
Stat 461-561: Solutions Quiz 4

Wednesday 11th April 2007

Exercise 1. Let n observations (x1; y1) ; (x2; y2) ; : : : ; (xn; yn) be modelled through
a simple linear regression model. We have for i = 1; :::; n

yi = �+ �xi + ei

where the errors ei � N
�
0; �2

�
are independent. We assume that the unknown

parameters
�
�; �; �2

�
are random and follow the prior distribution

p
�
�; �; �2

�
= p (�) p (�) p

�
�2
�

with

p (�) = N
�
�;�0; �

2
a

�
;

p (�) = N
�
�;�0; �

2
b

�
;

p
�
�2
�
= IG

�
�2; a; b

�
where the hyperparameters

�
�0; �

2
a; �0; �

2
b ; a; b

�
are �xed and kown.

(a) Write down the joint distribution p
�
y1:n; �; �; �

2
��x1:n� where x1:n := (x1; x2; : : : ; xn)

and y1:n := (y1:n; y2; : : : ; yn).
We have

p
�
y1:n; �; �; �

2
��x1:n� = p (�) p (�) p

�
�2
� nY
i=1

p
�
yijxi; �; �; �2

�
=

1

(2��2)n=2
exp

 
� 1

2�2

nX
i=1

(yi � �+ �xi)2
!

� 1

(2��2a)
n=2

exp

�
� 1

2�2a
(�� �0)2

�
� 1�
2��2b

�n=2 exp�� 1

2�2b
(� � �0)2

�

� ba

� (a)

exp
�
�b=�2

�
(�2)a+1

(b) Write down the full conditional distributions p
�
�jx1:n; y1:n; �; �2

�
, p
�
�jx1:n; y1:n; �; �2

�
and p

�
�2
��x1:n; y1:n; �; ��.

We have

p
�
�jx1:n; y1:n; �; �2

�
/ exp

 
� 1

2�2

nX
i=1

(yi � �+ �xi)2
!
exp

�
� 1

2�2a
(�� �0)2

�
= N

�
�;

�2a�
2

n�2a + �
2

�
n (y � �x)

�2
+
�0
�2a

�
;
�2a�

2

n�2a + �
2

�
1
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p
�
�jx1:n; y1:n; �; �2

�
/ exp

 
� 1

2�2

nX
i=1

(yi � �+ �xi)2
!
exp

�
� 1

2�2b
(� � �0)2

�
= N

�
�;

�2�2b
�2b
Pn
i=1 x

2
i + �

2

�Pn
i=1 xi (yi � �)

�2
+
�0
�2b

�
;

�2�2b
�2b
Pn
i=1 x

2
i + �

2

�

p
�
�2
��x1:n; y1:n; �; ��

/ 1

(�2)n=2
exp

 
� 1

2�2

nX
i=1

(yi � �+ �xi)2
!
exp

�
�b=�2

�
(�2)a+1

= IG
 
a+ n=2; b+

1

2

nX
i=1

(yi � �+ �xi)
!

(c) In words, explain how you would implement the Gibbs sampler to obtain
(approximate) samples from p

�
�; �; �2

��x1:n; y1:n� :
See lecture notes.
Exercise 2. Given parameters �1; �2; :::; �n, the observations y1; y2; :::; yn are

assumed independently distributed as Poisson random variables

p (yij �i) =
�yii exp (��i)

yi!
:

The prior distribution for the vector (�1; �2; :::; �n) is constructed as follows. First,
given an hyperparameter �, we have independent and identically distributed para-
meters (�1; �2; :::; �n), that is

p (�1; �2; :::; �nj�) =
nY
i=1

p (�ij�)

where
p (�ij�) = G (�i; 1; �) :

Second, the hyperparameter is assigned an improper prior distribution

p (�) / 1(0;1) (�) :

(a) Write the expression of the joint posterior distribution
p (�1; �2; :::; �n; �j y1; :::; yn) up to a normalizing constant.

We have

p (�ij�) =
�

� (1)
exp (���i)

so

p (�1; �2; :::; �n; �j y1; :::; yn) / �n
 

nY
i=1

�yii

!
exp

 
� (1 + �)

nX
i=1

�i

!
:

(b) We introduce z = (1 + �)�1. Derive the (improper) prior p (z).
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We have

� =
1� z
z

)
����d�dz

���� = 1

z2

so

p (z) = p (�)

����d�dz
���� / 1(0;1) (z)

z2
:

(c) Establish the expression of the joint posterior distribution
p (�1; �2; :::; �n; zj y1; :::; yn) up to a normalizing constant.

We have

p (�ij z) =
1�z
z

� (1)
exp

�
�1� z

z
�i

�
so

p (�1; �2; :::; �n; zj y1; :::; yn) /
�
1� z
z

�n nY
i=1

�yii

!
exp

 
�1
z

nX
i=1

�i

!
1

z2

/
 

nY
i=1

�yii

!
(1� z)n

zn+2
exp

 
�1
z

nX
i=1

�i

!
:

(d) Let y = 1
n

Pn
i=1 yi. Show that if ny > 1 then

p (zj y1; :::; yn) = Beta (z;ny � 1; n+ 1) :

Thus we have

p (zj y1; :::; yn) /
Z
� � �
Z
p (�1; �2; :::; �n; zj y1; :::; yn) d�1:::d�n

/ (1� z)n

zn+2

nY
i=1

�Z
�yii exp

�
�1
z
�i

�
d�i

�
but Z

�yii exp

�
�1
z
�i

�
d�i = � (yi + 1) z

yi+1

= yi!z
yi+1

so

p (zj y1; :::; yn) / (1� z)n

zn+2

nY
i=1

zyi+1

/ (1� z)n

zn+2
zny+n = (1� z)n zny�2:

Hence the result follows if ny > 1:
(e) Show that the posterior means of the �i, E [�ij y1; :::; yn], are shrunk by a

factor equal to (ny � 1) = (ny + n) relative to the conditional means E [�ij y1; :::; yn; z] :
(Hint: use the fact that E [�ij y1; :::; yn] = E [E [�ij y1; :::; yn; z]]).
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We have

p (�ij y1; :::; yn; z) = p (�ij yi; z)

/ exp

�
�1� z

z
�i

�
�yii exp (��i)

/ �yii exp

�
�1
z
�i

�
= G

�
�i; yi + 1; z

�1� :
So we have

E [�ij y1; :::; yn; z] = (yi + 1) z:
We also have because of (d) that

E [zj y1; :::; yn] =
ny � 1
ny + n

so

E [�ij y1; :::; yn] = E [E [�ij y1; :::; yn; z]]

= (yi + 1)
ny � 1
ny + n

:

(f) Is the posterior distribution proper if ny � 1?
If ny � 1, then we have either yi = 0 for all i or there exists a single index j such

that yj = 1.
Using results similar to (d), we obtainZ 1

0
p (zj y1; :::; yn) /

Z 1

0

Z
� � �
Z
p (�1; �2; :::; �n; zj y1; :::; yn) d�1:::d�n

/
Z 1

0

(1� z)n

zn+2

nY
i=1

�Z
�yii exp

�
�1
z
�i

�
d�i

�
Now if all yi = 0 then Z

�yii exp

�
�1
z
�i

�
d�i = z

and Z 1

0
p (zj y1; :::; yn) /

Z 1

0

(1� z)n

zn+2
zndz

/
Z 1

0

(1� z)n

z2
dz:

This last integral is divergent. Similarly if there is exists a single index j such that
yj = 1 then Z 1

0
p (zj y1; :::; yn) /

Z 1

0

(1� z)n

zn+2
zn+1dz

/
Z 1

0

(1� z)n

z
dz

which is also divergent.


