Stat 461-561: Exercises 5

Remarks: Exercises 8.10 & 8.11 in C&B make implicit use of the incomplete
Gamma function. No such question will be given at the exam.

Exercise C&B 8.53.

(a). We have

7(0) = =w(Ho)w (0| Ho)+ 7 (Hy) 7 (6] H)
= %50(9)—#%/\/'(9;0,72)

so it is by construction a proper prior distribution.

(b) We have
7 (21:0| Ho) 7 (Ho)
mUolein) = THo) m (Ho) + 7 (w1l Hy) 7 (H1)
_ W(l‘l:n’ Ho)
T (21| Ho) + 7 (10| H1)
where
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where v? = (% + %)_1 and m = v? (%) . So integrating out 6, we obtain

n 2 2
exp <_Zzl$z + m ) .

™ (1] ) = 27 27

(2mo2)"/2 1
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So
7I' (-Tl:n‘ HU)
m(Holr1m) =
( | n) 7r(£1:n|H0)+7r(x1:n|H1)
n 2
exp (~Z54" )
= n 2 n 2
oxp (25 ) + Lo (20 + 57)
1

1+ Zexp (ZL—;)
(c) For the p-value, we take Py, (‘Y| > |z|) where under Hy we have X ~
2
N (0,21). S0
Py, (|X| > [7]) = 2P (Z > \/ﬁx> .

o
where Z ~ N (0,1).
(d) (i) Graph omitted.
Poy (|X] 2 [7) = 2P (2 > 202) = v

For the posterior probability, we have that

1
s (HO‘ xl:n) = 5
1+ Zexp (%)
where
m? 72 B nz2
v2 o2/n o2

2
za/?

g

whereas £ = Z — (0 so
T nT

lim 7 (H()’ ml:n) =1.
00

n—

Exercise C&B 8.54
(a) For 7 () = N (6;0,72%), we have shown (implicitly) in 8.53 (c) that

T (0] z1m) = N (6;m, U2)
where v? = (4 + %)_1 and m = 02 (%) <o

0
P(0 <0z, = / N (6;m,v?) df.

—00

- rzs-2)

where Z ~ N (0,1).
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(b) For the p-value, we take supPy (Y > E) In this case, the sup is reached in
9<0

0 = 0 where X ~ N (0, %) So the p-value is given by

PM(sz):P<Zz\fx> :P<Z§—\/ﬁx>.

g

where Z ~ N (0,1).

(c) For 02 = 72 = 1, we have v? =

nT

. and

1 —
n+1° m=

P(0<0[z,) =P (2<-2) =P<Z§—(n+m;)1/z)

whereas
Py (X >7) =P (Z<—/n7).
We have n
" <m
(n+ 1)1/2
SO

P (0 <0|@1m) > Pi—o (X > 7).

(d) As 72 — oo, we have

2 1 —
vi— — m—T
n
and thus
lim P (60 <0|z1.,) = p-value.
72—00
Exercise 6. Let X; =" A/ (6,0%) with o® known. We have
_ 1 >ic @}
P (1.0 Ho) = WGXP (_W
and

1 Tl_ Ty — 0 2 1 0~ ’
plonal ) = | e <_ N ) @rrt) <_(2M)> "

We have for any k
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where m = (nZ + ku) / (n + k). Thus

Y @ =0, 0= w’

2

g T
(m'2 + 02) 9 n _ 1 «
= o Ot 5 (@ ‘322 i)’

Also we have

(m'2+02) 9 B 2o’ r? 1/2
/exp<‘w(9‘m> Y=\nrr2) -

Hence it follows that

1 o2 1/2
W H) =
p(@ial H) (2r02)"/? <n7’2—|—o’2>
1 n _ 1 « _
X exp (‘2 <m2+02 <x‘“>2+022<%—m>2))
i=1
and so

p (10| Ho) m nr2\ /2 1 (nz? "
N 5 ex —_— = —_— — (T — .
p(mlzn’Hl) o2 P 2\ o2 nt? + o2 H
Exercise 7
We have

<”>%1—%
X
Bo1

n

)

< 05 (1 —00)" " db
_ 03 (1— 80)"~
fo 9:{:—}—1 1(1 O)n-i-l r— 1d0

IT'(n+2)65(1—00)" "
Fxz+1)T(n+1-—2)
(n+1)!

- x!(n —x)! 930(1_90)

Now we could use Stirling’s approximation and further approximations to establish
this approximation (see Exercise 8). Alternatively a much simpler solution consists
of realising that By; has the form of a Binomial distribution of parameter 6y up to a
constant; i.e.

B01 = (n + 1) Bin (90; a:,n) .
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We know that for large n, we can approximate Bin (0p;x,n) by a Gaussian of mean
nby and variance nfy (1 — 0y) so

By = (n+1) (z — o)’ )

exp| ————F+——7--—
27mnbg (1 - 00) P ( 2nby (1 - 90)
n 1/2 (z — nby)?
_ exp| ———7-—+—7—""—1.
270 (1 — ) 2nby (1 — )
Exercise 8

(a) Under Hy, we have

&Q

E[S, = E[Xi]=1,
VIS, = nV[Xi]=n

so, using the CLT, we know that asymptotically
Sp—n ~N(0,n)

and the result follows.
(b) We have

(210 Ho) = [ [ exp (—i) = exp (—=sn)
=1

and

n baeaflebe
7w (x1n| H1) = /H”exp —Hin Wd@
i=1

b -
= gt lexp | -6 z;+b| | do
v/ ( (Z ))

b* T'(n+a)
I'(a) (sn + b)nJra'

So the result follows and

_ (x| Ho)  T'(a) (b4 5,)"""
Bov= )~ Tatn) e oPe)

(c) If a=b=1 then

By = F(Fl(Jlr)n) (1 + Sn)lJrn exp (—Sn)

1—|—S 1+n
L Y

We have
(1+ )" = exp (1 +n) log (1 + 5,))
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where

log(1+s,) = log(1+n++/nz,)

Vnzp
= 1 1 1 1
og(l+n)+ 0g< +1—|—n

Vnzn nz2
~ log(l1+mn)+ - &
) T 2

It follows that

(I+n)log(1+s,) —sn

2
(1—|—n)log(1—i—n)+\/ﬁzn—%—n—\/ﬁzn

Q

2

(1—|—n)log(1—|—n)—n—%.

%

So

BOl ~

1
(4 )" exp(=n) oz
n! 2

Now using Stirling’s approximation, we have

n! = n" exp (—n)V2mn

SO

B (n+ 1)n+1 272L
~N ———eX —_ .
o1 n"\/2mn P 2
Now
(n_‘r_ 1)n+1 1 n+1

~ (n+1)exp(1)

SO

2
In z
By1 = ﬁexp <12”>

(d) For s, as defined above, Hy will be rejected (it is just on the borderline)

whereas we have
By =~ ;n/ ex 1-— 72 — Q0
01 ~ 2 p 2 :



