

if S is the trammg set), etc.

* A learning algorithm A is a function that takes in a sample S and returns a
hypothesis in H. Ideally, one with low risk.
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Here’s a recap of our notation, and a quick reference for how to translate notations
across some relevant textbooks.

These notes [SSBD14] [MRT18] [Bach24] [Zhang23]

Data distribution D D D D D
Number of samples m m m n n
Sample set S S D, S,
Hypothesis/parameter heH heH heH 0e® weQ
Prediction on x h(x) h(x) h(x) fo(x) f(w,x)
Loss of hypothesis (h, z) C(h, z) - - d(w, 2)
Loss of prediction 1,(9) - L(9,v) (v, ) L(9,v)
Empirical risk Lg(h) Lg(h) Rg(h) R(6) d(w, D)
Population risk Lp(h) Lp(h) R(h) R(6) d(w, S,)

1.3 EMPIRICAL RISK MINIMIZATION

The most common general learning algorithm we’ll think about, the general case of
(1.4), is empirical risk minimization:

ERM(S) € arg min Lg(h).
heH

If H is infinite, there might If there are ties, by default we think of the algorithm returning any arbitrary choice.
be not be a minimizer. We

usually won’t worry about  The returned hypothesis, ERM(S), which we will also often denote hg, is called an
this explicitly, but basically .. . ... « ”
everything we talk about empirical risk minimizer (“an ERM”).
could be generalized to . .
approximate minimizers. For example, ERM with the squared loss and H = {x — w - x} does indeed recover

ordinary least squares:
ERM(S) e argmin  Lg(h)
he{xr>w-x : weR4}

m

= argmin L Z€(h, zZ;)

he{xi>w-x : weRd) M -1

m
. 1
In our notation here, = arg min — Z lyl,(h(xl-))
ERM(S) is returning a he(xwx: weRd) M i=1
function (which makes these
last couple of lines slightly 1 &
tedious); we could equally — RS in — Z CX Vs
well have let H be a set of xex w'wearg?;}nm L Hw - xi, i)
parameter vectors and define we i=1

a loss on parameters,
m

L(w, (x,9)) = +(x-w-p)2. .1 1
(w, (x,9)) = 5(x-w-y) = xv—mc-tf/:u?eargmln—Z’—(w-xi—yi)2 ,
weR4 mizlz

and now w in the last line is probably what your intro stats class wrote down in the
first place as the definition of linear regression.

We know that Lg(ERM(S)) is small by definition, but when can we expect Lp(ERM(S))
to be small? The first big chunk of this course is about this question in particular.
There are several ways to analyze this; the classic way is by making sure we choose
an appropriate hypothesis class H. If H is too simple, you’ll never be able to learn
the pattern you're looking for, but if it’s too complicated, you’ll overfit and pick one
that seems good by chance, i.e. has good Lg(ERM(S)) but bad Lp(ERM(S)).

Figure 1.1 illustrates this trade-off for polynomial regression. This is similar to
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what you saw in your intro machine learning class; one of the things we’ll do in this
course is formalize this general intuition and prove theorems about it.

LY LY LY ® o 20
~~0 ~~0 <" ~C —~
/ ~ H NN ] ]
,' degree 0 ,' degree 1 ,' degree 2 ,’ degree 3 ,’ degree 4
01 train 1.85|| ! train 1.71|| 7/ train 0.61|| 1 train 0.23|| 1 train 0.15
| test 1.16)| |° test1.22)| |° test 0.40)| | test 0.34)| |/ test 0.39
. o ° o °_o oo o o
-~ e -~ ° -~ ¢ -~ 4 -~ R
o/ - Sa o - S [l - Sa c"’ Sa 5 IR
24 / AN 1/ N4/ N ]/ XN 17 AU
I/ ‘ \.\x D I/ ‘ \.\\ N I/’ \ \:\ D I’/’ X \:.\~ II’. \ \1\\
,' degree 5 ,' degree 6 ,' degree 7 ,’ degree 8 ,’ degree 9
0 "l train 0.15 "l train 0.14 ',l train 0.08 "l train 0.08 "l train 0.07
° test 0.39 ° test 0.40)| |/ test0.77)| |/ test 0.66)[ |/ test 3.08
) [ R | R ? 0 9 ¢
A~ I~ I~ PLES ~~U0
1,;' ~ A\ l,," N \ o," ~ A o "h\ 4;" '4»\
24 O e N 1S Mo | T K N 1Y N
I’P L { ‘\\\ II, | \\\ I’} | \\\ I/D 1 \\\ I/v ! \\\
] ] ] ' |
f degree 10 f degree 11 f degree 12 I degree 13 I degree 14
0 A train 0.02 7/ train 0.02|| 71 train 0.02|| train 0.01|| train 0.00
¥ test 67.43)| |  |test105.84)| |°  |test131.03) |?||test43,914.31|| | f|test 778,473.09
-1 0 1-1 0 1-1 0 1-1 0 1-1 0 1

(a) Polynomial regression, h(x) = wy + w1 X + wyx? + - -- + wixk, for increasing k, to data
points shown in blue. ERM fits are in orange; dashed black lines show E[y | x], a cubic
function. Text gives mean squared error for training and testing sets.

3.0
— training
—— testing
==~ lirreducible error

2.5

mean squared error
- g
[ =}
L L

g
o
L

0.51

T T

0.0 T T T T T
6 8 10 12 14 16
polynomial degree

(b) Training and test errors from Figure 1.1a.

Figure 1.1: Underfitting to overfitting as H gets bigger.

1.4 ERROR DECOMPOSITIONS

Here’s some standard terminology to know to formalize that intuition. For any
estimator hg € H (not necessarily just the ERM), we can write

Lp(hs) = Lyages = Lp(hs) — inf Lp(h) + inf Lp(h) — Lygyes -
p(hs) bayes p(hs) heH p(h) heH D( ) bayes
~—_———— ——
excess error . . . .
estimation error approximation error

The excess error is how much worse you are than the irreducible error Ly, also
called the Bayes error or the error of the Bayes predictor (see A1 Q2 for more).
No predictor, no matter its form, could do better than this: there’s just inherent
noise in the problem. The general ¢(h, z) form unfortunately doesn’t make this

9



CPSC 340 used to use

“approximation error” for the
generalization gap,

Lp(h) — Lg(h). This was a
nonstandard use; it’s been
changed now in 340, and
you should wipe it from your
memory. :)

If you aren’t familiar with
inf, it’s like min but makes
sense even if there isn’t a
minimizer (it’s the largest
lower bound). For example,
infyerx>0 X = 0 even
though 0 isn’t in that set.
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easy to define (the domain is H), but for [,(9) we can say something like Lygyes =
infh:X—>)> measurable ly(h(x))

The estimation error, also called the statistical error, is the error that comes about
from using your algorithm hg rather than picking the best possible predictor in H.
As m — oo, this should (ideally) go to zero.

The approximation error doesn’t (directly) depend on the number of samples you
see: it’s a function only of how well your hypothesis class H can do, regardless of
estimation.

For example, in the polynomial regression case of Figure 1.1, using a H of linear
functions results in some approximation error, but not much estimation error
(because linear functions are easy to fit). Using a H of degree-fifteen polynomials has
zero approximation error (it contains the Bayes predictor) but really high estimation
error (too many parameters to fit).

Intuitively, as H gets “bigger,” approximation error decreases but estimation error
increases. Usually, approximation error is pretty problem-specific, but we’ll see at
least a few examples of formal analyses of it later in the course. First, we’ll think
about estimation error bounds.

1.4.1 ERM estimation error

Our usual basic way to prove when ERM generalizes well is to take the following
decomposition, where we compare the loss of fig to the loss of some arbitrary
comparator hypothesis h* € H. Note that we’ll usually think of h* as being roughly
the best predictor in H, but we don’t require that, since it might not exist if H is
infinite; instead we’ll start by just comparing to any arbitrary predictor.

Lp(hs) - Lp(h*) = Lp(hs) — Ls(hs) + Ls(hs) — Ls(h*) + Ls(h*) ~Lp (k")

0 0
= (Lp(hs) - Ls(hs)) + Lg(hs) - Ls(h*) +(Ls(1") - Lp("))
= >’

<0: f15 minimizes Lg

< Lp(hs) - Ls(hs) + Ls(h*) = Lp(h") . (1.5)

A: hig’s overfitting B h"’s “underfitting”
So, if we can bound A and B, then we can say that hg isn’t too much worse than h".

Now, as long as our bound on B doesn’t depend on the particular choice of h*, then
this implies that
Lp(hg) — inf Lp(h) < A + B.
heH
The next few weeks will be denoted to bounding A + B, how much worse g is than
the best possible thing in H.

10



2 ERM with finite hypothesis classes

In (1.5) we showed that, for any h* € H,

Ln(is) - Lo(h") < (Ln(s) - Lsis)) + (Ls() = Lo(")}

We’d like to bound these two terms, which would then give us a bound on how much
worse fig is than h*, the best thing ERM could have done. The first thing to note,
though, is that anything with an S in it — so everything above except for Lp(h*) -
depends on the draw of the random training set S. It’s possible that we could get
some ridiculously unlikely training set where everything behaves nonsensically. So
we’ll need to do some kind of probabilistic bound.

Let’s now try to study that formally.

2.1 ESTIMATION ERROR: ASYMPTOTICS

Let’s start with the second term from (1.5):
1 m
Ls(H") ~ Lp(l') = — ;ah z)~ E 0, 2).

Remember that the only thing that’s random here is S = (z,..., z,,,), since h” is just

M
some fixed hypothesis. So, we can frame this as % Y R;, where the R; = (K", z;)
i=1
are iid random variables with mean E €(h7, z;) = Lp(h). The law of large numbers
m
therefore guarantees that as m — oo, % Y R; converges (almost surely) to Lp(h+),
i=1
and so this term in the bound converges to zero.
In fact, for many H and ¢, the other term will also have the same property, implying
(if h* is a minimizer of Lp) that Lp(hg) — Lp(h*). Various formalizations of this last
property are called consistency, and it’s a nice property to have: eventually, your
learning algorithm works as well as it could have. One problem with this notion,
though, is that this is all it tells you. There’s no guarantee about what happens with
m = 1,000, or when going from m = 1,000 to m = 1,000, 000, or anything at all
other than “eventually it works.”

A more precise analysis might use the central limit theorem. Let 0> = Var[R;]
m

and assume this is finite; informally, the CLT then says that % Y R; behaves like Formally, we'd write
i=1

m
N (0, 6%>/m). In fact, it’s often true that the first term is also asymptotically normal. ﬁ i;(Ri -ERj) -
This is a nicer result than before: it still doesn’t say anything particular for a finite m /\/(0,_02),
(maybe the CLT takes a long time to kick in), but it tells us a lot about the asymptotic
behaviour, including both its limiting value but also roughly how much variation

11



You can check the wiki page
for a formal definition of Op,
but it roughly means “with
any constant probability, a
sequence of sampled random

variables is O(1/4/m).”

2. ERM WITH FINITE HYPOTHESIS CLASSES

we can expect around that value.

It can be tough to find these exact limiting distributions in general, though, and
they’re not always true (e.g. the one I didn’t state for the first term above has some
kind-of strict requirements on the way that h is parameterized). A similar but
somewhat looser style of bound is to say that the excess error is O,(1/ \/m), which is
implied by the CLT result above, but can also be much easier to show. Again, this
doesn’t imply anything for a finite m (just like how O analyses don’t say anything
for finite input size on your algorithms), but they do say things like, for reasonably
large m, observing four times as much data should roughly halve your excess error.

The most preferred kind of result, though, is usually one with explicit constants:
something like

) . ) 2 |H| + 1
Yo > 0. Pr |Lp(hg)— inf Lp(h) < 4/ —1 >1-9
x| Lolhs) = Inf Lp(h) < 4/ log —¢ ]—

or, where B is a problem parameter,

E Lp(hg) < inf L (h)+,/8—B2
sopm PVUS) = ey P m

These results give you a rate, but also apply to any m, not just eventually. (They
might not be meaningful for small m, though; if you’re using 0-1 loss, it’s not very
helpful to say the excess error is less than four!)

2.2 UNIFORM CONVERGENCE, BOUNDED LOSS

We're first going to assume that €(h, z) € [a, b] for all h, z; usually a = 0 (but it won't
hurt us to be more general), and e.g. for the 0-1 loss we have b = 1. For something
like the square loss, it isn’t “automatically” bounded, but it might be depending on
‘H and D; we’ll discuss this later.

Recall that we have two things to bound in (1.5):

Lo(s) - Ls(hs) = E (s, 2) = tlhs, ) (A
i=1
and .
Ls(h) = (i) = - ) €0, 2) ~ B €(,2) ®)

i=1

As we discussed, (B) is an average of iid random variables. We can bound this with
the following form of Hoeffding’s inequality, which we’ll prove soon:

ProrosiTioN 2.1 (Hoeffding, simple form). Let (Xy,..., X,,) be independent with mean

12
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2. ERM WITH FINITE HYPOTHESIS CLASSES

_ m
wand almost surely bounded in [a, b]. Define X = = Y X;. Then

i=

,_.

log(1/

Pr{X<u+(b-

2m

X>p—(b- 1/10g )>1—

0] R

Pr

Pr |§—}A|S(b—a)

2m

Applying this to the random variables X; = ¢(h", z;) handles the bound for (B).

It’s tempting to also try to apply this result directly to (A), which would then
complete our bound and everything would be really simple. The problem is that
the €(hs, z;) aren’t independent! The choice of hg depends on all of S, i.e. on all of the
other z;, so K(fts, z1) and €(IA15, z,) are not independent.

So, how can we bound this? The most common way is called uniform convergence.
The idea is, if we know that Lp(h) — Lg(h) is small for all h € H, then it’ll be small
for hg, no matter how we pick it — since it’s something in . That is, if we know that

sup Lp(h) — Lg(h) < ¢
heH

then we also have that Lp(fig) — Ls(hs) < €. Or, stating it another way,
Pr (Ls(hs) - Lp(h < Pr (3 . Lg(h) - Lp(h) > ¢), 2.1
Pr (Ls(hs) = Lp(hs) > ¢) < Pr (AheH. Ls(h)-Lp(h)>o),  (2.1)

and so bounding the right-hand side bounds the left-hand side.

How can we bound that?

2.3 FINITE H

To start, we’ll make a kind of drastic assumption: that H is finite, i.e. we’re only
considering |H|, say 500, possible hypotheses.

ProposITION 2.2. Suppose {(z, h) is almost surely bounded in [a, b], H is finite, and hg
is any ERM in H. Then for any 6 > 0, with probability at least 1 — & over the choice of
S ~ D™ it holds that

N Hl+1
Li(hs) - min Lp(h) < (b a)y] = log "

Proof. For any hypothesis h, we can allow it a “failure probability” of &/(|H| + 1) in
Hoeffding’s inequality:

SPém Lp(h) — Lg(h) > (b —a) L log

|H|+1) &
<
2m

T H+ 1
If we do this for each hypothesis h € H, we know that the probability of each

particular h being bad is low. We then want to combine them into the probability
that anything is bad; we can do this with a union bound.
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This fact is really useful.

2. ERM WITH FINITE HYPOTHESIS CLASSES

Lemma 2.3 (Union bound). For any two events A and B, Pr(A U B) < Pr(A) + Pr(B).

Combining all of them together, the probability that any h happens to look way
better than it is can be bounded as

1 |H|+ 1 )
Sflr)m [3h € H. Lp(h)—Lg(h) > (b-a) %log 5 ) <|H| SR

But we’ll also need the other direction for (B): 4" in particular doesn’t look way
worse than it actually is. Giving it the same failure probability to make things nice,

TH|+ 1

. . 1 |H| + 1 o
SFéﬂ((Ls(h )—Lp(h*) > (b—a) P log ] <

Now, if (A) < €4 and (B) < e, then (1.5) tells us that Lp(fig) — Lp(h*) < (A) + (B) <
ea + €g. Using another union bound,

) * 1 H+1 IS
Sggm[LD(hs) Lp(h*) > (b-a) 2mlog 5 +(b—-a) 2mlog 5

= Fém[LD(fzs)—LD(h*)>(b—a) %log 'HlT”]
M 1
& =06 0O
STHI+1 T H 1

Another way to state Proposition 2.2 is that with m samples, we can achieve excess
2
error at most € with probability at least (|H| + 1) exp ( b a) )

Or, alternately, we can say that we can achieve excess error at most € with probability

2=’ 1 11

at least 1 — o if we have at least samples.

2.3.1 Is this finiteness assumption reasonable?

Every H we use in practice is finite. Our models are represented on a computer with
bounded memory, so we consider no more than 2max number of bits by otheses.

On the other hand, |H| might be really large. Typical vision CNNs are around a
few hundred megabytes: 100 megabytes is 800,000,000 bits, and log(|H| + 1) =
log 2800:000,000 — 800, 000, 000 log 2 ~ 554,517,744 is quite big. For 0-1 loss, this
would mean that for our bound to show that ERM learns a 100-MB network even to
within an extremely loose € = 20% additive error with probability at least 1 -6 = 50%,
we’d need

2 1
m > == (log(171+ 1) + log 5= ) ~ 50 (554 million + 0.7) ~ 28 billion.

100 MB is a relatively small model these days (ViTs are usually a few gigabytes),
and 28 billion is a lot of samples.

But the union bound we did over H ignores all structure in H. If we change just one
parameter by 0.00001, then we’re treating the error of that new hypothesis totally
separately, when in reality those two errors are tightly correlated. We’ll approach
that soon, with various techniques that will also allow us to handle H with infinite
size; but first, we’ll go back and prove Hoeffding’s inequality.
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3 Concentration inequalities

We’ll now prove Hoeffding’s inequality (Proposition 2.1), and learn a bunch of useful
stuff along the way.

3.1 MARKOV

We’ll start with the following surprisingly simple bound, which turns out to be the
basis for just about everything:

ProrosiTION 3.1 (Markov’s inequality). If X is a nonnegative-valued random variable,
then Pr(X > t) < + EX for all t > 0.

Proof. We know X > 0. We also know, if X > ¢, then X > t. Combining those two
statements, we can write X > t 1(X > t). Now take the expectation of both sides of
that inequality, giving EX > t E1(X > t) = t Pr(X > t). Rearrange. O]

This was actually proved by Markov’s PhD advisor Chebyshev. Luckily, though,
Chebyshev has another inequality named after him:

ProposITION 3.2 (Chebyshev’s inequality). For any X, Pr(X -EX| > ¢) < :—2 Var X.

Proof. (X —EX)? is a nonnegative random variable; applying Markov gives Pr((X —
EX)? > t) < %E(X — E X)2. Change variables to t = 2. O

Equivalently, with probability at least 1 — o, |X - EX] < \/\W.

Let’s consider iid X, ..., X,,, each with mean p and variance 2. Then the random
variable X = % f X; has mean p and variance o?/m, so Chebyshev gives that
'Y - ],1| < G/\/m_é.lr}lhis is O,(1/4/m), as expected, so sometimes this is good enough.

But the dependence on 0 is really quite bad compared to what we’d like. For
instance, if the X; are normal so that X is too, then in (3.2) below we’ll obtain

X-p< % 2log 3. To emphasize the difference:

) ‘0.1 0.01 0.001 0.0001 0.00001
1/V6 3.2 10.0 31.6 100.0 316.2

J2logli |22 30 37 4.3 4.8

Chebyshev’s inequality is sharp, meaning that it can be an equality in certain cases;
this happens for random variables of the form Pr(X = 0) =1 -9, Pr(X = 1/V8) =
Pr(X = —1/\/5) = 1§, This X has mean 0 and variance 1, but it still has a big
probability of being really far from zero. “Typical” random variables, like Gaussians,
don’t look like this. So here’s another analysis that takes this into account.

15



3. CONCENTRATION INEQUALITIES

3.2 CHERNOFF BOUNDS

Perhaps the most useful category of results are called Chernoff bounds; they’re
based on
Pr(X > EX +¢) = Pr(e** 5% > ¢}¢) < g M MXEX), (3.1)

where we applied Markov to the nonnegative random variable exp(A(X — E X)) for
any A > 0.

The quantity My ()) = E e**EX) is known as the centred moment-generating func-
tion; recalling that e = 1+t + t2—2, + 2—3, +--- and writing p = E X, we have
Mx(A) = Ee*X W =1 + AE[X - p] + }\—ZIE[(X— )] + }‘—SE[(X— )]+

So, taking the kth derivative of the centred mgf and then evaluating at A = 0 gives

M(0) = B[(X - p)t].

ProPOSITION 3.3. If X ~ N (1, 02), then E eMX—H) = 210,
Proof. Let’s start with X ~ A/ (0, 1). We can write

1,2
e 1% M dx

E
X~/\/’(01 \/ﬁ

_1 2 2
x+>\x 2)\+ A dx

Jm

since the last integral is just the total probability density of an N(A, 1) random
variable. To handle Y = N (p, 0%), note that this is equivalent to oX + p, so

AMY-EY) _ MoX+p=E(oX+p) _ ,M0X) _ ,(A)X _ e%clxz. 0

Plugging Proposition 3.3 into (3.1), for X ~ N (y, 6?), it holds for any A > 0 that
Pr(X>p+e¢)<e “Mepr0N,

The value of A only appears on the right-hand side, not the left. So we might as
well find the best value of A to use: the one that gives the tightest bound. Let’s
optimize this in A: noting that exp is monotonic, we can just check that %02 A% - e
has derivative 6?\ — ¢, which is zero when A = ¢/6? > 0. (And this is indeed a max,
since the second derivative is 6* > 0.) Plugging in that value of )\, we get the bound

Pr(X > p+e¢) <exp (—28—;2) (3.2)

Equivalently, X < pu + 0,/2log % with probability at least 1 — o.

3.3 SUBGAUSSIAN VARIABLES

In fact, the only place we used the Gaussian assumption in this argument was in
that E e*X-EX) < ¢389° S0 we can generalize the result to anything satisfying that
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3. CONCENTRATION INEQUALITIES

condition, which we call subgaussian:

DEerINITION 3.4. A random variable X with mean p = E[X] is called subgaussian

with parameter ¢ > 0, written X € SG(0), if its centred moment-generating function
E[eMX-M)] exists and satisfies that for all A € R, E[eX-1] < e2V'o,

As we just saw, normal variables with variance ¢? are SG(c). Notice also that if
01 < 03, then anything that’s SG(o0;) is also SG(0,).

ProrosiTiON 3.5 (Hoeftfding’s lemma). IfPr(a < X <b) =1, Xis SG (%)
Proof. See Section 3.3.1; we’ll probably skip this in class. O

Here are some useful properties about building subgaussian variables:

ProrosITION 3.6. If X € SG(07) and X, € §G(0,) are independent random variables,
then Xl + X2 € Sg(\lﬁl + (5%)

Proof. E[eMXi+Xe-EIXi+X])] = E[eMX-EX) ] E[eAMX2~EX2)] by independence. Bound-

2
142 2 2
X 01 ezxZGz _ ez)\ (\/01+02) D

ing each expectation, this is at most e2

ProrosiTION 3.7. If X € §G(0), then aX + b € SG(|a| o) for any a, b € R.

PTOOf. E[e}\(aX+b—IE[uX+b])] — E[e(ak)(X—IEX)] <e (uk) e%}\z(|a|o)2. 0

ProrosiTiON 3.8 (Chernoff bound for subgaussians). If X € SG(o), then Pr(X >
IEX+E)<exp( )fors>0

Proof. Exactly as the argument leading from (3.1) to (3.2). O

Since —X is also SG(0) by Proposition 3.7, the same bound holds for a lower de-
viation Pr(X < EX —t). A union bound then immediately gives Pr(|X - pt| >t) <

2exp (—;—;2)

ProrosiTioN 3.9 (Hoeffding). If X,..., X,, are independent and each SG(o;) with
mean y;, for all e > 0

1 v« 1 v m?e?
EZXiZEZMi+E]SeXP_ |
i=1 i=1 2 Z 0;
i=1
m m
Proof. By Propositions 3.6 and 3.7, % Y X; €86 (% ) Gf). Then apply Proposi-
i=1 i=1

tion 3.8. O

If the X; have the same mean p; = p and parameter o; = o, this becomes

1 v« me .
[E Z > Pt 8] < exp( 72 ) (Hoeftding)
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Wikipedia’s proof is similar,
but I think a little less clean.
Other proofs are based more

explicitly on convexity, but
use either opaque changes of

variable [SSBD14, Lemma
B.7] or compute some pretty
nasty derivatives [MRT18,

Lemma D.1]. There’s also a

proof strategy based on
“exponential tilting” (see
[BLM13, Lemma 2.2],
[Rag14, Lemma 1], or
[Wail9, Exercise 2.4])
which is quite related but
just overall a little more
annoying. There are also
proofs based on
symmetrization (see [Wail9,
Examples 2.3-2.4] or
[Rom21]), which are nice
but (a) have a worse
constant and (b) require
symmetrization, which is an
important idea we’ll cover
soon but kind of hard to
understand.

You can interchange this

derivative and expectation,
but it’s trickier to prove than
usual, requiring e.g.
Theorem 3 here.

3. CONCENTRATION INEQUALITIES

which can also be stated as that, with probability at least 1 — 9,

! ix <P+ 04/ 2 log1
- 1 - )
m i— m 0

The form of Hoeffding we saw before, Proposition 2.1, follows immediately from
Proposition 3.5 and (Hoeffding’).

(Hoeftding’)

3.3.1 Proof of Hoeffding’s lemma

This proof roughly follows Zhang [Zhang23, Lemma 2.15].

Lemma 3.10. Let X ~ Bernoulli(p). Then X is SG(1/2).

Proof. The logarithm of the (uncentred) moment-generating function of X is
P(A) = logE e = log((l —p)e® + pe}‘).

This has derivatives

Vo pe
Y= e s e
A A2
Wy = — P Py -y,

T (1-p)ed+per ((1 - p)e® + per)

Since the function x(1 — x) has maximum 1/4, {”(A) < 1/4. By Taylor’s theorem (in
the Lagrange form), for any A there exists some & such that

DY)

1 1
P(0) +A P'(0) +5 A% P(E)) < Ap + A%
0 p <1/4
Thus the centred mgf satisfies

EeMXEX) — oA oAX < p=AP (6}‘p+%xz) — o3V
ProrosiTiON 3.5 (Hoeffding’s lemma). IfPr(a <X <b)=1, Xis SG (%)

Proof. Using (X — a)/(b — a) and Proposition 3.7, we need only consider a = 0, b = 1.

Let f(\) = Ee*X be the (uncentred) mgf of X, and g()) = (1 — p)e® + pe* that of a
Bernoulli(p) variable, where p = EX. For A > 0,

d ax
E|—

]

using in the inequality that A > 0 and 0 < X < 1. and that 0 < X < 1. The same

steps give f’(A) > g’(A) for A < 0. As f(0) = 1 = g(0), it follows that f(A) < g(})
everywhere. The conclusion follows by Lemma 3.10. O

Fi0 = S Ele

] E[XeM] < E[Xe'] = pet = g'(M),
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4 PAC learning; infinite H

Recall that we previously showed Proposition 2.2:

ProPOSITION 2.2. Suppose {(z, h) is almost surely bounded in [a, b], H is finite, and hg
is any ERM in H. Then for any 6 > 0, with probability at least 1 — & over the choice of
S ~ D™ it holds that

. |H|+1
Lp(h Lr(h) < (b-
p(hs) - f;g} p(h) < (b-a) pn log 5

Another way to state this result is that with m samples, we can achieve estimation
error at most € with probability at least 1 — (|H| + 1) exp( T Z) )

Or, alternately, we can say that we can achleve estlmatlon error at most ¢ with
probability at least 1 — 6 if we have at least 2%5%° 1o 0g —— |Hl+ samples. This last way
establishes the sample complexity of learnlng to a given estlmation error € with a

given confidence 1 — .

4.1 PAC LEARNING

This last statement corresponds to one of the standard notions of learnability. Here,
we’re going to use a general idea of a learning algorithm as some function that takes
asample S € Z” (the set of sequences of any length from Z) and returns a hypothesis
in ‘H.

DEerINITION 4.1. An algorithm A : Z* — H agnostically PAC learns H with a loss €
if there exists a function m : (0,1)?> — N such that, for every ¢, 6 € (0, 1), for every
distribution D over Z, for any m > m(g, 9), we have that

Pr (Lo(A(S) > inf Lp(h) + ) <,
oot \Lp(AS) > inf Lp(h) +
where the randomness is both over the choice of S and any internal randomness in
the algorithm A. That is, A can probably get an approximately correct answer, where
“correct” means the best possible loss in H.

If A runs in time polynomial in 1/¢, 1/, m, and some notion of the size of h*, then
we say that A efficiently agnostically PAC learns 'H.

DEerINITION 4.2. A hypothesis class H is agnostically PAC learnable if there exists an
algorithm A which agnostically PAC learns H.

So, ERM agnostically PAC-learns finite hypothesis classes, with the sample complex-
ity m(g, 0) = (b—a log *—=— |H|+1 . Notice that in the definition of agnostic PAC learning,

there’s no hmltatlon on the distribution - there needs to be an m(¢, ) that works for
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A1 Q4 was partly about this
setting.

This version is the

“privileged” version that
doesn’t need a modifier
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first [Val84].

The emphasis here on “how
many samples for a given
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TCS-style framing, whereas
statisticians more often ask
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all equivalent.

This is more convenient
than Y = {0, 1} here. ..

You usually want an
intercept term, w - X + wo,
but you can achieve that by
padding x with an
always-one dimension.

4. PAC LEARNING; INFINITE H

any D. Proposition 2.2 satisfies this, but in general, it’s an extremely worst-case kind
of notion.

Often it’s nicer to think about cases where we can make some assumptions on D.
For example, maybe the number of samples you need depends on “how hard” the
particular problem is. We’ll talk about this more a little later in the course. For now,
it’s worth mentioning one common special case:

DerINITION 4.3. Consider a nonnegative loss ¢(h, z) > 0. A distribution D is called
realizable by 'H if there exists an h* € H such that Lp(h*) = 0.

DeriniTION 4.4. An algorithm A : Z* — H PAC learns H with a loss ¢ if there
exists a function m : (0,1)?> — N such that, for every ¢, § € (0, 1), for every realizable
distribution D over Z, for any m > m(¢, 0), we have that

Pr (Lp(A(S)) >¢) <9,
(P (Lp(A(S)) > )
where the randomness is both over the choice of S and any internal randomness in

the algorithm A. That is, A can probably get an approximately correct answer, where
“correct” means zero loss.

If A runs in time polynomial in 1/¢, 1/, m, and some notion of the size of h*, then
we say that A efficiently (realizably) PAC learns H.

DeriniTION 4.5. A hypothesis class H is PAC learnable if there exists an algorithm A
which PAC learns H.

Sometimes people say “realizable PAC learnable” or similar, to emphasize the
difference versus agnostic PAC. The name “agnostic” is because the definition doesn’t
care whether there’s a perfect 4* or not. (Notice that if A agnostically PAC learns H,
then it also PAC learns H.)

If you read [SSBD14] or other work by computational learning theorists, there tends
to be a lot of focus on just being learnable versus not being learnable. That problem
has been solved, though, as we’ll see not too much later in class; recent work focuses
much more on rates than on just learnability or not, and tends to be willing to make
some assumptions on D rather than either being totally general or assuming only
realizability.

We’ve shown that anything finite is agnostically PAC learnable. That’s only an upper
bound, though; it doesn’t mean that infinite things aren’t learnable. Which is good,
because that’s what we usually want to learn!

Lemma 6.1 of [SSBD14] gives a really simple example of realizably PAC learning an
infinite class, if you’re curious to see that style of proof. I tried to do an agnostic
version of that, but it was more complicated than I hoped, so let’s do something
more interesting instead.

4.2 COVERING NUMBER BOUNDS

In logistic regression, our data is in a subset of R?, our labels are in ) = {-1, 1} and we

try to predict with a confidence score in J = R. Our predictors are linear functions
of the form h,(x) = w - x, and the logistic loss is given by

Clog(h, (x,9)) = 1% (h(x)) = log(1 + exp(~h(x)p)). (4.1)
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We'll use the hypothesis class H = {h, = x > w-x : w € R?, ||w|| < B} for some
constant B; this avoids overfitting by using really-really complex w, and is basically
equivalent to doing L,-regularized logistic regression (we’ll talk about this more
later). This H is still infinite, but it has finite volume.

Now, our analysis is going to be based on the idea that if w and v are similar
predictors, i.e. h,,(x) = h,(x) for all x, then they’ll behave similarly: Lp(h,) = Lp(h,)
and Lg(h,) ~ Lg(h,). Thus we don’t have to do a totally separate concentration
bound on their empirical risks; we can exploit that they’re similar.

The fundamental idea is going to be one of a “set cover,” or an “e-net.” To handle
an infinite H that’s nonetheless bounded, we’re going to choose some finite set H,,
such that everything in H is close to something in H, use Proposition 2.2 to say that
Lp(h)—Lg(h) isn’t too big for anything in H,, and then argue that since Lp(h) — Lg(h)
is smooth, this means it can’t be too big for anything in H at all.

Figure 4.1: A (non-minimal) set cover.

4.2.1 Smoothness: Lipschitz functions

To formalize the idea that similar weight vectors give similar loss, we’ll want a
bound like

ILp(h) = Lp(g)l < M py(h, 8),
for some notion of a distance metric on H. This is called a Lipschitz property.

DEerINITION 4.6. A function f : X — ) is M-Lipschitz with respect to py and p,,
if for all x,x” € X, py)(f(x), f(x')) < Mpy(x,x’). The smallest M for which this
inequality holds is the Lipschitz constant, denoted ||f||Lip.

If X and/or ) are subsets of RY, p is Euclidean distance unless otherwise specified.
So, for example, x + |x| is a 1-Lipschitz function, since ||x| - |y|| < |x - yI.

The notation ||f||Lip is justified by the following result. If you’re not sure about
function spaces / norms / etc, don’t worry about it (we’ll come back to this later in
the course); the takeaway is the two properties shown in the proof.

Lemma 4.7. Consider a vector space of functions X — Y, where Y is a normed space,
such that f + g is the function x & f(x) + g(x) and af is the function x — af (x). ||llLip
is a seminorm on this space with respect to ||- —-||y.

Proof. There are two properties to show. First, subadditivity (which implies the

21



4. PAC LEARNING; INFINITE H

triangle inequality):

[1f () + 8(x) = f(x') = g(x)

+ .= su
||f g||L1p x;t}; pX(x, x/)
IIf (x) - f(x llg(x) — g(x)]|
<su + in t ;
ey px(x, x’) Pr(x, X) < Wlip + Ngluip-
Second, absolute homogeneity:
llaf(x) = af (N _ Iﬂl IIf (x) = f(x')]]

a =su O]
| f”Llp x:mlc) pX(x, x’) x:tx' p)((xf x’) = lal ”f”Llp

It isn’t a proper norm because ||x — al|y;, = 0 for all constant functions.

So, what is [|[Lp|l ;p? When z = (x,y) and £(h, (x,y)) = I, (h(x)), we have

[Lp(h) — Lp(g) =

E Uh2)- E ((g,2)

< E |t(h,z)-£€(g 2)|
z~D

=B, |1y (h(x)) = 1,(g(x))|

< (X’ﬁplllyllup py(h(x), g(x)). (4.2)

So, in particular settings we want to find ||l},||Lip and bound p))(h(x), g(x)) in terms

of some notion of similarity between h and g.
For the first problem, since for logistic regression l;‘)g : R — R, this result will help:

LemMma 4.8. Let X C R be a connected, closed set. If a function f : X — R is continuous
and differentiable everywhere on the interior of X, ||f||Lip = sup,ey If'(x)

Proof. We apply the fundamental theorem of calculus:
x x x
|f(x') = f(x)] = ff’(x)dx < flf’<x>| dx < fnfnup dx = ||fllsp |¥' = %[ O
X X X

We won’t need this today, but it’s worth noting that if X C R, the same proof idea
gives us that || fll;, = supex IVf ()l

llog

<1

Lemma 4.9. Forany y € {-1,1}, L
1p

Proof. l;Og is differentiable everywhere on R, and so using Lemma 4.8,

T+ exp(—99) exp(—y}?)(—y)‘

:‘ exp(-yy)  exp(yy “ | =
1+exp<—yﬁ> exp(y9)

114 e
' <y>’ - ]d—y log(1 + exp(—yy))\ _ \

1
1 +exp(y9)

<1 c

22



4. PAC LEARNING; INFINITE H

Plugging into (4.2), we get

Lo(h) = Lp(h) < E 11y 1 1) = o (01

That is, if the predictions are similar, the losses are too. We can further say that if w
and v are close, then their predictions are similar:

(%) = hy(x)| = [w - x —v- x| = [(w =) - x| < |lw = v][[|x]

by Cauchy-Schwarz. Thus
Lp(h,)—Lp(h,)| <| E Ll v,
| D( w) D( v)| = ((x,y)~D||x”” y”L1p)”w v”

giving that Lp is (E(x’y),\,p [|x]| ||ly||Lip)—Lipschitz with respect to py,(hy, hy) = |lw - v,

m
and similarly Lg is (% Y|l ||lyi||Lip)—Lipschitz. (We could repeat the argument
i=1

with empirical averages instead of I, but a slicker way is to note that Lg is exactly Ly,

for the empirical distribution Ds, the discrete distribution that puts 1/m probability
at each member of S.) Thus we know that

1 m
Lp—Lslltin < E x|l llLip + — xill 1y |Lip- 4.3
ILo = Lslip < E sl luip m;u I leip (43)

If we assume for simplicity that the distribution is bounded, Pr(,,,).p(|x|| < C) = 1,
and that ||/||L;p < M for each y (as with logistic loss, where M = 1), then Lp - Lg is
guaranteed to be (2CM)-Lipschitz.

4.2.2 Putting it together with a set covering

Now the question is: how big does H, have to be? We’ll use the following concept:

DeriniTION 4.10. An #j-cover of a set U is a set T C U such that, for all u € U, there
isat e T with p(t, u) < n. The covering number N(U, 1)) is the size of the smallest
n-cover for U.

We want to cover Hg = {h,, = (x = w - x) : [[w|]| < B} with the metric p(hy, h,) =
|lw — v||. We can immediately construct this kind of cover if we have a cover for the
Euclidean ball of radius B. Section 4.2.3 bounds how big this cover needs to be:

Lemma 4.11. Let € (0, B] and p € [1, co]. The covering number of the radius-B p-norm
ballin RY, U = {x e R¥ : lIxll, < B}, satisfies

d d d
(E) SN(U,n)S(§+1) s(ﬁ) .
1 n l

(When > B, trivially N(U,n) = 1.)
We now have all the tools we need for the following result about linear models with

bounded Lipschitz losses.

ProrosiTioN 4.12. Let h,(x) = w-x and H = {h,, : ||w|| < B} for some B > 0. Consider
aloss €(h, (x,v)) = L,(h(x)) for functions I, : R — R which each have Lipschitz constant
at most M and are bounded in [a, b]. Assume that ||x|| < C almost surely under D. Then,
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with probability at least 1 — 9,

sup Lp(h) — Lg(h) < — [BCM + (b - a)\/logl + i 10g(72m)].
heM o 2

<‘

Proof. We'll first choose a 1-cover Hy = {wy, ..., wNﬂ} c {w e R? : |w|| < B}, where 1
is a parameter to be set later. Then, for any h € H, let nny (h) € arg minh,eHO p(h, 1),
using p(hy, h,) = ||lw—v||. Define the function A(h) := Lp(h) — Lg(h) for brevity.
Then

sup A(h) = sup A(h) — A(nn(h)) + A(nn(h))

heH heH
< sup[A(h) — A(nn(h))] + sup A(K)
heH h’EH()

< 2CMn+ sup A(K),
h/GHO

where the first term is because of (4.3) and H, being an n-cover.

The other term is uniform convergence over a finite hypothesis class H,, as in
Proposition 2.2. We can apply Hoeffding to each element of H, giving it a failure
probability of &N,, and obtain that with probability at least 1 — o,

sup A(h) < 2CM1+ (b — a)4/ L log &

<2CMn+ (b - a)\/ﬁ [log% +dlog %]

Now, we could try to exactly optimize the value of #, but I think we won’t be
able to do that analytically. Instead, let’s notice that if nis o(1/y/m), the first term
being smaller doesn’t really help in rate since the other term is 1/+/m anyway - but
choosing a smaller 1y makes the log }1—1 worse. Also, the dependence on 1 there is only

in a log term, so it’s probably okay-ish to choose 1 = a/+/m for some a > 0, giving us

3B\/_j

b-a
sup[Lp(h) — Lg( — |2CMa + —— \/lo +dlo
he?};[ p(h) = Ls(h \/_ NG g5 tdlog

Picking « = B/(2V2) and using log A = 1 log(A?) gives the desired result. O

For our motivating problem of logistic regression, M = 1, but there’s one catch: we
can use a = 0 but there isn’t an “inherent” upper bound for b. Given that we know
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||| < C and ||w|| < B, though, we have that |h(x)| = |w - x| < BC. Thus
¢(h, (x,v)) = log(1 + exp(—yh(x)) < log(1 + exp(BC)) =: b
{(h, (x,v)) = log(1 + exp(—vh(x)) > log(1 + exp(-BC)) =
b —a =1log(1 + exp(BC)) — log(1 + exp(—BC))

1 1 + exp(BC) y exp(BC))
= %8\ T 1 exp(—BC) ~ exp(BC)

1 BC
= log (e)(;j;—I():()-l-l) X exp(BC)) = logexp(BC) = BC. (4.4)

Plugging into Proposition 4.12 gives us that with probability at least 1 — 9, logistic
regression with bounded-norm weights on bounded-norm data satisfies

BC 1 d dlogm
sup Lp(h) — Lg(h) < —— 1+\/10 —+ —log(72m) | = 0O, | BC . (4.5
sup Lo(h) s()m[ g5 + 5 logl )} p[ \/m]u

Treating everything but m as a constant, the rate is O, (w/ log m) That +/log m factor This machinery is called

. . . .. ) “chaining”; we probably
is actually unnecessary, but getting rid of it with covering number-type arguments won’t cover it in class, but

requires some more advanced machinery. Instead, soon we’ll see a simpler way to ‘S/V?gﬂ;gsh; gﬁéi %bf:”i"”
show a O,(1/y/m) rate — in fact, a O,(BC//m) rate, also dramatically improving the overview,

dependence on d — that will also be very generally applicable.

ERM Bounp We only wrote this proof here for sup;,;, Lp(h) — Lg(h), but since the
loss is bounded, this implies exactly as in (1.5) an upper bound on the generalization
error of any ERM fig. Using the general result from Proposition 4.12 with probability
8/2, and plain Hoeffding with probability /2 on the Lg(h*) — Lp(h”) term, gives us

{BCM +(b- a)\/log % + glog(72m)l +(b—a)y/ ﬁ log %,

and using Va + b < va + Vb we can simplify to

BCM + (b — a)4/ % log(72m) + 2(b — a)4[log %l .

Specializing to logistic regression, we can plugin M =1, b — a = BC so that

Loths) - Loth) < 5 |- o S VTog72m + 21 3| =0, [ 1952,

(4.6)

Lp(hs) - Lp(h*) <

3-
3

Lp(his) — Lp(") < v%

A question for yourself here: does this imply that ERM agnostically PAC-learns
logistic regression?
MOoRE GENERAL VERSIONs We used the following properties about the problem:

* A bounded loss, to apply Hoeffding. This could be weakened in various ways,
e.g. another kind of subgaussianity, or other ways to show concentration for a
finite number of points.

* A Lipschitz loss. Some form of this is definitely necessary. You could poten-
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tially use a locally Lipschitz loss (where the constant varies through space),
but then you have to be more careful in bounding (4.3) or similar.

* A parameterization for H with a covering number bound. We framed this as
covering the parameter set for linear models, but you could use more general
notions of covering for H, as long as they’re compatible with the metric you
use for Lipschitzness in the previous part. This generality is often useful, e.g.
for nonparametric H.

4.2.3 Aside: Bounds on covering numbers
We’ll now prove our upper bound on covering numbers. Recall their definition:

DEerINITION 4.10. An 11-cover of a set U is a set T C U such that, for all u € U, there
isat € T with p(t, u) < n. The covering number N(U, 1)) is the size of the smallest
n-cover for U.

We'll also use packing numbers: how many balls can we squeeze into a set T?

DEerINITION 4.13. An 1-packing of a set U is a set T C U such that, forall t,t" € T
with t # t/, we have p(t, t’) > 1. The packing number M(U, 1) is the maximal size of
any 1-packing.

ProposITION 4.14. A maximally-sized n-packing T of a set U is also a n-cover of U.

Proof. Suppose there were some point u € U such that p(u,t) > nnforall t € T.
Then we could add u to the n-packing, producing a packing of size one larger; this
contradicts that T was maximal. O

We’re now ready to prove the result:

Lemma 4.11. Let € (0, B] and p € [1, co]. The covering number of the radius-B p-norm
ballin RY, U = {x e R¥ : lIxll, < B}, satisfies

d d d
(E) SN(U,r])S(§+1) s(ﬁ) .
n n l

(When > B, trivially N(U,n) = 1.)

Proof. By Proposition 4.14, we have that N(U, 1) < M(U, n); we’ll first prove the
upper bound on the packing number M. Let T be a maximal #-packing of the
B-ball U = {w € R? : |w|| < B}. Thus the open 1/2-balls centered at each t € T,
(weR?: ||lw- t|l, < 1/2}, are disjoint: if they weren’t, you could get from one ¢ to
another in distance less than 1, contradicting that T is an #-packing. These balls are
also all contained within the ball of radius (B + 1/2), since each [|t[|, < B. Thus

Zvol (fw e RY :flw - t]], < w/2}) < vol ({w € R? : |[wl|, < B+ 1/2}).

teT

But we know that the volume of a p-norm ball of radius R in d dimensions is RV,
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where V; = vol({w € R? : lwll, < 1}). Thus

(Y w3 <o 3

teT

d d d

2
SO M(U,H)S(§+1) :( B+”) g(ﬁ) ,
Ui il i

using at the end that 1 < B to get a simpler form.

For the lower bound, it holds for a minimal cover T of any set U that

vol(U) < vol [U{w Hlw =, < q}] < Zvol({w Hlw =, < 11}) = N(U, )V,
teT teT

where V,, = vol({w : ||w||p < 1}). Thus N(U, 1) > vol(U)/V;;. Plugging in for U being a

[I|l, ball in R?, we obtain the desired lower bound. O

A similar upper bound holds more generally for any finite-dimensional Banach

space, getting (4B/n)? [CS02, Proposition 5]. I don’t know about a lower bound I don’t know if the above
there. For infinite-dimensional Banach spaces, the lower bound is infinite [Isr15], so Proofs can be generalized or
to use covering numbers another setup is necessary. ot
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5 Rademacher complexity

Last time (Section 4.2) was our first time showing a uniform convergence bound,
one on supy,.y Lp(h) — Lg(h), for an infinite . We can then easily turn that into a
bound on the estimation error of ERM, Lp(hg) — infyey Lp(h), as in (4.6).

We’re now going to develop a technique that’s less intuitive, but will show a better
result (no +/d log m), is somewhat more general, and once you understand it can be
easier to use.

We’ll start with a bound on the mean worst-case generalization gap. That is, we’ll
show that
E supLp(h)—Lg(h) < e(m).
S~D" pey
This gives us, for instance, that if fls is an ERM then

E Lp(hs) = B[Lp(hs) - Ls(hs)] + E[Ls(fs) - Ls(h)] + E[Ls(h)] < Lp(H) + e(m).

~—
<e(m) =0 =Lp ()

We’ll use this to prove a high-probability bound on sup;,;, Lp(h) — Ls(h) in Sec-
tion 5.3.

5.1 A G-G-G-G-GHOST (SAMPLE)
Using that LD(I’I) = ES~D"’ Ls(h)Z

E supLp(h)—Lg(h)= E sup R Lg/(h) — Lg(h). S’ here is sometimes called a
S~D™ phen S~D™ pey S'~D™ “ghost sample.”

Now, we’ll exploit the following general fact:

Lemma 5.1. Let f, be a class of functions indexed by y, and X be some random variable. This should be intuitive,

Then when the expectations exist, once you think about it a bit:
if the optimization can see

what particular sample you

supE fy(X) < Esup fy(X). got, it can “overfit” better
y X Xy than if it has to optimize on
average.

Proof. For any y, we have f,(X) < sup,, f,/(X) by definition, no matter the value of
X. Taking the expectation of both sides, for any y, Ex f,(X) < Ex sup,, f,/(X). So it’s
also true if we take the supremum over y. O

Applying this, we see that

E supLp(h)-Lg(h) < E sup Lg(h)— Lg(h). (5.1)
S~D" pen S0 hen



Watch out that o; has

nothing to do with a
standard deviation or
subgaussian parameter o;
we’ll refer to the vector
(61,..., Om) as o, 0r G in
handwriting. Unfortunate,
but no option is great here.

This switch is allowed by
Fubini’s theorem as long as
E |supy, Ls/(h) — Lg(h)| is
finite, which is always true
e.g. for a bounded loss.)

This proof technique of

introducing a random sign
is called symmetrization.

supy f(x) + g(x) <
sup,, f(x) + sup, g(x’)

—o and o have the same
distribution

Renaming U to S

5. RADEMACHER COMPLEXITY

The right-hand-side of (5.1) is itself a natural thing to think about: how much does
anything in H overfit relative to a test set?

Now, S = (zy,...,2,) and " = (z{,...
from the same distribution. So, if we decided to swap z3 and zé, this would still be a
“valid,” equally likely sample for S and S’. Rademacher complexity is based on this
idea.

,z,,) are composed of independent samples

i, z)) ifo; =1
Notationally, let o; € {-1,1} for i € [m], and define (u;, u]) = (zi,2;) if o,
(z/,z;) ifo;=-1.
Then, for any choice of o = (0y,..., 0,,), we have
C(h, z]) = €(h, z;) = 0;(€(h, u]) — €(h, u;)).
So, for any value of S, S’, and o, defining U = (uy,...,u,) and U’ = (uy,..., u,,)

accordingly, we have

1 )
L () = Ls(h) = o ) oil€(h, uf) = €(h, 7))
1
Since this holds for any choice of o, it also holds if we pick them at random and
then take a mean over that choice. We’ll choose them according to a Rademacher
distribution, also written Unif(+1), which is 1 half the time and -1 the other half.
Thus,

sup 1 Z oil€(h, u)) - €(h, u;)]

her M =

E Lg(h)-Ls(h)=E E E
S,S'~Dm ﬁ,‘;}j s/(h) = Ls(h) ¢ 8,8'~Dm U, U’

S,S, c] )

Here we’re writing U and U’ as random variables, even though they’re actually
deterministic conditional on S, S/, and o. The marginal distributions of U and U’
are each exactly D™, though, the same as S and S’. So, it makes sense for us to switch
the order of the expectations. o | U, U’ is still just random signs; given ¢ and U, U’,
S and S’ become deterministic. This gives us

U, U, o

Dol up) — e(h, u)]

i

1
sup —

sup Lg/(h) — Lg(h) = sup
€

E E EE
S,S”"Dm hEH U,U’~Dm o S,S’

But...S and S’ no longer appear at all, so we can forget about that expectation on
the right. Continuing,

E_ supLs/(h) - Lg(h)

E Esup
$,8'~D" ey

UU~D™ 0 pey

% Dot ) = Clh,u)]

LY (o, u»l

+sup —
h’GHm i

1
sup — Zcié(h, u’)

her M

IA

E E
U,U'~D" o

i

Zcie(h, ul) +

i

) _aillhz)

1

1
E [Esup —

1
E Esup—
P UU~D" 0 pcqy M

UU~D™ @ ey M

i

1
Esup —

=2 E
S,5'~D" & g, M

12 B Rad((CoM)s).

We’re defining some notation at the end: { o H = {z +— {(h,z) : h € H} is a set of
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5. RADEMACHER COMPLEXITY

functions from Z to R, and F|g denotes {(f(z1),..., f(z,)) : f € F} CR™, so that
(o H)s ={(l(h,z1),...,€(h,z,)): he H} CR™.

DEerINITION 5.2. The Rademacher complexity of a set V. C R is given by Many sources define Rad
with an absolute value

1" oV around the sum. This is the
Rad(V) = E  sup— E 0V = E  sup—. more common modern
o~Unif(x1)" ey M 4 o~Unif(+1)" ,ey M definition, since it makes
i=1 some things nicer.

One way to think of it is a measure of how much a set V extends in the direction of a
random binary vector. Rad(F|s) measures how well F can align with random signs
on the particular set S, or equivalently how well it can separate a random subset of
S from the rest.

For intuition, it might be nice to compare to the closely-related Gaussian complexity
[BMO02], which uses 0 ~ N (0,1,,) instead of a Rademacher vector. That’s maybe
more natural to see as a notion of the size of a set: “if I look in a random direction,
how far do I get?” (Remember that the norm of a random Gaussian concentrates
tightly in high dimensions.) For Rademacher, “looking in any direction” versus
“looking along ‘binary’ directions” isn’t so different.

Finally, notice that nothing here depended on the structure of the actual functions
z+> {(h, z) € { o H, and so we’ve proved the following result for general function
classes (rather than just those of the form ¢ o H).

THEOREM 5.3. For any class F of functions f : Z — R, and any distribution D over Z
with S = (zy,...,z,) ~ D™, we have

E z)] - - Zf <2 E Rad(F[s).

S~Dm fef z~D S~Dr
In particular, in our standard learning setup,

— < .
JE, supLp(h) - Ls(h) <2 B Rad((¢ o 70)s)

5.2 PROPERTIES OF RADEMACHER COMPLEXITY

First, note that
1
Rad({v}) = —Eo-v=0:
m o

no matter the vector, a singleton set has no complexity. (In terms of generalization:
any given hypothesis is equally likely to over- or under-estimate the risk.)

On the other extreme, for the vertices of a hypercube,
m
Rad({-1,1}") = Esup Z =1.
i=1

As we’ll see later (Proposition 6.1), this is highly related to considering the complex-
ity of the hypothesis class of all possible {1, 1}-valued functions; if we tried to do
ERM in the set of “all possible classifiers,” we’d get that the expected zero-one loss
is < 1. Exciting!
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5. RADEMACHER COMPLEXITY

Letting ¢V = {cv : v € V} for any ¢ € R, we have that

Rad(cV) = ZEsupo (cv) = —]Esup|c| (sign(c)o) - v = |c|Rad(V) (5.2)
% vev % pev

since sign(c)o has the same distribution as o.

For V+ W ={v+w:veV,we W}, also called the Minkowski sum, we get

1 1 1
Rad(V+W) = —Esupo:(v+w)=—Esupo- v+—Esup0 w = Rad(V)+Rad(W).
mo ve\\//v mo yey m o yew
we

Combined with the fact that Rad({v}) = 0, this means that translating a set by a
constant vector doesn’t change its complexity.

5.2.1 Talagrand’s contraction lemma

How do we compute Rad(¢ o H|s) for practical losses and hypothesis classes? The
first key step is usually to “peel off” the loss, getting a bound in terms of Rad(H]s ).
We can do that with the following lemma, which is also very helpful for bounding
Rad(H) for H that are defined compositionally, like deep networks.

The major way to do that is with the following results, for Lipschitz losses (Defi-
A 1-Lipschitz function is nition 4.6). For example, recall from Lemma 4.9 that logistic loss, used in logistic

called a contraction: it regression, is 1-Lipschitz.
doesn’t increase the distance

between any points, but

(usually) contracts at least LEMMA 5.4 (Talagrand). Let ¢ : R™ — R™ be given by ¢(t) = (@1(t1), ..., @u(tm))
some. qhere each ¢; is M-Lipschitz. Then

Rad(¢$p o V) = Rad({¢p(v) : v € V}) < MRad(V).

Our proof will be based on the following special case:

Lemma 5.5. If ¢ : R — Ris 1-Lipschitz, Rad({(@(v1), vp,...,vy) : v € V}) < Rad(V).

Proof of Lemma 5.4, assuming Lemma 5.5. First notice that “rotating” the vectors in
V doesn’t change its complexity, since o has iid entries:

Rad({(vy, ..., vy v1) s v € V}) = Rad(V).

Now, notice that each component of M P(t) = (2 Mei(t) ..., ﬁ(pm(tm)) is 1-Lipschitz.
So, start by applying Lemma 5.5 to V w1th 3 @1, then rotating, to obtain

Rad ({(v2, ey Uy ﬁ(pl(vl)) tVE V}) < Rad(V).
Repeat these steps with ﬁ(pQ, then ﬁ(p& and so on, until we obtain
Rad ([ ] o V) < Rad(V).
Finally, scale by M, which by (5.2) means

Rad(¢ o V) = MRad ([§74] o V) < MRad(V). O

Proof of Lemma 5.5. Let ¢(v) = (@(v1), v, ..., vy) sothat oV = {(@(vy), vo, ..., vp) :
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5. RADEMACHER COMPLEXITY

v € V}. Using Python-like notation where v,. means (v, vs,..., v,,) € R""!, we have

mRad(¢p o V) = Esup [o1¢(v1) + 07, - v2 ]
O vev

1 1 ) )
=-E sup [(P(vl) + 0y VZ:] +5 K sup [_(P(vl) + 0y VZ:]
2 0y, veV 2 0 v'eV
]' ’ ]
= S E sup [p(v1) — 9(v]) + 0. - (v2: + v3)].
2 pv'eV

Now, for points arbitrarily close to the supremum, @(v;) — @(v;) will always be
nonnegative: if it were negative, simply swapping v and v’ would make that term
positive, and wouldn’t affect the rest of the expression, making the objective bigger.
Thus we can write

1
mRad(§oV) =2 E sup [@(v1) ~o(v))| + 02+ (v, + v3)
%2 y,p’eV
1 ) 7
< ECIyE sup |v1 - v1| +02. - (v +v3.)

2 p,v’eV

since @ is 1-Lipschitz. Now, notice that the objective of the maximization is identical
if we swap v and v/, so for any point close to the supremum with v; < v{, there’s an
exactly equivalent one with v; > v]. Thus

1
mRad(¢po V) <~ E sup v; —vj + 0. - (v + 7))

205 ey
1 ) ,

=5 E (sup[v) + 02 - v2.] + sup [-v] + 02 - v ]
2 0, veV v'eVvV

=Esupv:-o=mRad(V). O
Y

How do we use this? Well, remember that for typical supervised learning losses,
(€oH)ls ={(€(h, z1),...,¢(h, z,)): heH}
= {(Iy, (h(x1)), -+, Iy, (h(x))) = h € H)
= (Is, o H)ls,,

where lsy is a vectorized version of these losses (like ¢ above) for the vector of
particular labels S, = (y1,...,9,;). Then we have a function of x only, so we apply it

to Sy = (x1,..., X;). If the functions [, are all M-Lipschitz, then Talagrand’s lemma Note that M here might
gives us that depend on the particular Sy!
Rad((¢ o H)s) < MRad(H]s, ). (5.3)

5.2.2 Complexity of bounded linear functions

When studying covering numbers, we considered logistic regression using the
hypothesis class of bounded-norm linear functions,

Hg = {x = (w, x) : [l < B}.
To analyze that with Rademacher complexity, the key term is

Rad((£jog © Hp)ls) < Rad(Hgls,),
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using Cauchy-Shwartz

using (E T2 <ET?s0

|ET| < VET2

a.s. is “almost surely” =

“with probability one”

5. RADEMACHER COMPLEXITY

using (5.3) with Lemma 4.9 that logistic loss is 1-Lipschitz. Now let’s bound that
latter term:

mRad(Hszls,) = IE sup ZG (w, x;)

7 |lwli<B

= IEJ sup <w, Zﬁixi>

lwi<B\ 45

E 0;X;

i

<E sup [juw]|
% lwli<B

E 0;Xj

i

=BE
(¢4

2

<B 1? Zcixi

1

]GEZGiGj<xi: X;)

ij

=B | ) Elo}]lxil + ) Elojo;)xi,x;)
i~ i . )
1
0

Dividing both sides by m, we can rewrite this final inequality as

Rad(Hpls, ) ‘/ zuxln (5.4)

so this bound on the complexity depends on the particular S, that you see, similar
to the issue we had with covering numbers.

One solution (as we did before) is to assume that D is such that ||x|| < C (a.s.),
something often true in practice. This would imply that Rad(Hgls,) < BC/v/m (a.s.).
Note that this gives us an expected-case bound on the excess error of ERM for
logistic regression of
. 2BC.
E Lp(hg)—Lp(h') <
JE, Lo(hs) —Lp(h') < Nk
we’ll see in Section 5.3 that, in this case, we can convert this into a bound saying
that, with probability at least 1 — 9,

(5.5)

Compare this to the covering number-based bound we showed in (4.6):

Lp(hg) - LD(h*)<—[—+—\/W \[2log = ] ( dlogm].

m

Sometimes, though, we don’t want to assume this hard upper bound on ||x||; for ex-
ample, what if our data is Gaussian? Again using that E X < VE X? for nonnegative
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5. RADEMACHER COMPLEXITY

X, we can bound the expected value of (5.4) as This only works for the

average Rademacher
1 B complexity, which is the only
2 2 thing we’ve seen to care
- 1? < — . . gw
m Z”xZ” = Vm I?”x” (5.7) about yet, but in some
! settings you do want a
high-probability bound on

This allows for much broader data distributions, as long as you can bound E ||x||>. Rad(Hls,) rather than an
. .. 2 2 average-case one.
For example, for a Gaussian x ~ N (y, X) this is E ||x]|© = [|p||* + Tr(X).

B
ER < —EFK
: ad(Hgls,) < Nk

We’ve thus shown an average-case estimation error bound for bounded-norm linear
problems with Lipschitz losses with a rate of O(1/y/m).

5.3 CONCENTRATION

Now let’s prove that high-probability bound. We’ll need a new tool: McDiarmid’s
inequality, which lets us show concentration of things other than sample averages.

THEOREM 5.6 ((McD89]). Let Xy,...,X,, be independent, and let f(Xy,...,X,,) be a
real-valued function satisfying the bounded differences condition

Vi € [m]. sup |f(x1,...,xm) — f(x1,.. 0, X2, X, xi+1,...,xm)| <c;.
Xy peer Xy X

Then, with probability at least 1 — 9,

v L], 1
F(Xpeo s X)) <EF(Xpy .oy Xp) + E[Zci]logg.

Proof. Use X to denote (X;,..., X;). For any k € [m], freeze some arbitrary values This proof has deep

for x1.k-1 = (x1,..., X4_1). We're going to consider Ex,  f(xX1.-1, Xg, Xjs1.m) as a connections to martingale
. . . . . methods, but we won'’t talk
random variable, which is random depending only on the value of Xy: the earlier gy more about that. If you

arguments are frozen, and the later ones are being averaged over. take Nick Harvey’s
randomized algorithms

. . . . . . . course, you can learn some
First, we know this variable is bounded: it can vary only in an interval of length at sore! Or read Section 2.2 of

most ¢,. By assumption, for any particular values for x;.,_1 and xj,1. [Wail9] for a very brief
k- By ption, Y P k-1 k+1:mo intro, or read [McD89].

Ck 2 sup f(xlzm) - igff(xlzm)-

Xk

This is true for any values of xj,1.,,, so it’s also true on average:

Ck 2 E sup f(xlzk—lf Xk Xk+1:m) - igff(xlzk—ll Xk Xk+1:m)

k+l:m X
> K sup f(x1:-1, Xk Xis1:m) + SUP(=f (X1:6-1, Xk Xk1:m)) ~inft = sup(~t)
Xk+1:m Xk Xk
= E sup f(xrx-1, X Xirtm) = f (01015 X Xir1:m)
k+1:m kax;,c
>sup K f(xlzk—lr Xkr Xk+1:m) - f(xlzk—lf x],c’ Xk+1:m) Lemma 5.1
xer;Q k+1:m

sup E f(xlzk—ll Xk Xk+1:m> —inf E f(xl:k—lf Xk Xk+1:m)'

Xk k+1:m Xk Rktlim

Thus, by Hoeffding’s lemma (Proposition 3.5), this variable is SG(c/2). That is, mul-
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5. RADEMACHER COMPLEXITY

tiplying the definition of subgaussianity (Definition 3.4) by e**X for convenience,

E eXp ()\ E f Xl k-1 Xk’ Xk+1 m)) < exp (X E E f xl k-1 Xk: Xk+1 m) + = )\2 )

k+1:m Xk Xk-*—l m
This inequality holds for any xy.;_;, so let’s take the expectation of both sides:
E exp()\ E lem)< E exp(x E f(Xim)+ = x’- )
k+1:m l k-1 k:m

That inequality holds for each choice of k. Let’s take the log of each one, and add
them all up:

Zlog E exp(AXE f(le) i[log E exp(x E lem)+ “A\2c ]
=1

k+1:m 1 k-1 k m
Letting a = logEx  exp(AEx, . f(Xi.)), we have
m m m
Zak < Zuk,l + Zé)\zc,‘z.
k=1 k=1 k=1
Most of the terms cancel, leaving us a,, on the left and ay on the right:

1 m
log E exp (A (X1.m)) <logexp()\ E f(Xy.m) )+§AZZC£.

1 m 1 m k=1
Taking the exponential of both sides and rearranging,

XE exp (A(f(xl:m) - XE f(Xlzm))) < exp(z i Z’ I%]

1:m 1:m

This is exactly the definition of f(X;.,,) € SG (1 [ Z lop ) The Chernoff bound for

subgaussians (Proposition 3.8) then tells us that w1th probability at least 1 — 9,

F(Xam) < B f(Xy) + %w 3,/zlog_ -

Considering —f gives an identical form for the lower bound, and a union bound
gives an absolute value version by replacing % with %.

m
Notice that if ¢; = c for all i, then [} ¢7 = cy/m.
i=1

m
(It’s also worth checking for yourself that when f(X;.,,) = # Y. X;, you exactly
i=1

recover the bounded version of Hoeffding’s inequality.)

Now that we know McDiarmid’s inequality, we can directly apply it to get a high-
probability bound:

THEOREM 5.7. Suppose that {(h, z) € [a, b] for all h, z. Then, with probability at least
1-9,

sup Lp(h) — Lg(h) < Esup[Lp(h) — Ls(h)] + (b — a) ZL log % (5.8)
heH heH m
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5. RADEMACHER COMPLEXITY

Thus, if hg is an ERM, we have with probability at least 1 — & that

. / 2
Lp(hs) — inf Lp(h) < Esup[Lp(h) — Ls(h)] + (b —a) 2 log —. (5.9)
heH heH m )
Proof. Let S') = (zy,...,2i_1,2, 2is1,- .., 2Zm). Now, we have
Lp(h) — Ls(h) = Lp(h) = L (h) + Lsw (h) — Ls(h);

thus, expanding out Lg;(h) — Ls(h),

sup[Lp(h) — Ls(h)] — sup [Lp(h) — Lgw (h)] < sup L [€(h, 2") = €(h, 2)] < boa
heH heH her M m

because the loss is bounded. The same holds in the other direction:

S

—da

1 )
sup[Lp(h) - Lgo ()] — sup [Lp(h) - L(h)] < sup — [€(h, z) - £(h, 2')] <
heH heH heH M m

Therefore the worst-case generalization gap, f(S) = supjcy Lp(h) — Lg(h), satisfies
the bounded differences condition with ¢ = (b — a)/m. Equation (5.8) follows by
applying McDiarmid.

The other result follows as usual for our ERM bounds: we know that for any h* € H,

A A

Lp(hs) < Lg(hs) + sup[Lp(h) — Ls(h)]

heH
N 1 2

< Lg(hs) + Esup[Lp(h) — Lg(h)] + (b — a)4/ =— log — (5.8), w/ prob. 1 - §/2

heH 2m o

. 1 2 —

< Lg(h*) + Esup[Lp(h) — Lg(h)] + (b — a)y/ =— log = definition of ERM

heH 2m 75
<Lp(h")+(b- )”1 1 2+IE [Lp(h) — Lg(h)] + (b — a)4/ ! 1 2 Hoeffding, w/ prob. 1 — &/2
< Lp(hY) a 7 og 5 ?1272 D S a o og 5 oeffding, w/ prob. 1 —

and the result follows since h* was arbitrary. O]

For bounded-norm bounded-data logistic regression, using (5.5) and (4.4) in (5.9)
gives (5.6).
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6 Growth functions and VC dimension

So far, we’ve mainly talked about logistic regression. We proved some bounds
that ERM obtains nearly the optimal value of the logistic loss over a bounded ball
of weight vectors, but we haven’t actually said anything yet about 0-1 loss (i.e.
accuracy).

We’re going to focus for now on binary classifiers, i.e. h that output a binary label,
not a continuous one. If we’re doing logistic regression, we’re thinking about the
“hard prediction,” not the logit or the predicted probability.

6.1 ZERO-ONE LOSS

If h(x) € {-1,1} and y € {-1, 1}, then the 0-1 loss is

R 0 7=y
! —
y(y) {1 D#Y.

This isn’t a function on R, so applying Talagrand’s lemma is a little weird. The trick
is, though: for computing the loss, we can just extend the function /, to R in any
way at all, and the loss will be exactly the same — it just doesn’t care what [, does for
other values of 7.

So, let’s just pick a Lipschitz function on R that agrees at the points we need, by
linear interpolation:

0 vy >1
L) =35-3y9 -1<py<1
1 vy < -L

This has ||l |lLip = %Iyl = % Thus:

ProrosiTION 6.1. If H_; 1 is a hypothesis class with outputs in {-1, 1},
1
Rad((€p_1 o H_1,1)ls) < > Rad(H_q1ls,)- (6.1)
If instead Hy, maps to {0, 1},
Rad((€g-1 o Ho,1)ls) < Rad(Hg,ls,). (6.2)

Proof. The first result just applies Talagrand’s contraction lemma (Lemma 5.4) to
the extended I, above.

For the {0,1} case, we can either do the same thing with a slightly different 1-
Lipschitz function, or we can note that we can convert a {0, 1} classifier to a {-1, 1}
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6. GROWTH FUNCTIONS AND VC DIMENSION

classifier by taking 2/ — 1 and use basic properties of Rademacher complexity to see

Rad(H_y,1ls,) = Rad((2Ho,1 — 1)ls,) = 2Rad(Hy,ls,)- O

6.2 FINITE SETS

How do we bound Rad(H|s_) for binary classifiers?

One major way is to note that, for binary classifiers,
Hls, = {(h(x1),..., h(x,)) : h € H} € {0, 1}™

—and so it can’t be too big. There are only 2™ possible bitvectors of behaviour on
the particular set S, even if H is infinite. In fact, there may be many fewer possible
things that H is able to do on this particular S,.

So, let’s first try bounding the Rademacher complexity of an arbitrary finite set
based on its size.

LemMma 6.2. If V is finite and ||v|| < B for all v € V, then
B
Rad(V) < a\&log [V|.

Proof. We have

m
0o;V;
Rad(V) =E L
AV =Emax)

m

Considering any one v for now, ) o;v; is a random variable (depending on o). It
i=1

has mean zero, and since o; is SG (#) = S§G(1) by Hoeffding’s lemma, v;0;/m is

SG(|v;|/m). The v;0;/m for each i are independent of one another, so this means

i% esg[ i(%)z :sg(”v”) csq().

n - m
=1 i=1

We now want to find the expected max of these |V| random variables. Each is mean
zero and SG(B/m); they’re dependent, since they all use the same o, but that’s okay.
Lemma 6.3 handles exactly this situation, giving our desired result. O]

Lemma 6.3. Let Xy,..., X, be zero-mean random variables that are each SG(c), which
are not necessarily independent. Then E [maxie[n] Xl-] < 04/2log(n).

Proof. This is Assignment 2, Question 2.4. ]

We can then specialize this to the binary classifier case:

CoroLLARY 6.4. For binary classifiers mapping to {~1, 1}, Rad(H_; 115 ) < 4/ % log |H|5x |

For binary classifiers mapping to {0, 1}, Rad(H 1[s,) < w/ﬁ log |H|5x|.

Proof. For binary classifiers mapping to +1, |h(x)| = 1 so ||h|sx|| = /m; the result
follows by plugging in to Lemma 6.2. For binary classifiers mapping to {0, 1}, it’s
half of that, by the same scaling-and-translating conversion as before. O
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6. GROWTH FUNCTIONS AND VC DIMENSION

Thus Proposition 6.1 and Theorems 5.3 and 5.7 give that for binary classifiers and

zero-one loss, You might want to check for
yourself that this same
B equation holds whether H
’_ maps to {0, 1} or {—1, 1}, or
S,V’Dm 22’72[1“17(}1) Ls(h)] < S H%m m log |H|Sx| (6.3) indeed any other

two-element set.

Pr |Lp(ERM f Lp(h) < —1 —1 >1-0. (64
(Pt | LD(ERMy(S)) - inf Lp(h) < Sm\/ 08|H|s|+\/ og) 5. (6.4)

Using just that |H|5X| < |H|, this becomes that with probability at least 1 —

Lp(ERMy(S)) — m1r1 Lp(h \/— log |H| + \/— log — 5

This is a tiny bit worse than the much more direct bound of Proposition 2.2,

1
Lo(ERMy(S)) - min Lp(h \/—1 'H|+ \/ [log|H|+log6

using |[H|+ 1 < 2|H]|.

6.3 GROWTH FUNCTIONS

The bound |H|sx| < |H| is potentially very, very loose, though. For instance, we know
the left-hand side can’t be more than 2", even if the right-hand side is infinite.

Plugging in that 2" bound would only give Egsup, Lp(h) — Lg(h) < 4/2log2 ~ 1.2,
which is not very interesting since the generalization gap is trivially at most 1! But,
when |H|5x| = 0(2™), this is far more interesting.

DEerINITION 6.5. The growth function I;y(m) of a hypothesis class H is given by

By definition, m) for any S, of size m; thus for binary classifiers with
zero-one loss, we immediately know that the expected worst-case generalization gap

is at most % log Iy (m).

Unlike our previous Rademacher or covering number bounds, we’ve now dropped
all dependence on the particular distribution D; this is a purely combinatorial
notion. That’s helpful if we’re trying to show PAC learning.

It’s sometimes possible to compute growth functions directly — you’ll do this in an
assignment — but it’s usually much easier to get a bound with the VC dimension.

6.4 VC DIMENSION

DEFINITION 6.6. A hypothesis class H is said to shatter a set S, C X if it can achieve
all possible labellings of S, i.e. |H|SX| =2"

DEerINITION 6.7. The VC dimension of 'H is the size of the largest set H can shatter: VC is for Viadimir Vapnik

and Alexey Chervonenkis,
i = . — om Soviet mathematicians who
VCdim(H) = max ({m > 0 : [y(m) = 2™}). developed this theory
starting in the 60s (well
41 before PAC learning); the
English translation of the
first key paper is [VC71].



We can shatter any set of

size 1, but for VC dimension
we only have to show that
we can shatter one
particular set of that size.

A bunch of these examples

are easier to see if you draw
them out! I'll try to add
some TiKZ pictures, but in
the meantime you can draw
them yourself.

6. GROWTH FUNCTIONS AND VC DIMENSION

If H can shatter unboundedly large sets, we say its VC dimension is infinite.

It turns out that we can bound the growth function in terms of the VC dimension:
Ty (m) = O(mVCdim(H) which then gives us that the expected worst-case generaliza-
tion gap is @(\/2 VCdim(H)/m). We’ll prove this in Section 6.4.2; let’s first explore
how to compute the VC dimension for some different H.

6.4.1 Examples of computing VC dimension

It will be useful for all of our examples below to note that if you can’t shatter any
set of size m, you also can’t shatter any set of size m’ > m: if you could, then by
definition you could shatter any size-m subset of the larger set.

6.4.1.1 Threshold functions
Let h, : R — {0, 1} be a threshold function h,(x) = 1(x > a), and let H = {h, : a € R}.

To start: we can shatter, say, S, = {0}, because h_1(0) = 1 and h;(0) = 0. Thus
VCdim(H) > |S,| = 1.

But we can’t shatter any set S, of size |Sy| > 2. Let a,b € S, with a < b. We can’t get
h(a) = 1 and h(b) = 0 with the same h € H, since all h € H are nondecreasing. Thus
no S, of size 2 can be shattered, and so VCdim(H) < 2.

Thus VCdim(H) = 1.

6.4.1.2 Circles

For X = R?, consider H = {h, . : r > 0, c € R?} with h, .(x) = 1(||x - ¢|| < 7}, the set of
indicator functions of circles.

We can shatter any set of size two, since we can draw a circle that includes both
points, one that includes either point, or one that includes neither point.

We can also shatter some sets of size three, since if we put them in an equilateral
triangle we can pick out none, or any one, two, or all three points. (If we put the
three points in a line, we can’t pick out the two edges but not the middle — but that’s
okay, VC dimension is about the largest set you can shatter.)

Claim: we cannot shatter any set of size four, and so VCdim(H) = 3. If we think of
the points as lying roughly in a rectangle, then we can’t pick out opposite corners
without including at least one of the other points. (Ideally you’d formalize this
argument, but let’s not do that now.)

6.4.1.3 Homogeneous linear threshold functions in R?

Let X = R? and consider H = {x + sgn(w - x) : w € R?}: hyperplanes passing
through the origin. We’re using J = {-1, 1}, and we’re going to define a function
sgn which is like the sign except that sgn(0) = 1 — yeah, that sucks but so do all the
other options. If you want to use ) = {0, 1}, then instead write 1(w - x > 0); that’s
nicer to write down, but more annoying to work with.

We can shatter at least some sets of size 2: e.g. {(-1,1),(1,1)}, we can put the
hyperplane along the x-axis to get both the same sign, or put it in along the y-axis
to get them with opposite signs.
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6. GROWTH FUNCTIONS AND VC DIMENSION

We can’t shatter any sets of size 3. If the convex hull of the points contains the origin,
then we can’t get them all with the same sign; if the hull doesn’t contain the origin,
then we can’t label them like (1,0, 1).

So homogenous 2-d linear threshold functions have VC dimension 2.

6.4.1.4 Homogeneous linear threshold functions in R?

PROPOSITION 6.8. Let H = {x > sgn(w - x) : w € RY). Then VCdim(H) = d.

Proof. We can shatter a set of size d: take the set {ey,..., e;} for e; the ith standard

basis vector, i.e. the one-hot vector with a 1 in the ith position and 0 everywhere else.

Then we can achieve an arbitrary labeling (v, ... 1}4 by setting w;

getw-e; = ;.

To show that we cannot shatter any set of size d + 1, let xy,...,x;,1 be a set of

d + 1 points in RY. Then they can’t be linearly independent: there must be some
d+1
, 04,1 such that ) «;x; = 0, with not all the «; zero. Let Z, = {i € [d + 1] :

{ield+1]:a

ryd) € {0,

=Yyi.we

o1y

i=1
a; >0}, Zyp={ield+1]:a;=0},and Z_ = i <0}

Now, if H can shatter {xy,..., x;,1}, we can ask it to assign 1 to the x; with i € Z, UZ,,
and -1 to the x; with i € Z_. Then we’d have

,'):E a w- x,+Z a w- xl+§ o w-x;.

ieZ, — zeIO el T~ """~
>0 >0 <0 <0

d+1

Ozw-Ozw-Z(aix
i=1

Suppose that Z_ is nonempty, or that there are any i € Z, such that w- x; > 0. Then
the sum on the right-hand side is strictly positive, contradicting that it equals 0.

Thus, either we cannot shatter {x,...
and Z_ =

, X441}, orwecanbut w-x; =0 forallieZ,

{}. Considering the second case, we must have ) «;x; = 0. Now, find
iel,

some w that labels all these points as negative, w - x; < 0 for all i € Z,; this must be

possible if the set is shattered. Then we’d have

w-0=w- Z(xixi Z o wex; <0,

iel, iel, ™~ —~
>0 <0

0=

a contradiction. We're left to conclude that H cannot shatter {xq,..., x5,1}

6.4.1.5 Inhomogeneous linear threshold functions in R*

What about if we don’t enforce that the hyperplane passes through the origin,
H={xr>sgn(w-x+b):weRbeR)?

We could analyze this directly, similarly to what we did above; this is Example 3.12
of [MRT18] if you want to see it.

But we can also reduce to the set of homogeneous linear classifiers: if we have
d-dimensional data, we can model that as homogeneous linear classifiers on (d + 1)-
dimensional data with an extra “dummy feature” that’s always 1. The weight w
corresponding to that feature will just be the offset b.

Using this reduction, we can see:
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A convex hull of a set is the

smallest convex set
containing the original set:
conv(V) = {av + (1 - a)v’:
v,v" €V, ae[0,1]}. If you
have some points in R?, you
draw straight lines
connecting the “outside”
points to include all the
points.

[SSBD14] misses analyzing
this case :(, since they just
pretend w - x = 0 is
impossible.



This e is exp(l) = 2.7.

6. GROWTH FUNCTIONS AND VC DIMENSION

PROPOSITION 6.9. For x € R4, VCdim ({x —sgn(w-x+b):we R4 b e ]R]) =d+1.

Proof. First, we can shatter the set {0, e, ..., e;}, which has size d + 1, like before.
We set wy = 19/2 and w; = p;; the yy/2 only affects the sign if all the other weights
are “off”, i.e. only on the 0 vector.

Also, we can’t shatter any set of size d + 2. If we could, then there would be d + 2

vectors in R4*! shattered by the class of homogeneous thresholds; but that class has

VC dimension d + 1 by Proposition 6.8, so that’s not possible. O
6.4.2 Growth function bounds in terms of VC: Sauer-Shelah

As mentioned before, we’re going to show that Iy (m) is O(mVCdim(H)) Remember
that for m < VCdim(H), we know that I};(m) = 2"; this means that I}, always grows
exponentially up to some point, then drops off to just polynomial growth.

d
CoroLLARY 6.10. If m > d = VCdim(H), then Ty (m) < (%) .

Plugging into (6.3) and (6.4) gives

THEOREM 6.11. Let 'H be a class of binary classifiers with VCdim(H) = d, and use the
zero-one loss. For any m > d, we have that

2d
E Lp(h)-L | 1-1
JE, il;};[ p(h)—Ls(h)] < \/m (logm + 1 —logd]

) 2d 2 2
Sflrjm Lp(ERMy(S)) - min Lp(h) < \/Z [logm+1—logd]+ \/E log 5) >1-0

When d > 3, we can replace log m + 1 — log d with simply log m above.
We’ll prove Corollary 6.10 as a corollary to the following:

d
LemmMa 6.12 (Sauer-Shelah). Let VCdim(H) < d < co. Then Ijy(m) < Y ().

d d
Proof of Corollary 6.10 given Lemma 6.12. We need to show that ) (') < (%m) for

i=0
m > d. We can do this by
d m m\ [ m\4-i .
Z(l)SZ(Z)(E) multiply each term by > 1
i=0 i=0
m m\/m d—i )
< ;( ; ) (E) add nonnegative terms
1=
4 m 1
m m\(d
- (E) Z( i )(E)
i=0
d m
= (ﬁ) (1 + i) binomial theorem
d m
m d d
S(E) e 1+ x < exp(x). O
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This might be our first time using that 1 + x < exp(x); it follows e.g. from Taylor’s
theorem, and is a useful thing that comes up a lot.

Now, we’ll actually prove Lemma 6.12 itself as a corollary to the following result:

Lemma 6.13 (Pajor). For all finite S C X,

H|5| < |{T C S : T is shattered by H}|.

If S is shattered, both sides of the inequality are 2I8l; otherwise, it’s not obvious that
these things should be related.

Proof of Lemma 6.12 given Lemma 6.13. To bound the number of shattered subsets
of S in Lemma 6.13, recall there can’t possibly be any with size larger than d =
VCdim(H); the number of sets it can shatter is thus upper-bounded by the number

d
of subsets of S of size at most d, which is just }_ (") for m = [S]. O

i=0
Proof of Lemma 6.13. We’ll proceed by (strong) induction on |H|S|.

Base case: |H|S| = 1. For the right-hand side, the empty set is trivially shattered by
any H, so the RHS is always at least 1 as well, and the inequality holds.

Inductive case: |H|S' > 2 and the inequality holds for any T with |H|T| < |H|s|.
Then, since there are two distinct labelings, there must be at least one point x € S
that achieves both h(x) = 1 and h’(x) = 0 for some h,h’ € H. Partition H into
H,=f{heH:h(x)=1}and H_ = {h € H : h(x) = 0}. Now,

’

|Hls| = [Hls| + |H-ls

since the two produce disjoint labelings on S (they always disagree on x). They also
produce fewer labelings than H|g itself (there’s at least one labeling in each), so we
can apply the inductive hypothesis to each.

Defining Shaty(S) = {T € S : T is shattered by H}, we’ve shown that
|Hls| < |Shaty_(S)| + [Shaty,_(S)].
Note the right-hand side is exactly, keeping track of the “double-counted” sets,
|Shaty,_(S) U Shaty_(S)| + |Shaty, (S) N Shaty, (S)|;

it remains to argue that this is at most [Shaty(S)|. To see this, first note that
ShatH+(S) U ShatH_(S) c ShatH(S).

Now, consider a set T € Shaty_(S) N Shaty (S), i.e. one that’s been double-counted.
Then note that T” = T U {x} is not in either Shaty (S) or Shaty (S), since these
classes by definition cannot shatter {x}, and so can’t shatter a superset of {x} either.
But H can shatter T”: there’s a hypothesis in H_ to achieve any desired labeling
with h(x) = 0 (since T € Shaty (S)), and likewise there’s a hypothesis in H, for
any labeling with h(x) = 1. So T’ € Shaty(S). Also, each such double-counted T
corresponds to a different T’, since x ¢ T for each of these Ts. Thus

[Shatyy, (3) 1 Shaty (S)| < [Shaty(S) \ (Shaty, (S) U Shatyy (9))

s

and so |H|S| < |Shaty(S)| as desired. O
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7 Online learning

This chapter was primarily written by Bingshan Hu.

In batch (offline) learning, usually, we have a learning phase and a prediction phase.

Learner first receives a batch of i.i.d. training samples and then uses these data to
learn a hypothesis, e.g., an ERM (learning phase). The learned hypothesis will be
used for predicting the labels of future samples (prediction phase). In contrast, in
online learning, there is no separation between the learning phase and the prediction
phase. We blend these two phases together by specifying a learning protocol that
regulates all parties participating in the learning.

7.1 ONLINE BINARY CLASSIFICATION IN REALIZABLE SETTING

Still, we have an instance space &, a label space ) = {-1, 1}, a hypothesis class
H:X — ), and the 0 — 1 loss function ¢y_;(y, 9) = 1{y # 9}. We play this game
sequentially with the following learning protocol.

Ineachround t=1,2,...,T,
1. Nature (Adversary/Environment) selects x; € & and reveals it to
Learner ;
2. Learner chooses a hypothesis f; € H and predicts 9; = f;(x;) € { -1, 1} ;
Nature plays label y; and reveals it to Learner ;
4. Learner obtains a data sample (x;,v;) and suffers loss ¢(v;, V;) =

1{y; # 94} .

2

\.

If €(y;, 9:) = 1{y; = 9;} = 1, we say Learner makes a mistake in round t, as its
predicted label is not correct. The goal of Learner is to make as few mistakes as
possible. Intuitively, to choose a good predictor f; in round ¢, Learner should use all
the data samples attained in previous rounds S;_; := ((x1, v1), (X2, ¥2), - - -, (X1, ¥4-1))
and even the input x; in round t.

The data sequence ((x1, v1), (X2, ¥2), ..., (X, y7)) does not need to be iid, which is
quite different from the assumption usually batch learning needs.

Since Adversary can decide y; based on 7, it is hopeless to learn for some some

hypothesis class H, e.g., two constant functions x +— +1 and x — -1 are in H.
Because Adversary can make Learner unhappy in each round by declaring y; = —7;.

So, we need to put some constraints for Adversary.

We get started with a simple learning problem setup. It is about the aforementioned
binary classification problem under the assumption of realizability, i.e., the true label
function f* € H, i.e., y; = f*(x;) for all t € [T], and Learner knows H and the fact
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No statistical assumption.

With the assumption of
realizability, setting

vy = —V¢ forall t € [T] may
not always be possible.



Note that the number of

mistakes does not depend on

the learning horizon T. For
any length of T, the number
of mistakes is at most |H|— 1.

f(x) = o0(g(x)) is equivalent
to lim L&) — g if g(x) > 0.

7. ONLINE LEARNING

that f* € H. ! With this restriction on how Adversary generates the data sequence,
Learner should make as few mistakes as possible. We are interested in how many
mistakes Learner makes after playing this sequential game after T rounds.

HypoTHEsis crass H 1s FINITE. Since we know the true label function f* € H,
i.e., there is a perfect hypothesis incurring zero loss in H, it is quite natural to
eliminate any hypothesis in H that has made a mistake after observing (x, y;) at
the end of each round t. This intuition gives us an idea, called version space, to
develop learning algorithms. The version space at the end of round ¢ is defined
as H; = {f e H: f(xs) = v, Vs € [t]}. Then, we can maintain a sequence of version
spaces H = Hy 2 H; 2 ... 2 Hy1 2 H; 2 ... 2 {f"}. Hypotheses that have made
mistakes will be kicked out from the version space at the end of each round t. We
eliminate hypotheses from H during the learning once we are confident they are not
good almost surely!

Let’s see Consistent Algorithm first.

Initially, we set Hy = H.
Ineachroundt=1,2,...,T,
1. Learner receives x; ;
2. Learner chooses f; € H;_y arbitrarily and predicts 9; = f;(x;) ;
3. Nature reveals true label y; = f*(x;) and Learner updates H; =

{f € Hiop: fxe) = 9} -

T T

Now, we exam how many mistakes (the total loss Y €(v;, ¥;) = Y €(v;, fi(x;))) that
t=1 t=1

Consistent Algorithm makes by the end of round T. It is not hard to see that the

number of mistakes is at most |H| — 1, as each mistake forces Learner to eliminate at
least one hypothesis from the version space at the end of that round.

One may ask is it possible to reduce the number of mistakes from |H| to o(|H]|)?
The answer is yes!

Actually, we can do better if we do not pick f; in an arbitrary way! We introduce
another idea, called majority vote. Since some hypotheses in H;_; predict +1 while
some predict —1, we simply count which side has more supporters. The side of more
supporters wins! Combining majority vote with version space, we have a much nicer
algorithm, called Halving Algorithm, which reduces the number of mistakes from
O(|H]) to log | H].

Initially, we set Hy = H.
Inroundt=1,2,...,T,
1. Learner receives x; ;

2. Learner predicts 9; € arg max |{f € Hiq: fxs) =9}
ye{-1,1}
3. Nature reveals true label y; = f*(x;) and Learner updates H; =

{f € Hicit fxt) = 94}

Tueorem 7.1. Halving Algorithm makes at most log,(|H|) mistakes.

I'Nature is regulated to play a label function that is consistent with the history data S;_i.
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Proof. According to the majority vote, the version space is halved on each mistake.

If Learner makes a mistake in round ¢, we have |H;| < % |H;:_1]- Let M be the total
number of mistakes. We have

1 <|Hp| <|Hol2M=|H27M ,

which yields M < log, (|H|). Note that f* is always in the version spaces. So, we
have 1 < |H7|. O

GEeNERAL HypoTHEsIs CLASs INCLUDING H 1s INFINITE.  Still under the assumption
of realizability, now, let us consider a hypothesis class H that may be infinite in
size. For some hypothesis class H, Learner is able to have a strategy that guarantees
it makes a finite number of mistakes. For other hypothesis classes, Nature can
force Learner to make infinitely many mistakes. To gain an understanding of which
hypothesis class falls in the former category and which falls in the latter, we need
to have new concepts, something like VC dimension to measure the richness of a
hypothesis class. We aim at characterizing online learnability. In particular, we
target the following question: What is the optimal online classification learning
algorithm for a given hypothesis class H?

Littlestone dimension characterizes online learnability. A hypothesis H is online learnable
if it has a finite Littlestone dimension denoted as Ldim(H). The idea of Littlestone
dimension is to view online learning as a 2-player sequential game between Learner
and Adversary. The job of Adversary is to force Learner to make mistakes while
preserving realizability.

How does Adversary choose x; to force Learner to make the maximum number of
mistakes, while ensuring realizability? It is easy as Adversary can always choose
y; = —7P; for the first Ldim(H) rounds in the sequential game.

The strategy for Adversary can be formally described by using a complete binary
tree. Each node of the tree is associated with an instance x; € X. If Learner predicts
V; = +1, Adversary will declare the prediction is wrong, i.e., v; = —9; = —1 and will
traverse to the right child of the current node. If Learner predicts 9, = —1, Adversary
will set y; = —9; = +1 and will traverse to the left child of the current node.

To introduce the definition of Litterstone dimension, let us give the definition of an
H shattered tree first.

DerINITION 7.2. (H shattered tree.) A shattered tree of depth d is a sequence of
inputs vy, v,..., vpi_; € X such that for every root-to-leaf path, 3f* € H such that
all labels along the path are achieved.

DerinITION 7.3. (Littlestone dimension.) The Littlestone dimension of hypothesis
class H, Ldim(H), is the maximal integer d such that there exists a shattered tree of
depth d that H shatters. If there is no such largest d, then the Litterstone dimension
is infinite.

THEOREM 7.4. Any algorithm makes at least Ldim(H) mistakes.

Proof. Let d, = Ldim(H). Since H has Littlestone dimension d,, we know there exists
an H shattered tree with depth d, that is shattered by H. Adversary will “walk” on
the tree for the first d, rounds. In each round ¢ € [d,], Adversary sets y; = —9;. Since
the walk continues for d, rounds, Learner makes d, mistakes. Now, we check the
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7. ONLINE LEARNING

assumption of realizability. Since H shatters the tree, there 3 f, € H such that all the
labels along the root-to-leaf path selected by Adversary can be realized. O]

Now, we show a learning algorithm, Standard Optimal Algorithm (SOA), makes
at most Ldim(+) mistakes. The algorithm is similar to Halving Algorithm. We
partition the version space by the end of round ¢ — 1 into two sub-version spaces.

Let H\ ) i={f € Hyy : f(x) = -1} and H\" = (f e My« f(x) = +1)

Initially, we set Hy = H.
Inroundt=1,2,...,T,
1. Learner receives x; ;

2. Learner predicts 9; € arg max Ldim (H(t}i)l) ;
ye{-1,1}
3. Nature reveals true label y; = f*(x;) and Learner updates H; =

{f €Hizr: fx1) =94}

.

THEOREM 7.5. SOA makes at most Ldim(H) mistakes.

Proof. We claim that whenever Learner makes a mistake in some round ¢, we have
Ldim(H;) < Ldim(H;_;) — 1 at the end of that round. Without loss of generality, we
assume Learner predicts —1, but the true label is +1 in that round.

We use contradiction to complete the proof of the claim. Suppose Ldim(H;) =
Ldim(H;_4).

We have the following inequalities.
1. Ldim(H\}) < Ldim(H,_,) ;
2. Ldim(H,) = Ldim(H'*))) ;
+1)

3. Ldim(H\})) > Ldim(H\")) |

From inequalities 2 and 3 above, we have Ldim(H(tj)) > Ldim(H;) = Ldim(H,_1),

where the equality uses the assumption that Ldim(H;) = Ldim(H;_;). Combining
with inequality 1, we have

Ldim(H!"})) = Ldim(¥,_;) = Ldim(H,) = Ldim(H\"})).
Since Ldim(H(t:i)) = Ldim(H(tj)), we can construct a shattered tree of depth Ldim(H,_;)+

1 that can be shattered by H;_;, which yields a contradiction. O]

COROLLARY 7.6. Let H be any hypothesis class. Then, SOA makes exactly Ldim(H)
mistakes.

Proof. From Theorem 7.4, we know SOA makes at least Ldim () mistakes. From
Theorem 7.5, we know SOA makes at most Ldim() mistakes. Combining these two
results concludes the proof. O

VC DIMENSION VS LITTLESTONE DIMENSION.

Examrre 1. If H is a finite hypothesis class, we have Ldim(H) < log, (|H)|). why?
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ExampLe 2. Let X =[0,1]and H = {x+— 1{x < a}:a €0, 1]} be the class of thresh-
olds on the interval [0, 1]. Then, we have VCdim(H) = 1, but Ldim(H) = oo.

THeorREM 7.7. For any hypothesis class H, we have VCdim(H) < Ldim(H). Further, the
gap can be arbitrarily large.

Proof. We first prove that VCdim(H) < Ldim(H). Suppose VCdim(H) = 4 and let
{x1,%5,..., x5} be a shattered set by H. Now, we construct a complete binary tree of
inputs vy, vy, ..., vpi_1, where all nodes at depth i are set to be x;.

Now, the definition of a shattered set clearly implies that we constructed a valid
shattered tree of depth 4 and conclude that VCdim(H) < Ldim(H).

The class of threshold functions on the unit interval has VC dimension of 1, whereas
its Littlestone dimension is infinite. O
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Here, exploitation refers to

utilizing the already learned
information, i.e., the total
loss of each predictor
observed so far.

If the data sequence are i.i.d.

according to some fixed but
unknown distribution, we
can eliminate predictors.

You can view each action in
[K] as a hypothesis in H.

7. ONLINE LEARNING

7.2 DECISION-THEORETIC ONLINE LEARNING AND EXPONENTIAL
WEIGHTS (HEDGE)

Practically, we should not assume realizability always holds, i.e., the true labels
v = f*(x¢),Vt € [T], are generated by using f*. Similar to agnostic setting in
supervised learning, now, we can compare with the best predictor in H. In online
learning, we use the notion of regret, defined as

T T
R(T) := sup {Z 1 fi(xr) _rﬁi{} El L”(yt;f(xt))} ) (7.1)

((x1,91)rr(x1,97)) \E=1

T
to measure the performance gap between ) ¢(y;, f;(x;)), the total loss Learner has
t=1

T
made, and ?17? Y. U(ys, f(x;)), the total loss of the best predictor in hindsight. If a
€H =1

learning algorithm achieves an o(T) regret bound, we say it is a no-regret algorithm.
The intuition is if you play this game long enough, you can compete with the best
predictor in hindsight. Note that o(T) regret implies lim @ =0.

T

—>00

To control the regret at Learner’s side, generally, we have two key principles.

1. Randomization. Deterministic Learner fails for some learning problems. Let
hypothesis class H = {f, : x = +1, f_ : x > —1} only contain two constant
functions. Adversary can always give Learner y; = —7; to force Learner to
suffer loss. So, Learner suffers in total T loss. Now, we investigate the total

T
loss in hindsight of the best predictor in H, that is, rfm}{l Y Uy fxy)) < % .
€M =1

T T
Y (s fa(xe) + X €(ve fi(xs))] = 0.5T, which yields the regret is at least
t=1 t=1

0.5T.

Since Learner always fails if revealing the predicted label ?;, to make the
problem interesting, we need to give some power to Learner. Now, we change
the learning protocol a bit by allowing Learner to reveal only a probability
distribution over {-1, 1} instead of revealing the predicted label 9; itself.

2. Exploitation. We want to track the empirical performance of each predictor,
but we do not eliminate any of them during the learning, as some of them may
not perform well at the beginning of the learning, but later turns out to the
best one.

Since we do not plan to eliminate predictors during the learning, we can
maintain a (data-dependent) distribution over all the predictors in H taking
account of each predictor’s total loss suffered so far. For some predictor
performing poorly, we put a small mass on it. We eliminate some predictor in
a soft way!

DEecisioN-THEORETIC ONLINE LEARNING (DTOL). Since Learner is allowed to reveal
a probability distribution over the labels and revealing a distribution over {-1, 1}
can be translated to revealing a distribution over H, now, we can re-formulate the
online learning problem slightly and the modification will be, generally, useful
for bandit problems (and even reinforcement learning problems). We do not use
training samples at all. We get rid of the input space, label space, and hypothesis
class. Instead, we have a fixed set of K actions, denoted by [K]. The learning protocol
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is modified as follows.

Ineachround t=1,2,...,T, Sometimes, Learner chooses
1. Learner plays a probability distribution p; € [0, 1]¥ over all actions ; pt € ey, e, e}
2. Nature plays loss vector €; = (€11, €o 4, ..., 0k 1) ;
3. Learner observes ¢; and suffer a loss (p;, ;) = Z_p]-,téj,t .
]

. J

Remarks. (1) A probability distribution p; = (py1 4, pat ..., Px,t) is a vector with
all p;; > 0and }_p;; = 1. (2) In Step 2, Nature can give {; based on all the past
j

information and even p;.

For DTOL, we adapt the notion of regret shown in (7.1) to

R(T) := sup {Z(pt,&) mm } : (7.2) | €= {ej r).

0,0,

ExponeENTIAL WEIGHTS (HEDGE). There is a no-regret algorithm for DTOL. It has
many names such as “Exponential Weights” and “Hedge”. The idea of Hedge is to
maintain weights over actions, and the weight of an action decays exponentially in
the total loss incurred by that action over all previous rounds.

Input: learning rate ne (0, 1] .
Initialize: w;o = 1 for all j € [K].
Fort=1,2,...,T,

1. Setp]t_zw] forall j € [K];

i
2. Observe loss vector ¢; for Nature ;

3. Suffer loss (p;, ;) = ij,tgj,t ;
j

4. Update w;; = wj ;1 - e it for all j € [K].

T
THEOREM 7.8. For any sequence of loss vectors ({1,€,,...,01) € ([0, I]K) , for any
ne (0,1], we have

MH

T
L {pul) - mmze]t < 4

min t <pt’€2> IO%K

1

With n= 2108 K e have R(T) < /2T log K.
Proof of Theorem 7.8: Fix a sequence of loss vectors (¢1,¢5,...,¢1). Let Z; =

Y s
Z wj = Z Wjt1-e e = Z e s: " be the total weight at the end of round t.
j=1

Note that Z; = K. We have log Z1 = Z log Z
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Now, we construct the following upper bound to upper bound log Z1. We have

K
-1l
Z,w]t 1€ t

logzm B log]lfw,
=t jit=1
K
= log| Y e
j=1 > Wil t-1
j=
K
= log| X pj¢-e "t
j=1
K 2.g2t
<@ log ;p” (1—r]~€jt+ 2]’)

2
= log(l - {pe i) + %(Pt:&))
2
<O —rpy, ) + 3 (i €2),

where step (a) uses e < 1 — x + x2/2 and step (b) uses log(1 + x) < x.

We also have a lower bound on log Zt, which is

T
KoY
logZy = log[_zle 157
]:

T

Y &,

log | max{e &5 (7.3)
jelK]

\%

= max{—nz ¢ }

jelX]

Now, we have

T T
Zl Pl + 5 (pt, €2> = Z ZZ— logZt —logZy > 5161[;% {—q >4 t} —log K.
t= t=1
T
N4 0 < 1 ,f log K
= tg(m )= JIQ[II?{Z ]t} 2<pt >+ ;
(7.4)
O

Remark. Note that in order to achieve the /2T log K regret bound, Hedge needs to
2log K
T

input the learning rate 1 = , depending on the learning horizon T. Later, we
will show how to use doubling-trick to get rid of it!

Hepce witH DouBLiNGg-Trick. The regret bound R(T) = (’)(\/T log K) in The-
2log K
T

orem 7.8 relies on inputting the learning rate 1 = which relies on the

knowledge of the time horizon T.

One may be curious to know is it possible to have a learning algorithm that does not
need to know T in advance, but still preserving the same regret bound?

The answer is yes!!!

We introduce a useful idea, called doubling-trick, for solving online learning prob-
Geometric doubling vs lems. Using (Geometric) doubling-trick, we can still achieve an O (w/T log K)) regret

exponential doubling can be

found here. 54
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bound. The idea is to run the algorithm in epochs of lengths 20 21 27 ... until
stopping.

At the beginning of each epoch r > 0, we set the learning rate 1, = 213§K based on
27 the length of the current epoch. At the end of epoch r, we reset the algorithm,
that is, we forget all the stuff we have learned. Progressing in this way, we will run
the algorithm for epochs r = 0, 1,...,d, where d = [log,(T +1) - 1] = O(log T).

THEOREM 7.9. The regret of Hedge with doubling-trick is O (\/T log K)

Proof. For any r > 0, from (7.8), we have

27+1 2r+l 2r+1

L (puly-min T L o< YL (p @)+ 5 < O(y27TogK)

t=27+ JjrelK] t=27+1 t=27+1

The regret is

T
R(T) = sup {Z (Pt {t) — min Z ¢ t}
511527 €T t:1 ]e[K
or+l or+l
= sup { Y. (putl) - 1’1’111‘1 Y X f } The last epoch may not have
01,0s,...,0p \r20t=27+1 K]r>0=27+1 a full length, but we can add
2t 2 0’s to make the last epoch
poc
S sup { )3 <pt; {)— ) min ) g],, } have a full length
0,,0s,...,00 \r=01=27+1 r>0 jrelK] r=27+1
2r+1 2r+1 (76)
= sup { ( Y Aputy) - mm ) 5],,t)}
010,00 \r=0 \t=2r+1 E[K] t=27+1
= sup { Y O(+y/2"log K)}
51,52,...,€T r>0
= ) O(4/2"logK)
r>0
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Actions and arms are

interchangeable. You can
view an arm as a hypothesis.

You can view Step 1 and
Step 2 occur simultaneously.

In Step 3, the remaining
losses other than €y, ; are
still hidden to Learner,
which is the key difference
between DTOL and bandits.

Sometimes people call it

expected regret as it has an
expectation. I am following
the notation of Bubeck and

Cesa-Bianchi [BC12].

Importance sampling
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7.3 BANDITS

Last time we have talked about Hedge/DTOL learning. We usually say it is a
full information game as Learner is able to observe each individual loss in ¢; =

(C1,t, o4 .., €k y)- Starting from this lecture, we will talk about multi-armed bandit
(MAB) problems, where only some entry in the loss vector €; = (€1, a4, ...,k t) is
revealed in each round.
LearNING ProTOCOL. We have a fixed arm set [K].
Ineachroundt=1,2,...,T,
1. Adversary/Environment selects a loss vector ¢; = (€1’t, ly4,..., 0k ) that

is hidden to Learner ;
2. Learner pulls an arm J; € [K];
3. Learner suffers/observes loss ¢y, ; associated with the pulled arm J;.

\.

The goal of Learner to pull a sequence of arms (J, J,,...
loss by the end of round T.

, JT) to minimize the total

Regret is defined as
T

—min ) {;; ,

, (7.7)
jelK] &=

T
R(T) = Z@,t
t=1

which is a random variable as J;, J,, ..., JT and all loss vectors are random.

Based on how the loss vectors (¢4, {5, ..., {) are generated, we have

1. Adversary bandits: no distributional assumption is made.

2. Stochastic bandits: all ¢; are i.i.d. over time according to a fixed but unknown
probability distribution.

Learner needs to make a good balance between

1. Exploitation: Learner needs to pull arms that have smaller losses, as the goal is
to minimize the total loss.

2. Exploration: Learner needs to pull arms that have not been observed too often
to gain information.

7.3.1 Adversarial bandits.

In adversarial bandits, the loss vectors can be generated adversarially. We use pseudo
regret to measure performance of the algorithm used by Learner, defined as

R(T) (7.8)

T
= E[Z €]t’t] —minE[
t=1

jelK]

T
Z 6',1‘] ’

t=1

where the expectation is taken over (J;, J,,..., J1) and all loss vectors over T rounds.

EXP3 (EXPONENTIAL WEIGHTS FOR EXPLORATION AND ExproiTaTION). It is quite
similar to Hedge, but in EXP3, only the weight associated with the pulled arm will

be updated at the end of each round ¢, as only the loss for that arm is revealed.

We construct an estimator £; = (il,t: gz,t, ey ZK,t) with each entry Zj,t = gj,t%-
]
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7. ONLINE LEARNING

It is not hard to see that for all arms not played in round t, we set {Zj,t = 0. For

the pulled arm in round ¢, we set f]t,t = % instead of ¢, ; by making it more
ts

“important”! Actually, the constructed estimator £ j,+ is an unbiased estimator of ¢ ;,
as we have

~ — =j} | _
E]tNPt [g]rt] - E]t“‘l’t I:gj,t Pjs ]_g]';t . (79)

Input: learning rate 1 € (0, 1] . Initialize: w; o = 1 for all j € [K].
Fort=1,2,...,T,
1. Adversary/Environment selects a loss vector €; = (€1, €4, ..., lx ;) that
is hidden to Learner ;
2. Learner computes p; ; = Zw' - forall j € (K] ;

3. Learner plays arm J; € [K] according to pr = (P> Potr- - PK) S

. % s . .
4. Learner computes loss estimates {; ; = #1 {J: = j} forall j € [K];

5. Update wj; = wj ;1 e it for all j € [K].

Tueorem 7.10. Assume that all loss vectors are bounded with [0, 1] support. If EXP3 is
run with learning rate 1 = ?(LTK, the pseudo regret is at most /2T Klog K.

Proof.
— T T
R(T) = E[Y § t]—minE[Z €]t]
_t:l _]E[K] t=1
L (po )] - min®| ¥ 61 [0
= E , — min ~
= Pt t- P Pt
¥ (pi)|-minz |y ¢
= E , — min ;
=1 P t_ jelk] =1
E {( ()| - E|mi y 7
< ) — min ;
[ t=1 ot ] jelK] e=1 _]’t
T T (7.10)
= E ,0,) — min 2
;(Pt t> i) £ it
! regret of Hedge
[ T
<@ gl y ,52 10gK]
= (pe O7)+ %
T 02
=0 E|1y ¥y p;,t|4 leK
|* =1 e ]p]'tp”] !
log K
S
Tuning 1 = KT gives the stated regret bound.

Step (a) uses Theorem 7.8 in previous lecture. Note that from (7.9), we know
Ej,~p, [Zj,t] € [0,1]. So, it is safe to use Theorem 7.8 directly.

02
Step (b) uses Ej, ., [ ] Ej -, [gjztl{p }] _ # .
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7. ONLINE LEARNING

Remark. Note that inputting 1= 1(;<gTK into EXP3 means that it is not an anytime

learning algorithm. To make it anytime, you can set the learning rate 1; = 4/ % in

each round t. The regret analysis is much more complicated (refer to Theorem 3.1
in [BC12)).

7.3.2 Stochastic bandits

In stochastic bandits, we have a fixed arm set [K] and each arm j € [K] is associated
with a reward distribution v;. We can use O := (vq, v, ..., vk) to specify a K-armed
stochastic bandit problem instance.

Ineachround t=1,2,...,T,
1. Environment generate a reward vector X; = (Xy, Xo4, ..., Xk ) with
each X ; ~ v;. This reward vector is hidden to Learner ;
2. Learner pulls an arm J; € [K];
3. Learner obtains/observes Xj, ;, the reward of the pulled arm J;.

We still use pseudo regret to measure performance of Alg , defined as
— T T
R(Alg; ©; T) := maxE[Z Xj,t] —E[Z X]“t] , (7.11)
JE[K] t=1 t=1

where the randomness is taken over ], J,, ..., JT and all reward vectors. Note that
since we have statistical assumptions on reward vectors, different © may give
different regret. That is also to say, for a fixed algorithm, when working over
different problem instances, the regret could be different.

The goal of Learner is to pull arms sequentially to minimize regret.

Let p; = Exj~vj[X]-] denote the mean reward of arm j. Without loss of generality, we
assume the first arm is the optimal one, that is, y; > p; for all j = 1.

For any j = 1, let A; := p; — p; denote the mean reward gap. We also call it the
sub-optimality gap between the optimal arm 1 and the sub-optimal arm j. Let
Al =0.

Now, we can rewrite R(T) as

R(T) = max E

t=1 (7.12)
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7. ONLINE LEARNING

t-1
Let nj; 1 := ) 1{J; = j} denote the total number of pulls for arm j by the end of
s=1

round t — 1. Then, E [nij] is the expected number of pulls of arm j by the end of
learning and A; is the singe round performance loss when pulling a sub-optimal
arm j.

From the last step in (7.12), it is not hard to see, to minimize the regret, it is
important to control the number of pulls of sub-optimal arms. But we have no
idea which arms are sub-optimal. So, we have to pull each arm a certain amount of
times in order to learn whether they are sub-optimal or not confidently. We need
information!

Here, I should mention exploitation-vs-exploration.

Upper ConrIDENCE Bounp (UCB). Itisinspired by the principle of being optimistic
in the face of uncertainty. Usually, all UCB-based algorithms are optimistic learning
algorithms and follow a template to decompose regret. Also, they can be justified by
concentration inequalities, e.g., Hoeffdin’s inequality.

Recall Ok := (vq,vy,...,vk) is the bandit instance we are interested in. Actually,
for developing regret minimization algorithm, we are interested in (py, po, ..., px)-
Note that only the mean reward gaps appear in the regret.

Recall nj; q = Z 1{J; = j} is the number of pulls of arm j by the end of round ¢ — 1.
o
Now, let f1; Wy T Z X;,s1{Js = j} be the empirical mean of arm j by the end

ofround t -1, 1i.e, the average of n;;_; iid random variables according to v;.
Now, we can construct an empirical model ©; = (”an—l’ W2,y s PRy )

Assume all reward distributions have a [0, 1] support. The idea of UCB1?, an
algorithm in UCB family, is to construct an optimistic model ©; = (fiy ¢, fio,¢s- - - fik 1)
with each j € [K]

21In(t)

M1

TS T (7.13)

Ineachroundt=1,2,...,T,
1. Environment generate a reward vector X; = (X, X4, ..., Xk ) with
each Xt ~ vj. This reward vector is hidden to Learner ;

21n(t)
M1

2. Learner constructs the upper confidence bound fij; = ftj,  _, +
for all j € [K];
3. Learner pulls the arm with the highest upper confidence bound, i.e.,
J; € argmax i ;
jelK]
4. Learner observes Xj, ;, the reward of the pulled arm J; ;

5. Learner updates nj, ; = nj, ;_; + 1 and the empirical mean PA‘L'”J” .

2UCB1 works for all Sub-Gaussian reward distributions.
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You can view L; as the
amount of observutzons
needed to conclude that this
arm is not the optimal one.

If problem-dependent
parameters, e.g., all Aj,
appear in the regret bound,
wesay itisa
problem-dependent regret
bound.

7. ONLINE LEARNING

Tueorem 7.11. If all reward distributions in Oy have a [0, 1] support, we have

8InT

R(UCB1;0x;T) < + Constant

jelKlA>0

Proof. Fix a sub-optimal arm j, we upper bound E[n; r].

Let L = UInT \vhere [ is a constant that will be tuned later.

A2 ’
We have
- |
E[”]’,T] = E Z,ll{]t:]}]
t=
= . T ‘
= E tg I{Jt =1 < L]}] +E t;l{]t =M > L]}
L } -
i [ T
< L]+E tgll]t—]; ]t1>L}]
[ T
< Li+E le{ Jr i 1t;]t1>L}
t=
o T
< Li+E tgll{]t t 2 W, M-l > Lj,t} +E[t§1
.} T - i
< Li+E 211{ pi+ A nj,t1>Lj}]+E[le{Vl,tS}’ll}
1= =
8In(T 8InT
Now, we set L; = A7 . Then, we have A; -
j ]
T -
E t;ll{p]t >pj+Ajn >L]}
[T
B . 21n(f) BIn T
= E Ell{w'n“ﬁ o 2 Wt f} JMjpq >L]}
[ T
A 21In(T) 8InT
S E tg 1 {M]r Jit=1 + nj,t—l 2 M] + nj,r:—l’n] t-1 > L
[ T
A 2InT
< F tgl{”j’”f'l Z g i1 > L]}]
T ol . 2InT
: tgh—L-E I{M]hzuj+ £ }]
< Tz-e*j”lnT
= 0(1)

T
Similarly, we have E [ Y 1 <} =0Q).
t=1

T4 0(1), which gives

Now,wehaveIE[ ]T]<L +0(1) =

L
R(UCB1;0¢;T) = E[n T] A
]E[K] A;>0
< B 81AnT + Constant
jelK:A;>0
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1 {P_‘Lt < M1 Mjpg > Lj}

(7.14)

(7.15)

(7.16)

T
Zl 1 {]t =7, nj,t > n]-’t_l, nj,t_l > L]}
t=

|
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7. ONLINE LEARNING

WorsT-cAsE REGRET Bounp For UCB1. Let us consider a 2-armed bandit problem,
where the first arm is the optimal one and the second arm has a mean reward gap
A= % Clearly, according to Theorem 7.11, we have ﬁ(UCBl;@K; T) =8TInT,
which is even worse than T. Does it mean UCBI fails this learning task?

To answer this question, we are motivated to study the worst-case regret bound,
defined as

sup R(UCB1;0k;T) , (7.17)
@KEHK

where IT s a set of distributions with a [0, 1] support.

TuaEOREM 7.12. We have

sup R(UCBI;0k;T)<O(VKTInT) . (7.18)
OgellX
Proof. Fix Ok and set A := % We have
— T .
R(UCBL;©;T) = Y E[1{J; = j}]- A
t=1 je[K]
T ) T .
= Y X E{=41-A+L L E[{J=jl]4
t=1 je[K]:A;<A t=1 je[K]:A;>A
T
< T-A+) Y E[{]=jl4
t=1 je[K]:A;>A
S N N - eth)
JEIK]:A;>A !
< T-A+ ¥ (82I+00)
jE[KI:A>A

T-A+K8RT 4 O(K)

= O(VKTInT)

(7.19)
O

One may ask whether UCB1 is optimal in the worst case sense or not. The definition
of minimax optimality, a joint of property between a family of algorithms and
distributions, can answer this question. We skip the proof here and only show the
conclusion: UCB1 is minimax optimal up to an extra Vin T factor.
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7. ONLINE LEARNING

ArM ELiMiNATION ALGORITHM. As UCBI1 only has an O(VKT In T) worst-case regret
bound, now, we show an algorithm that enjoys an O(VKT In K) worst-case regret
bound, which is slightly better than UCBI.

Suppose we have a special K-armed bandit problem with one arm having a mean
reward p, and all the remaining arms having the same mean reward p, — A, i.e., the
mean reward gap for any sub-optimal arm is A. Learner knows A and w, but does not
know which arm is the optimal one. To solve this special bandit problem, we can use
the following Arm Elimination algorithm [AO10]:

Input: [K], p., A, and T.
1. Pull eacharm n =

of each arm j € [K];
2. Commit to the arm with the highest empirical mean until the end of the
learning, i.e., pull arm J = argmax;¢ g fij,» for the remaining T — Kn

21n(TA?)

~7— times and compute the empirical mean fi; ,

rounds.

Ny . KIn(TA?) K
Treorem 7.13. Arm Elimination enjoys an O A— + n | problem-dependent regret

bound. It also enjoys an O(VKT In K) worst-case regret bound.

Proof. Let i, denote the index of the optimal arm. Without loss of generality, we
assume it is unique. We first upper bound the probability that the committed arm is
not the optimal one. We have

P{J =i} < IP’{ max fij, > }?tln} < XY ]P’{ﬂj,n > }?Lln} <(K-1)- 2o 15
jElKNi)

JE[K]\{i.}
(7.20)
The problem-dependent regret R(T) is

(K=1)-n-A+P{J=i}-(T-Kn)-A

regret in Step 1 regret m Step 2
< K-”“(ATA) A+K-2e"% . T-A (7.21)
= ok k.2 T A
_ TA2 LK
- o(m)

Let A := eﬁ If A < A, we have the regret is at most T- A = eVKT. If A > A, we

n(TA?)

have (9( %) (Kln (14 Z) = O(VKT In K), where the inequality uses
the fact that f(x) lisa decreasing function when Tx? > e2. O

ArM ELIMINATION ALGORITHM WITH DouBLING-TRICK. Since we cannot assume we
know A in advance and all sub-optimal arms have the same A, we cannot use Arm
Elimination directly for solving practical learning problems. A good thing is we can
introduce doubling-trick into Arm Elimination to make it work by estimating A;.
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7. ONLINE LEARNING

Input: [K] and T.

Initialization: Set A; = 0.5 and B, = [K]. 1t is also fine to set Ay = 0
For epochs r =1,2,... up tolog T, and start from r = 0.
1. For each arm j € B,, pull it until the total number of pulls hits n, =
21In(KTA2)
A2
2. All arms i € B, such that You can view B, as a version
space in batch learning.
. log(KTA?) . log(KTA?)
Wi, ¥\~ > maxfii, —\|—o
o jeB, 2-n,

upper confidence bound of arm i lower confidence bound of j; € arg max;cg_ fij,n,
(7.22)
will be kept in B,,;. This is a picture for this.

Set A, = 5 = 0.5,

If |B,,1| = 1, commit to that arm until the end of the learning.

In(TA?
TueoreEM 7.14. Arm Elimination with Doubling-Trick hasa ) O( n(A_ i + IZ—K)
je[K]:A;>0 ! !

problem-dependent regret bound and an O(VKT In K) worst-case regret bound.

Proof. Let i, denote the index of the unique optimal arm. Fix a sub-optimal arm j.

Letr; = [log (AL])-‘ Then, we have 0.5A; < 0.5 = Ar]. <A,

We claim that the probability that this arm j is kept in B, ,; is very low. Formally,
we have

P {] € Brj+1}

- pl; . log(KTA7) . log(KTAZ)
< logggrsz?,), .eB,
+ log(ZI:[;jA%j)’i* Brj
!

(7.23)

UCB analysis, Hoeffding’s inequality
+ P{i*e¢ By} +P{i*e By, i*¢ B3} +... +IP’{i* €By,...,i"€ Br],_l,i* ¢ B,].}

2 2
< — + -
—~ KTA? ; TA?

j r=1
N
2
<
< Lim
r=1
-
= ) 2
T-0.52"
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7. ONLINE LEARNING

The total regret from this sub-optimal arm j is at most

ny - A + T-P{jeB, .} A
~——
regret until the end of epoch r;  regret for the remaining rounds
21n(KTA2],) .
< & A]-+T-O(T.A]2)-Aj (7.24)
21n(KTA2)
< —— 1. ;
< amr AT o= f) Aj
In(TA?)
= i’ 4 InK
= O( At A]_)

Summing over all the sub-optimal arms, we have the problem-dependent regret is

at most 5
_ In(TA?) 1pK
R(T) = O|——L+ % (7.25)
je[K]:A;>0 ] J
eVKInK
Let A Vol We have
_ - In(TA?)
RT) < T-A+ ¥ o(“( lg—K)
jelK]:A;>A !
< eVKTInK+ Y O(@N‘TK)
KIn(TA?) | KInK 7.26
< e\/KTan+O( — + =% )
< eVKTInK+ O(Kln EKEII(DK) + 5]1(11171](()
VT VT
= O(VKTInK)
We have
. B . log(KTA?) «_ [log(KTA}) (KTA2)
P{i* ¢ By} = P{Mz“nl TN T <]€rgeg§}w TN T
2 2
< Z P {}%;,nl log(anTA flogzKrZA
jeB\{i}
< ) P{ﬂi*,nl log(anTA {ﬂ logzKrIAz 2 Vj})
jeB\{i.}
2
TA?
(7.27)
P{l* € Bz, " B3}
_ N log(KTAZ) log(KTA?) log(KTA?2) N log(KTA
= P Wi, n, + 21, z l}l’é%X }’l] ny 2.1, = Wi,n, + 21, =< jerlglzai){(i*} Winy, = 21,
N log(KTA?2) N log(KTA?2)
< # i VPR < ey T
< 2
- TA?
(7.28)
Similarly, we have
Pli*€B,y,...,i"€ B, 1,1@13}_TA2; . -
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8 Lower bounds; no free lunch

Armed with our knowledge of online learning from Chapter 7, let’s now return to

the offline setting from Chapters 1, 2 and 4 to 6. Should this have just come

before Chapter 72 Probably,
In the offline setting, so far we’ve only done upper bounds: in this case, we know but the teaching timing
we can learn at least this well. But if we only know upper bounds, we never really wasn't right. ...
know how tight they are, and so we can never really know if one algorithm is better
than another, or if a learner will really fail in some situation or if it’s just that our

proof wasn’t good enough.

One way to approach this problem is with asymptotic results, as described e.g.
by [Bach24] who summarizes and translates results from the classic textbook of
van der Vaart [vdV98]. For instance, if H = {h, : w € W} for some open set of
possible parameters W C RP, the loss is sufficiently “nice” as a function of w, and
there’s a minimizer h* = h,,, then as long as some extra “niceness” assumptions also
hold, it’s true for the ERM that

E Lp(hs)-Lp(h') = © (% Tr[[v%,,wh*)]‘l E [(Vllty, 2)(Vul(hy, z))le_w*]]).

This gives a fast 1/m rate — better than the 1/4/m we’ve gotten so far (except in
A1l Q4) - and along the way it actually also tells us that w — w* is asymptotically
Gaussian, and some other nice things. If we can evaluate the stuff inside the trace,
we could also then explicitly say “this H converges faster than that one,” or compare
to an asymptotic rate for some different algorithm. But: the “niceness” assumptions
don’t always hold, the expressions aren’t always easy to analyze, and they’re purely
asymptotic results, so we don’t know whether they’re a good approximation after
m = 20 or only after m = 100, 000, 000, 000.

Instead, let’s use a different route to lower bounds, specifically focusing on binary
classifiers where these things are easiest.

8.1 NO FREE LUNCH FOR HIGH-VC CLASSES

THeOREM 8.1. Let H be a hypothesis set of binary classifiers over X'. Let m < VCdim(H)/2. This result is similar to

Then, using 0-1 loss, Theorem 5.1 of [SSBD14],
but incorporating the idea of
VC dimension (which they

inf sup Pr (LD(-A(S)) > l) > l, haven't introduced yet at
A D realizable by H S~Dm,A 8 7 that point).

where the infimum over A is over all (possibly randomized) learning algorithms which
return hypotheses in 'H, and the probability is over both the sampling of a training set
and any internal randomness in A.

Before we prove this, let’s unpack the quantifiers a bit. For any m and any learning
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8. LOWER BOUNDS; NO FREE LUNCH

algorithm A, there is some realizable distribution D such that A has at least constant
probability of failing with m samples, i.e. getting at least 1/8 error. Note that this
distribution depends on m and on A.

This result immediately implies the following;:

Cororrary 8.2. Any H with VCdim(H) = oo is not PAC learnable.

This doesn’t necessarily mean that there’s any single D that A fails on forever. But,
at any m, there’s still some distribution that’s too hard. This removes the possibility
of PAC learning, which needs to work for all distributions at a uniform rate.

Proof of Theorem 8.1. We're first going to pick a shatterable set of size 2m, X' =
{X1,...,%,,} € X; at least one such set must exist, since 2m < VCdim(H). Then we’ll
pick the marginal distribution of x, D,, to be a discrete uniform distribution on X'
To construct our hard D, we’re going to use this D, and then somehow assign a y
for each x.

Since we’re being totally generic with respect to .4, it’s going to be hard to say which
v | x labeling rule in particular is going to be hard for A to learn. So, as a proof
technique, we’re going to start with a random labeling rule, and then settle on a
particular one later. Specifically, for each vector of possible labels y € {0, 1}", choose
some particular f € H such that f(x;) = y; for all j; there must be at least one, since
H shatters X'. Let F be the set of these functions (of size exactly 2™), and choose
f ~ Unif(F), i.e. we’re picking a labeling function uniformly from F. For any f, let
the distribution D) denote the distribution that you get by sampling x ~ D, and
then assigning vy | x = f(x).

Now, for any sample of inputs S, = (xy,..., x,,), we can implicitly construct a sample
of pairs S = ((xl,f(xl)),..., (xm,f(xm))). Run the algorithm A to get hg = A(S),
which itself might be random given S. Its expected loss over the process of choosing
a distribution, sampling a training set, and running the algorithm is
E E ELp, (AS)=EEE E 1([A(S .

oy s & Lo (AS) =BEE B (LA = £(x)
Using the law of total expectation, let’s break this expectation up based on whether
the test x is in the training data S or not:

f’ISE;AIJI:';J]l(fzs(x) #f)= E |Prlxe Se) E [E(hs(x) = f(x)) ] x € 5]

+Pr(xeS,) E [L(hs(x) = f(x)) ]| x € S]]

X~LDy

For the second term, we’re not going to worry about what the algorithm does on the
data it’s actually seen, since the algorithm might be good: we’ll just bound this as
being at least zero.

For the first term, we know since D, is uniform and |S,| < m that

|')€\Sx| m

1
PI'(X & Sx) = |‘)€| m 5

\%
|
I

Also, since our labels f(%;) are uniformly random and totally independent of one
another, and S is independent of those labels for points % & S, whether fig agrees
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with f is just a pure coin flip: Ex[1(hg(x) = f(x)) | x € S,] = 5.

Combining, we know that

A

E E Lp,(hs)>

f~Unif(F) $~Dy,

i

But, if the average over f of the expected loss E5~D(}) Lp, f)(fls) is at least %, then there

must be at least one particular f such that the expected loss is at least ‘ll! Pick one
and call it g; this will be the labeling function claimed by the theorem.

We’ve now shown the average loss is large, but we still want to show that the loss
has high probability of being large. Now, Lp(g)(fls) is a random variable bounded
in [0, 1], and we already know one way to bound those variables in terms of their
means: Markov’s inequality. But Markov’s inequality bounds the probability of
things being big, and we want to bound the probability of this being small. So we’ll
need to switch it around, which is sometimes called “reverse Markov”:

A 1\ 1-ELp_(hs) 1\8 6
1y _ _ < & _Z)2=2=
Pr(Lp, (hs) < §) = Pr(l Lp, 21 8) < 7 < (1 4) 7 7

8

Thus, for the realizable D(g) we picked above,

Pr (Lp (hg)> L) >
S~D(';)( D(g)( S) 8)

8.1.1 Interpretation

Theorem 8.1 is sometimes called a “no free lunch” theorem, in that there is no
algorithm that always works (in the sense of PAC learning): every algorithm fails on
at least one distribution.

In fact, basically this same proof strategy implies [Wol96] that, if you only care
about the “off-sample” error (the average error on (x,v) | x € S,), there are just
as many possible distributions where your predictor is right as where it’s wrong,
regardless of your learning algorithm. If you don’t assume anything about the world,
all algorithms perform the same on average over all possible worlds.

This is in some ways a deep philosophical problem, called the problem of induction
and generally credited to David Hume. The fact that the sun rose every day so
far doesn’t, from “pure first principles,” imply anything about whether it will rise
tomorrow: we just decide to prefer “simple” explanations, i.e. we choose some H
that we like. But that doesn’t really answer which H would be good.

Actually, VC or Rademacher theory can’t answer that problem either: it’s preferable
to choose a H with small complexity, but since Rad((H + {f})|s) = Rad(H|s), and
VCdim(H) = VCdim({x + h(x)f(x) : h € H}) for +1-valued h and f, we haven't
actually seen any objective notion of a “simple hypothesis”: only ways to say that
sets of hypotheses are all similar enough to one another.

Sometimes people get a little mystical about no free lunch theorems, though —
e.g. https://no-free-lunch.org says that this result “calls the whole of science
into question.” But the world is not uniformly random; we know from experience
that some kinds of H tend to work better than others. so, although there is some
distribution that every algorithm fails on, it’s not the case in the world we live in that
all algorithms are the same as each other. (And, interestingly, there are (impractical)
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attributed to Paul Erdds.


https://en.wikipedia.org/wiki/Problem_of_induction
https://no-free-lunch.org

8. LOWER BOUNDS; NO FREE LUNCH

learning algorithms that are always at least as good as any other algorithm, up to
(huge) constants: free-1lunch.org used to (but, alas, no longer) point to the paper
of Nakkiran [Nak21].)

8.1.2 Aside: “learning is NP-hard”

Another example of this kind of claim (based on a different underlying theorem)
is given by van Roojj et al. [vVRoo+24], who say (in reaction to recent progress of
LLMs):

[We present] a mathematical proof of inherent intractability (formally,
NP-hardness) of the task that [...] AI engineers set themselves. This
intractability implies that any factual Al system created in the short-run
(say, within the next few decades or so) is so astronomically unlikely to
be anything like a human mind, or even a coherent capacity that is part
of that mind, that claims of ‘inevitability’ of AGI within the foreseeable
future are revealed to be false and misleading. We realize that this
implication may appear counterintuitive given everyday experiences and
interactions with currently impressive Al systems, but we will explain
why it is not. As we will carefully unpack later in the paper, it is a mistake
to assume that Al systems’ performance is either currently human-level,
or will simply continue to improve and the systems will soon constitute
human-level A(G)I. The problem is that—in line with our intractability
result—the performance cannot scale up.

What they actually prove (their Theorem 2) can be rephrased roughly as follows:

Tueorem 8.3 (“Ingenia Theorem”, [VRoo+24]). Let X = {0, 1}N and ) a fixed finite set.
For each x, define ), C Y to be the set of “acceptable” responses to an input x. Let H be a
hypothesis class containing all functions implemented by circuits with complexity at most
a parameter D; for instance, for each N and D there exists a class of feedforward neural
networks satisfying this. A realizable distribution D is one where Pr(y ) .p(y € Vy) = 1
and there exists h* € H with Pr(yy).p(h*(x) € Vx) = 1. Suppose that there exists a
polynomial-time algorithm, allowed to randomly sample from D as a constant-time
operation, which with probability at least (J(1/N®) for some o > 0 successfully identifies

a hypothesis h € H satisfying

Pr (h(x) € Vy) > IV

+ &Ny
(xp)~D N

for some ey = Q(1/NP), for some p > 0. Then NP C BPP.

This conclusion contradicts a very common assumption in complexity theory. So,
although we don’t 100% know this for a fact, we should probably think that this
implies there is no polynomial-time algorithm satisfying the above properties, i.e.
that can improve on random guessing.

Does this imply that “AI” is computationally infeasible? Not really. Assuming
NP ¢ BPP, it implies that for any given polynomial-time learning algorithm, there
exist some distributions which cannot be efficiently learned. (This is true even for
distributions which are themselves efficiently computable. The universal induc-
tion approach considered e.g. by Nakkiran [Nak21] finds computationally-efficient
hypotheses but it does so in an extremely computationally-inefficient way.)

This obviously doesn’t mean, though, that every distribution can’t be efficiently
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learned. For instance, the distribution that always says “banana please” in response
to any input at all can be. Is “human-like behaviour” a distribution that can be
efficiently learned by some algorithm? I don’t know (other than to say that, well,
humans do it), and this theorem doesn’t say either!

8.2 LOWER BOUNDS

Theorem 8.1 only applies when m < VCdim(H)/2. We can use it, though, to also get
a quantitative lower bound for higher m:

THEOREM 8.4. Let H be a set of binary classifiers over X such that VCdim(H) > 2. For
any m > VCdim(H)/2,

VCdim(H) -1 S 1
32m 100

inf sup Pr (Lp(A(S)) >

A D realizable by H S~D™

where Lp uses zero-one loss, and the infimum over A is over all learning algorithms
returning hypotheses in 'H.

Proof. Choose a set X = {%{,..., %4} of size d = VCdim(H) which can be shattered
by H. We're going to choose a distribution that puts most of its probability mass on
%1, in such a way that we’re likely to see less than half of the other points from the
distribution. Specifically, for an € > 0 to choose later,

Pr (x
x~D,

foralli>1, Pr (x

¥1)=1-¢,
1) s

Now, let D be the distribution over {%,,..., %;} selected by Theorem 8.1 with m =
(d —1)/2,and let f € H be the labeling function chosen in D. Our distribution will
be found by sampling x ~ D, and then letting v | x = f(x).

Now, we’re going to prove that it’s fairly likely that samples from D, contain at most
(d — 1)/2 of the non-%; points. How many points we don’t see is a little annoying to
characterize exactly, but we can get a bound based on

Q=) 10xi=%)

m
i=1

if we repeat any of the non-%; points, Q will double-count them, but it’s a valid
upper bound on the number of non-%; points we see. Notice that Pr(x; # %) = ¢,
and each of the indicators is iid Bernoulli(¢), so Q ~ Binomial(m, €).

A standard tail bound for binomial variables, Proposition 8.5 with y = 1, shows that
1
Pr(Q > 2me) < exp (—gme).

To use this result, we want 2me = %(d —1); so, pick € = (d — 1)/(4m). This is valid,

since m > d/2 implies that € < %% < % Then we see less than half of the non-x;

points with probability at least

since 1 —exp(-1/12) = 0.07995.

So, with more than 7% probability, a sample of size m from D will contain at most
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(d —1)/2 of the non-%; points. Then, Theorem 8.1 tells us that with probability at

least 1/7, L5(\A(S)) > %. If this happens, this implies that Lp(.A(S)) > %e = 3”',12;1111,
since the total probability of the non-%; points is exactly €. So, we have more than a
% - 7% = 1% chance of seeing 22;1711 error on D, as desired. ]

ProrosiTION 8.5. If X ~ Binomial(m, p), then for any y > 0 it holds that
1
Pr(X > (1 + y)mp) < exp (—gmpyz).

This is an immediate consequence of the multiplicative Chernoff bound, which is
e.g. Theorem D.4 of [MRT18]. The proof technique is different from how we proved
Hoeftding/etc, and I don’t know if it holds as generally, but you should be able to
follow their proof (which uses their Theorem D.3) just fine.

AcNosTic case  You can get a bigger error if you don’t require D to be realizable:
Theorem 3.23 of [MRT18] gives that for any m and H,

: : [ d 1
1ﬂf5111)p Pr|Lp(A(S)) - ;11275 Lp(h) > 320m] > o (8.1)

Section 28.2 of [SSBD14] is similar.

More GeNERALLY These styles of theorems are sometimes called “minimax bounds,”
and algorithms are called “minimax-optimal” or simply “minimax” if they achieve
the lower bound (usually only up to constants, though that’s also sometimes called
“rate-optimal”). In the VC notes we showed that ERM gets error 5p(\/cl/_m), which
combined with the agnostic result above shows that ERM is (up to log factors)
rate-optimal for finite-VC classes. Although we haven’t shown this (see Section 28.3
of [SSBD14] or 6.5 of [Zhang23]), ERM for binary classifiers achieves 5p(d/m) error
in the realizable setting, so by Theorem 8.4 ERM is also (up to log factors) minimax
rate-optimal for realizable distributions too.

Minimax rates are also available for various other problems, including things like
linear regression, density estimation, and optimization. We won’t talk a lot about
lower bounds in this course, but they can be really nice to know whether your
learning algorithm is “good” or not. (The problem, though, is they tend to be
extremely “worst-case,” and might not be too informative about problems you’re
likely to actually see — similar to no free lunch arguments.)

8.3 THE “FUNDAMENTAL THEOREM OF STATISTICAL LEARNING”

We’ve now shown all the necessary parts for a pretty complete qualitative under-
standing of PAC learning for binary classifiers.

TreoRrREM 8.6 (Fundamental Theorem of Statistical Learning). For H a class of func-
tions h : X — {0, 1} and with the 0-1 loss, the following are equivalent:

1. Uniform convergence: for all €, € (0, 1), we have that supy,, Lp(h) — Lg(h) < €
with probability at least 1 — & as long as m > mYC(g, §) < co.

Any ERM rule agnostically PAC-learns 'H.

H is agnostically PAC learnable.

Any ERM rule PAC-learns 'H.

H is PAC learnable.

SARE N SR
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6. VCdim(H) < oo,

Proof. 1 implying 2 is our usual argument:

Lp(hs) < Lg(hs) + iug Lp(h) = Ls(h) < Lg(h*) + € < Lp(h") + [Ls(h*) = Lp(h')] + &,

plus Hoeftding on Lg(h*) — Lp(h*).

2 implying 3, and 4 implying 5, are immediate.

2 implying 4, and 3 implying 5, is also straightforward from the definitions.
Corollary 8.2 shows that 5 implies 6.

6 implying 1 is shown by Theorem 6.11. O
Theorem 6.8 of [SSBD14] gives a quantitative version, bounding the sample com-
plexities in terms of the VC dimension, by collecting lower bounds like Theorem 8.4

and (8.1) and upper bounds like Theorem 6.11 and the realizable equivalent that
we didn’t prove.
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9 Nonuniform Learning

Recall the decomposition of error we made back in Section 1.4:

Lp(fs) = Lyayes = Lp(hs) = inf Lp(h) + inf Lp(h) - Lygges -
excess error

estimation error approximation error

We’ve talked a lot about the estimation error of ERM, bounding it in terms of
Rademacher complexity or (when applicable) VC dimension. What we haven’t
really talked about yet is the approximation error. We drew some examples with
polynomials in Figure 1.1, but if we don’t know what the optimal predictor looks
like. .. what should we do?

There are some particular cases where we can analyze this approximation error gap
mathematically, if we assume things about the form of D. But those assumptions
usually rely on constants that are hard to know for any specific problem, and there’s
not usually a clear way to estimate them (or the Bayes error) from data, either.

The practical solution is generally to just try a bunch of different H and/or a bunch
of different learning algorithms, then pick the best based on a validation set V.
This is a good idea in practice, and we can make some theoretical guarantees on its
generalization based on Ly being close to Lp. But it’s still hard to use that approach
to say anything with confidence about the approximation error.

9.1 STRUCTURAL RISK MINIMIZATION

SRM says: let’s use a huge H, one where the approximation error is going to be small,
maybe even zero if H is what’s called universal (coming up soon!). This will probably
mean H has infinite VC dimension, large Rademacher complexity, etc. But let’s
decompose
H=H,UHyU-- = UHk.
keN

For instance, we might have H the set of decision trees of depth k, the set of degree-
k polynomials, or the set of linear classifiers with ||w|| < 2k, We're going to assume
that each Hj has uniform convergence:

VkeN. Pr (sup Lp(h) — Lg(h) < gx(m, 6)] >1-20 (9.1)
S~D" \ hen,

for functions ¢ satisfying that for all k and all 6 € (0, 1), lim,,_,, € (m, d) = 0.

We’ll also need a set of weights wy > 0 such that ) wy < 1; a typical choice is
k=1
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6/(?k?) ~ 0.61/k?, since ¥ 2 = %2,
k=1

ProrosiTION 9.1. Let H = Hy U H, U... satisfy (9.1), and let wy > 0 have } wy < 1.
k=1
Then for any D, with probability at least 1 — & over the choice of S ~ D™, we have

Vhe M. Lp(h)<Ls(h)+ min e (m, dwy).
k:hGHk

Proof. We do a union bound over the Hy, allocating dw; probability that anything

in H; violates the bound, dw, that anything in H, does, and so on. Thus the total

probability anything in H violates it is at most )_ dwy < d. O
k

SRM is then the algorithm that minimizes this upper bound on Lp(h):

DEerINITION 9.2. Given bounds on a decomposition of H as in (9.1), and weights

wr > 0with ) wy <land |J Hy =H, structural risk minimization is given by
k:w>0

SRMy, 5(S) € arg min [Ls(h) + &g, (m, 6wkh)] where kj, € arg min g, (m, wy9).
heH k:heH;

Typically, k;, = min{k : h € Hy}.

We can implement this minimization by a finite number of calls to an “ERM oracle”,
as long as our loss is lower-bounded by a < ¢(h, z), e.g. a = 0:

function SRMy, 5(S)
best < oo
fork=1,2,... do
hk — ERMHk(S)
cand_loss « Lg(hy) + e(m, wi0)
if cand < best then
L i’} <« hk
best « cand
if ming; a + e (m, wp0) > best then
.~ break
return /i

Note that if we “decompose” as H; = H, then SRM becomes just ERMy,.

THEOREM 9.3. Let h* € 'H be any fixed hypothesis in the setup of Definition 9.2, and let
a<{(hz)<bforall heH, z e Z. Then, with probability at least 1 — 6 — &' over the
choice of random samples S ~ D™, SRM satisfies

Lp(SRMy,5(S)) < Lp(h") + ek, (m, w,.8) + (b — a)y| 24 log &

Proof. Let hg = SRMy(S). We have that
Lp(hs) < Lg(hg) + ekils(m, Wi, 0) by Proposition 9.1, prob > 1 -9
< Lg(h") + ¢, (m, wy,.9) by def of SRM;

the conclusion follows by applying Hoeffding’s inequality with probability &’ to
upper-bound Lg(h*). O
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Compare this to ERM that just knows in advance which Hy, . to pick; with probability
at least 1 — 29, that would have performance

Lp(BERMy(S)) < Lp(h*) + g, (m, ) + (b — )4 /% log %

How much worse this is depends on how much worse ¢, (m, wy,. d) is than g, (m, 0).

9.1.1 With Rademacher bounds

Since this is a little abstract, let’s see what happens if we plug in the Rademacher
bound of Theorem 5.7: let Ry ,,, = Es_pn Rad((€ o Hy)lg), assume a < €(h, z) < b, and
for simplicity assume that Ry, ,, > Rk, for all k. Then

1 1
ex(m, ) = 2Ry m + (b — a)4/ e log 5

Let’s also plug in wy = 6/(1*k?). Then Proposition 9.1 becomes that

1 m2k? ‘
Pr|VheH. Lp(h) < Ls(h)+ 2Rp,,m + (b~ a)\| 5 log 6; >1-5  (9.2)

where kj, = min{k : h € Hy}. Using this bound to define an SRM algorithm gives

) 1 n2k2
SRMy, 5(S) € argmin | Lg(h) + 2Ry, + (b — a)\| 5— log
' heH ' 2m 7 69

(9.3)

Theorem 9.3 gives that with probability at least 1 — (1 + %)6,

N
< Lp(h')+ 2R +b_a—\/lo ki + /210 L
— D k;,*,m \/m g h g66 ‘

. s _ 12+6 +6 ™ _ i 7
Letting 0’ = =320 so that ¢35 = % 7
least 1 — & we have

. 2 2
Lp(SRMyy4(S)) < Lp(H) + 2R + —— b-a \/log ky + —log — \/ log Za‘

< %, this means that with probability at

o=

Lp (SRM 2 (S)) < Lp(h*) + 2Rje,m + {\/log ky ++/21og 603} (9.4)
" 1246

Compare to ERM with Hy,,: with probability at least 1 - ¢/,
LD(ERMH;W(S)) < Lp(h*)+ 2Rkh mt —— \/_ 210g 5

So, as long as we have a reasonable number of samples compared to the complexity
of h* — that is, m > log k;» — we pay essentially no penalty for not knowing the
correct Hj in advance!

9.1.2 Problems with bound minimization

Concentration inequalities are usually pretty conservative, since they hold for all dis-
tributions subject to some mild constraints (e.g. sub-Gaussianity). Symmetrization
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is also often a bit loose; it introduces a factor of 2 that might not be needed, e.g. in
equation (11) / Appendix E.4 of [Zho+22] we established that this 2 can (basically)
be a 1 for Gaussian-data ¢;-loss regression.

So, if we minimize a potentially loose bound, then we might get bad results: because
our bound is too conservative, we’ll have too much bias towards a simple solution.
(If the problem turns out to be realizable, but we didn’t assume that from the outset,
then we can’t adapt to the fast 1/m rate; we'll operate assuming the slow 1/+/m rate.)
Fundamentally, this means the performance of our algorithm is based on how good
at theoretical analysis we are; we’d usually rather have an algorithm that works well
whether we’re smart or not.

It’s also kind of weird for us to have to pre-commit to a certain failure probability o;
that’s not usually how we think about things. That in particular, though, we’ll be
able to avoid.

9.1.3 Aside: Avoiding the 6 dependence

It’s pretty annoying that the algorithm depends on a specific choice of §; that “feels
like” an analysis parameter, not an algorithm one. We can do this by defining a
slight variant of the algorithm; notice that (9.2) implies

Pr|Vh e H. Lp(h) < Lg(h) + 2Ry, m + (b —ﬂ\/ log ky, + (b ‘“V_1°g66]>1 o

since we only made the upper bound looser with Va + b < v/a + Vb for nonnegative

a,b. But when minimizing this upper bound, the (b - a),/ﬁ log ’g—g term doesn’t
depend on h at all, and so we can just ignore it;

Ls(h) + 2Ry, m + (b — a)4 [ % log kh}.

A slight variant of Theorem 9.3 still applies; we just have to use the ¢ that splits the
two square root terms up, giving for this variant that with probability at least 1 — 9,

SRMy,(S) € arg min
heH

. 6 + 12
w/ prob at least 1 — %6 Lp(SRMy(S)) < Lg(hg) + 2Rk,;s,m [‘ [log k;,  t 10g T l
1 6 + 1
by def of SRM < Ls(h*) + 2Ry, m + \/log k. + 3 log 5
. . b-al ok 1 64—112 11 6 + 12
w/ prob at least 1 — =250 < Lp(h') + 2Rk m + ——= \/ﬁ vlog kj- + og 5 log —~

— 1 2
= Lp(l) + 2Ry + b\/_“ Viog ki + /2 log +—“/6}
m

Note that 1 + m?/6 < 2.7. This gets essentially the same result as (9.4), without
requiring committing to a o in the algorithm.

Note that this was only possible because [4, b] didn’t depend on Hj. This isn’t
always true; for example, our analysis of logistic regression with ||x|| < C and
Hpg ={x > w-x:||lw|| < B} used (4.4) to get that b —a = BC. In these cases, if we
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want to use our exact SRM analysis, as far as I know we have to incorporate o into
the algorithm itself.

9.1.4 Relationship to regularization

Think about using SRM with H = {x > w-x : w € R¥} with Hy = {x > w-x : [|w|| <
r2k=1} for some r > 0; this should be chosen in advance of seeing the data, e.g. just
picking r = 1. Consider logistic loss, and assume ||x|| < C almost surely.

Suppose that h corresponds to a vector w. If ||w|| > r, we have

1 _ _
Bi,-1 = 5By, = 12972 <lwl| < 1257 = By,
implying By, < 2||w|l and k;, < 2 + log, ”r” Thus, in general, By, < max(2|w]|,r)
and k; < 2 + max(O log, b ”) = max(Z log, 4w “). Thus, recalling Section 5.2.2
and Equation (4.4), we can use (9.3) to construct an instance of SRM as

4 2
+ \/log (max (2, log, ||rw|| )) + = log zéJ

Now, let’s squint a bit, and assume that we chose an r such that the w with ||w||
significantly smaller than r aren’t relevant to the optimization — they’re not confident
enough to achieve a small Lg — but that getting a low Lg doesn’t require a ||w|| so
big that loglog, 4”wl|
problem looks a lot like

C 2 lwl|,
arg min Lg(x > w-x)+ max(2|[w||, r)

weR4 \/m

is meaningfully more than “constant.” Then, this optimization

argmin Lg(x — w - x) + A |wl|

S . A

weR4 \/m

for some A > 0. This is pretty close to the “default” regularized logistic regression,
which would use [Jw||%. (It also probably wouldn’t have an explicit 7 in the equation,
but if you're tuning A for a fixed particular problem, that doesn’t matter, and indeed
the total amount of regularization should often scale with m according to \m, as
we’ll see a little later in the course.)

In fact, the optimization problems with ||w|| and with ||w||* are themselves equivalent:
if you consider the curve of possible solutions as you vary A (the “regularization
path”), you would get the exact same set of solutions. So, SRM can be seen as
motivation for standard regularization techniques.

9.2 NONUNIFORM LEARNABILITY

The sample complexity for SRM to learn a hypothesis h* depends on the particular
h*, not just on H. This motivates a weaker definition of learning than PAC learning,
called nonuniform learning.

DEerINITION 9.4. An algorithm A(S) (g, 0)-competes with a hypothesis h if it satisfies
PI‘SNDm(LD(.A(S)) < Lp(h) + E) >1-o.

DEerINITION 9.5. An algorithm A nonuniformly learns H there is a finite sample
complexity function m(g, 9, h) such that for all €,6 € (0,1) and h € H, given m >
m(g, o, h) iid samples from any D, A(S) (¢, 0)-competes with h.

DEerINITION 9.6. A hypothesis class H is nonuniformly learnable if there exists an
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algorithm A which nonuniformly learns H.

Theorem 9.3 establishes that SRM nonuniformly learns any H which we can decom-
pose into a countable union of H; which each allow for uniform convergence.

In fact, for binary classifiers with 0-1 loss, SRM nonuniformly learns any H which is
nonuniformly learnable:

ProposITION 9.7. If H of binary classifiers is nonuniformly learnable under the 0-1 loss,
it can be written as a countable union of Hy with finite VC dimension.

Proof. Define
He={heH:m(} 3 h) <k,

where m(g, o, h) is the sample complexity function of an algorithm A that nonuni-
formly learns H. Then H = |J H.
k>1

For any k, consider Hy. Let D be any distribution realizable by Hj, i.e. there is some
h* € Hj with Lp(h*) = 0. Since A(S) competes with that h*, Prg_pm(Lp(A(S)) < %) >
£. This means that we can (roughly) learn any realizable distribution. But our No
Free Lunch theorem, specifically Corollary 8.2, implied that, if VCdim(H}) = oo,
then there would be some realizable D that we can’t learn to this (¢, 6). Thus
VCdim(Hj) can’t be infinite. O

9.3 MINIMUM DESCRIPTION LENGTH

9.3.1 Singleton Classes

Suppose we have a countable H = {hy, h;,...}. Then we could partition it into
singleton sub-classes, Hy = {hy}. Denoting the weight for the class {h} by wj, each of
these H; have “uniform convergence” via a simple Hoeffding bound with

1 1 [ 1 1 1 1
Ek(m, Whé) < (b - (1) ﬁlng_hg) < (b — ﬂ) %logw—h + (b — (1) ﬁlog S,

splitting out the dependence on o for simplicity as in Section 9.1.3. SRM then

becomes
1

SRMy(S) € argmin Lg(h) + L log o
h

heH 2m

and this has the guarantee by Theorem 9.3 that

Lp(SRMy(S)) < Lp(h*) + (b — a)4 /% log % +(b—a)y/ % log %

But...how should we set w;,? There’s no “smaller” h; what order should we use?

9.3.2 Minimum Description Length

One popular way to decide on weights is based on choosing some prefix-free binary
language to determine the hypotheses: for example, the binary representation of
a gziped Python program implementing that hypothesis. Then we can choose a
weight according to the following result:
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ProrosiTioN 9.8 (Kraft’s inequality). If S C {0, 1} is prefix-free (there are nos = s’ € S
such that s is a prefix of s’), then
) oM<

seS

Proof. Define the following random process: starting with the empty string, add
either a 0 or a 1 with equal probability. If the current string is in S, terminate; if

no element of S begins with the current string, also terminate; otherwise, repeat.

Since S is prefix-free, this process hits any string s € S with probability 27; these
probabilities must sum to at most one. O

Thus, we can choose a representation for H so that h has description length |h|, and
assign wy, = 271, This gives
log 2

MDL(S) € argmin Lg(h) +
heH 2m

Lp(MDLy(S)) < Lp(h*) + (b — a) 1‘;5”2 ] + (b — a)w/% log 2.

This is one formalization of Occam’s razor: if there are multiple explanations of
the data (Lg(hy) = 0 = Lg(h,)), prefer the simplest one (the one with shortest
explanation).

||

But we need to pre-commit to a notion of description length before seeing the data. A
nice analogy: codegolf.stackexchange.com, a site where people compete to find
the shortest implementation of a program doing some task, prohibits by default any
language written after the contest was started.

If we choose |h| to be the length of shortest possible implementation of 4 in some
programming language, this is known as the Kolmogorov complexity. This version of
the MDL principle is then to regularize by the Kolmogorov complexity. If you're
familiar with Bayesian learning, this would be something like maximum a posteriori
(MAP) inference with a Kolmogorov complexity prior. The “free lunch” algorithm
outlined by Nakkiran [Nak21] is closely related to this where H is just the set of
all Turing machines. The fully-Bayesian analogue is (basically) something called
Solomonoff induction. For fuller introductions to these concepts, there are various
relevant textbooks [LV19; Hut05; HQC24].
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10 Universal Approximation

In our motivation of SRM in Chapter 9, we talked about wanting to use an H so big
that the approximation error infjey Lp(h) — Lyayes is zero. What kinds of H satisfy
that?

To keep things simple, we’ll think about ) C R today.

One example would be the set of all functions X — ). This way leads a million
mathematical counterexamples of being able to do even super basic things like
computing expectations, let alone being able to learn.

A milder set to target is the set of all continuous functions. If there’s a continu-
ous function achieving the Bayes error, then this immediately guarantees that the
approximation error would be zero.

DerintTION 10.1. For a metric space X, C(X) denotes the Banach space of continuous
functions X — R, with norm given by |[|f||., = sup,cy |f(x)].

Recall that if f and g are elements of a function space and a € R, we have thataf + g
is the function mapping x to af (x) + g(x). So, ||f — glloc = sup ey If (x) — g(x)| is one
possible distance metric on functions.

The following result suggests that this is a reasonable (if strict) way to calculate
distances between functions.

Prorosition 10.2. Suppose that €(h, (x,y)) = L,(h(x)) for I, : R — R. Then Lp is
(E(x,y)wp ”lV”Lip )—Lipschitz with respect to ||h — g||..-

Proof. We have that

ILp(h)=Lp(@)l=| E L(h(x)- E 1,(g(x))

(x9)~D 7 (x,9)~D < E|l(h(x) - 1,(g(0)|

IA

(x,gﬂ) ||ZV||Lip |h(X) - g(x)| < ((x,}I)E}»vD ||ly||Lip) ||h - g”oo O

10.1 DENSENESS

Even if the “target function” isn’t continuous, the approximation error could still be
zero.

ExampLE 10.3. Consider X = R and the true labels being determined by the dis-
continuous function y = 1(x > 0). Although this function isn’t in C(X’), you can get
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arbitrarily close to it, e.g. by taking the continuous functions

0 ifx<0
folx)={x/0 if0<x<o0o
1 if x > o.

The 0-1 loss here is
Lp(fo) = Pr(x € (0,0)) E[1 - g | x € (0,0)] < Pr(x € (0, 0)).

As 0 — 0, we have Lp(f;) — 0 regardless of D. Thus, inf,cciy) Lp(h) = 0, even
though there is no h € C(X) with Lp(h) = 0. Therefore the approximation error, in
this case, is zero.

C(X) can approximate many interesting function classes. We can frame this with
the following definition from metric topology:

DeriNiTION 10.4. Let G C F for some metric space F. We say that G is dense in F
with respect to the metric ¢ if, for every f € F, inf,cg p(g, f) = 0.

That is, for every point in f € F that isn’t in G, you need to be able to get arbitrarily
close to f with points in G.

A canonical example is that the set of rational numbers is dense in the set of real
numbers.

ProrosiTiON 10.5. Suppose that 'H is dense in F with respect to |||, and use loss
€(h, (x,9)) = L,(h(x)) with finite E(, ,-p ”ly”up' Then infyey Lp(h) = inf e Lp(f)-

Proof. Let M = E(, y).p ”l?”Lip < o0. Choose (fi, f»,...) to be a sequence in F such
that Lp(f;) — infger Lp(f). For each f;, choose a g; € G such that ||f; - g, < %,
which is possible because G is dense in F. Then, by Proposition 10.2, |Lp(g;) — Lp(fi)| <
Mg - fill, < ¥ — 0, and thus (Lp(g;)) converges to the same point as (Lp(f;)). O

10.2 UNIVERSAL APPROXIMATORS

DeriniTION 10.6. We call a hypothesis class H of functions X — R universal if
H N C(&X) is dense in C(&X') with respect to ||| -

The following property is known as separating compact sets. It establishes that
thresholding functions in a universal hypothesis class can shatter any set, so that
VCdim(sgn o’H) = oo. It also implies that the Rademacher complexity is infinite.

ProrosiTION 10.7. Let V, W C X be disjoint compact sets, and let H be universal.
Choose any a > 0. Then there exists an h € H such that h(x) > a for all x € V, and
h(x) < —a forall x € W.

Proof. Define py(x) = min,cy ||x — v||, and likewise py,. Since the sets are compact,
we can use just min instead of inf, and they’ll still be well-defined continuous
functions in C(X). Since the sets are compact and disjoint, if py/(x) = O then
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pw(x) > 0, and vice versa. Thus the following g is well-defined and continuous:

If x € V, then Dy(x) = 0, and so g(x) = —2a for x € V. Likewise, g(x) = 2a for x € W.
Thus, any h € ‘H with ||h - g||, < a will satisfy the property we want. Since g is
continuous and H is dense in C(X), such an k must exist. O

This result implies that, at least for binary classifiers, it’s impossible to PAC-learn a
universal H. Depending on the H, though, we may be able to nonuniformly learn
it with SRM or similar algorithms. If we use a decomposition H = H; UH, U ---
for H; € H, C ---, then even though the approximation error in all of H is zero,
the approximation error in Hj; might not be. As we consider Hj for increasing
k, we trade off higher estimation error for lower approximation error. When X
is universal, there might be some H; where we can achieve zero approximation
error (if there’s some h € H achieving the minimal loss, also called the well-specified
setting). We might, though, only have the approximation error of Hj going to zero
as k increases, called a misspecified setting; this would be true e.g. in Example 10.3

with My = {f  I|fllp < k-

10.3 UNIVERSAL APPROXIMATION OF NEURAL NETWORKS

As you may have heard before (probably invoked in somewhat mystical ways),
classes of neural networks are universal.

A feedforward neural network (or multilayer perceptron, MLP) is a function defined
hierarchically as

f)=fPx)  fO%) = (Wi fF D)+ b)) FOx) = x,

where Wy € R%*4-1, b € R%, and oy : R% — R%; usually, d; = dy. Typically
op(z) = z, while intermediate hidden layers use nonlinear activations. Many common
choices are componentwise, such as ReLU(z) = max{z, 0}, tanh, or sigmoid(z) =

#P(—Z)' Other choices include softmax(z) = (exp(zj))j/§exp(zj), max pooling,

attention operators, and so on.

On A3 Q3, you bounded the Rademacher complexity for some such networks, with
some assumptions on ok, D, bounds on Wy, and that by = 0. (There are [slightly]
better bounds than this one; we’ll talk about this a bit soon.) Your bound didn’t
explicitly depend on the number of parameters, just on their norms.

It’s worth noting now that neural networks are usually trained via stochastic gradient
descent, but this non-convex optimization can be difficult: in general, it’s NP-hard,
even to optimize a single ReLU unit with square loss [GKMR21]. We’ll talk more
about optimization soon.

10.3.1 Comnstructive proofs

The following result is easy to understand, and extremely simple, but is indicative
of universal approximation results in general.

Tueorem 10.8. Let g : [0, 1] — R be M-Lipschitz. For any € > 0, there exists a network
f such that ||f — gl|., < & where the network has one hidden layer of width N = [M/¢]

83

Well-specified doesn’t imply
realizable; you might have
infyey Lp(h) > 0.



You could use a narrower

network by depending on the
total variation of g, how
much it “wiggles” up and
down: if g is pretty flat in
some region, there’s no need
to keep putting points there,
you only need a new one
when g changes more than e.
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using threshold activations o(t) = 1(t > 0), and a linear output unit.

Proof. We're going to construct a piecewise-constant approximation to g. For i €

{0,...,N=1},letb; = £ ie.
M € M ¢
=l—=[-1]= <=
bx-1 ({J )M<

—=1.
e M

We’re going to construct

g(o) 1f0§x< bl

g(b]) lfbl Sx<b2
fx)=

g(bn_p) ifbyg <x<1

as a two-layer network. To do this, let ay = g(0), and for i > 1 let g;
that

g(bj)—aj_;, so

8(bk)-

k
Zﬂi = 8(0) + (g(b1) — g(0)) + (8(b2) = (g(b1) = &(0))) + -~

i=0

Thus the desired f is just

T

f(x) a; ]l(x > bi),

I
o

i
which is a network of the desired form: the first layer has a weight matrix of all ones,

and a bias vector collecting the negatives of the thresholds b;, while the second layer
has weights collecting the a; and no offset.

Now, consider any input x, and let k = max{k : by < x}. Then, since g is M-Lipschitz,

18(x) = f ()] < 18(x) = &(bi) +18(bk) = f(bi)l +1f (bg) = f(x)] < Mﬁ =e 0O

<M |x—by| 0 0

We could do a similar thing with ReLU networks, using piecewise-linear approxima-
tions rather than piecewise-constant.

Here’s a similar result in R?:

Trueorem 10.9. Let g : [0,1]% — R be continuous. For any € > 0, choose & > 0 such that
|x — x'||o < Oimplies|g(x)— g(x’)| < e Then there is a three-layer ReLU network f with
Q (517) ReLU nodes satisfying f |f(x) — g(x)] dx < 2e.

[0,1}¢

Proof (sketch). Approximate the continuous g by a piecewise-constant h, with pieces
given by hyper-rectangles. Construct a two-layer ReLU net to check whether the
input x is in each hyper-rectangle. Put those networks side-by-side as the first two
layers of f, so that the second hidden layer is just an indicator vector of which
hyper-rectangle x is in. Use a linear readout layer to set any value on those pieces.

For details, see Theorem 2.1 of Telgarsky [Tel21]. O

Notice the curse of dimensionality: the size of the network depends exponentially
on the dimension, which for deep learning is typically at least hundreds, perhaps
millions or more. This isn’t just a proof artifact; it’s necessary to approximate
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arbitrary continuous functions. The construction also needs really large weights,
and has a really bad Lipschitz constant; it also only gives an L; approximation
bound, not sup-norm like before.

10.3.2 Non-constructive bound via Stone-Weierstrass

We can actually get a sup-norm bound with only one hidden layer a different way,
using the celebrated Stone-Weierstrass approximation theorem from analysis.

THeoreM 10.10 (Stone-Weierstrass, special case). Let X' be a compact metric space.
Suppose F is a set of functions from X — R such that:

* Each f € F is continuous: F C C(X).

» For each x € X, there is at least one f € F with f(x) = 0

e Forall f,ge Fand a € R, wehave of + g€ F and fg = (x — f(x)g(x)) € F. Fisan algebra.
 Foreach x # x" € X, there is at least one f € F with f(x) # f(x'). F separates points.

Then F is dense in C(X) with respect to ||||o

You may have heard of the Weierstrass theorem, which shows that polynomial
functions are dense in C(X); this is a generalization.

ProposiTioN 10.11. The set of functions Feyp, is dense in C(X), where

m
Fexp = {xn—> Zaiexp(wi-x) tm>Lwy,..., wy eRd;al,...,am GR}.
i=1

Notice that %, is a set of one-hidden-layer neural networks with exponential
hidden activations and unbounded width.

Proof. We just need to show that it satisfies the conditions of Stone-Weierstrass. The

’

m m
first two are clear. For f(x) = } a; exp(w; - x) and g(x) = ¥ a;exp(w; - x), we have
i=1 i=1
m m’
af+g:[xn—>Z(oca)exp +Zaexpw x]e}"exp
i=1 i=1

m  m
fg_[xHZZa,a exp( wi+w]'-)-x)]€féxp.

1 j=1
To show oy, separates x; and x5, consider f(x) = exp((x; — x2) - x), so that

Foa)  exp (Il - x2-x)
f(xz) N exp (xl Xy — ”x2”2)

2 2 2
= exp (|lx1ll? - 2x; - X3 + [lx2l?) = exp (|lx1 — xal?),

which is one iff x; = x,. O]
ProrosiTtioN 10.12 (([HSW89]). Let 0 : R — R be continuous with lim,_,_,, o(z) = 0,
lim, ,, o(z) = 1. Then F; is dense in C(X'), where F; is defined as

m

.E,:{xr—> Zuic(wi-x):mz Lwy,...,w, eRd;al,...,ameR}.
i=1
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Proof (sketch). For any continuous target g, first find an fy € Feyp, such that || fo — g, <
¢/2. Now, find some coefficients such that

exp(z) = chc(tjz)
j
is sufficiently accurate so that when we replace each exp(w; - x) in fy by }_ c;o(t;w; - x),
i

we find an f € F; such that ||f — fy||, < /2. O

More generally, this works if o is anything that’s not a polynomial [LLPS93]. (A
shallow network with fixed-degree polynomial activations is itself a polynomial of
fixed degree.) These are for shallow, wide networks, but if you use a deep, narrow
network you can get away even with polynomial activations [KL20].

There are also a variety of other results. Maybe most important is an infinite-
width construction of Barron [Bar93]; also see Section 3 of [Tel21] or Section 9.3 of
[Bach24].

10.4 CIRCUIT COMPLEXITY

We won’t go into depth on this perspective, but it’s definitely worth knowing it
exists. Shalev-Shwartz and Ben-David [SSBD14, Chapter 20] overview the general
basic results, but the standard classic text seems to be Parberry [Par94]. There’s also
recent work, particularly on Transformers.

The short version:

* Two-layer networks with threshold activations can represent all functions
from {+1}¢ — {+1}. Since computers always represent things as binary strings,
that’s pretty powerful.

* But, it takes exponential width to do that.

* But, for any Boolean function that can computed with maximal runtime T,
there exists a network of size O(T?) that implements that function.

10.5 INTERPRETATION

“Neural networks can do anything!!”
(You don’t hear “decision trees can do anything!!” as often, but it’s just as true....)

These results mean that, for any (continuous) function (on a bounded domain) that
we’d like to approximate, there is some neural net that can closely approximate
that behaviour. Continuous functions also aren’t a huge limit, as in Example 10.3.
So, there is some neural network that can approximate “what’s the next bit in the
response of a very smart human to a Unicode string of length at most 128,000 bytes.”
But that network is going to be very large (in parameter count and also weight norm).
There’s also a really really big decision tree that can do that.

So, does ERM in a large enough hypothesis class, or SRM, or whatever other learning
algorithm, necessarily generalize? Maybe not.

Also, for neural networks ERM is NP-hard; does gradient descent approximate it
well? Maybe not.

86



10. UNIVERSAL APPROXIMATION

But, are these constructions with enormous norms indicative of the actual norm
required for functions we care about? Maybe not.

One way to help answer these questions is to characterize what kinds of functions
have large norms. This is mostly beyond the scope of this course, but the typical
traditional scheme is based on functions in Sobolev classes; [Bach24] has a bunch of
material on this. There’s also recent work on, say, constructing Transformers to do
some particular task, as an existence proof of approximation for that task (rather
than universally).
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11 Kernels

We’ve mentioned a couple times the idea of implementing a polynomial classifier as
a special case of a linear one: in R, a cubic classifier might look like

h(x) = wo + w1 X + wyx? + wsx’
where we have four parameters in w. Notice that we can also write this as

h(x) = w - ¢(x), w e RY, d(x) = (1, x, x%, x3).

Now, consider the set of all cubic functions
F = {x|—>w-q)(x):w0+w1x+w2x2+w3x3:weR4}.

We're going to introduce some machinery to think about F as a function space,
along the lines of the space C(X) from Definition 10.1. This will lead to kernel “Kernel”isa
methods that allow us to optimize over F using basically the same techniques as super-overloaded word. This

... . is not the same thing as in
optimizing over linear spaces. kernel density estimation,

the kernel of a convolution,
the kernel of a probability

11.1 DEFINING FUNCTION SPACES density, the kernel of a linear
map, a CUDA kernel, an

. ) . operating system kernel. ..
To think of F as a vector space of functions, let f, f’ € F correspond to weight

vectors w, w’. Then we can let f + f’ be the function with weight vector w + w’, and
af that with weight vector aw. This definition makes it a valid vector space:

DerinITION 11.1. A real vector space is a non-empty set V along with the operations
of vector addition, denoted v + w € V for any v, w € V, and scalar multiplication,
denoted av € V for any v € V and a € R, satisfying the following requirements:

* Vector addition is associative: for all u, v, w e V, u + (v + w) = (u + v) + w.
e Vector addition is commutative: forallv,we V,v+w = w + v.

* Vector addition has an identity: there is some zero vector 0 € V such that for
allveV,v+0=nv.

e Vector addition has inverses: for each v € V, there is some —v € V such that
v+ (-v)=0.

* Compatibility of scalar multiplication: for all ,b € Rand v € V, a(bV) =
(ab)V.

¢ Identity of scalar multiplication: forallv e V, (1)v = v
* Distributive property I: foralla e Rand v, w € V, a(v + w) = av + aw.

* Distributive property II: foralla,b e Rand v € V, (a + b)v = av + bv.
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A lot of the familiar linear algebra stuff you know and love from R? applies to any
vector space as well.

DerinITION 11.2. A real normed vector space is a real vector space V with a norm: a
function V — R, written ||v||, such that:

* Non-negativity: forallv e V, ||v]| > 0.

* Positive definitenesss: for every v € V, ||v|| = 0 if and only if v = 0.

* Absolute homogeneity: for every a €e Rand v € V, |lav|| = |a]||v]|.

* Sub-additivity / triangle inequality: for every v,w € V, ||[v + w|| < ||v|| + ||w]|.
The norm of a normed vector space induces the metric p(x, ) = ||x — y||, which we
can check satisfies the formal definition of a metric space:

DEerINITION 11.3. A metric space is a set X along with a function p: X x & — R,
called the metric, satisfying the following properties:

* Non-negativity: for all x,y € X, p(x,y) > 0.

* Positive definiteness for all x, v € X, p(x, v) = 0 if and only if x = .

* Symmetry: for all x,y € X, p(x, v) = p(v, x).

* Triangle inequality: for all x, v,z € &, p(x, z) < p(x, V) + p(¥, 2).
DeriniTION 11.4. Consider a sequence x1, X;,... in a metric space X.

This sequence has a limit x, if for every € > 0, there exists a positive integer N such
that for all n > N, p(x,, xo,) < &.

This sequence is called Cauchy if, for every € > 0, there exists a positive integer N
such that for all m, n > N, p(x,,, x,) < &.

The metric space X is called complete if all Cauchy sequences in X have limits in X'
DeriNITION 11.5. A real Banach space is a real normed vector space whose norm
induces a complete vector space.

You can check that C(X’) is a Banach space.

There’s one other major structure in R? that we don’t have yet: dot products.

DEerINITION 11.6. A real inner product space is a real vector space V together with an
inner product, a function V x V. — R written (v, w) satisfying

* Symmetry: forall v, w € V, (v, w) = (w, v).
* Linearity: forall u,v,w e Vand a,b € R, (au + bv,w) = a{u, w) + b (v, w).
* Positive-definiteness: if v # 0, then (v, v) > 0.

An inner product space is also a normed vector space with ||v|| = v(v, v), and hence

a metric space with p(v, w) = ||[v —w| = V(v - w, v — w).

DerINITION 11.7. A real Hilbert space is a real inner product space whose induced
metric space is complete.
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11.2 POLYNOMIAL FUNCTIONS

Now, recall our function space
— — 2 3. 4
={x > w-P(x) = wy + w1 X + wyrx” + wzx” : we R¥}

with addition defined by adding weight vectors, and scalar multiplication by scaling
the weight vectors. We can also define an inner product (f, f’)r by w - w’, also
giving the norm ||f|| - = ||w||. We can check that this satisfies all the conditions we
need, including completeness, for F to define a Hilbert space.

Now, let’s think about a different function class. Choose any ¢ > 0 and define

Fe={x—w-P(x) wo\/_+w1\/3c x+w2\/_x +wsx’ i weRY,

then again define addition / scalar multiplication / inner products in terms of these
weight vectors w. The reason for this reparameterization is that we get

d(x) - p(x) = ¢+ 3c%xx” + 3c(xx')? + (xx)? = (xx” + ¢),

which makes ¢(x) - ¢(x’) much easier to compute. The same thing happens in
higher dimensions or with higher polynomial degrees; for degree-¢ polynomials in
d dimensions, there are O(d¢) parameters, but we can compute this inner product

@(x) - p(x’) still in O(d) time.
We call this function ¢(x) - ¢(x’) the kernel function:

k(x, x) = (x) - G(x').
We’ll see soon that it’s a very fundamental object.

The set of functions in F and F. for any c are the same, as functions; addition
and scalar multiplication also agree between all of them. But the inner product
doesn’t! So ||wl||, and hence ||f]| -, is different depending on your choice of c. (Larger
¢ will mean the lower-order coefficients can be smaller in order to express the same
function, and so means that ||f|| - is more determined by the coefficient on x3.) This
will be important when we use algorithms that depend on ||f|| ~.

Now, let’s do something slightly weird. Recall that
X) = (\/c_3, Velx, Vex?, x3) e R

Elements of F, are functions corresponding to any w € R*. So what happens if we
think of the element of ¢(x) as a weight vector for an element in F.? This would
give us a function of the form

X Ve3Ved + V3e2xV3e2x + V3exVae(x')? + X3 (1)

2 N3

= ¢+ 3c2xx’ + 3c(xx’)? + (xx)

= (xx"+¢)’ = (x) - p(x).

That is, if we evaluate the function with weights ¢(x) at a point x’, we just get the
kernel back. There isn’t any magic here; we defined F that way in the first place!
Letting f,, € F denote the function with weight vector w, this means that

oy foe))F = k(x, x).
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n
Now, because it’s a vector space, we know that ) a;fy(,) € F forany n, a; € R, and
i=1
choice of x;. By the linearity properties of inner product spaces,

<Z aif¢(xi)ff¢(x)> = Z%‘(fq)(x,-); Jo)F = Zaik(xixx)-
i=1 Fooi=l i=1

Since fy(r,) € F is a function from X to R, this is the same as taking a linear
combination of the functions, in terms of their pointwise evaluations.

So, we can think of F as having a vector space structure without direct reference
to w, where af + f’ is defined as the function x - af(x) + f’(x), and where f(x) =
(f, fo(x))F (also known as the reproducing property) — at least for any f that’s a
linear combination of fy,) for some x;. This will be the basis for our construction
of a reproducing kernel Hilbert space (RKHS) for a generic kernel.

The notation fyy) is a little bit cumbersome. Kernels people often use k(x, -) to denote
this. This notation is justified because k(x, -) would normally mean the function
t > k(x, t); but that’s exactly what you get when you do fx)(t) = G(x) - (1) = k(x, £).

11.3 REPRODUCING KERNELS

Not every function can be a kernel: it needs to be possible to write as an inner
product. So:

DeriniTiON 11.8. A function k : X x X — R is a positive definite kernel if and
only if there exists some Hilbert space G and feature map ¢ : X — G such that

k(x, x7) = (d(x), d(x))g-

Notice that the space, and the map, don’t need to be unique (e.g. you could always
use —¢ instead of ¢). Sometimes it’s clear what such a map is: for the cubic kernel we
considered above, we used G = R* and d(x) = (\/6_3, \/@x, V3cx2, x3). Sometimes,
though, it’s not obvious for a given k whether there is such a map or not.

The definition implies that we need k(x, x”) = k(x’, x), and that k(x, x) > 0. But those
are only necessary, not sufficient.

TaeOrREM 11.9 ([Aro50]). A function k : X x X — R is a positive definite kernel if and
k(xl’xl) k(xlrxm)
only if forallm > 1 and xy, ..., x,, € X, the kernel matrix : : €

k(xp,x1) oo k(X xp)
R™ ™ is positive semi-definite.
Recall that a positive semi-definite matrix can be equivalently characterized as:
e Forall a e R", a"Ka > 0.
» All eigenvalues of K are nonnegative.

¢« K=LLT for some L € R"™*"™,

Proof (sketch). One direction is easy: if k(x, x") = (@(x), ¢(x"))¢g, then

m.om m 2
aTKa=) ) ai(dlx) dlxj)ga; = || ailx)|| = 0.
i=1 j=1 i=1 g
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To show the other direction, given a k satisfying this property, we’ll construct a
space F: the reproducing kernel Hilbert space.

We'll start by building a “pre-Hilbert space” 7, containing functions & — R. Start

by defining the functions @(x) = [x" — k(x, x")] for all x. Then, let F, be the set of
m

all linear combinations of these functions, } «;@(x;) forany m >0, x1,...,x,, € X,
i=1

ay,...,a, € R. Define an inner product by

m n

<Zw zg]@ > =YY ki

i=1 j=1
O ! J

This satisfies the required linearity and nonnegativity properties to be an inner
product. It also has the reproducing properties that we expect:

(@(x), p(xN 7 =k(x,x')  (f, o(x))5 = f(x).

Notice also that this is well-defined in the sense that it’s representation-independent:

<i Otz'(P(Xz')'f'> = iai«P(xi)ff')fO = i(xif,(xz)
i=1 R o=l i=1

which doesn’t depend on how we wrote f’ as a linear combination, just on its values.

The only thing left is that we need F, to be complete: it’s conceivable that not
all Cauchy sequences have limits in this space. So, we construct the RKHS as the
completion of Fj: just add the limits in, defining their inner products as limits of
the inner products of the sequence (which is guaranteed to exist since the sequence
n
is Cauchy and R is complete). So, not all f € F can be written as ) «;¢(x;), but you
i=1
can always get arbitrarily close (in the distance defined by ||-|| ) to f with things of
that form.

After checking all the details work out, we’ve constructed a Hilbert space and a
feature map for any k. O]

(There are also other ways to define an RKHS; it turns out each RKHS has a unique
kernel, and each kernel has a unique RKHS, though there could be more than Hilbert
space aligning with the definition.)

11.3.1 Special case: linear kernel

If we use k(x, x’) = x - x’ for x € RY, then @(x) = [x” — x’ - x] is just a linear function
with weight x. Also,

)| - = Vi(x), p(x)) 7 = Vi(x, x) = [1x]].

So everything we’ve done with linear predictors can be thought of as operating in
the RKHS corresponding to a linear kernel. This is often a useful thing to think
about if you're looking at some complicated kernel expression: see what it'd be with
a linear kernel.
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11.4 OPTIMIZING IN THE RKHS

THeOREM 11.10 (Representer theorem). If F is an RKHS with feature map <, then for
any function L : R™ — R and any nondecreasing function R : R — R U {co},

argmin L(f (x1),..., f(xm)) + R(If1)

feF

contains a solution of the form f = Z a;p(x;), where S = (x1,...,x,,). If Ris strictly
i=1
increasing, all solutions are of this form.

| . ' ' 0 t<B
Notice that arg min g, e g Lg(f) fits this form: use R(t) = {oo SR

Proof. Let 7 be the subspace of F spanned by {¢(x;)}iZ,, and 7, its orthogonal
complement. Then any element of F can be uniquely decomposed into f + f,,
where f € A, f, € F|, and (f, f.) 7 = 0. Now, since

fxi)=froxir =i+ fuexi)r = S o(xi)F +(fL o(xi) 7,
\_....ﬂ/__..../
0
the L component only depends on f. Also,

WA = AN +0F 3 + 2 £ = Al + 1Al

S e’
0

Thus, having a nonzero value of f, does not change L, and cannot help R. If R is
strictly increasing, it can only hurt the overall objective. O]

That is, any problem will have a solution of the form w =} «;¢(x;). This allows us

1
to reduce optimization in F — potentially infinite-dimensional — to optimization
over a € R,

11.4.1 Example: kernel ridge regression
Consider the problem
min Lg/(h) + A[Jh% (11.1)
(S

for A > 0. First off, with a linear kernel, this becomes just plain ridge regression
min,, L (x > w - x) + A [|Jw]|*.

m
We know that all solutions will be of the form ) «;¢(x;), so (11.1) is equivalent to
i=1

Za(pxl

(11.2)

gg@L [Za(pxl]+)\

The second term here is just

Z ai(P(xz

Za k(x;, x = ocTKIS a,
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11. KERNELS

where K|SX € R™ is the kernel matrix on S, as in Theorem 11.9. For the first term,
notice that

Za,-k(xi, X]) = (XTKlst?]'

i
where e; € R™ is the jth standard basis vector. Then

R

1

2

Thus the overall problem is
deagnmleKkKha—zyﬁﬂsa+lj@+xﬁkba
a m X X m X m X
= arg min aTK|5x(K|5X + mAl)o — 2yTK|5xoc.
o

Setting the gradient to zero gives that we want
Kls (K[, + mAl)a = K]s_p,

which is achieved by
& = (Kls, + mM)_ly.

When A > 0 this inverse is guaranteed to exist, since K|Sx is positive semidefinite, so
K|s, + mX has all eigenvalues at least m.

We can also make predictions on an arbitrary test point with

<Zﬁ@@ﬂ@@>=}:®ﬂ%ﬂ=&'
i F i

k(x1, x)

k(% x)

It’s worth checking for yourself that this agrees with standard ridge regression.
(You might have to use the Woodbury matrix identity to line them up, since usual People sometimes call this
expressions for ridge regression invert a d x d matrix instead of an m x m one. In transformed version a dual

. . “« . ” orm, especially e.g. for
340, we called this version the “other normal equations.”) ];Zemel rﬁige regrefsi{:n.

While “dual” isn’t
We often won'’t be able to solve things in closed form like we can for kernel ridge necessarily a strictly defined
regression. But the representer theorem will still be helpful for any problem of the tLerm' note that it's not a
) . h ; oo ] : . agrange dual.
right form; we just still might have to run an optimization algorithm like gradient

descent on the «a variables.

11.5 OTHER KERNELS

The most common kernel people use is the Gaussian kernel, also called the “square
exponential” or “exponentiated quadratic” by some communities:

)

My preferred way to prove this is a kernel goes through the following construction:

1
k(x,x") = exp (_ﬁ |x - x’

ProrosiTioN 11.11. Let k, kq, ky, ... be positive definite kernels on X'. Then the following
are all also positive definite kernels:

1. yk = (x,x") — yk(x, x") for any y > 0.
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2. ki +ky = (x,x") > ky(x, x) + ko(x, x7).

3. kiky = (x, x7) B ki(x, x")ko(x, X7).

k™ = (x, x") ¥ k(x, x")" for any nonnegative integer n.

koo = (x,x") > lim, o, k,,(x, x’), when the limit always exists.

ek = (x,x") — exp(k(x, x)).

NS R

(x, x") > f(x)k(x, x") f(x) for any function f : X — R.

8. (x,x") > k'(f(x), f(x)) for any function f : X — X’ and k’ a kernel on X".
Proof. Let @, @1, @y, ... be the feature maps for these kernels, and K, K, K,, ... the
kernel matrices for arbitrary (xy,..., x,,) € X"

1. Use the feature map x > /Y.

2. a'(Ky +Ky)a = a'Kja+ a"Kya > 0.

3. This is called the Schur product theorem. Define independent multivariate
normal random vectors V ~ NV (0,K;) and W ~ N (0,K,). Let VO W be the
elementwise product of V and W; this has covariance matrix K; © K,, and
covariances must be psd.

4. Tteratively apply the previous property; also, k? has feature map x > 1.

5. a'Kya = a'[lim,_,, K,]a = lim,,_, o K, a > 0.

N
6. Use exp(k(x, x’)) = imyn_e 2 %k(x, x’)" and the previous properties.
n=0

7. Use the feature map x — f(x)@(x).

8. Use the feature map x — @’(f(x)). O

To get the Gaussian kernel, notice that

ex (—L ||x - x’||2) = ex (—L ||x||2)ex (ix . x')ex (—L ||x’||2)
P\ 72 - P (T2 P\o2 P\ 72
and apply the properties above.

The Gaussian kernel is universal; you can prove this fairly immediately via Stone-
Weierstrass (Theorem 10.10).

The Gaussian is not always the best kernel, particularly in high dimensions. Func-
tions in F for a Gaussian kernel are very smooth; the Matérn kernel is preferred in
some settings where rougher functions are expected. Another good general-purpose
kernel is the distance kernel [SSGF13]

k(x,x") = p(x, O) + p(x’, O) — p(x, x”)

where p is a (semi)metric, and O € X" is some arbitrary center point, perhaps 0. This
kernel isn’t actually universal [SSGF13, Proposition 35], but it is “almost universal”
and works well in various settings.

If you have a good (e.g. deep) feature extractor {, using a kernel of the form
k({(x), U(x”)) can often be a good idea. This usually won't be universal, but that
usually doesn’t matter for the particular problem you’re looking at.
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11.5.1 Some properties
ProrositionN 11.12. Consider a kernel k with RKHS F. Then

B |1 &
Rad F:lfll-<B < —|— ) k(xi, x;).
({fe f.7: }'Sx) \m m; Xir X

Proof. The analysis in Section 5.2.2 carries through exactly when replacing x; with
k(x;,-) € F, in which case ||<{)(xi)||2 = (k(x;,-), k(x;, ")) r = k(x;, x;). O

For many kernels, such as the Gaussian, k(x, x) = 1 no matter the choice of x. This
makes it even simpler to handle than for the linear case, since we don’t care about
the data distribution.

This is a case where Rademacher analyses are much better than straightforward uses
of covering numbers, since for infinite-dimensional kernels like the Gaussian the
covering number of the sphere is infinite [Isr15].

ProposiTiON 11.13. Let f € F, the RKHS with kernel k. Then

FEI<IfllE VR x)  |f) = FOO)] < fllLe VR x) + k(2 x7) = 2K(x, x7).

Proof. We have by the representer property and Cauchy-Schwartz that

£l = [ 2] < IFl [l

Similarly,

|f () = ()] = [, (x) = (")) | < IfllF VE(x, x) + k(x, x') = 2k(x, &) O

Many more properties of this kind are available. For shift-invariant kernels, k(x, x") =
k(x — x’), a lot is available via Fourier properties of «.

We’ve only scratched the surface here. We’ll touch on kernels again through the rest
of the course, but if you want more, Chapter 7 of [Bach24] goes in some more depth,
and [SCO08] is a classic very deep/mathematically thorough reference. Bayesian-
oriented people might also want to see connections to Gaussian Processes [RW06;
KHSS18], which are very much “almost the same thing” from a slightly different
point of view.
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12 Is ERM enough?

Seeslidesat https://djsutherland.ml/slides/532d-24w1-erm-not-enough.pdf.
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13 Optimization

We haven't yet really talked in this course about any optimization algorithms to
actually implement our learning algorithms ERM, RLM, or SRM.

By far the most common optimization algorithm used in machine learning is
(stochastic) gradient descent and its variants. Due to time this year, we're only
going to talk about full-batch gradient descent, and point to papers that discuss
stochastic variants. (This is a major area of research in the intersection between
learning theory and optimization, which these days are becoming more integrated.)
For much much more about optimization, some good resources are graduate courses
by Michael Friedlander (CPSC 536M) and Mark Schmidt (CPSC “5XX”), the books of
Boyd and Vandenbreghe [BV04], Nocedal and Wright [NW06], and Bubeck [Bub15],
and the recent survey of Garrigos and Gower [GG23]. Chapter 14 of Shalev-Shwartz
and Ben-David [SSBD14] also gives an approachable account of projected stochastic
subgradient descent, which generalizes what we’re talking about here.

13.1 GRADIENT DESCENT

Gradient descent tries to find min,, f(w) for some function f, such as Lg(f,,). Here
w should be some finite-dimensional parameter; in kernel methods, we’d typically
use the representer theorem, though there’s also something called “kernel gradient
descent.”

We start at some initial point wy, often either 0 or a sample from, say, (0, 6°1). We
then update according to the rule

Wiyl = Wy — ﬂtvf(wt)}

1 > 0 is known as either the “learning rate” or the “step size,” although note that
it’s not actually the size of the step since ||w;; — wy|| = 1 [|Vf (wy)]]-

One way to motivate this is to say that we should only “trust” the gradient direction
locally, and then should re-check it regularly. Another way is to notice that this
update actually minimizes the local quadratic approximation given by

g(w) = Flwy) +{(Vf (wy), w—wp) + %1 v - wl?;

if f is %—strongly convex, then g will be a global lower bound for f. Even if not,
though, it’ll be an okay approximation locally.

We repeat this until we decide to stop, after T steps, and then return a result:
T

this might be wy (the “last iterate”), w = % Y w; (the “average iterate”), w; for
t=1

fearg min ) f(w;) (the “best iterate”), the best iterate according to a validation

set, or some other scheme.
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If instead of %1 lw — wy||?
we use

3w —w)V2 f(wy) (w - wy),
i.e. the second-order Taylor
expansion, this is called
Newton’s method. Each step
of Newton’s method often
improves your loss much
more than gradient descent,
but each step is also much
more computationally
expensive.


https://friedlander.io/teaching/23t1-cpsc542f/
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Note that this is not what

analysts mean when they
say a “smooth function” (i.e.
infinitely differentiable).

The notation A > 0 means
“is positive-semi-definite”;
A > B means that A — B is

positive-semi-definite.

13. OPTIMIZATION

We’ll usually assume that 1}; is some constant #, independent of the data, and that
we optimize for a fixed number of steps T, also chosen independently of the data.
In practice, other schemes are probably better; for instance, it’s often better to use
a backtracking scheme to adaptively choose 1, or to otherwise have some kind of
learning rate schedule that decreases over time.

13.2 p-SMOOTH FUNCTIONS

A common assumption in optimization is that the target function is p-smooth:

DerinITION 13.1. We say a function f is B-smooth if it is differentiable everywhere,
and its gradient Vf is p-Lipschitz.

ProrosiTION 13.2. If f is twice-differentiable, it is p-smooth iff for all w in the interior
of its domain, all eigenvalues of the Hessian of f at x have absolute value at most f:
—BI < V2 f(w) < BL

Proof. When f is twice-differentiable and p-smooth, we have by Taylor’s theorem
that for any vector o,

Vf(w+9) = Vf(w)+ V2 f(w)d+O(8l*).
Thus by the triangle inequality,
IV2f )] < IV (w +8) = V()] + O(8]*).
Divide through by ||0]| and apply that V£ is p-Lipschitz:

V2 F @3] _ v+ 8) - Vi@
ET 5

+O(l8l) = p+ O([all).

Now suppose v is a (unit-norm) eigenvector of V2 f (w) with eigenvalue A, and plug
in § = tv for a scalar t, so that [|3]] = |t|. Then ||V f(w) tv|| = |Atv]| = [A|[¢|. This gives
us that |A| < p + O(t). Taking t — 0 gives that |A| < p.

The other direction is a vector-valued version of Lemma 4.8. O

ProrosiTioN 13.3. Suppose f is p-smooth. Then for any w and w’ in its domain,

[Fw)  fw) (Y f ) w' )] < 26w —w]

its deviation from its tangent planes is upper-bounded by a quadratic.

Proof. Use xy for w and x; for w’. Then for any xg, x1, let x, = (1 — a)xy + ax;
for all a € (0,1), and define g : [0,1] — R by g(a) = f(x,). Notice that g’(a) =
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(Vf(xq), x1 — xg), and so by the fundamental theorem of calculus we have

1
F(x1) — flxo) = g(1) - g(0) = fg'(a)da
0

1
= f(vf(xa) = Vf(x0) + Vf(x0), x1 — xp)dat
0

0
— (VF(x0) 1 — x0) + I<Vf<xa> ~VF(xo) x1 - xo)da

Thus

1

J<Vf<xa> Y f(xo) 31 - xo)da

0

If (x1) = f(x0) ={Vf(x0), x1 — x0)| =

1
~

IA

KV f(xa) = V(x0), x1 = x0)l dex

o C

1
~

IA

IVF(xa) = V£ (x0)llllx1 = xoll dex

o C

1
1
< | Bllxa = xolllx1 = xoll do;

J
0

since x, — X = (1 — a)xg + ax; — x9 = a(x] — xp), this is

1
£ (x1) = f(x0) = (Vf(x0), X1 — x0)| < Bllx1 — xoll? J ada = %ﬁ'lxl —xl*. O
0

Lemma 13.4 (Descent lemma). Let w* = w — 0V f(w) for a p-smooth function f where
N < 2/B. Then f(w)— f(w") > n(1 - —n[% IVf(w w)||%, and hence either Vf(w) =0 or
fw?) < f(w)

Proof. By Proposition 13.3, we have
Flw) < Flaw) + (VF ) v —w) + 3B~
= f(w) = (Vf(w), Vf(w) + 5 ﬁll —Vf )|
= flw)=n(1- —nﬁ)IIVf

Since we assumed 1 < 2/B, 1 — yp/2 > 0. The claim follows. ]

So, this means that gradient descent with a small-enough learning rate is a “descent
method”: each step decreases the objective.
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For convex functions, a point with Vf(w) = 0 is a global min. But for nonconvex
functions, we can only say that it’s a stationary point: it might be a local but non-
global minimizer, or a saddle point. (A local max could only happen if we happened
to initialize exactly on it.)

13.3 ASIDE: CONVEX FUNCTIONS

For convex functions in particular (with a slightly smaller learning rate), we can use
the following lemma to help in a proof of overall convergence: this lemma relates
the improvement of the descent lemma to how much closer a step gets us to some
“target point” (presumably the minimizer) w*:

LemmMma 13.5. Let f be a convex, p-smooth function, and suppose that 1< 1/p. Let w, w
be arbitrary points in the interior of the domain of f. Then

Fw) = ) = 3l = wl= o= ¥ ) -

o]

Proof. The first-order characterization of convexity implies that f(w*) > f(w) —
(Vf(w), w* —w), or equivalently f(w) < f(w*) + (Vf(w), w—w*). Thus, starting
from Lemma 13.4 and using 1< 1/B,

Flw) < fw) =1 - 3pn) IV f @R
< flw) = Snlvf )P
< Flw") + (Y () w - w) = SV f(w
= fw)+ 5 [P w = w) - P IV ]
= f(w")+ %1 [llw = wI” = llw = w*|” + 20¢V f (w), w = w*) = 7 [V f (w) ]

= F) =l = 5[l =l = 2009 ) w - w) + P IV )]

= f(w") + LYI (||w —w'® - ||ufr -w"

2). O
ProposITION 13.6. Let f be convex and B-smooth, with 1 < 1/f. Then the procedure
that initializes at wy and then sets w, = w;_1 — WV f (w;) satisfies for all T > 1 that

flwr) - f(w) < z% lwo — w2,

and also that

=l
11

|

wt] - ) g o - wl
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t 2 t w u’t u ‘

Using the descent lemma and then Lemma 13.5, we know that

T
flwn) = fw) < 5 ) (Flwe) = f(w")

T
1 %112 *112
< — —
< g 2 (lwiy =1 = = w|P)
t=1
= iwo - wIP = lhwy = w2+ oy — Wl -~ fwr - 0]
2nT
= 5 (o ~ wIP = - wP)
2nT
1 2
< — - .
2o o= vl

T T
By Jensen’s inequality, f (% )3 wt) < % > f(wy), and so the same bound applies. [

13.3.1 Aside: SGD non-convex convergence

The analysis above can be pretty-easily extended to SGD; see e.g. Chapter 14 of
Shalev-Shwartz and Ben-David [SSBD14] or the recent survey of Garrigos and Gower
[GG23]. It can be generalized further, though more complicatedly, to show that even
SGD eventually reaches a stationary point, even for non-convex functions:

ProrosiTion 13.7 (Corollary 1 of [KR23]). Let inf, f(x) > fi™ € R be p-smooth. Let
$; | x; be independent such that E[¢; | x;] = Vf(x;) and

E[lg:N1% | x:] < 2A(f (x¢) = £™) + BIIVf (x;)||* + C

for some A, B, C > 0. Fix € > 0, and pick 1 = min{ L L L} Initialize stochastic

\/BAT’ BB 2pC
glquient descent_ at x;, with & = f(x1) — ff, and x,,1 = x, - ng;. Aslongas T >
2238 max (B, 1298, 264, it holds that miny <<t E[|[Vf (x,)|] < &

That is, the best iterate achieves & suboptimality (in expectation) with O(1/&*) steps.
The assumption on ¢, is satisfied for example if the ¢, have a bounded variance, or
if we use subsampling for a Lipschitz loss, or various other settings.

13.4 ARE DEEP NETWORKS B-SMOOTH?

Is f(w) = Lg(hy,) for hy, a class of deep networks B-smooth?
Consider the very simple network
hw (x) = v - o(Wx),
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If this is unfamiliar, try
looking at individual partial

derivatives to see that they
line up.

Autodiff is nice. ...

Note that the “local p”
might be larger than
max(V2 f(xy), V2 f (xg41):
you might go through a
sharper point on the way.
For instance, consider

f(x) = |x| on the reals:
f”(x) = 0 forall x = 0, but
the descent lemma might not
apply when you switch signs,
since you go through 0
which has “infinite second
derivative.”

13. OPTIMIZATION

where o is itself f-smooth. Then the square loss for a single data point is
f(W,v) = (v o(Wx) — y)2 =2 o(Wx)o(Wx)Tv — 2y0(Wx)Tv + yZ,
and we have
Vo f(W,v) = 2(c(Wx)Tv — y)o(Wx)
V2f(W,v) = 26(Wx)o(Wx).

The Jacobian with W is more annoying, since we’d have to flatten W and reshape
and stuff. But the overall Hessian of f with respect to its input parameters will have
V2 f as a block in it, and so its largest eigenvalue will depend on W: if ¢ is the ReLU
or something similar, then large values of W will result in much larger Hessians.
Thus the loss is only going to be fully p-smooth if you bound the set of possible W,
but for any particular parameters it’s going to be “locally” smooth.

Notice that the descent lemma doesn’t actually need a global upper bound on the
smoothness, just along the path from x; to x;,;. So, intuitively, we should roughly
expect (stochastic) gradient descent to reach a stationary point of the loss as long
as V2 f doesn’t blow up, i.e. in typical situations as long as none of the parameters
blows up.

Aside: edge of stability

So, if we’re optimizing a deep network with a fixed learning rate 1, whether the
descent lemma applies or not — whether gradient descent is “stable” or not — depends
on whether 1 < %, or more relevantly p < %l, for the “local” value of f. We can roughly
get this local value of p by just checking the largest eigenvalue of V2 f(x,), and see
whether it stays in a “stable” regime or not.

Cohen et al. [Coh+21] demonstrated that in fact, optimization typically exhibits
“progressive sharpening” where f increases up to 2/, then hovers around there on
the “edge of stability” [also see Fox23]. Damian, Nichani, and Lee [DNL23] have
recently proposed a mechanism for how this happens, based on Taylor expansions
of the training process.

13.5 IS A STATIONARY POINT ENOUGH?

One model we can look at is deep linear nets, f(x) = wyW;_; --- W, W x. These are
just linear models, but they’re nonconvex and hierarchical and so exhibit some of
the same behaviour as regular deep nets. It’s reasonable to expect that, generally
speaking, if something doesn’t work on deep linear nets, it won’t work on deep
nonlinear nets either.

To see that they’re nonconvex: consider just a depth two model on scalars, f(x) =
vwx for v, w € R. Consider square loss with the training set S = ((1,1)). Then
Ls(f) = (vw — 1)?, whose minimizers are

{(v,w):vw =1} ={(v,1/v): v = 0}.

But this is not a convex set: it’s a line in R? with the point (0, 0) cut out of it. The set
of minimizers of convex functions must be convex, so therefore Lg is not convex.

It turns out that for deep linear nets:
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* Fortunately, all local minima in deep linear nets are global minima [Kaw16;
LvB18].

* Unfortunately, stationary points can also be saddle points — including poten-
tially “bad” saddles with A, (V2 f) = 0 even though they’re not local minima.
(For example, x* has a saddle point like this at x = 0; they can be even worse
in high dimensions.)

* Fortunately, in general, gradient descent almost surely converges to local
minimizers, not saddles (or local maxes) [LSJR16].

* Unfortunately, doing so can take exponential time [Du+17].

* Fortunately, this doesn’t happen for deep linear networks, under some condi-
tions [ACGH19].

Unfortunately, there are bad local minima in nonlinear networks. For a very simple
example, consider the network h : R — R given by h(x) = ReLU(wx), where w € R;
use square loss with a single example, (1, 1). Then the loss is

3 (w-12 w>0
5(%(1,1))—{1 <0’

(hy, (1,1))

Any negative input is a (non-strict) local min (since f(w) > f(v) for all v in a
neighbourhood of w), but it’s not a global min (since f(1) = 0). Thus, if you start
gradient descent with a negative w, it’s just stuck. In fact, bad (strict) local minima
can appear for almost any activation function [DLS20], and with more units, the
loss landscape has such points almost all the time.

But, do bad local minima exist for realistic networks, with realistic data? Even if
they do, does SGD find them?

This is very much still an active topic of research, but we’ll see next that, in one
unrealistic (but not too ridiculous) setting, gradient descent always finds a local
minimum.
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14 Neural Tangent Kernels

Continuing our study of nonconvex optimization (Chapter 13), we’re going to see
one setting today where we can prove global optimization for certain deep networks.

Initially, there were a series of papers that proved this in some special cases; later,
it was realized that they all shared a common structure, which amounts to the
following: if you initialize a very wide network appropriately and minimize the
square loss with a small learning rate, your model becomes equivalent to kernel
regression, with a particular kernel defined by the architecture.

14.1 SIMPLE CASE

To motivate things, let’s begin with a very simple network. (We’re mostly following
the presentation of Telgarsky [Tel21] here.) Consider

Z

N
1
h(x; W) = = Zajo(wj ),
j=1

where the 4; are fixed and the w; € R¥ are the rows of a weight matrix W € RN*?,
viewed as column vectors. We’re writing W as a parameter to the function because
want to emphasize that we’re changing W, not x.

Now, let’s see what happens if we take a first-order Taylor expansion (a linearization)
of h with respect to W, around some point W. (We’re going to pick W to be our
starting point for gradient descent.) This function will be linear in W but nonlinear
in x; it should be a reasonable approximation if W ~ W.

by (2, W) = h(x; W) + (Vywh(x; W), W = W) (14.1)

aj [0‘(7]/]' - x) + {0 (W - x)x, wj — u7j>]

21~

a4

Mz Iz

o(w; - x) = o' (W - X)W; - X+ 0’ (W; - x)x - w]-].

51-

-
I
—_

constant in W linear in W

Notice that we have ReLU(t) = ReLU’(¢)t for all t (even zero), and so for ReLU
activations the term that is constant in W vanishes. In that case, we see that

I (x; W) = (Vi h(x; W), W).
But, if we write ¢y (x) = Vwh(x; W), the function hy is of the form (W, dy(x)), and
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14. NEURAL TANGENT KERNELS

in particular the set of achievable functions
{x > Iy (x; W) : W e RNV*)
is exactly the RKHS of the kernel
kw (%, x') = (bw (%), dw (x)) = (Vwh(x; W), Viyh(x; W)). (14.2)
Even if we don’t }~1ave ReLU activations, recalling (14.1) we can see that the residual
hyy(x; W) — h(x; W) is an element of that same RKHS.

But, so what? This linearization is only going to be accurate when W ~ W, it doesn’t
tell us anything about actually training a network. ... unless?

14.1.1 Approximation quality

ProposITION 14.1. For the h and hyy defined above, assume o is p-smooth. Then

|(x; W) = Iy (3 W) < %(mjax a1l W~ W[

Proof. Recall Proposition 13.3, that f-smooth functions deviate from their lineariza-
tions by at most a quadratic. Thus

|1(x; W) = by (x5 W)| <

IA

IA

N
il 3 [, o :

So, if N is large enough, the linearization is good even for a large radius of parameters
around W, no matter what the data looks like (as long as it’s bounded) and no matter
what W looks like.

One thing to keep in mind, though, is that ||W - W”F is also changing meaning with

: 112 N 4 - : o
N: in fact, E ||W||F =E) ) W].zk = Nd, so with standard Gaussian initializations
j=1 k=1
the linearization potentially even gets worse at W = 0. It’s thus not really obvious
yet that this approximation is a “good idea.” It’ll turn out, though, that in the
high-width regime, the optimization process doesn’t have to move very much, and

everything works out.

The result being so general in W is special for this very simple network; even for the
same architecture but with ReLU activations, the analysis is a lot nastier.

ProrosiTioN 14.2 (Lemma 4.1 of [Tel21]). For any radius B > 0, for any fixed x € R?
with ||x|| < 1, suppose we pick W with entries i.i.d. standard normal. Then, with
probability at least 1 — & over the draw of W, it holds that for all W € RN*? with

110



14. NEURAL TANGENT KERNELS

|w - W||F < B that

2B%3 + Blog(1/5)1/4
N1/6

|(x; W) = Iy (3 W) <

For deeper networks, the result is even more complicated and degrades with depth,
but it’s still going to be true that with appropriate Gaussian initializations the
linearization works for an increasing radius.

14.1.2 The neural tangent kernel

What does the kernel (14.2) look like? For this shallow network, it’s
kw (%, X') = {dw (%), dw (x)) = (Vwh(x; W), Vi h(x'; W))
< a1 x"o’'(wy - x)/VN ] [ ay(x))To’(wy - x')/NVN >

anx'o'(wy - x)/VN| |an(x))To’(wy - x')/VN

N
1
=N Za?(xo'(u?j -x), x'd’"(w; - x'))
=

’
=X+X

Z| =

N
Zu?o'(wj - x)o’ (W] - x')l.

j=1

The 1/VN scaling hopefully makes sense now: if we also use the common setup
aj € {+1} so that a]?' =1,as N — oo, this converges almost surely to the kernel

koo : ’ — . ’ E (.~ . (.~ . 7 .
(x,x")=x-x u7~N(O,I)[G (w-x)o'(w-x')]

We'll call ky the empirical neural tangent kernel at W and k,, the infinite neural
tangent kernel. Terminology here isn’t quite standardized, though.

For the ReLU, o’(t) = 1(¢t > 0), and so k, is x - x” times

E [o(w-x)o’(w-x")]= Pr (w-x>0andw-x">0)
wW~N(0,1) w~N(0,I)
X x’
= Pr v.e—>0andv-— >0
v~Unif(unit sphere) ”X” ”x’”

x-x’
TU — arccos (—)
(RIS

27

In fact, a slight tweak to this kernel is even universal [Tel21, Theorem 4.1].

14.1.3 More general networks
For more general architectures, we still use the linearization

hy(x;w) = h(x;w) + (Vy h(x; W), w — w),
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14. NEURAL TANGENT KERNELS

where now w represents all the parameters in the network collected into a vector.
This gives us the same kind of empirical neural tangent kernel

ka(x, x') = (Vyh(x; W), Vo, h(x; W)). (14.3)

Even for complex deep architectures (including convolutions, pooling, even atten-
tion), if we scale things according to fan-out “NTK parameterizations,” k; still
converges to some k., almost surely as it becomes infinitely wide [Yan19]. It’s also
often possible (though computationally expensive) to exactly compute this kernel;
the standard software is the neural-tangents library [Nov+20].

14.2 OPTIMIZATION

So, we know that the set of “nearby” updates to the initialization w is described
by the set of functions in an RKHS. But maybe we break out of the “nearby” set
immediately, and this is all pointless.

In some regimes, it’s true that we break the NTK approximation immediately, in
practice; e.g. we can check numerically whether k,,  and k,,  are very different. But,
if we set things up in the right way, this doesn’t happen, and the whole gradient
descent process stays near enough to wy that the RKHS is a good approximation.

To see this, we’ll consider square loss and take the limit of gradient descent as the
step size 1) goes to zero, which is known as gradient flow. A lot of the time, the
continuous limit is much easier to handle, and then you check that the discretization
into actual gradient descent doesn’t take you too far away from the continuous
version.

In this case, we have

St = VaLs(htw)) = = —1Y (hxiswy) = p)Vuh(xiw), (144
i=1

and so if we track the prediction on a point x we get

d . _ . dw,
ah(x, wy) = <Vh(x, wy), T >

_ 2 Z(h(x“ wy) — vi) (Vo h(xj; wy), Vi h(x; wy))
i=1

= _E Z(h(xi;wt)_yi)kwt(xi'x)' (14.5)

i=1

Suppose that k,, is constant in f. Then this would be exactly the same dynamics
as “kernel gradient descent” for kernel regression, which we’ll define now. This is
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14. NEURAL TANGENT KERNELS

gradient descent directly “in kernel space”:

Ls(h) = %éh(xi) - 3P
= i_i[w, 9:)) (@(xi) h) = 29(plxi), ) + 7]
% = —1V,Ls(h)
- %:i (x;, ) (k(xi, ), Y + k(i ), By k(i <) — 293k (x;, )]
- _% i:il(h( x;) - vi)k(x;, ) (14.6)
%h(x) = <j—};, k(x, -)> E —% g(h( x;) = v;i)k(xi, x) (14.7)

Indeed, (14.5) and (14.7) agree if k,, is constant throughout training; so do (14.4)
and (14.6), recalling the definition of the kernel (14.3). In fact, though, we can
solve this ordinary differential equation (14.7) analytically [JGH18]; we get for an
arbitrary prediction point that

he(x) = ho(x) + [k(x, x;) |12 (K|, )™ (1= eV Mo ) (S, = hgls,), (14.8)
where the matrix exponential e = T+ A + %Az +... can be found by exponentiating
the singular values of A. In the limit as t — oo, e lsc — 0 as long as kls, is

nonsingular (which it is for universal kernels). We can also see then that s — S,.

In the limit as the network becomes infinitely wide, for appropriate initializations,
ky,ls, does in fact stay constant through training [Lee+19; Aro+19; COB19; YL21].
For example, Theorem 3.2 of Arora et al. [Aro+19] shows a closeness guarantee with
finite width. The proof basically amounts to showing that parameters don’t change
much, so the empirical NTK doesn’t change much, and so gradients throughout the
network training are close to gradients from the kernel process.

This behaviour is very much a function of having the right scaling, though. For
“fan-in” parameterizations that people usually actually use in practice, the kernel

blows up, but it does so in a way where regression still makes sense [Lee+19; MBS23].

If you choose other scalings, it doesn’t happen at all; Chizat, Oyallon, and Bach
[COB19] cover this point of view, arguing that the parameter scaling amounts to
“zooming in” on the Taylor expansion so the linearization works well. Yang and Hu
[YH22] also study scaling regimes other than just the kernel one.

Dealing with the random initialization hy(x) can be a problem, sometimes; it takes a
while for gradient descent to counteract the noise there. Sometimes people scale
the network output by a small € > 0 (which also scales the gradient, but that’s good
too), or use special symmetric initializations to their network parameters which
guarantee hy(x) = 0.
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14.3 DOES THIS MEAN DEEP LEARNING IS SOLVED?

So, in these regimes, you can avoid training a network at all and just use a special
kernel. That kernel is indeed often a good kernel for particular problems [Aro+20].

But, there are problems that deep learning can solve provably faster than any kernel
method. Essentially, the NTK regime doesn’t allow for feature learning, since the
kernel is fixed.

One concrete example is learning a single ReLU: Yehudai and Shamir [YS19] show
that kernel methods cannot learn a single ReLU unit ReLU(w - x + b) in square
loss without RKHS norm exponential in the dimension, which implies (roughly)
exponential sample complexity — but gradient descent can get it with polynomially
many samples.

Malach et al. [MKAS21] give a nice characterization on when these gaps are and
aren’t possible.

Overall, it’s definitely not the case that the practical success of deep learning can
be explained by infinite NTK behaviour. Even so, the infinite NTK is still useful to
know about:

* As far as I know, they’re the only proofs that gradient descent works in nonlin-
ear deep nets.

 It’s actually a reasonable approximation in certain regimes.
* Infinite NTKs are sometimes practically useful [Aro+20; JNWB21].

Also, I think the empirical NTK is even more useful: I've given a talk called “A
Defense of (Empirical) Neural Tangent Kernels”. Basically, the empirical NTK can
be a really useful tool for understanding what’s happening “locally” during training,
even when it doesn’t stay constant over the whole course of training. This can
be theoretical [RGS22; RGBS23], for “empirical science” understanding [For+20;
MBS23], or even purely practical [WHS22; MBS22].
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15 Implicit Regularization and Margins

We’ve seen some examples so far of settings where there’s more than one empirical
risk minimizer; this often happens with interpolation, when you can achieve Lg(h) =
0 in more than one way, some of which are awful, but A often picks decent ones. In
particular, we saw some explicit examples with polynomial regression.

One way to choose between ERMs (or near-ERMs) is regularized loss minimization,
where we prefer solutions with e.g. a small norm. But often we don’t do that, and
we just run gradient descent to minimize Lg(h). Doing this doesn’t just get us any
arbitrary ERM; it gets us a particular one, decided on by our choice of algorithm.
The idea that our optimization algorithm or other such “implementation details”
can actually choose for us which of the “equally valid solutions” we end up with is
called the implicit regularization of the algorithm: we don’t explicitly write down a
regularizer, but the choice of algorithm has a similar effect.

In our discussion of neural tangent kernels, we mentioned that we could solve the
ODE for gradient flow to say which ERM we end up at in (14.8). We didn’t prove
this, though, and it only applied to “kernel gradient flow” which is not really the
algorithm we usually use. What happens for actual problems, with finite learning
rates?

15.1 GRADIENT DESCENT FOR LINEAR REGRESSION

Let’s think about optimizing the function
sq 1 2
flw)=Lg'(x > w-x) = E“XW_}J” ,

where X € R"*4 is the matrix stacking up S, and y € R is the vector form of Sy.

It’s possible to use this form to handle kernels, too. If there’s a finite-dimensional

embedding ¢, we could just collect ¢(x;) in rows of X and find w. If we instead

write f,(x) = ) a;k(x;, x) and do gradient descent on a, notice the training set loss
i

becomes Lg(f,) = # ||Koc - y||2) and so the rest of the analysis will apply with X = K
— which will potentially give a different solution than the kernel gradient descent
version. Implicit regularization is highly algorithm-specific.

In any case, we have

Vf(w) = %XT(Xw -),

which notice is % ||XTX||—smooth, so f is convex and p-smooth, thus small-learning-
rate gradient descent finds a global optimum (Proposition 13.6). In the traditional
m > d case when X is full-rank, there’s a unique solution to this problem, typically
with Xw # p but always having X"(Xw - y) = 0. In high-dimensional settings d > m,
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15. IMPLICIT REGULARIZATION AND MARGINS

though, it’s possible to achieve Xw = y (interpolation) in infinitely many ways.
Which one does gradient descent find?

ProposiTION 15.1. Let X € R™ be of rank m (implying d > m), and vy € R™. Suppose
that 1(h, (x,)) = L(h(x)) for a differentiable function I, such that L,(9) — 0 implies

V9.

Consider any iterative optimization method which begins at a point wy and then has
updates of the form w;,; — w; € span{VLg(x — wy - x) : 0 < k < t}. If this method
converges to a global minimizer w,, of Lg(x — w - x), then

Weo = XT(XXT)_ly + (1= XT(XXD) 1 X)w, = arg min ||lw — wy||.
w:Xw=y

Proof. XX is m x m of rank m, and so (XXT)™! exists; then X(XT(XX")'y) = .
The matrix XT(XXT)™! is the pseudoinverse of X, written X*; this then implies that
Ls(x - (X'p) - x) = 0. Since w,, is optimal, we must have Xw,, = v.

Now, for any w we have that

1 v ., .
VuwLs(hy) = P Zlyl_(w - X;)x; € span{x; : i € [m]}.
i=1

This is true for each step, no matter the learning rate; it is also true e.g. if we do
stochastic gradient descent based on choosing a subset of the data at each step. Thus
the iterates of gradient descent must all be of the form

wy = wg + Zagt)x,- = wy + X al;

1

they can only ever move in the subspace spanned by the data, and otherwise stay
where they started. Thus, this must also be true for the limiting point: w,, =
wo + X' a for some « € R™.

Thus, we know that
X(wg + X' o) = Y

or equivalently
XXTa = v — Xwy.

Since we know already that XX is invertible, we have that
a = (XXT)(y - Xwo)
Weo = wo + XT(XXT) ™ (y = Xwg)
= XT(XX") 1y + (1 - XT(XXT) I X)w.
This second matrix is the orthogonal projection onto the null space of X, which can

be seen e.g. by considering the SVD. The result follows by Lemma 15.2. O]

Aside: closest interpolator

Lemma 15.2. Let X € R"™4, y e R™, and let T1, be the orthogonal projection onto the
null space of X. Then

arg min |[|w — wyl| = X’Ly + I, wy.
w: Xw=y
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15. IMPLICIT REGULARIZATION AND MARGINS

Proof. First, the set of possible interpolators must all have y = Xw, hence X'y =
XXw. XX is exactly the orthogonal projection onto the row space of X: letting
the compact SVD of X be UXVT, X' = v2~1UT, and X'X = vZ'UTURVT =
V12 VT = VVT, which has (VVT)T = VVT and (VVT)?2 = VVTVVT = VVT. Notice
also that TT; = I - VVT. Thus, X'y = VVTw for any interpolator, and so the set of
interpolators is the set {X'y + g : VVTq = 0}. For any such solution,

Xty + g = wol” = [[VVT(XTy + g = wo)||" + || (1= VVI)(XTy + g = wo)||”
= Ity = VT |+ g = (1= VVT ||

The choice of g does not affect the first term, while the second is uniquely minimized
by g = (I-VVT)w,. O

15.2 SEPARABLE LOGISTIC REGRESSION

There’s another major class of loss functions not satisfying the requirement of
Proposition 15.1: for instance, with logistic loss 1,(7) = log(1 + exp(-y9)), [,(9) — 0
implies  — yoo, not .

So, let’s consider logistic regression in particular: for y; € {-1, 1},

Fw) = =) log(1 + exp(-3ix]w).
i=1

We’re also going to assume that the data is linearly separable: there is some w* such
that y;x/w* > 0 for all i. Then, it’s possible to drive f(w) arbitrarily close to zero, but
never to actually reach it: we only get log(1 + exp(—t)) — 0 for t — oo, so we need
|[w|| = oo. A solution of the form cw” for ¢ — oo would work, but potentially so
would many other solutions, since there are probably many possible perfect linear
separators on this dataset. Which one does gradient descent find?

We’re going to approach this informally, for time and simplicity. Soudry et al.
[Sou+18] and Gunasekar et al. [GLSS18] handle it in full, and Ji and Telgarsky
[JT19] approach the non-separable case; Bach [Bach24, Section 11.1.2] gives an
overview including a few things we aren’t covering here.

Notice that

" —pix]
Vi) =y SEIRY

mi—1+ exp(—yixiTw)

We know that we’ll get ||[w;|| — oo from the argument above; it’s reasonable to

expect, then, that we’ll have ”z—‘” — v for some ||v|| = 1, and yixiTv > 0 for all 7 since
t

otherwise we wouldn’t approach a minimizer. This gives us, roughly speaking,

m

1
yixi ~—— ) exp(=yillwill x[v)yixi,

i=1

1 i exp(=y; llwill x]v)

Y (llwellv) ~ ——
t m =1 + exp(=y; |lwl[ [ v)

i=1
since T =t + O(t?) and we’ll eventually have exp(-y; [|w,|| xiTv) < 1.

So, eventually each gradient term gets small. Which ones are bigger than the others?
The asymptotic ratio between the size of the gradient contributions from x; and x; is

exp(—yi||wt||xiTv) |yi|||xi|| |l B s
SR YRRy exp (~ [[will (vix] v - p;x] v)).
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As ||lwy]| — oo, this ratio goes to 0 if yixiTv > ij]Tv, or oo if the order is reversed; it is
;]| / ||x]|| € (0, ) if and only if yixiTv = y]-x]Tv. So, for whatever v we have, let Z,

be the set of indices such that y;x] v is minimized. Only these terms really matter:

1
Vi(lwillv) ~ = expl-vi [will ] v)yxi.

i€,

So, if gradient descent diverges in a direction v, the dominant direction in which
w; moves is a (positive) linear combination of the points {x; : i € Z,,}. Let’s define
p = min; y,-xl.Tv; then, summarizing,

m
v = Zaiyixi with Vi, (a; > 0 and yixZ-Tv =p)or (a; =0and yixiTv >p). (15.1)
i=1

In fact, p is a quantity known as the geometric margin of the linear separator v; it is
exactly the smallest distance from any of the x; to the hyperplane {x : v'x = 0}, the
decision boundary of the linear classifier with weights v.

15.2.1 Margin maximization

The equations (15.1) turn out to be equivalent to the KKT conditions of the problem
of finding the max-margin separator, also known as a hard support vector machine
(SVM). This problem is given by

argmax min y;x; - v s.t. Vi € [m], y;x;-v >0
vivll=1 i€lm]

Change so that v = w/ ||lw|| for any w:

_ . Yixiw
= argmax min ———

s.t. Vie[m], yix;-w>0
St ielml Il yii

1 . .
=argmax — min y;x; - w s.t. Vi € [m], p;x;-w >0
werd 1wl iclm]
The objective is the same for any w’ = cw for ¢ > 0, so we might as well limit
ourselves to solutions where min; y;x; - w = 1:

1 .
Dargmax — s.t. Vie[m], yix;-w>1
I

1
=argmin = ||[w|* s.t. Vie[m], Vixi-w > 1. (15.2)
weR4 2

Using the definition of the KKT conditions on this problem and rearranging a bit
yields (15.1). But, here’s a direct argument without appealing to the KKT conditions.

First, the solution to (15.2) is unique: the objective is strictly convex, and the
constraints are affine and by assumption feasible.

These constraints will be “active” exactly for the indices Z,; other points will have
larger values of y;x; - w. But if w included some component w, such that x;-w, =0
for all i € 7,, then this wouldn’t affect the active constraints at all, and (similarly
to the representer theorem and Lemma 15.2) would only make the objective |lwl|?

bigger. So solutions to (15.2) must have w = ) «;y;x; for some coefficients «.
i€Z,

118


https://en.wikipedia.org/wiki/Karush%E2%80%93Kuhn%E2%80%93Tucker_conditions

15. IMPLICIT REGULARIZATION AND MARGINS

The solution also have that each «; > 0: suppose WLOG that a; < 0; we'll see

that setting a; = 0 to zero would strictly improve the optimization. We have

w-YiXj = 1Y1X1-YjXj+ ) ;P;X;-Y;xj, so the only way the margin can be improved
i>1

by a negative «; for any point x; is if y1p; x; - x; < 0. But if the data is linearly
separable, this is impossible: sign(w - x;) = y; for all i, but if x; - x; < 0 then there
is no w such that sign(x; - w) = sign(x; - w) # 0. Thus «a; < 0 does not help satisfy

2
t1Y1x1 — 7/” =
oc% X111 + [Jv]|® = 20191 X1 - v, but we just established that sign(x; - v) = y1, 50 a; <0
only hurts the objective.

any of the constraints. It also does not help with the objective; |

This establishes that the solution to (15.2) must satisfy (15.1). In the other direction:
I don’t know a concise formal proof without appealing to optimization theory we
haven’t covered, but geometrically, for suboptimal values of p there could be many
solutions to (15.1). For the maximal value, however, for points in general position
there will only be a single v satisfying these properties.

15.2.2 Hinge loss interpolation

The hinge loss is given by

Notice that if Lginge(x — w-x) =0, then for all i € [m], y;x; - w > 1. Thus (15.2) is
equivalent to
argmin  |jw||,

hinge

w:Lg * (x>w-x)=0

the minimum-norm hinge loss interpolator. This is kind of a nice analogy to how
gradient descent for least squares or similar losses (starting at wy = 0) finds the
minimum-norm interpolator for that loss! But, interestingly, explicitly minimizing
logistic loss (with gradient descent) implicitly minimizes hinge loss.

Transforming the hard constraint into a soft one gives us a soft support vector
machine, y
argmin L "*“(h) + A ||h]|.
h
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15.2.3 Margin analysis
How can we think about the 0-1 generalization error of the max-margin predictor?

In dimension d, one option is to use that the VC dimension is either d or d + 1,
depending on if we put an intercept in. But when 4 is high, e.g. d > m, this doesn’t
really tell us anything.

We're finding the minimum-norm interpolator, though, so maybe we can use a
Rademacher bound that exploits that the norm isn’t too big. So, let’s think about
Hg ={h e F :||h|| < B} for some RKHS F, potentially the linear kernel in dimension
d but potentially not. We know that Eg Rad(H3ls, ) \/IE k(x, x). To use this
for a generalization bound on the 0-1 loss, though, we need to convert these soft
predictions into hard ones with the sign function, so that the estimation error is
bounded in terms of Rad ((€y_; o sign oHp)|s). But €y_; osign isn’t Lipschitz; it jumps
suddenly from 0 to 1 as the sign of the predictor changes. So we can’t use Talagrand’s
lemma to peel it off at all.

(When deriving VC dimension, we pretended the 0-1 loss was Lipschitz, but that
only worked because we were working with a hypothesis class mapping to +1.
There’s no similar trick we can play with continuous-output H.)

We can work around this problem with surrogate losses. The hinge loss, above, is
a good example: {y_1(h,z) < {yinge(h, z) for any inputs, so necessarily LOD_I(h) <
L};nge(h), and any generalization bound that applies to hinge loss also applies to 0-1
loss.

We can also use a tighter surrogate, though. One choice is margin loss:

1 if p9 <
@) ={1-1yp lfOSWSp
0 if 9 > p.

This is 1/p-Lipschitz, bounded in [0, 1], and always an upper bound to the 0-1 loss.
If min; y;h(x;) > p, then Lg(h) = 0. We get an immediate result:

1, . 2 1 1
L% (signoh) < LY (h) < L§(h) + EISERad(HISX) +y/5-log = (15.3)

if h € H and we picked p independently of S and h.
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15. IMPLICIT REGULARIZATION AND MARGINS

We can also do a nonuniform analysis to avoid committing in advance to a particular
margin p, exactly like what we did for SRM:

ProrosiTiON 15.3. Let ‘H contain functions mapping to R, and fix some r > 0. Then for
any o € (0, 1), we have with probability at least 1 —  over the choice of S ~ D™ that it
holds for all h € H and p € (0, r] that

4 1 2r 1 2
01 (g; <1° = ) / [ z
L} (signoh) < Lg(h) + 5 S/AI,EDm Rad(H]s;) + loglog, o V3 log 5

Proof. Let py = r27% for all k > 0, and & = -8 for k > 1; note that Y & = d. By

=8
T k=1

(15.3), it holds with probability at least 1 — oy for each pj that

_ j 2 1 1
—1, . px—margin
VheH, L% L(sign oh) < L¢* T (h) + a S,EEDW Rad(H]s;) + /% log o

For any p € (0, r], the smallest k such that p; < pis given by k = [log2 é-‘

We have £, < ¢, for any p” < p, so Lgk(h) < Lg(h).

<=z

We also know that p < p_; = 20, so

oI

1
Pk
Finally, from log e’%k = log ’6‘—; + 2loglog, [log2 é-‘ we use that 71*/6 < 2 and [log, a] <
log,(a) + 1 =log,(2a). O]

We do have to commit to some predefined upper bound on the margin r, but the
resulting bound only depends on it through /loglog, r, so we can pick something
big.

15.3 OTHER MODELS/ALGORITHMS

Lyu and Li [LL20] and Ji and Telgarsky [JT20] study small-learning-rate gradient
descent on L-homogeneous networks, those satisfying h(x; aw) = aLh(x; w) for a > 0;
this is true e.g. for (leaky)-ReLU networks. (We’ll describe the [LL20] results.) Their
analysis is in terms of the normalized margin

min;e(,m) Yih(x;; w)

w) =
" il
This normalization is exactly the one that makes y(aw) = y(w). They show, using an
approach like that of Section 15.2, that gradient flow or small-learning-rate gradi-
ent descent (under some additional regularity conditions) monotonically increase
the log-sum-exp version of normalized margin, which means they approximately
monotonically increase the normalized margin, which roughly means that it finds a
local maximum (ish) of the normalized margin.

This is a kind of margin maximization, and Proposition 15.3 applies, but in general
it’s not margin maximization in an RKHS. Compare this to training a very wide
network with square loss, in which case the implicit regularization prefers solutions
with minimal NTK norm distance from the initialization. Knowing these results, you
can ask questions like what this margin maximization actually does on particular
models [e.g. Fre+23].
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15. IMPLICIT REGULARIZATION AND MARGINS

There’s been a bunch of recent work trying to figure out the implicit regularization
of Adam, rather than SGD, on homogeneous networks; some recent papers are
[WMCL21; Wan+22; CKS23; XL24].

There’s also a ton more work in this area; Vardi [Var22] gives a (now kind of outdated)
survey.
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