Stat 561: Quiz 2

Friday 16th January 2007

Exercise 1. Assume we receive a single observation from the density

f(z|0) = 9959711(0,1) ()

where 6 > 1.
e State the Neyman-Pearson lemma and choose an associated test statistic to test
Hy: 0 =0 versus Hy : 0 = 01 when 61 > 6.
Look at the lecture notes for the statement. We have
L(0x) _ 9—19591*90
L (90| X) 90 '

It follows that a test statistic is X and the rejection region of the test is of the form
R={X:X>c}

as 01 — 6g > 0.
e Tune the test so that it has size o (0 < o < 1) when 61 > 6.
Given the rejection region of the test, we have

1 1
Py, (X >¢) = / oz~ tdx = [mao} =1

[

s0 Py, (X > ¢) = v yields ¢ = (1 — a)¥/%.
e Derive a formula for the power of your « size test at 01 when 61 > 6.
The power of the test is simply

Py (X >c)=1—(1—a)"/%.

Exercise 2. Let X1, X5, ..., X,, be independent identically distributed from the
uniform distribution on (0, 0) (where 6 > 0); i.e.

f(x]0) =010 (x).

Let M,, = max;—1,. n X;.
o We want to test Hy : 0 > 0g versus Hy : 0 < 0g. Consider a test with the
following rejection region

{Xl,Xg, e Xt M, < C} .

Find the critical value ¢ so that the test is a size o test.
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We have
Py(My,<c) = Pp(X1<e,....,Xp<c)

n

= H Py (X), < ¢)
k=1

= P (X1 < C)n .

Now Py (X < ¢)" < a for § > 6 yields ¢ = al/mg,.

e How should we change the test to test Hy : 0 < 8¢ versus Hy : 0 > 0y. Find the
critical value ¢ at level a for this new test.

Similarly Py (M, > ¢) = Py (X1 > ¢)" = a yields ¢ = 6 (1 — a) /™.

Exercise 3. Let X1, Xs, ..., X,, be independent identically distributed from the
following exponential distribution f (z|6) admitting the density

f(z|0) = 0~ exp (—H*Ix) L(0,00) (7)

where 6 > 0.
e FEstablish the expression of the Neyman-Pearson test for Hy : 0 = 0y versus
Hy : 0 = 01. Distinguish the cases 61 > 0y and 61 < 0.

We have
L (91 ’ X) 90 " 1 1 "
AE <9> op ((0 B 61> Z) |
So the test is of the form )" ; ; > cif 01 > g and Y ;" | z; < cif 61 < bp.
e Tune the test so that it has level o (express the critical value in terms of the
quantile of a Gamma distribution).
Under Hy, we have X; ~ T"(n,0y). So we can choose ¢ to be the quantile of order
1 — «a of a I'(n,0) distribution if #; > 0y whereas c is the quantile of order «a of a
Tr (TL, 90) if 61 < 6.
o We now wish to test Hy : 6 = 0g versus Hy : 0 # 01. Recall the definition of
the Likelihood Ratio Test statistic A (x) and show that

where T =0 Do T
We have 0/, = T so

Ax) = L (6p] x) _ 0," exp (—nﬁalf).

L (7| x) T "exp(—n)

e Using the approzimation log (1 — u) ~ —u—u?/2 as u — 0, show that as n — oo
we have under Hy

—2log A (x) A X%l)‘



STAT 561: QUIzZ 2 3

It follows that

—2log A (x)

Q
3

o Assuming that the model is misspecified; that is X; ~ g where g(x) does not
belong to the class of distributions of the form f(x|@). FEstablish the asymptotic
distribution of —2log X\ (x) under Hy and propose a test based on this result.

It follows that

“2log A (x) & <*9/f @ - 90)>2

where
Olo, |0 2
J 2R (@) da
0=00

2
(f Olog(el0)] g () dm)

0=0¢

\/ﬁ(f_HO)_)N 0,

so under Hy we have
n . _ D
Ai(m—ﬁo) — N (0,1)
a0
where &3 can be estimated consistently from the data.
Hints.
iid.

e The exponential distribution is a Gamma distribution I' (1,0). If X; "~ I'(1,0)
then > 7" | X; ~T'(n,0).



