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Reasoning Under Uncertainty:
Variable elimination

Computer Science cpsc322, Lecture 30
(Textbook Chpt 6.4)

Nov, 19, 2012

66uple of questions with cards
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Lecture Overview

* Recap Intro Variable Elimination

* Variable Elimination
* Simplifications
* Example

 Where are we?
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Bnet Inference: General

» Suppose the variables of the belief network aref)@,...,)(?l
@is the query variable 7!
. ZL=_I/_1\ Y~=v;,are the observed variables (with their values)

@are the remaining variables i
i/ %

« What we want to compute: LP(Z Y =Vv,,....Y;

Y S
* We can actually compute: ( P(Z,Y, —Vl, LY =V, l

2PZ Y, =y Y 2V PEZY, =Y =Y,

P(Z|Y,=v,...

_\,)_I_E)(T A—vj YP(ZY—V ..... Y, =V;)
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Inference with Factors

Y
We can compute P(Z, ( Y,=v, ...,Y=v) by
 expressing the joint as a factor,

A4
fz v,...v, Z,...2 )
_rassigning Y,=v,, ..., Y=V,

/

»and Gumming out the variables Z1,ﬂ

IE(Z,levl,... Y, —v\ r(z VoY1 Zon Z o v

j
A T —

/
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Variable EIimination Intro (1)

PZ,Y, =V,,....Y; =V,) = Zﬁ(zv Y,.Z,, JYYl

- Using the chain rule and then definition of/a Bnet, we
can write P(X,, ..., X,)as 1_[|:>()(i | pX.)

4

* \We can express the joint factor as a product of
factors _

Rz, V...V, Z...Z ) Hf(Xi,pXi)
_ | y
P(Z,Y, =Vy,...,Y; =v) =) -+ Hf(xi,@
1=V Y=V

Zk Zl |:1
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Variable Elimination Intro (2)

Inference in belief networks thus reduces to
computing “the sums of products..

T 0 @
P(Z,levl,...,Yj:j\)]:LZ, ZHf(X,,pX) @

1. Construct a factor for each conditional probability.

2. In each factor assign the observed variables to
their observed values.

3. Multiply the factors

4. For each of the other variables Z, € {Z,, ..., Z.}
sum out £,




Lecture Overview

» Variable Elimination
* Simplifications
* Example

 Where are we?
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How to simplify the Computation?

* Assume we have turned the CPTs into factors
» and performed the assignments

% (f/(X\%)J—) f (varsXi)

Febed f(CDG)s=t—? L[ 1)
Z ZHf(X PXi v, »Z ZHf(varsX.

Z, 1=l Z, 1=l
/el.s%s on the basmWnce...
(C,D)xf(A,B,D)xf(E,A)xf(D)
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How to simplify: basic case
Let's focus on the basic case. Zﬁ f (varsXi)

> f(C,D)x f(A B,D)x f(E,A)x f (D)

How can we compute efficiently?
Factor out those terms that don't involve(Z, !

( Hf(varsx.] [Z Hf(varsx.j

I|Z,gvarsXi Z; 1|Z evarsXi

_—

Ao wat condrrng 24 do condorm

HEd) x () 2; H(718,0) (€ 4)
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General case: Summing out variables
efficiently

Z fo £, Z Z(fx xf)LZflﬂx J

ZZL xf@é —

Now to sum out a varlable@from a product 7,x... xt. x f’ of
factors again partition the factors into two sets

. F: those that comtr Z 2
e F:those that 2o “eoC

1T F x ZTIA’
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Analogy with “Computing sums of

products”

This simplification is similar to what you can do in basic
algebra with multiplication and addition

* |t takes 74 multiplications or additions to evaluate the
expression

ab+ac+ad+aeh+arfh+agh.

Y

* This expression be evaluated more efficiently....

gt(b+c+d,+%*<€+ L+ a) a
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&

Variable elimination ordering
/s there only one way to simplify?

P(G,D=t) = 5, 5.c. 1A,G) f(BA) f(C,G) B,C)

CRA o < V/
P(G.D=t) = 3, flA,G) 5 {B.A) 5, #C.G) (B, )
GC A e\

P(G,D=t) =3, fiA.G) > f(C.G) 3 [(B C) f(BA)
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Variable elimination algorithm: Summary

PEZ| YY), ZoiZ) )
To compute P(Z] Y,=v,,... ,Y~V;):
1. Construct a factor for each conditional probability.

2. Setthe observed variables to their observed values.

3. Given an elimination ordering, simplify/decompose
sum of products

4. Perform products and sum out Z. Y=y, <

—

5. Multiply the rem\aining factors (allin ? [¥g z, )
6. Normalize: divide the resulting factor #Z) by 2, f(Z).
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Variable elimination algorithm: Summary

PEZ| YY), ZoiZ) )
To compute P(Z] Y,=v,,... ,Y~V;):
1. Construct a factor for each conditional probability.

2. Setthe observed variables to their observed values.

3. Given an elimination ordering, simplify/decompose
sum of products

4. Perform products and sum out £

\ e

5. Multiply the remaining factors (all in ? [Z£ )
6. Normalize: divide the resulting factor #Z) by 2, f(Z).
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Lecture Overview

* VVariable Elimination

* Example
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Variable elimination example

[Compute P(G / H=h,))
P(G,H :2 F./ P(AIB:C:D:E:'E:G;/_/;/L
AB.C.D.E.

@ \I CPSC 322, Lecture 30
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Variable elimination example

Compute P(G | H=h,).

llllll

llllll
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Variable elimination example (step1)

-— 0 -— -

/ .

e

-, A

s

llllll

11111

* (A

- f(BA)

* AC)

- 1(D,B,C)
* T(E.C)

* 1s(F. D)

* (G, F.E)
* IAH,G)

* i5(1,G)

Compute P(G | H=h,).
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Variable elimination example (step 2)

Compute P(G | H=h,).
Previous state: o

111111

111111

P(G,H=hy) = 2, BCDEFJ o(A) F(B,A) 1(C) £4(D,B,C) f,(E,C) I{(F, D) I(G,F.E) Io(G) 15(1,G)

* (A * 14(G)
« f(BA)

* iAC)

« 5(D,B,C)

* I(E,C)

T

* fs(F, D)

T l— O ~— 0 -— -
\O

* 15(G.FE)

am
\ O 4
/C}_

o]

* 15(1,G)
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Variable elimination example (steps 3-4)

Compute P(G | H=h,).
Previous state:

111111

P(G,H=h;) = 14(G) 51 X5 1oF, D) 35 3,1, G) S 1o(G,FE) Xc 1AC) D.B,C) F(E,C) X, 1o A) Fi(BA)

-
* 1o(A) * 7(G)
- £,(BA)

+ 1{C)
+ {D,B,C)

* f(E,C)
* fs(F, D)

T

* Is(G,F.E)

T — O ~— 0 >
\O

« 14(1,G)
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Variable elimination example(steps 3-4)

Compute P(G / H=h, ). Elimination ordering A, C, E, I, B, D, F.
Previous state:
P(G,H=h,) = £(G) Sr I, 1(F, D) S5 3, 15(1,G) Zp 1y(G,F,E) So14C) £(D,B,C) £,(E,C) I, fyfA) f1(BA)
Eliminate A:
P(G,H=h;) = {(G) XrXp 1(F, D) 25 10(B) 21(1,G) Ze 1o(G.F,E) 2o £(C) D.B,C) f(E,C)

+ 4(G)

a ./—— i * f1o( Bl
i « H(C)
¢ C « £,(D,B,C)
D/ l + £(E,C)
,L E  1F, D)
F * (G,F,E)
N

G
¥ X < £,(1,G)
D (I
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Variable elimination example(steps 3-4)

Compute P(G / H=h, ). Elimination ordering A, C, E, I, B, D, F.
Previous state:
P(G,H=h,) = 1,(G) 2 35 1oF, D) S510(B) %i15(1,G) S5 o(G.F,E) Sc1AC) 4(D,B,C) F(E C)y
Eliminate C:

P(G.H=M) =10(G) 2r2p1s(F, D) 25T10(B) 2/7s(1.G) 23 1e(G.F. E) 112(B. D, E),

* 1o(G)
A
¢ * f10(B)
i *f,5(B,D,E)

* Is(F, D)
* Is(G,F.E)

/’TT'(—'U

« 10,6

=
:

Pt
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Variable elimination example(steps 3-4)

Compute P(G / H=h, ). Elimination ordering A, C, £, |, B, D, F.

Previous state:
P(G,H=h,) = 1{(G) 3 3p iy F, D) X5 1o(B) 3 1(1,G) X f5(G,F,E) f,(B,D,E)
Eliminate E:

P(G,H=h;) =1(G) 2 2p15(F, D) 2511o(B) 15(B.D,F,G) 2,1(1,G)

+ 1,(G)

A
¢ * f10(B)
B
¢ (
D/ Jr +f,5(B,0,F,G)
,L E  £(F, D)
5
N

G
¥ X < £,(1,G)
H |
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Variable elimination example(steps 3-4)

Compute P(G / H=h, ). Elimination ordering A, C, E, |, B, D, F.

Previous state: P(G,H=h,) = ,(G) 22 s(F, D) 257,5(B) f.5(B.D,F,G) 2, f51,G)

Eliminate I:
P(G,H=h,) =1y(G) [1/(G) 2 2pT(F, D) 251o(B) f;5(B,D,F,G)
* 1/(G)
A
¢ * f10(B)
B
&
¢/ l +f,4(B,D,F,G)
E * 15(F, D) “f1a(C)

E\Q/’ﬁ-(—U
/ _

Pt
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Variable elimination example(steps 3-4)

Compute P(G / H=h,). Elimination ordering A, C, E, I, B, D, F.

Previous state: P(G,H=h,) =1y(G) f,,(G) 22 Ts(F, D) 2 57,,(B) f,5(B.D,F,G)
Eliminate B:
P(G,H=h;) = 1s(G) [;/(G) 2 2p 1s(F, D) f15(D,F,G)

* 1(G)
i
B
@
D
,L E * 15(F, D) f,4(G)
F\ * [15(D,F,G)

=
%

Pt
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Variable elimination example(steps 3-4)

Compute P(G / H=h, ). Elimination ordering A, C, E, I, B, D, F.

Previous state: P(G,H=h,) =1y(G) f,,(G) 22 5(F, D) f,5(D,F,G)
Eliminate D:
P(G,H=h,) =1y(G) F,(G) 2cT1s(F, G)

+ 1,(G)
A
.
B (!
D
¢ E *f14(G)
F
RN
* f16(F, G)

=
%

Pt
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Variable elimination example(steps 3-4)

Compute P(G / H=h, ). Elimination ordering A, C, E, I, B, D, F.

Previous state: P(G,H=h,) = 1o(G) 1,(G) 2 F1s(F, G)
Eliminate F:

P(G,H=h,) =ff9,(G) f14(G) T17( G} * 1(G)

-— U - — -

*f14(G)

/’TJ"(—U

* 1,AG)

=
%

Pt
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Variable elimination example (step 5)

ComputeWG/H=h,) Elimination ordering A, C, E, /, B, D, F.

Previous state: P(G,H=h,) =1y(G) 1,,(G) 7, AG)
Multiply remaining factors:
[ P(GH=h,)|= F,4(C)

-— U - — -
.,

D
g
N
G,
/ \ * 115(G)
H I
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Variable elimination example (step 6)

Compute P(G / H=h,). Elimination ordering A, C, £, /, B, D, F.
Previous state:
P(G,H=h,) = f,4(G)
Normalize:

P(G [ H=h,) = f,4(G) /E'g € dom(G) f16(G)
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Lecture Overview

* VVariable Elimination

* Independence
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Complexity (not required)

The complexity of the algorithm depends on a measure of complexity of the
network.

The size of a tabular representation of a factor is exponential in the number of
variables in the factor.

The treewidth of a network, given an elimination ordering, is the maximum
number of variables in a factor created by summing out a variable, given the
elimination ordering.

The treewidth of a belief network is the minimum treewidth over all elimination
orderings. The treewidth depends only on the graph structure and is a
measure of the sparseness of the graph.

The complexity of VE is exponential in the treewidth and linear in the number
of variables.

Finding the elimination ordering with minimum treewidth is NP-hard, but there
iIs some good elimination ordering heuristics.
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Variable elimination and conditional
independence

« Variable Elimination looks incredibly painful for large graphs?
 We used conditional independence...

P(Ki. - Xy = T?C% @méx»

« (Can we use it to make variable elimination simpler?

: R
aII the variables from which the query is conditional

Independent given the observations can be pruned from
the Bnet
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VE and conditional independence: Example

 All the variables from which the query is conditional
independent given the observations can be pruned from

the Bnet

e.g., P(G [H=v, F=v, C=v)).

f— U0~ — -

D

| BDE £ o»
F\- D,1 BDA
£\

H I
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VE and conditional independence: Example

 All the variables from which the query is conditional
independent given the observations can be pruned from
the Bnet

JBX
Y e.g., P(G [H=v,, F= v, C=v,).
ia 7
¥ S
/\ \ \oow b ‘0 6 LS COMO]AJ’\\«’DV\Q /}7
L ) 3((9“"\% ' A O‘ T A_%_D Vo
\’ /\f\i\/\@\ 11: QP(:/M p/‘;{ —}mm ik
\G/ \VovsS
£\ v - H,F €
W d 1)
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VE and conditional independence: Example

 All the variables from which the query is conditional
independent given the observations can be pruned from
the Bnet

JBX
Y e.g., P(G [H=v,, F= v, C=v,).
ia 7
¥ S
/\ \ \oow b ‘0 6 LS COMO]AJ’\\«’DV\Q /}7
L ) 3((9“"\% ' A O‘ T A_%_D Vo
\’ /\f\i\/\@\ 11: QP(:/M p/‘;{ —}mm ik
\G/ \VovsS
£\ v - H,F €
W d 1)
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VE and conditional independence: Example

 All the variables from which the query is conditional
independent given the observations can be pruned from
the Bnet

P
P

P2
7 i ét/gﬁs CS/L\FQV\C T

%

A

|

~-—,

e.g., P(G [ H=v;, F= Vv, C=vj).
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Learning Goals for today’s class

You can:

 Carry out variable elimination by using factor
representation and using the factor
operations.

» Use techniques to simplify variable
elimination.
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Big Picture: R&R systems

[Environ@
ochastic

~ (Deterministic
Problem (”Arc Consistency (o €SP
‘Constraint [ygrs + | ocarch
Stat Satistaction) oo nstraints  [sLS R ~
. 'C] N—— —_J(sP. BeliefNets
wuety” Logres ;ﬂ“ ”f(exe"“ * | Var. Elimination
| Search "% ¥
Sequential STRIPS C SP Decision Netsg £
BERRInG o N,\A_f%( _ Var. Elimination
- — Search” ¢ (| Markov Processes
Representation Value Iteration

Reasoning

Technique
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Answering Query under Uncertainty

Probability Theory A

¥ / Dynamic Bax;esiarL T a

Static Belief Network Network | = -
& Varlable Ellmlnatlon /

/ Hidder{ Markov Models)
Monitoring : : tudent Tracing In
e.g credit cards) Biolnformatics | tutoring Systems

Natural —%0\& Wn“ KV\@W
Language Yow will Know ali
Diagnostic Crocessing
Systems (e.g., Some A PP' ‘Cai;o ’
medicine Email spam filters S
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Next Class
Probability and Time (7extBook 6.5)

Course Elements

 Work on Practice Exercise 6.C on variable
elimination.

. Assignment 4 will be available on Wednesﬁ@nd
due on Nov the 28th (last class).

* Fill out teaching evaluations. You should have
received an email about this.

CPSC 322, Lecture 29 Slide 41



