
Stat 461-561: Exercises 5

Remarks: Exercises 8.10 & 8.11 in C&B make implicit use of the incomplete
Gamma function. No such question will be given at the exam.

Exercise C&B 8.53.
(a). We have
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So

� (H0jx1:n) =
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(c) For the p-value, we take P�0

���X�� � jxj� where under H0 we have X �
N
�
0; �

2

n

�
. So

P�0
���X�� � jxj� = 2P �Z � p

n

�
x

�
:

where Z � N (0; 1) :
(d) (i) Graph omitted.

(ii). If x =
�z�=2p
n
then

P�0
���X�� � jxj� = 2P �Z � z�=2� = �:

For the posterior probability, we have that

� (H0jx1:n) =
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m2
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�
n� ! 0 so
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n!1

� (H0jx1:n) = 1:

Exercise C&B 8.54
(a) For � (�) = N

�
�; 0; �2

�
, we have shown (implicitly) in 8.53 (c) that

� (�jx1:n) = N
�
�;m;�2

�
where �2 =
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��1
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: So
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�
where Z � N (0; 1) :
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(b) For the p-value, we take sup
��0
P�
�
X � x

�
. In this case, the sup is reached in

� = 0 where X � N
�
0; �

2

n

�
. So the p-value is given by

P�=0
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where Z � N (0; 1) :
(c) For �2 = �2 = 1, we have �2 = 1

n+1 , m = nx
n+1 and
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(d) As �2 !1, we have
�2 ! 1

n
; m! x

and thus
lim
�2!1

P (� � 0jx1:n) = p-value.

Exercise 6. Let Xi
i.i.d.� N

�
�; �2

�
with �2 known. We have
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We have for any k
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where m = (nx+ k�) = (n+ k). ThusPn
i=1 (xi � �)
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Also we have Z
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Hence it follows that
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Exercise 7
We have

B01 =

�
n
x

�
�x0 (1� �0)

n�x

R 1
0

�
n
x

�
�x0 (1� �0)

n�x d�

=
�x0 (1� �0)

n�xR 1
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x+1�1
0 (1� �0)n+1�x�1 d�

=
� (n+ 2) �x0 (1� �0)

n�x

� (x+ 1)� (n+ 1� x)

=
(n+ 1)!

x! (n� x)!�
x
0 (1� �0)

n�x :

Now we could use Stirling�s approximation and further approximations to establish
this approximation (see Exercise 8). Alternatively a much simpler solution consists
of realising that B01 has the form of a Binomial distribution of parameter �0 up to a
constant; i.e.

B01 = (n+ 1)Bin (�0;x; n) :
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We know that for large n, we can approximate Bin (�0;x; n) by a Gaussian of mean
n�0 and variance n�0 (1� �0) so

B01 � (n+ 1)
1p

2�n�0 (1� �0)
exp

 
� (x� n�0)2

2n�0 (1� �0)
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�
�
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!
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Exercise 8
(a) Under H0, we have

E [Sn] = E [X1] = 1;
V [Sn] = nV [X1] = n

so, using the CLT, we know that asymptotically

Sn � n � N (0; n)

and the result follows.
(b) We have

� (x1:njH0) =
nY
i=1

exp (�xi) = exp (�sn) ;

and

� (x1:njH1) =

Z
�n exp
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n+a :

So the result follows and

B01 =
� (x1:njH0)
� (x1:njH1)

=
� (a)

� (a+ n)

(b+ sn)
a+n

ba
exp (�sn)

(c) If a = b = 1 then

B01 =
� (1)

� (1 + n)
(1 + sn)

1+n exp (�sn)

=
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1+n

n!
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We have
(1 + sn)

1+n = exp ((1 + n) log (1 + sn))
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where
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Now using Stirling�s approximation, we have

n! � nn exp (�n)
p
2�n

so

B01 �
(n+ 1)n+1

nn
p
2�n

exp

�
�z

2
n

2

�
:

Now

(n+ 1)n+1

nn
= (n+ 1)

�
1 +

1

n

�n+1
� (n+ 1) exp (1)

so

B01 �
r
n

2�
exp

�
1� z

2
n

2

�
:

(d) For sn as de�ned above, H0 will be rejected (it is just on the borderline)
whereas we have
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