Reasoning Under Uncertainty:
Variable elimination
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Lecture Overview

* Recap Intro Variable Elimination

* Variable Elimination
* Simplifications
* Example

e Where are we?
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Bnet Inference: General

» Suppose the variables of the belief network areD(,,...,X;l
@is the query variable 7!

. ZL=_VK , Y=v;are the observed variables (with their values)

@are the remaining variables i
————b’r
;) l

» What we want to compute: LP(Z Y =,....Y,

,_R
« We can actually compute: (P(Z N eeey Y = z.

e

P2 Y =Y, =)  P(Z,Y, = v, Y, =)

P(Z|Y,=v,,....Y,=v,) = s
bl U P(levl,...,szv,ﬂ 2 P(ZY =v,...Y, =v)

/72
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Inference with Factors

Y
We can compute P(Z [V,=v, ..., Y,=v) by
 expressing the joint as a factor,

A
fz v,...v, Z,..2)
_rassigning Y,=v,, ..., Y=V,

/

»and Gumming out the variables Z1,ﬂ

I;(ZDYI :v19"'9Yj :V],\:Z "°ZG(ZaYla"anaer-azijl:vl,...,Y:v.
A T

J J
Zk Zl -
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Variable Elimination Intro (1)
P(ZY,=v,...Y, =v,)=|} ---Z&f\(z,x,..,g,zl,..,z\kjﬂVl,___,yjl

Zy Z

- Using the chain rule and the definition of/a Bnet, we
can write P(X,, ..., X,)as HP(Xi | pX)
i=1

4

* \We can express the joint factor as a product of
factors _

A2, Y0.Y, ZpnnZ) [17x./px)
i=1

: Y
P(Z,YIZVI,...,YJ.ZVZ.)ZZ Hf(Xm@
Zk Z1 i=1 1=V1,...,YJ-=VJ-

CPSC 322, Lecture 29 Slide 5



Variable Elimination Intro (2)

Inference in belief networks thus reduces to
computing “the sums of products.. L/

o) @
(ZY =Y, =V 5 --ZHf( PX) @

{ Zk Zl = 1 Yl Vl Y ij

1. Construct a factor for each conditional probability.

2. In each factor assign the observed variables to
their observed values.

3. Multiply the factors

4. For each of the other variables Z € {Z,, ..., Z,}
sum out Z;




Lecture Overview

» Variable Elimination
e Simplifications
* Example

e Where are we?
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How to simplify the Computation?

* Assume we have turned the CPTs into factors
» and performed the assignments

% M—) (varsXi)

FElved f(CD.Ge-— [(( D)

»NM

ZHf(XZaPX )y . Y=y, -bz ZHf(Varle)

Zy 1=l Z, =l
/ei_siogjs on the basmWnce...
C,D)x (4,B,D)x (E,A)x (D)
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How to simplify: basic case

Let’s focus on the basic case. ZH £ (varsX;)

Y C,D)x (4,B,D)x “(E,A)x ‘(D)

A

How can we compute efficiently?
Factor out those terms that don't involve Z '

H f (Varle)\| > 11/ (Varle) |

kz|Zl§£VarsX1 ) Z, z|ZlevarsX1 )
_ .
Ao wat condrrng 24 do conti

HC)vy x £(b) x % “%A/BIMXHE/’ZD
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General case: Summing out variables

efficiently
IR WA Y ok 5 S,

. 7 kzr >
z n f@é —

Now to sum out a varlable@from a product 7,x... xt. x f’ of
factors again partition the factors into two sets

. F: those that comtr Z 2
e F:those that 2o “eoC

1T F x ZT%
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Analogy with “Computing sums of

products”

This simplification is similar to what you can do in basic
algebra with multiplication and addition

* It takes 74 multiplications or additions to evaluate the
expression

ab+ac+ad+aeh+arfh+agh.

Y

* This expression be evaluated more efficiently....

gt(b+c+d.+%*<€+ L+ a) aa
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&

Variable elimination ordering
/s there only one way to simplify?

P(G,D=t) = 5, 5.c. 1A,G) f(BA) f(C,G) B,C)

CRA / V/
P(G,D=t) = 3, f1A,G) 3 ; AB.A) 26 fC.G) f{B, )
GC A e\

P(G,D=t) =3, fIAG) 3. f(C.G) 3 Lf(B C) f(BA),
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Variable elimination algorithm: Summary

To compute P(Z/ Y,=v,,... ,Y~V;):
1. Construct a factor for each conditional probability.

2. Set the observed variables to their observed values.

3. Given an elimination ordering, simplify/decompose
sum of products

4. Perform products and sum out%
5. Multiply the remaining factors (all in ? = )

6. Normalize: divide the resulting factor #Z) by 2, f(Z).
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Lecture Overview

* VVariable Elimination

* Example
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Variable elimination example

[Compute PG H=h,))
P(GH) =2 pcper PABCDEFGHI)

@ \I CPSC 322, Lecture 30
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Variable elimination example

Compute P(G | H=h,).

llllll

llllll
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Variable elimination example (step1)

-— 0 ~— -

E\Q/'TJ"(—U
L

s

s

llllll

11111

* (A

- f(BA)

* AC)

- 14(D,B,C)
* T(E.C)

* Is(F. D)

* 1(G,F.E)
* IAH,G)

* i5(1,G)

Compute P(G | H=h,).
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Variable elimination example (step 2)

Compute P(G | H=h,).
Previous state: o

;;;;;;

P(G,H=h;) =2A,5,C,D,E,F,J o(A) F(BA) 1(C) £4(D,B,C) f,(E,C) I{(F, D) T(G,F.E) Io(G) 15(1,G)

* (A * 14(G)
« f(BA)

* iAC)

« 5(D,B,C)

 I(E,C)

eyl

* fs(F, D)

T l— O ~— 0 -— -
\O

* 15(G.FE)

E\ /
5}

f=s

* 75(1,G)
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Variable elimination example (steps 3-4)

Compute P(G | H=h,).
Previous state:

111111

PG H=hy) = 14G) 22 25 I, D) 2.2, 1o, G) 2 o G.F.E) 2o 1AC) 15D.B,C) O 1 fA) (A
* 1ofA) + 1(G)
A « f(BA)
¢ * (C)
B . « 15(D,B,C)
¢ / « f4(E,C)
D  £(F, D)
¢ L « (G FE)
N
G + 1(1,G)
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Variable elimination example(steps 3-4)

Compute P(G / H=h,). Elimination ordering A, C, E, I, B, D, F.
Previous state:
P(G,H=h,) = £(G) Sr I, 15(F, D) S5 5,15(1,G) Zp ty(G,F,E) S514C) F(D,B,C) £,(E,C) I, fy(A) 1(BA)
Eliminate A:
P(G,H=h;) = {(G) X Xp 1(F, D) 25 110(B) 21(1,G) Le To(G.F, E) 25 £(C) D.B,C) f(E,C)

* 1(G)

i ./—— i ¢ fm(Bl
Y * £(C)
¢ (! * (D,B,C)
D/l * f(EC)
,L 5 « £(F, D)
F « 7(G,F,E)
N

G
¥ X < £,1,G)
H I
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Variable elimination example(steps 3-4)

Compute P(G / H=h,). Elimination ordering A, C, E, I, B, D, F.
Previous state:
P(G,H=h,) = 1,(G) 2 35 1oF, D) S570(B) 2i14(1,G) S5 1o(G.F.E) Sa1AC) 4D.B,C) H(E C)y
Eliminate C:
P(G,H=h,) = £(G) XX 1(F, D) X5 F:(B) 3, 55(1,G) Xy 15(G,F,E), £,:(B,D.E)

(At
* 1o(G)
. |
¢ * f10(B)
i *f,5(B,D,E)

D
,L « f(F, D)
F « 7(G,F,E)
N

G
'Y . £,(,G)
H I
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Variable elimination example(steps 3-4)

Compute P(G / H=h,). Elimination ordering A, C, E, |, B, D, F.
Previous state:
P(G,H=h,) = £(G) X S 5(F, D) 35 F,0(B) 211, G) Se1o(G,F,E) f,4(B,D,E)
Eliminate E:

P(G,H=h;) =1(G) 2 2p15(F, D) 2511o(B) 15(B.D,F,G) 2,1(1,G)

« 1(G)

A
¢ * f10(B)
B
¢ 5
= g l +f,5(B,D,F,G)
,L E  £(F, D)
B
N

G
¥ X - 1,(,G)
H I
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Variable elimination example(steps 3-4)

Compute P(G / H=h,). Elimination ordering A, C, E, |, B, D, F.
Previous state: P(G ,H=h,) =1(G) 22, 5(F, D) 25F,,(B) f,.5(B.D,F,G) 2, f1,G)

Eliminate I:
P(G,H=h,) =1{(G) 114(G) 22 T5(F, D) 25F1o(B) f,5(B,0,F.G)
* 1/(G)
A
¢ * f10(B)
B
L7
¢/ l «f,o(B,D,F,G)
E * 15(F, D) ~f1(C)

E\Q/’TJ-'(—U
2

||
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Variable elimination example(steps 3-4)

Compute P(G / H=h,). Elimination ordering A, C, E, I, B, D, F.

Previous state: P(G H=h,) =1y(G) F,(G) 22 5(F, D)2 57,)(B) f,5B,D,F,G)
Eliminate B:
P(G H=h,) = 1y(G) [1/(G) 2 2p Is(F, D) 15(D,F,G)

* 1(G)
‘i‘
B
C
D
¢ E * 1s(F, D) f,4(G)
F\ * 15(D,F,G)

=
%

||
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Variable elimination example(steps 3-4)

Compute P(G / H=h, ). Elimination ordering A, C, E, I, B, D, F.

Previous state: P(G,H=h,) = f(G) F,(G) 22, 5(F, D) f,5(D,F,G)
Eliminate D:
P(G,H=h,) =1{(G) F1(G) 2 1,5(F, G)

* 1y(G)
A
v
5 £
D
¢ E *f14(G)
F
N
* f16(F, G)

=
%

||
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Variable elimination example(steps 3-4)

Compute P(G / H=h,). Elimination ordering A, C, E, I, B, D, F.

Previous state: P(G,H=h,) = f5(G) ,(G) 2 -f,4F, G)
Eliminate F:

P(G,H=h,) =ff9,(G) f14(G) T17( G} * 1(G)

-— U -— -

*f14G)

/’TJ"(—U

* 1,AG)

=
%

||
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Variable elimination example (step 5)

ComputeWG/H=h,) Elimination ordering A, C, E, /, B, D, F.

Previous state: P(G,H=h,) =1y(G) 7,,(G) 7,AG)
Multiply remaining factors:
[ PG H=h,)|= F,4(G)

-— 0 -—

/’TJ"(—U

* f15(G)

=
%

||

CPSC 322, Lecture 30 Slide 27



-— 0 ~— -

/ﬁ"(—U

L

Variable elimination example (step 6)

Compute P(G / H=h,). Elimination ordering A, C, E, /, B, D, F.
Previous state:
P(G,H=h,) = f,4(G)
Normalize:

P(G [ H=h,) = F4(G) ggedom(G) f16(G)
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Lecture Overview

* VVariable Elimination

* Independence
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Variable elimination and conditional
independence

« Variable Elimination looks incredibly painful for large graphs?
 We used conditional independence...

P(Ki - Xy = T—?@ Wm%é<3>

« Can we use it to make variable elimination simpler?

: R
aII the variables from which the query is conditional

Independent given the observations can be pruned from
the Bnet
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VE and conditional independence: Example

 All the variables from which the query is conditional
independent given the observations can be pruned from
the Bnet

pZ: N
Y e.g., P[5 5,5 50 ).
o =7
Ve IR
/\( ‘ \OOMAM\:\ G 6 LS COV\O]AJ'\\«’DV\Q/}7
¢/ / \5(9 A BD

. \ o bj P\o(e,‘oc’/v\ol&vﬂ- -]kfowl_\\/’_ 2/"‘/&‘/’
. | y \0\06\/\
' The obsex Vavs
KNy descrved H,F €

I
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VE and conditional independence: Example

 All the variables from which the query is conditional
independent given the observations can be pruned from
the Bnet

P
P

P
7 i ét/ﬁﬁs cg/txfﬁv\c T

<k

A

I

o

e.g., P(G [ H=v,;, F= Vv, C=vy).
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Learning Goals for today’s class

You can:

 Carry out variable elimination by using factor
representation and using the factor
operations.

» Use techniques to simplify variable
elimination.
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Big Picture: R&R systems

[Environm

~ (Deterministig Stochastic

Problem (”Arc Consistency Lo €SP
‘Constraint [ygrs + | ocarch

Stat Satistaction| oo pstraints  [SLs S ~ o~

@ 'C-I - -3 o\  Belief Nets
i Logres }ﬂ“ 0(\,@(0"“ * | Var. Elimination
| Search "%

Seq uential STRIPS C SP Decision Netsg £
——— o “’V?f%( _ Var. Elimination
— Search” ¢*"" 0| Markov Processes

Representiation Value Iteration

Reasoning

Technique
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Answering Query under Uncertainty

Probability Theory — D/

/ 16:‘\
J
/ | Dynamic BayeS|an | Tlwe

Static Belief Network | ___ Network = ~
& Variable Elimination " |

/ (H_idder@fkov M@.C/‘

: , tudent Tracing In
Biolnformatics ’ tutoring Svstems

Natural —uqovgwﬁ“ KV\@\N
Language %@w W\\\\\\ Knew ah

= ing
Sowe Applicyt, o
S

Monitoring
e.g credit cards)

Diagnostic §
Systems (e.g.,
medicine

Email spam filters
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Next Class

Probability and Time (7extBook 6.5)

Course Elements

* Practice Exercises available on Vista, two on
Bnets. See course Bboard for instructions.

* Assignment 4 will be available on Wednesday and
due on Apr the 14t (last class).
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