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Lecture Overview

Recap: Logic intro and Propositional
Definite Clause (PDCL)

Semantics (interpretation, model, Iogicﬂe
consequence)

Bottom-up Proof Procedure for PDCL]<,_

* Soundness and Completeness

Using PDCL for R&R in a domain (Electrical’ 5
System)

Top-Down Proof Procedure for PDC@%
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Logics as a@ system

QCPR’;S—&V\/D'
. formallze a domaln

* reason about it
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Propositional (Definite Clauses) Logic:
Syntax

We start from a restricted form of Prop. Logic:

AV L> ‘:>Q3 \/
Only two kinds of statements &9 Pe )ALV 715

* that a proposition is true
* that a proposition is true if one or more other propositions

are true .

defrnid Clb’v\iﬁ [ <

¥@¢%w?‘,‘ g’é_l‘ovv\
orC {'91‘01/‘4 & lbod,
f3a < Panpe
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Lecture Overview

Recap: Logic intro and Propositional
Definite Clause (PDCL)

Semantics (interpretation, model, logical
conseqguence)

Bottom-up Proof Procedure for PDCL
* Soundness and Completeness

Using PDCL for R&R in a domain (Electrical
System)

Top-Down Proof Procedure for PDCL
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Propositional Definite Clauses Semantics:
Interpretation

Semantics allows you to relate the symbols in the logic to the
domain you're trying to model. An atom can be..... T E

Definition (interpretation)
An interpretation | assigns a truth value to each atom.

If your domain can be represented by four atoms (propositions):
1P= 4
TT £ F Z

So an interpretation is just aF*O??'LD(@"UOYM
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PDC Semantics: Body

We can use the interpretation to determine the truth value of
clauses and knowledge bases:

Definition (truth values of statements): A body b, A b,is true in |
if and only if b,is true in I and b, is true in I.

p q r S eNA Y 7/ A S
1, true true true  true T T
— =
, false false false false U B
=
5 lrue true false flalse =

frue ftrue frue false

T 7

\
frue true false ftrue F
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PDC Semantics: definite clause

Definition (truth values of statements cont’): Arule /< b is
falsein | ifand only if 6 istrue in |l and A is false in |I.

2 a
p a1 s @?%éi/\r)
T —

2y frue frue lrue lrue

l, false lalse false false \ =
l

1, true [true false | false/ T
l, true ) Ttrue  true l@ T +
P [

In other words: i b is true | am claiming that h must be ftrue,

otherwise | am not making any claim”
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PDC Semantics: Knowledge Base (KB)

« Aknowledge base KB is true in | if and only if
every clause in KB is true in |.

P g r S

4 frue ftrue false false

KB, KB, KB,

p p p

r q q«rAs
S« qAp S < g

Which of the three KB above are True in |,



PDC Semantics: Knowledge Base (KB)

« Aknowledge base KB is true in | if and only if
every clause in KB is true in I.

P g r S

4 frue ftrue false false

KB, KB, KB,

p p p

r q q«rAs
S« qAp S < g

Which of the three KB above are True in I, ?KB,



Models

Definition (model)
A model of a set of clauses (a KB) is an interpretation in which
all the clauses are frue.

AN
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Example: Models
LRS!
KB =+

Y 9 r g;@

true true true true 17\ Which Interpretations are

?
false false false o M0%€’

frue true false false hd

true true true false /)

e

true true |false true| <
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Logical Consequence

Definition (logical consequence)
If(KB _is a set of clausesland @s a conjunction of atom%, G is

a logical consequence of KB, written@ if G Is frue in
every model of AB.

« we also say that G logically follows from KB, or that KB
entails G. B -

* In other words, KBk Gif there is no interpretation in which
KB is frue and G is false.
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Example: Logical Consequences

r S

(p«q. J

KB = .
frue  false @5 | | y
r S.
false false SN
ue true 4 . L
jﬁ% - 16 ivferpretaho-s

frue ftrue

|1 *i‘o’l‘e:( only e

/,_\1
—false iU false [alse

\/Vtode,\g
g alse  true @
mow
e K

S okl “ W ch of the following is true?
ve " e 9 KB|= p, KBE s, KBE r
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Lecture Overview

Recap: Logic intro and Propositional
Definite Clause (PDCL)

Semantics (interpretation, model, logical
consequence)

Bottom-up Proof Procedure for PDCL
* Soundness and Completeness

Using PDCL for R&R in a domain (Electrical
System)

Top-Down Proof Procedure for PDCL
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One simple way to prove that G logically
follows from a KB

 Collect all the models of the KB

 Verify tha IS true in all those models
BMO_\\/Q'\'OW\S fﬂ‘/?z - ({0\/ \’)3\{6 ’\'O

Any problem with this approach? 0\,«&0‘4 =t 2?;;0»«5

mecsctzble e COMP\QXR"L\ $ ey

* The goal of proof theory is to find proof
procedures that allow us to prove that a logical

formuld follows Jorm a KB avoiding the above

s \ogically gntenled bq\
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Soundness and Completeness

* If I tell you | have a proof procedure for PDCL

 What do | need to show you in order for you to
trust my procedure?

KB+ G means G can be derived by my proof
procedure from KB.

« Recall KB Gmeans Gis true in all models of AKB.

Definition (soundness)
A proof procedure is sound i@l— G mplies@

Definition (completeness)
A proof procedure is complete i@implies@a
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Bottom-up Ground Proof Procedure

One rule of derivation, a generalized form of modus

ponens. we camn decwve
<P, £ 7 9
If th<b,A...1b,)isa in_the knowledge
base, and each b, has been derived ther@gcan

be derived.

You are forward chaining on this clause.
(This rule also covers the case when m=0.)

—_—
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Bottom-up proof procedure

if G< Catthe end of this procedure:

C:=(}
repeat
select clause “h« b, A ... A b " in KB such
that(p,e Cfor all / an@
C=Cu{h}
until no more clauses can be selected.
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ﬁom -up proofjgroced? Example

z«—f/le@ C={ fir 12, C %1&
q—TINgAz<
(e-anb- [C=

< repeat

select clause “h < b,/ ... A b, in KBsuch

b= that b, Cfor all j and he C
r= n C=Cu{h}

- // e until no more clauses can be selected.

S \A& t t

2 \) cavwe
%:):% \ N\ .f'/‘ dzfi\’c'
KB Ar9 q?z?
817, <B 50
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Lecture Overview

Recap: Logic intro and Propositional
Definite Clause (PDCL)

Semantics (interpretation, model, logical
consequence)

Bottom-up Proof Procedure for PDCL
e Soundness and Completeness

Using PDCL for R&R in a domain (Electrical
System)

Top-Down Proof Procedure for PDCL
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Soundness of bottom-up proof procedure
Generic Soundness of proof procedure:

IffG can be proved|by the procedure (KB r G)

then G Is

For Bottom-U

ogically entailed by the KB (KB k G)
p proof

if < < atthe end of procedure
then G is logically entailed by the KB

I

\og/vaﬂ/{ul evﬁi’aﬂ‘\eo\ 5”\ %e, KS
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Soundness of bottom-up proof procedure

Suppose this is not the case.”

1. Le@be the first atom added to C that is not entailed
by KB (i.e., that's wst” +tue in every model of KB)

2. Suppose hisn't true in model@of KB.

3. Since Awas added to C, there must be a clause in
KBofform: he-5 4. . nb,o—

4. Each b;is true in M (because of 1.). his false in M.
So...... ﬂedm% ’S‘f"ZASrC - /v]

5. Therefore /) (¢ not 3 wode|

6. Contradiction! thus no such A exists.
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Learning Goals for today’s class — part1

You can:

 Verify whether an interpretation is a model of
a PDCL KB.

 Verify when a conjunction of atoms is a
logical consequence of a knowledge base.

» Define/read/write/trace/debug the bottom-up
proof procedure.

* Prove that BU proof procedure is sound
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Lecture Overview

* Recap: Logic intro and Propositional
Definite Clause (PDCL)

« Semantics (interpretation, model, logical

consequence) e WS
» Bottom-up Proof Procedure for PDCL BR@D‘\'L
@§—/

* Soundness and/Completeness

(- Using PDCL for R&R in a domain (Electrical

System)
* Top-Down Proof Procedure for PDCL
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Completeness of Bottom Up

Generic Completeness of proof procedure:
If(G is logically entailed by the KB, (KB & G)

then G can be proved by the procedure (KB + G)
G<CC

Sketch of our proof:

1. Supposei(_Bh G. Then G is true in all models of KB.
(&M IS true in any particular model of KB

3. We will define_a model so that if G is true in that

“7model, G is proved by the bottom up algorithm.&G< C
4. Thus KB EUG.
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Let's work on step 3

3. We will define a model so that if G is true in that

= model, G is proved by the bottom up algorithm.
< C

3.1 We will define an interpretation I so that if G is

true in I, G is proved by the bottom up algorithm.
21 &< C
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Let’s work on step 3.1

3.1 Define interpretation I so that if G is true in Z,
Then G€ C.

\

Let | be the interpretation in which every element
of Cis Trwe  and every other atom is{x(s<

C {}
{e}

{e d}

{e dd

{e dc 1}
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Let's work on step 3.2
Claim: | is a model of KB (we' call it the(minimal model)

Proof: Assume that | is not a model of KB.

* Then there must exist some clause /1< 6,1 ... 1 b,
in KB (having zero or more b;'s) which |s{slsa inl.

 The only way this can occuris if b, ... b, are tvuwe
inl(i.e., arein C) and hisf3lse inl (| e., is not in C)

. But if each b, belonged to C, Bottom Up would have
added hto Cas well.

S0, there can be no clause in the KB that is false in
interpretation | (which implies the claim :-)




Completeness of Bottom Up
(proof summary)

f KB =(Gthen KB \]

. Suppose KBE G.
» Then Gis true 1w /| He wodels

e Thus Gis true ‘vt +te winimal obed

« Thus & C C

 Thus Gis proved by..
. Fhus KB g

BU

Soovndwuess

?</\ . ‘i“ &es
6@»’ (9%, cortPLETE NE<S

Co\/\ﬂple/weff
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Soundness & completeness of proof

procedures
- A proof procedure X is sound ...

KB -6 =>KBF &

. A proof procedure X is complete. ...

KRE=G = KB &

- (BottomUp for PDCL is <

- We proved this in general even mains
represented by thousands of propositions and

corresponding KB with millions of definite clauses !
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An exercise for you su c-{d,c <, +}

Let’s consider these two alternative proof procedures

B.

for PDCL e
{All clauses in KB with empty a~—eng.
/élles} befAg
B {5/ d c-e.
f+~c
= {All atoms in the knowledge base} e.
e d
{e 4 §c 5 a}

Both A and B are sound and complete

Both A and B are neither sound nor complete
A s sound only and B is complete only %

A 1s complete only and B is sound only



Can you think of a proof procedure for PDCL....

@ Cp = [ll clavscs withy comphy bodcs ) e
/ KBG 6<% & K, Z‘_I‘f/l/'g'
//7\ C.B {_5" 5<i'ow\5 OJ- )\B} C «~ €. .

KZU"@ o < Cg CC Ca fche.
hat is sound) but not complete? ‘ 254
=z 6= RBFG

a‘acded-gg
L~ G Cacloy>K ol
> BU Sl e /\> KB .

_-XThat is complete but not sound? A

KBEG =5 KB G coonduess o BU
KheEo Keis 6 > 6< ¢ 6 KB\EG
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Lecture Overview

Recap: Logic intro and Propositional
Definite Clause (PDCL)

Semantics (interpretation, model, logical
consequence)

Bottom-up Proof Procedure for PDCL
* Soundness and Completeness

Using PDCL for R&R in a domain (Electrical
System)

Top-Down Proof Procedure for PDCL
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Electrical Environment

P

40

CPSC 322, Lecture 7

outside power
circuitd

6 breaker
—@_ﬂﬁ /down
switch

twi
—Ca WY <
@ light /
_@ Eﬂﬂ.'erL,
— wires &
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Let’s itions

ch,

- —@_ /down
switch l 4

s 2
two-way
:@— SWitch 5

l; NE=EALe
\ ~ How many
//> 2 @ 9" interpretations?
— j —0 B
For each wire w Jve_w, * 7
For each circuit breaker cb ~IK Y- * 2

i | " |49 ¢ 3x2

For each switch s up_ s, / dovu_s [ .
For each light £ /e ¢ * * 2
For each outlet p /ive —p « 2
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Let’s now tell system knowledge about
how the domain works

outside power
_@_ circuitd
breaker
—®_D' /down
switch

D/up

two-way
:(@I— switch
@ light

— B

live |, « e _«/,
live w, «“ps, A W€ Wy
live_w, ~dovm s, A ’wéswz_
ive_w, « “wp-S, N Live_ s
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More on how the domain works....

outside power
_@_ circuitd
breaker
_®_ /down
switch
two-way
:@— switch

@ light

—0 B

live_w, « live_ w, A down_s,.
live |, « live_w,

live_w, « live_ w, N Up_S,.
ive_p, « live_w,.
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More on how-the domain works....

111-;

Iive_w;, « live_w; N ©k cb,,

5]

N
(o

outside power

(o
Q’ WW 5 R
N\ _@_ circuitd
N’ breaker
. ch,
Wa < _®_ /down
switch
13 &
two-way
:@— switch
light
P>
G —0 OWET
P Buﬁ'let

N 7 -
live_p, « live w,.

live_w, « live_ w; N 0Ok _cb,.

live_w, « live_outside.

CPSC 322, Lecture 7
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What else we may know about this
domain?
« That some simple propositions are true

éi/

live_outside.

outside power

_@_ circuitd
breaker
—@_ /down

switch

/up

two-way
switch

@ light
—D

Bofist
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What else we may know about this

domain?
 That some additional simple propositions are true

down_s, Up_S, UP_S; Ok cb, _0% @oufs/de.

outside power

CE:-;
/ 5...? 11.'_.5 ] .
E 9 circuitd
@' - breaker
54 , 7
e 3 /down
g °3 _®_ switch
= S
-,
o )
T @ light
—  EoNE'
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All our knowledge..... K3

_ —
down. s, live I, « live_w,

up_Ss.. live_w, < live_w, AN Up_Ss..

up 5% live_w, « live_w, A down_s..

0 k cb2 //:ve_ W, « //:ve_ w,; N UpP_S,.

live outside live_w, « live_ w,A down_s,.

live_ [, « live_w,.

live_w, « live_ w, A Up_S,.
live_p, « live w,.

live_w, « live_w; N 0k _cb..
live_p, « live w,.

live_w, « live_w; N 0k _cb..
live_w; « live_outside.
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What Semantics is telling us

* Our KB (all we know about this domain) is going
to beqtrue only in a subset of all possible
2. interpretations

 What is logically entailed by our KB are all the
propositions that are true in all those models

* This is what we should be able to derive given a
sound and complete proof procedure
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If we apply the bottom-up (BU) proof
procedure %

Ne_— .
C ive_w, « live w, A up_s..

live_w, < live_w, A down_s.,.
live_w, « live-w; A Up_S,.
we-w, « vlive=wyA down_s,.

live_w,.

) e nwe_w, « Iive_w; N up_s,

B U C Howns live_p, « live_w,.

3dded 1o e wsy" « "livemw N ok cb
erdle s 7 C,aremg(ee

live_p, « //ve w,.

7\/ //ve W, «|lvemwp A ok E\
[\ve X « live_oulside. <
> live_I, < C <> KB I, live _\, = KBEhvel),

'S gl
fae cyse o IIVC l,
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Lecture Overview

Recap: Logic intro and Propositional
Definite Clause (PDCL)

Semantics (interpretation, model, logical
consequence)

Bottom-up Proof Procedure for PDCL
* Soundness and Completeness

Using PDCL for R&R in a domain (Electrical
System)

Top-Down Proof Procedure for PDCL
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Bottom-up vs. Top-down

Bottom-up

(KB) memp C

Gisprovedif G C

When does BU look at the query? g

In every loop iteration -

At the end At the beginning



Bottom-up vs. Top-down

« Key Idea of top-down: search backward from a
query g to determine if it can be derived from KB.

Bottom-up Top-down
uery G
) C Q y
i i | answer
gisproved ifGc C é_’
When does BU look at the query G? TD performs a backward search
 Atthe end starting at G
|




Top-down Ground Proof Procedure

Key ldea: search backward from a query Gto
determine if it can be derived from KB.

CPSC 322, Lecture 7

’I/OP Dou\/ W\
Cfue\"b‘ 6

>,> Mswer
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Top-down Proof Procedure: Basic elements

Notation: An answer clause is of the form:

‘;37/|32/|.../|am G

Express query as an answer clause (e.g., query a, A
A ... N8, )

yesesi/).--\/\ém,l

Rule of inference (called SLD Resolution)
Given an answer clause of the form:
VAN G ges‘ea,/lag/l.../lam )
and the clause: —— )
\>@e b, AbA ... A b,
You can generate the answer clause

yes—a; N ... Na  Nb,ADA ... NDgA @ A ... A&y,
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Rule of inference: Examples

Rule of inference (called SLD Resolution)
Given an answer clause of the form:
S yes«~a,ANa,N...Na,,
A
and the clause:
a/(_b7/l b2/| o AN bp
tYou can generate the answer clause

yes—a;N...Na NDNDN ... NDbyAEu A ... Na

m

KR clwose
)yeSebA?} beknt —> V[esé\aé/\{r/\c,

yes «~eANf es —> (1€S<— «F
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(successful) Derivations
. Am IS an answer clause with m= 0. That is, it is the

answer clause&/g:)

(=

* A (successful) derivation of query [?g, 2 ... A g, from KB
IS a sequence of answer clauses y,, y;,...,V,

such that
* y,Iis the answer clause(yes ~ g, 1 ... /@
* y;is obtained by resolving y; , with a clause in KB, and

*[y,is an answer) ye< ¢

 An unsuccessful derivation.....

t/[eéé%/\b
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nb Example: derivations

~

(acenf| Ta<bacl bekAf %
C «~ é. d « k. 3
—jAe (Fec O Jj<c

k/ v
Query: a (two ways)

Jese@ o e e a

Eliv— ) T [ 6_ e A
nu & bnc Se will Fpi TP +
U é—K/\%AC "
& C
Query:b (k, f different order) : < e
| fese.

yes « b.

CPSC 322, Lecture 7
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Learning Goals for today’s class — part 2

You can:
* Prove that BU proof procedure is complete

* Model a relatively simple domain with
propositional definite clause logic (PDCL)

* Trace query derivation using SLD resolution
rule of inference
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Course Big Picture

[Environm

~ (Deterministig) Stochastic
Problem (rArc Consistency | (or €50
. i
Constraint |ygrs + | >carch
Soat Satisfaction Constraints /y
o - —-_J(sP, |Belief Nets
Inference Logics ;ad; ;eve"‘"c Var. Elimination
. ] Search |
Sequential STRIPS CSP Decision Nets
Planning o » 0% | Var. Elimination
—— Search” ¢t Markov Processes
Representation Value Iteration

Reasoning
| Technique
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Next Class

* Finish Logics (Datalog) (12.3)
« MAJOR TRANSITION
STOCHASTIC ENVIRONMENTS

* Probability Theory and Conditional Probability
(6.1)
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(Propositional) Logic: Key ideas

Given a domain that can be represented with n
propositions you have ...... interpretations (possible
worlds) 2

(ﬁyou do not know anyt@ you Can}g in any of thos%

If you know that somewre true (your

KB...). You know that you ¢an be only in . /erpetznon
I\ wlndh Hae KQ Is d‘rmgéf WOA&(S o KB)

It would be nice to know what else is true in all those...

models  wlhaT i1g log’\‘éq/l/l% Badenl e
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PDCL syntax / semantics / proofs
Domain can be represented by Interpretations?

three propositions: p, g, r r q D
T T T
T T— F-
T F- T
T F F
F T —T—
F | F
1n8 F |
+ F —F—
What is logically entailed ? \~
e A Y Ne
0
Prove G = (q/\ p)‘ C {‘T/ z K \%{;Cﬁ
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PDCL syntax / semantics / proofs

Interpretations
N - r q Yo,
KB :(p gAT. \> T T T
g. T T F
T = +
T F —F
> F T T
Models L F T F
~F F T
~F F —F
What is logically entailed? 7R ZA

Prove G=(QAp) G/Q/C KB%/G
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To Define a Logic We Need

» Syntax: specifies the symbols used, and how they
can be combined to form legal sentences

« Knowledge base Is a set of sentences in the language

« Semantics: specifies the meaning of symbols and
sentences

» Reasoning theory or proof procedure: a
specification of how an answer can be produced.

« Sound: only generates correct answers with respect to
the semantics

« Complete: Guaranteed to find an answer if it exists 4



Propositional Definite Clauses: Syntax

Definition (atom)
An atom is a symbol starting with a lower case letter

Examples: p;;
live_I;

Definition (body)

A body is an atom or is of the form b, A b, where b, and b, are bodies.

Examples: p; A p,;
ok_wj; A live_wy

Definition (definite clause)

A definite clause is Examples: p; < py;

live_w, < live_w; A up_s,

- an atom or
- arule of the form h «<— b where h is an

atom (“head”) and b is a body. (Read this as “h if b".)

Definition (KB)
Aknowledge base (KB) is a set of definite clauses




PDC Semantics: Example for models

Definition (model)
A model of a knowledge base KB is an interpretation in
which every clause in KB is true.

—

P =9 Which of the interpretations below are models of KB?
KB=7 ¢q
— I <S8
D q r S
¥ T T T T yes .
, |F F FF yes .
1, T T F F Yyes .
l, T T T F yes .
|5 F T F T yes .




PDC Semantics: Example for models

Definition (model)

which every clause in KB is true.

A model of a knowledge base KB is an interpretation in

P9 Which of the interpretations below are models of KB?
KB=- ¢
_ I <S8
0 q r S Pp<qg |q <SS Model
OfKB

, T T T T T | T |7 (=) &
, |[F F F F T = W
s [T T F &£ T || T
l, T T T F
I F T F T




PDC Semantics: Example for models

Definition (model)
A model of a knowledge base KB is an interpretation in
which every clause in KB is true.

—

@
_ P =9 Which of the interpretations below are models of KB?
KB = 4 All interpretations where KB is true: I, I3, and |,
_ I «S
o) q r S P<qg |q < S Model
of KB
|, T T T T T T T yes
l, F F F F T = T .
|3 T T F F T T T yes
l T T T F T T T s
|5 F T F T F T F .




PDCL Semantics: Logical Consequence

Definition (model)
A model of a knowledge base KB is an interpretation in
which every clause in KB is true.

Definition (logical consequence)
If KB Is a set of clauses and g is a conjunction of atoms,

g is a logical consequence of KB, written KB F g,

If g is true in every model of KB

 p<q
KB=7 (¢

_ I «<S

Which of the following are true?

KBEp KBEq KBEF KBES




PDCL Semantics: Logical Consequence

Definition (logical consequence)
If KB Is a set of clauses and g is a conjunction of atoms,

g is a logical consequence of KB, written KB k g,
If g Is true in every model of KB

Fp —( Which of the following are true?
KB= 74 KBEp KB Fq
L < S

If KB is true, then g is true. Thus KB E @.

If KB i1s true then both q and p «— q are true,
so pistrue (“p if g”). Thus KB E p.

There is a model where r is false, likewise for s



Example: Logical Consequences

P q r S
4 lrue true true true
|, lrue true ftrue false
5 lrue true false false
4 frue frue false ftrue
|5 false true frue ftrue
g false true frue false
|, false true flalse false
g false ftrue false frue
lg lrue false ftrue ftrue
l1o lrue false ftrue false
44 lrue flalse false false
|15 lrue flalse false flalse

(p<q.
KB=4J .
<.
Which of the following
/s true?
*KBEQ, T
KBep, T
*KBE s, F
‘KBE F



An exercise for you

Let’s consider these two alternative proof procedures
for PDCL “B

A. C, ={All clauses in KB with empty a-eng.
bodies} b-frg.
Cc+ e.

f—c

B. Cg={All atoms in the knowledge base} Z-'

Both A and B are sound and complete

Both A and B are neither sound nor complete
A s sound only and B is complete only

A 1s complete only and B is sound only



An exercise for you

Let’s consider these two alternative proof procedures
for PDCL “B

A. C, ={All clauses in KB with empty a-eng.
bodies} b-frg.
Cc+ e.

f—c

B. Cg={All atoms in the knowledge base} Z-'

A s sound only and B is complete only



Bottom-up vs. Top-down

Bottom-up

(KB) memp C

gisprovedifg e C

When does BU look at the query? g

In every loop iteration -

At the end At the beginning



Bottom-up vs. Top-down

« Key Idea of top-down: search backward from a
query g to determine if it can be derived from KB.

Bottom-up Top-down
uery G
— | =
: : ‘ answer
gisprovedifg e C @
When does BU look at the query g? TD performs a backward search
* Never starting at g
* It derives the same C
regardless of the query
J




