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(S)GD works on over-parameterized nets

* Okay, so there are bad local minima
e But...does (S)GD actually find them?
e Several papers around 2018-19 showed that:

o |f the network is very overparameterized (width > n, possibly — ©0)
e and we use an appropriate random initialization
* with square loss
* then (S)GD finds a global minimum
* |Implicit in these papers:
* Behaviour of deep nets converges to kernel ridge regression with the
neural tangent kernel



Shallow case

o |et’s start with a depth 2 case (Telgarsky notes section 4)



Shallow case

o |et’s start with a depth 2 case (Telgarsky notes section 4)

1 m
. f(x ) \/% le Cl] G(W] X) —\@L&( (’6) = WM?‘(U/ t)

¥, J;;mma( \/



Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User


Shallow case

o |et’s start with a depth 2 case (Telgarsky notes section 4)

1 m
fs W) =—=) a;o(wx)
m =1

e W, istheithrow of W € | mxd (as a column vector)



Shallow case

o |et’s start with a depth 2 case (Telgarsky notes section 4)

1 m
fs W) =—=) a;o(wx)
m =1

e W, istheithrow of W € | mxd (as a column vector)

« Going to treat the a; as fixed for simplicity



Shallow case

o |et’s start with a depth 2 case (Telgarsky notes section 4)

1 m
fs W) =—=) a;o(wx)
m =1

e W, istheithrow of W € | mxd (as a column vector)

« Going to treat the a; as fixed for simplicity

« The core idea: think about a linearization of fin W



Shallow case

o |et’s start with a depth 2 case (Telgarsky notes section 4)

1 m
fs W) =—=) a;o(wx)
m =1

o W, isthe ithrow of W € | mxd (as a column vector)

« Going to treat the a; as fixed for simplicity

« The core idea: think about a linearization of fin W

e Fi s W) = f0rs Wo) + ( Wy £ Wo), W — W)



Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User


Shallow case

o |et’s start with a depth 2 case (Telgarsky notes section 4)

1 m
fs W) =—=) a;o(wx)
m =1

e W, istheithrow of W € | mxd (as a column vector)

« Going to treat the a; as fixed for simplicity

« The core idea: think about a linearization of fin W
 Fin s W) = f0r Wo) + ( Wy £ W), W — W)
» Approximates behaviour of f as we change W; nonlinear in x



Shallow case

o |et’s start with a depth 2 case (Telgarsky notes section 4)

1 m
fs W) =—=) a;o(wx)
m =1

e W, istheithrow of W € | mxd (as a column vector)

« Going to treat the a; as fixed for simplicity

« The core idea: think about a linearization of fin W
 Fo W) = flxs Wo) + (Vi flrs Wo), W = W)

» Approximates behaviour of f as we change W; nonlinear in x
« We'll see that, for large m and random Wo,fszo through training
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We’ll see shortly that f — f, shrinks as m grows
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If o is p-smooth, |a;| < 1, [|x|| < 1:
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If ois f-smooth, |a;| < 1, |[x]| < I:

o(r) — o(s) = o'(s)(r — 5)| =

J o'(2)(s — 2)dz

T T T o\ T
o(w; x) = o(w, :x) — o' (wy . x)x " (W; — W ;)

‘f(M W) _fWO(x; W)‘ < L i |aj]

m =1



If ois f-smooth, |a;| < 1, |[x]| < I: - A
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Linearization quality

 For a two-layer net with ff-smooth hidden activations,

second-layer weights < 1/4/m with linear activation,

then forany ||x|| < 1, |f(x; W) —fo(x; W)| < b
27/ m

W — W,l|2

e This holds for any W and W,,, but only for this shallow case

 For two-layer ReLU nets as above, with entries of W, iid standard normal:
for any B > 0 and any fixed x € R? with ||x|| < 1,

with probability at least 1 — 0 over the draw of W,,,

2B* + Blog(1/8)"*
sup  [fs W) = fy (s W) £ ———
W: [IW=Wll <B .

* Proof is more annoying: Telgarsky’s Lemma 4.1
 Can do multi-layer versions, but approximation degrades with depth
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What happens in the linearized model?

» Forthe ReLU, fy, (x; W) = (Vflx; Wy), W)
e This is a kernel model!

o k(x,x") = (Vflx; Wy, VAxs Wy))
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arccos kernel

For ||x]| = 1 = ||x||, E, [6'(w ' x)6'(w'x)] = > "7 arccos(x ' x’)
T

This kernel is universal on {x € R*! : ||x|| = 1, X = l/ﬁ}
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Non-RelLU, multi-layer version

» General o: fy, (x; W) = f(x; W) — (Vfx; Wy), W) + (VIx; W), W)
. FittinngO to labels y; is fitting a function in #, to the residual y. — f(x;; W)

£, (cw) —£0w) = < Vel W), W=\, >
V4
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Non-RelLU, multi-layer version

» General o: fy, (x; W) = flx; W) — (Vf(x; W), Wo) + ( Vf(x; W), W)
. FittinngO to labels y; is fitting a function in #, to the residual y. — f(x;; W)

 For multiple layers, idea Is the same: kernel is still

k(x,x") = (Vf(x; Wy), VAx'; Wp))

but now V uses all of the parameters in the network
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k(x, x) = (Vflx; Wp), VAXS W)
but now V uses all of the parameters in the network
e but the linearization results are worse

Can compute expectation version, even for convolutional nets with pooling
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« JO- 5 W) = fy (-3 W) for wide nets with W = W,

o Uw, (s W) —=J(- 5 W) : We RP}is an RKHS
e kernel k(x,x") = ( Vf(x; Wy), VAx'; Wp))

e [nfinite-width limit Is universal even for shallow, wide nets

* The big remaining result:
» Training f for square loss & kernel ridge regression with k

11
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NTK correspondence

We’ll optimize L¢(w) based on squared loss £ (w, (x,y)) = %( O w) — y)?

d t
Take gradient flow on LS(W) L VLS(wt)

0f (x;; wy)

-—z<f< - yp LD

This means training set predictions update as
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NTK correspondence

We’ll optimize L¢(w) based on squared loss £ (w, (x,y)) = %( O w) — y)°
dw

Take gradient flow on LS(w) — = — VLiw,)
L I < of(x;; w,)
Wo ) We — __Z (S w) —»)
€(X;,We) ~> ¥ n = ow

This means training set predlctlons update as:

d t of(x;; w, of(x:; w,)
f( w) ——Z<f< o y]< o w) A >

ow ow

Jz( V 'g()({f/'h/.t)/ Oqoz;&>
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NTK correspondence

We’ll optimize L¢(w) based on squared loss £ (w, (x,y)) = %( O w) — y)?

d t
Take gradient flow on LS(W) = V Li(w,)

1 n
= —— ) (flzw) =)
n -

This means training set predictions update as:

.. y . of(x;; W,
Sy 1 Z iy — v < of(x;; wt), f(x; wy) >
s

of(x;; w,)
ow

d? ow ow
df: S(t)

So the vector f((7) = (f(xl; W), ..., f(xn;wt)) evolves as gy

——kgs! (fs(1) = )
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NTK correspondence

We’ll optimize L¢(w) based on squared loss £ (w, (x,y)) = %( O w) — y)?

d t
Take gradient flow on LS(W) = VLS(wt)

__Z(f( Wt) yz

This means training set predictions update as

d 4flx; w) 0 t af( W)
JUi ) ——2<f<x],wt> y,>< Ui ) —>

af 9f(x;; wy)
ow

dr ow ow

df (1
fi) — kg (fs(®) = )

If kég"f) = k¢ is constant over time, exact same dynamics as kernel (ridgeless) regression

So the vector f((7) = (f(xl; wt), s J (X5 wt)) evolves as
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NTK correspondence

o As width — ©0, Arora et al. (2019) show kég"f) IS roughly constant over training,
and converges to its expectation
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o As width — o0, Arora et al. (2019) show K s roughly constant over training,
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and converges to its expectation

Theorem 3.2 (Equivalence between trained net and kernel regression). Suppose o (z) =
max(0,z), 1/k = poly(l/e,log(n/d)) and di = dy = --- = dp = m with m >
poly(1/k,L,1/\g,n,log(1/d)). Then for any x;. € R® with ||x:.|| = 1, with probability at least
1 — 0 over the random initialization, we have

‘fnn(wte) — fntk(mte)‘ S €.
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max(0,z), 1/k = poly(l/e,log(n/d)) and di = dy = --- = dp = m with m >
poly(1/k,L,1/ Xy, n,log(1/8)). Then for any x;. € R with ||x;:.|| = 1, with probability at least
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NTK correspondence

o As width — o0, Arora et al. (2019) show K s roughly constant over training,
SS
and converges to its expectation

Theorem 3.2 (Equivalence between trained net and kernel regression). Suppose o (z) =
max(0,z), 1/k = poly(l/elog(n/d)) and dy = do = --- = dp = m with m >

poly(1/k,L,1/ Xy, n,log(1/8)). Then for any x;. € R with ||x;:.|| = 1, with probability at least
1 — 0 over the random initialization, we have

‘fnn(mte) — fntk(mte)‘ S €.

* Proof is kind of gnarly, but basically amounts to showing kernel being close =>
gradients are close throughout training => final result is close

» Scales network so that initialization has f|; ~ 0
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Showing the NTK correspondence

e Jacot, Gabriel, and Hongler (2018) (earlier) introduced the term NTK

* Pretty abstract approach: argued that gradient descent on NN parameters
corresponds to kernel gradient descent in function space

* Doing gradient flow gives us an explicit formula for prediction function:

fi(x) = fo(x) + kg)Kgg (I — e s)(f = (fy)s)
+ and so fo (%) = fo(x) + ks(x) kgg' (fF = (f)s)

e If fo(x) = O, this is just kernel ridge regression

» In general, it’s GP regression with prior mean f,
 Proof actually needs infinite width but only really shows for finite time ¢
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NTK regime and scaling

Chizat and Bach (2019) argue that scaling is the key thing:

 Using a small scale “zooms in” on the Taylor expansion,
and makes the behaviour more linear

Can give a short-ish proof of NTK behaviour based on this scaling
» Basically, things “look strongly convex”

But...it’s pretty abstract, and takes a bunch of work to connect back to
actual network architectures

Telgarsky section 8 gives a simplified proof, but it’s a little bit WIP
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S0, Is deep learning just kernels?

* No.
* Real neural net optimization isn’t in “the NTK regime”
« NTK regime doesn’t allow for feature learning — the kernel doesn’t change...

 There are problems where NNs provably do better than any kernel method
possibly could

e But NTK is still useful:
o AFAIK, the main (only?) proofs that GD optimizes deep networks reasonably
e Can be practically useful in some settings
* Probably a building block for whatever comes next

16



On the Power and Limitations of Random Features
for Understanding Neural Networks

0\
N7
\H
U

e Roughly: there is a w* € R® with ||w*|| = d?, b* € Rs.t.
o, 0w if By opro,n [(f(z) — ReLU((w*, z) +5*))*] < =

. e_\'\\(.\""}ﬁ"‘”‘)
: . then || f]|lnTk > exp(Q(d))

e and if f's init is isotropic, true for any w* with ||lw* || = d*

Gilad Yehudai Ohad Shamir
Weizmann Institute of Science
{gilad.yehudai, ohad.shamir}@weizmann.ac.il

“/

e But GD learns this (at linear rate) with poly(d) samples
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Quantifying the Benefit of
Using Differentiable Learning over Tangent Kernels

Eran Malach Hebrew University of Jerusalem eran.malach@mail .huji.ac.il
Pritish Kamath Toyota Technological Institute at Chicago pritish@ttic.edu
Emmanuel Abbe EPFL emmanuel .abbe@epfl.ch
Nathan Srebro Toyota Technological Institute at Chicago nati@ttic.edu

Collaboration on the Theoretical Foundations of Deep Learning (deepfoundations.ai)

NTK at same NTK at alternate NTK of arbitrary model
Initialization randomized Initialization | or even an arbitrary Kernel

GD with unbiased | * VTK edge > poly ™

initialization (Ihm. 1) i Edge with any kernel can be < poly ™"
(Vz fo, (z) = 0) » NTK edge can be < poly while GD reaches 0 loss

ensures small error while GD reaches 0 loss (Separation 2)
(Separation 1)

Kernel (or » NTK edge > poly ~*
alt init) (Thm. 2)

GD with | .o depend » NTK edge can be < poly ™" while GD reaches 0 loss

Edge can be < poly "

arbitr :
ALY | on input while GD reaches 0 loss (Separation 2)

grlllgilres dist. Dy NTK edge can be = 0 (Separation 2)

small while GD reaches arb. low loss
error (Separation 3) edge with any kernel can be < exp ™’

Dist-indep while GD reaches arb. low loss
kernels (Separation 4)
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Making Look-Ahead Active Learning Strategies Feasible

with Neural Tangent Kernels

Mohamad Amin Mohamad®*, Wonho Bae*, Danica J. Sutherland

Virtual Github

Overview

* Look-ahead active learning strategies: “what would my
model do if I saw this label for this point™?

for neural nets
...unless you use an N'TK approximation!

* Outperform existing look-ahead strategies and
matches/beats SOTA in pool-based active learning

Preliminary: Active Learning

. Model f
m query

;

Labeled set £ @5 Unlabeled set U
label Oracle selected data

Acquisition Functions — Selection of Data

O classl O class2 O unlabeled - information
| | N o
@ l @ 0
O o) 10 e} O | O
o %0 /0 o %ol/y0 O JOif0o®

O 0O O 0O I O
’ |
|

Myopic Model Change Look-Ahead

=> Only look-ahead strategies consider the interaction of
the updated model on unseen data [1]

Local Approximation of Functions

fe(x)

6o, 6, 0
* Approx. of fo (x) (trained for t — o) in a closed form [2],
f£7(x) = fo(x) + 00 (x, X)0, (X, X)) (Y — f,(30))

1

Vvwidth

» Bounded as sup||f;(x) —]‘",:”'"(x)”2 = 0O(
t

Problems of Look-Ahead Strategies

* Measure the relationship between f; and f .+

e.g. L2-distance: ||f;(x) — f+(x)l2
where = L U {(x;, y;)} with a candidate data (x;, y;)

to compute f,+ for every candidate (x;,y;) € U

* Only special model classes have been available,
¢.g. Naive Bayes, Gaussian Processes

=> Can we make it feasible for neural networks?

NTK Approx. for Look-Ahead Strategies

* For any Look-Ahead strategies e.g. Most Likely Model
Output Change (MLMOC),

Apimoc = Zxeullfe(x) — f+COll2
approximate f .+ (x) as,
fr+(x) = FAR ()
— fL(x) + @L(x,x )GL(‘X ,X )_1(y+ — fL(X+))

~1
* Visually, fﬁli"(x) =0+ (C_1Jx | | (gg)

=> Can be computed even faster using block computation

* Approximation of re-training (above) is no more than
augmenting kernels, which is justified by Theorem 3.1

* (Informal) S; € S, ... € S denote C datasets. Then, as
the width of a network — oo, fg . (x) = f5, 5, . 5. (X)

Comparison of Look-Ahead Models

Naive NTK —e— NNNTK —e— NN I-Step —e— GP
NN Inf NTK—e— NN (Rand.)—e— GP (Rand.)
961 -3hr 98
96+
o 941 94 -
SN e
~ 92 : SN 92
Q - 17min ~90-
Q Q
88 < g6 T
i 841 L -
861 _Lall 1N NN NN AN 0N A0 M 2min Q) ‘4"/ [ N S I N S S
0123456789 01 23 45 6 7 8 9
Cycle Cycle

e Performs better and 100 times faster than Naive
*  Outperforms other look-ahead methods — inf. NTK, 1-step
approx. of re-training, NTK-based Gaussian Processes

Comparison with State-of-the-art

— NTK —— BADGE —— Margin — NTK —— BADGE —— Margin
Random —— Entropy Random —— Entropy
2.
3.

~~ /8
X S
&) O 11
&) &)
< < gL
< 0. / < 55 65 71 75 78 80 82 83 8485(fn)

60 63 64 65 66 6667(%) —14

0123456 7 0123456789
Cycle Cycle
CIFAR10: 2-layer WideResNet CIFAR100: ResNetl18

* Comparable to the SOTA on many datasets including
CIFAR10 and 100 with various neural net architectures
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[1] Freytag et al., Selecting Influential Examples: Active Learning
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Additional Experiments

—e— W=192 —— W=640 —— W=1920

W=320 —— W= 1280 * Generally robust to the
width and look-ahead
acquisition functions

* Can be extended to
sequential query strategy
(not available in previous
active learning methods)

AAcc (%)
—_O = N WA 0O

0123456789
Cycle




