Stat 461-561: Quiz 3

Wednesday 19th March 2008
e Exercise 1. Let X1, Xs,..., X, be n independent observations from a normal

of mean m and variance 7 denoted N (m, 7). We assume that m is known.

Question 1.1: [2 points| Establish the likelihood ratio test for Hy : 7 = 1 versus
Hy : 7 # 1. Simplify as much as possible the expression of the test.

We have i | D
Tln| T =
AMx1m) = —F——————
) = = Faral?)
where 7 is the MLE given by
L 1l¢ 2
T=_ (x; —m)”.

i—1
So
exp <_% Doic (T — m)2>
(7)~""% exp (_% e (wi = m)2>

) exp [T LT
(7) exp( 2—1—2).

Hence the test is of the form A (z1.,) < ¢ that is

A (fll'lzn) =

log (7) —7 < (.

Question 1.2: [2 points| Find the Wald test of (asymptotic) size c. Express the
result in terms of a z3 where Pr(Z > z3) = 8 for Z ~ N (0,1).

The Wald test is given by

W, =/l (1) 7 —1).

We have 2] £ (x|7)
og T
I)=-FE| —"Z——"2~
( ) 67_2 7'1:|
where
1 1 )
logf(x|7) = —=logT— — (x —m)~,
2 2T
Olog f (z|1) 1 1 9
—or T o tgmlmm
0%log f (x| 1) 1 1 2
o o sl
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SO )
1 T 1 1
(1) =— N
(1) 212 3 272 2
It follows that
W, = Il (D)(F-1)
= /561

and to obtain a test of asymptotic size o we select

‘Wn‘ 2 Raf2

Question 1.3: [1 point] Compute the power function of the Wald test (assuming
n is large enough that the normal approximation holds). Express the result in terms
of the cdf of the standard normal denoted ® (-); i.e. ® (u) := \/% [* exp (—2%/2) dz.

We have for the power function

B(r) = P (W20
= 1-P (W <o)
1 (@ (c) - @ ()

If 7 =1 then W,, ~ N (0,1) and by construction 5 (7) = a. If 7 # 1 then

W, = nI(l)(T-1)
= /nl(1)(7T-1)
= VIl (1)(T—7)+/nl(1)(r—1)

_ ,/fﬁ;mw)(?—mmev—l)

I(1
so asymptotically W,, ~ N(y/nI (1) (1 — 1), IE ;) Thus
D e e T
m \z;’

B(T) =P ([Wa|>c)=1—-P.(—c<m+0Z<c)
(e e () o (5)
50 = el 2 =1 (3 () <o (<))

Question 1.4: [1 point] Establish the Rao test of (asymptotic) size a. Express

with
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the result in terms of a zg where Pr(Z > z3) = 8 for Z ~ N (0,1).

We have
BIOg f(Xl:n‘T)
or -
Rn — T=1
nl (1)
2( n 1 5
= \Va (—2+2,Z<xi—m> )
=1
To obtain a test of asymptotic size a we select
’Rn‘ Z ZQ/Q.
e Exercise 2. Let X7, Xo,..., X, be n independent observations from a distri-

bution g (z) and consider

W (z,01,02) = < (z _wQZ)gl— 02 > '

The solution is in the lecture notes.



