Fast Implementation of Lemke’s Algorithm for
Rigid Body Contact Simulation

John E. Lloyd
January 18, 2005

Abstract

We present a fast method for solving rigid body contact prob-
lems with friction, based on optimizations incorporated into Lemke’s
algorithm for solving linear complementarity problems. These opti-
mizations reduce the expected solution complexity (in the number of
contacts) from O(n?) to nearly O(nm + m3), where m is the number
of bodies in the system. For a fixed m the expected complexity is
then close to O(n). By simplifying internal computations our method
also improves numerical robustness, and removes the need to explic-
itly compute the large matrices associated with rigid body contact
problems.

1 Introduction

Computing the reaction forces that arise between rigid bodies in contact is
useful in a wide variety of applications, including robotics, computer graphics,
animation, haptics, and mechanical simulation.

This calculation can be expensive whenever there are multiple contacts,
which can happen even in simple situations involving extended contact be-
tween two rigid bodies (Fig. 1). For example, contact between overlapping
convex polygonal faces (Fig. 2) can be modeled by placing contacts at the
vertices of their intersection, but even for two squares this may still produce
up to eight contacts. Nor is it generally easy to eliminate redundant contacts
in advance, since this involves calculations equivalent to solving the contact
problem itself.



Figure 1: Some extended contacts with numerous contacts points. Left to
right: block-in-corner (12 contacts), face-on-face (6 contacts), peg-in-hole
(arbitrary contacts).

Rigid body contact can be formulated as a linear complementarity prob-
lem (or LCP, described below), which can then be solved by either indirect
(iterative) methods, or direct (pivoting) methods [RWC92, Mur88]. With
iterative methods (including impulse-based techniques [MC95, GBF03]), the
chief concerns are accuracy and convergence. Impulse-based techniques are
useful for handling collisions and producing visually plausible behaviors for
large numbers of objects, but may suffer from low accuracy or slow conver-
gence [Lac03]. For direct methods, the only one which has been proven[ST96,
APO02] to work in the presence of friction is Lemke’s algorithm, which will pro-
duce an exact answer but has a nominal expected time complexity of O(n?)
in the number of contacts. Lemke’s algorithm is also numerically sensitive,
particularly in the presence of redundant contacts, and requires working with
large matrices: for example, the LCP matrix for a problem with 16 contacts
and an 8-sided friction cone approximation has a size of 160.

In this paper, we present an implementation of Lemke’s algorithm for
contact problems that removes some of these difficulties. First, the method
is fast: in tests described below, the average solution time for a 16 contact
peg-in-hole problem was reduced from 30 msec to 2 msec. The expected
complexity also appears to reduce from O(n?) to nearly O(nm + m?), where
m is the number of rigid bodies; for fixed m this becomes O(n). This increases
the practicality of rigid body simulation for real-time interactive applications,
such as haptics. Also, there is no need to explicitly calculate the (large) LCP
matrix, and numerical robustness is improved because of internal reductions
in problem size.

Sections 2, 3, and 4 give background on contact problems, the solution



Figure 2: Contacts (arrows) modeling an extended face-on-face contact.

of LCPs by pivoting methods, and Lemke’s algorithm. Section 5 will show
how the problem’s structure can used to reduce the complexity of the Lemke
calculations, and Section 5.3 will show how to streamline things further by
reducing the problem size. Experiments to test these methods are described
in Section 5.4.

2 Problem Formulation

Rigid body contact has been described in many publications (e.g., [Bar94,
AP97, SS98, Ste00, AP02]) and so will only be summarized here.

The dynamics equation for a rigid body system with contact constraints
and m bodies can be expressed as

Mv —NO — Do =f, (1)

where M € R6™*6m ig the block-diagonal system mass matrix containing
the mass matrices M;, € R%*6 for each body, v = (v ...vLl)? and f, =
(£, .. .£1 )T are composite vectors in R%™ containing the spatial velocities
and external forces (including coriolis forces) for each body, N and D are
the constraint matrices for normal forces and friction, and @ and ¢ give
the normal and friction force components acting along these constraints.
Bilateral constraints can also be included in this formulation, but we will

omit this for brevity.



Figure 3: Friction directions cAlij at contact ¢, and the associated polyhedral
approximation to the friction cone.

Each contact ¢ is associated with a point in space p; and a normal vector
n;, as well as a set of d directions aij, j € {1,...,d} which form a convex
span of the tangent place perpendicular to n; and along which the frictional
forces act (Figure 3)'.

If there are n contacts, then N € Rbmxn generates the system forces
produced by the normal force components 8 = (61, ... ,6,). Each column of
N corresponds to a contact 7, and will contain, for each body k connected to

this contact, 6 entries of the form

n,
= (kpi X ﬁz)

where the sign depends on whether the normal is facing into or away from the
body, and *p; gives the contact point with respect to the body’s coordinate
frame. Other elements of N are 0. Since there are at most two bodies
connected to each contact, each column of N will contain at most 12 non-
zero elements.

IFor simplicity of description, we assume that the number of friction directions d is the
same at each contact, although this is not necessary.



Likewise, each of the d friction directions (All-j at contact ¢ will be associated
with a friction force component ¢;;, and a column of D € Ré*nd The set
of all friction components is given by ¢ = (p11, P12, ... , Go1, P22, - - . Gpa). As
with N, each column of D will contain, for each body k connected to the
contact, 6 entries of the form

“¥a,)
pi X d;;

where opposite signs are selected for each of the (at most two) bodies con-
nected to the contact. Again, each column of D will contain at most 12
non-zero elements.

When solving (1), it is common to integrate it over a time step h, in order
to ensure the existence of solutions ( [AP97, Ste00]). Using an explicit Euler
step, with initial velocities vy, v can be obtained by solving

Mv —N6O —D¢ =k, (2)

where l~<x = f.h + Mvy and 0 and ¢ are now impulse components. While
we will use (2) in this paper, other formulations, based on v, or other inte-
gration schemes ([AP02]), or first order physics, all have the same structure
as equation (8) below and so will benefit from the methods to be described.

The solution to (2) is also subject to constraints. First, we have the non-
penetration constraint, which requires that the normal force components 0,
as well as the normal velocity components (which we will denote by v and
which can be computed by NTV) must both be non-negative. Also, a non-
zero normal force component implies a zero normal velocity component, and
vice versa, so together we have?

v=N'v>0, >0 vig=o. (3)

Secondly, we want the friction forces to be as opposite as possible to the
tangential velocity components. At each contact i, let —\; be the minimum
tangential velocity component among all the directions (Slw Since the (Sll-j
form a convex span of the contact’s tangent plane, A; > 0. Each tangential
velocity component is aiij, where &ij is the column of D generated by (Aiw

2A relational operator applied to a vector is assumed to imply satisfaction of that
operator for each element.



Defining 0;; = &Z;V + A;, we see that 0;; > 0. To ensure that friction acts
along the direction(s) (Sll-j most opposite to the tangential velocity, we also
require that ¢;; > 0 only if 0;; = 0, and vice versa. Expressed for the whole
system, these constraints take the form

oc=D"V+EX>0, A> ol¢p=0, (4)
where o = ((711,0'12,. .. ,091,0992,. ..O'nd), A= ()\1, Ce 7)\n>7 and E € Rndxn
with the form

1
E = C1eR1=(1,..., )"
1

Finally, the net frictional force at each contact ¢ must lie inside the friction
cone defined by the contact’s coefficient of friction w;. Using a polyhedral
approximation to the friction cone formed by the aij (Figure 3), and defining
Vi = it — 32, ¢ij, the friction cone constraint is enforced by requiring ; > 0.
If v; > 0, the net force is inside the friction cone (stiction), implying there
must be no tangential velocity and hence \; = 0. Conversely, if A\; > 0, the
frictional force must be on the friction cone and so ; = 0. Expressed for the
entire system, these constraints take the form

y=pwb—-E"¢p>0, X>0 ~'A=0, (5)

where p € R™" is a diagonal matrix of friction coefficients.
The combination of (2) and constraints (3)-(5) can be expressed by one
system of the form

0 M -N D 0 v k,
v NT 0 0 o0||e 0

= |~ 6
o D" o o El|lle|l T |ol| (6)
v 0 p -ET 0/ \A 0
V7U77707¢7A207 ’/TGZU'TQS:'YTA:O.

By solving for v, the equality part of this system can be reduced to

v N'M'N N'M'D 0\ (6 N Mk,
o| = [D"M'N D’M'D E| |¢| + [D"M 'k, | .2
¥ I —-ET 0 A 0 (7)



To simplify notation in the remainder of this paper, we assume that M is
symmetric positive definite® and so can be factored as M = GGT. If we then
define

N=G'N, D=G"'D, k,=G"k,

we can further simplicfy (6)

v NN N'D 0 0 N7k,
| = |D’N DD E| |¢| + D'k, |, (8)
~ p  —ET 0 A 0

V707’7707¢7)\20; VTOZUT(ﬁ:’YTA:O.

Solving this for @ and ¢ gives the reaction forces (or impulses) from which
v can then be determined via (2).

System (8) is an example of a linear complementarity problem (LCP).
It has been shown by various authors ([ST96, AP97, AP02]) that the con-
tact LCP can always be solved by a pivoting technique known as Lemke’s
algorithm.

3 Solution of LCPs by Pivoting Methods

A linear complementarity problem can be stated as follows: solve
w=Mz+q 9)
for the variables w and z, subject to the constraints
w>0,2z>0 wiz=0

where M is a square matrix. If g > 0 then we immediately have a solution
given by z = 0 and w = q. Otherwise, we can search for a solution by setting
other combinations of z and w variables to zero. In particular, let z, and
wg be equally sized subsets of the variables z and w, formed from the index
sets o and @, and let the remaining variables by given by zz and wj;. With
a suitable row/column rearrangement, (9) can then be partitioned as

) =G wep) (o) o) o

3If M is not SPD, the results to follow are still valid, albeit in a slightly more compli-
cated form.




If M5, is non-singular, we can exchange w; and z, to get a pivoted system

Bonl)ew

where
-1 -1
Mlz(MMf{?i—l M; _1\1\4/1(3?1;\/[4&—511\/1 )
Ba~Vrtaa B8~ VtBatVtaarViaps
/ qii _Mjlqd
= = xa et ) 12
d (q’5> (qg—MgaMaiq& (12)

The variable sets {za, w3} and {wa,zs} are called the basic and non-basic
variables, respectively. The basic variables are associated with a basis matriz
B, defined, with respect to the partition (10), by

0 —Misa
5 (0 M) .
Ba
and whose inverse is given by
M, 0
-1 __ ao
w- (M 0). »

Form (12), we see that

q/ — B—l <qd> ) (15)

93

w and z variables with matching indices are called complementary, with
each being the complement of the other. If the index sets a and & are
identical, then z, is complementary to w, and the basis is a complementary
basis. If the basis for a pivoted system (11) is complementary and q' > 0,
then we have a solution to the LCP given by

Zo = dj, W5 =dj3, Wa =25 =0. (16)

Generally speaking, a pivoting method searches for a solution to an LCP
be incrementally exchanging, or pivoting, variables (usually one pair at a
time) in order to find a complementary basis for which q’ > 0.

8



4 Lemke’s Algorithm

Lemke’s algorithm [RWC92, Mur88] is a pivoting method where the search
is facilitated by augmenting the LCP (9) with an auxiliary variable z; and a
covering vector ¢ > 0:

Z
20

WzM( >+q, ME(M c) (17)
This augmented system can be partitioned and pivoted exactly as shown in
(10) and (11), with ¢ now included in the appropriate partitions Maa, M3,
etc.

The algorithm works as follows:

e Step 0. If q > 0, stop; z = 0 solves the system. Otherwise, choose
variable w, in w for which r = arg min{¢;/c¢;}, and pivot zo with w,.
Set the driving variable y, to z,.

e Step 1. Let m’ be the column of the pivoted matrix M’ corresponding
to y,.. If m’ > 0, stop: the LCP has no solution or is unsolvable by
Lemke’s algorithm. Otherwise, let ys be the (basic) variable indexed
by

s = arg min{—q;/m; : m; < 0} (18)

e Step 2. If y, = 2y, pivot zo with ¥, and stop: the resulting q’ solves
the LCP. Otherwise, pivot y, with y,, set the new driving variable g,
to the complement of y,, and return to step 1.

If test (18) results in a tie, the LCP is degenerate, and one or more
columns from the inverse basis matrix B™! (equation 14) may be needed to
resolve the tie; see section 4.9 in [RWC92| or 2.2.7 of [Mur88|. Since B! is
formed from a (negated) submatrix of M’ and a submatrix of I, determining
one of its columns is at worst equivalent to computing a column of M’, as
described below.

It should be noted that after the initial pivot in Step 0, we always have
q' > 0; this is possible because ¢ > 0. However, in this case, ¢ > 0 does not
imply a solution of the form (16) because the basis is not complementary.
Instead, the basis is almost complementary: the variable sets z, and wg are



complementary ezcept that z, also contains z; and wg contains a correspond-
ing non-complementary variable w,. Stated with respect to the index sets, «
and & are identical except that « also contains 0 and & also contains r. As it
happens, w, is either the driving variable y,, or its complement, depending
on whether v, is a w or z variable. A successful termination of the algorithm
in Step 2 involves pivoting zy with y,., thus removing zy and w, from z, and
Wg, so that the resulting (final) basis is complementary and hence ' > 0
implies a solution of the form (16).

Generally, each pivot step requires computing q' and a single column m’
from M/, using the formulae (12). g’ takes the recursive form

/ qii _Maj;q&
pu— pum— — . 19
For m’, if the driving variable y, is a z variable, then
m —M:!'m;,
! (6% _ aa o
oo (‘%) - (mé +Mﬁamia> 20)

where mz and myj are the & and B partitions of the column of M corre-
sponding to y,. Otherwise, if y, is a w variable,

m’ M:le
! (6% o T TaatT
o= () = (i) 2

where e, is the & partition of the r-th column of the identity matrix I.
Calculations (19)-(21) each entail solving a system

Ms.x =b (22)

where b is qg, mg, or e,. This, plus the other calculations in (19)-(21), can
be done in O(n?) time if Mg, is available in factored form. After each pivot,
this factorization can also be updated in O(n?) time, since Mg, will have
changed by at most one row and/or column [RWC92], [Sar78] (although this
update must be done carefully to limit numerical errors [Tom78, GMSW87]).
Then, since Lemke’s algorithm typically requires O(n) pivots [RWC92], its
overall expected complexity is O(n?®). It should be noted, however, that
problems do exist for which Lemke’s algorithm has a worst-case complexity

of O(2") ([Mur88], Chapter 6).

10



5 Simplification using Matrix Structure

We now show how the structure of (8) allows us to compute ' and m’
efficiently and without having to explicitly form the matrix M.

We will simplify our presentation by ignoring z, and c, so that M = M.,
and by assuming that Mg, corresponds to a complementary basis (i.e., the
index sets & and « are identical). In fact, the bases produced by Lemke’s
algorithm are almost complementary, as described in Section 4. This means
that Mg, is complementary, ezcept for an additional column (corresponding
to 2g) formed from the covering vector ¢, and an additional row (correspond-
ing to w,). The modifications required to deal with this are presented in
appendix A.

5.1 Simplification for Complementary Bases

We begin by showing how to partition (8) in accordance with (10). Examin-
ing (8), it can be seen that M and q have a size of n(2+d), with w composed
of the variables v, o, and «, and z composed of 8, ¢, and .

The basic z variables z, will be denoted by 8,, ¢,, and A,. We will let
N, and D, be the submatrices of N and D associated with 8, and ¢,, and
let Ng and Dg be the submatrices of N and D associated with the non-basic
0 and ¢ variables (which are indexed by ). Because we are assuming a
complementary basis, & = & and § = 3, and the partition components can
be arranged into the following form:

N’N, N’D, 0 N’N; N’D; 0
M;, = DgNa DZDQ Eowo |, Masg = DgNg DgDﬁ E.s |,
Moo _Ega 0 y’oaﬁ _Ega 0
NIN, NID, 0 NIN; NID; 0
Mj, = | D{No DiDo Es |, Mg, = |DIN; DiDy By |,
e s —Egy 0
N7k, Njk,
ds = [ Dlk. |, q3=|Djk, (23)
0 0

where E,;, and p,, denote submatrices of E and p formed from rows and
columns indexed (with respect to M) by the index sets a and b.

The main calculation we are concerned with is solving Ms,x = b where
b is either q4, mg, or e,, and mg is one of the columns of Msg. Generalizing

11



our use of 8, ¢, and A, to denote the components of x, the expanded form
of this equation is

N’N, N’D, 0\ (6. b,
DZ;NQ DgDa E.. o, = | bs (24)
Moo _Eg:a 0 ACY b’Y

where b,, b,, and b, are appropriate partitions of b.
Since each column of E,, has at least one non-zero unit entry (proven in
Appendix C), it can, with a suitable rearrangement, be partitioned into

(EI“> . (25)

Noting that each row of E,, is associated with an element of ¢, let ¢, and
¢, be those elements of ¢, associated with E,, and I, respectively, and let
D, and D, be the corresponding submatrices of D,. This allows (24) to be
further partitioned into

N’N, N’D, NID, 0\ /6, b,
D'N, D’D, DD, E..||[o. b,
D’N, DID, DID, I ||¢,| |b. (26)
oo _Egn -1 0 Aa b'Y

Now we can solve for ¢,:

¢az - I"l’aozea - EZfiqb:‘i - bW‘ (27)

Then, using a block elementary column operation of the form
A B I 0\ (A+BC B
c -1)\C 1) 0 |

N, =N, +D,u,,, D. =D, - D,E!_ b, =D,b, (28)

RK?

and defining

we can eliminate ¢, and reduce the system to

NN, NID, 0 (6. b, N7
D!N, D!D, E..||¢.| = |b.|+ [DZ|b..
DIN, DID, I /) \\, b, D’

12



Next, we can define
v.=N,0,+D,¢, —b,, (29)
solve for A,:
Ao = —DIv. +b,, (30)
and then use a block elementary row operation of the form
(1 —C> (A O) _ (A ~CB o)
0 I B 1 B I

to eliminate A, and further reduce the system to

NIN, NID.\ (8.) _ (b)), (NI\, (31)
D!N. D'D.)\¢.) = \b,) " \DT)"
where b/ = b,, — E,;b,. This smaller system is solved for 8, and ¢, after
which we back-solve for ¢, and A, using (27) and (30).

Computations (19)-(21) also involve calculating Mz x. From (23), we
see that this takes the expanded form

NIN, NID, 0\ (6,

M x= [DIN, DID, Es||6.]|. (32)
lJ’ﬁa _Egﬁ 0 Aa

Now, combining the definition of v. in (29) with (28) and (27), we get

Ve = (Nog + Daprye)00 + (D) — DxEZm)qu — D.;b,
= Naea + Dnd)n + Dxd)x
= Naga + Doz¢a

so that (32) becomes

N7 0
MBQX = Dg V. + Ega)\a . (33)
O /J/ﬁaoa - Egﬂ(pa

13



5.2 Expected Complexity

Matrix notation aside, the calculations in the previous section are actually
quite easy. This is mainly because

1. Each column of E,, has at most 2 non-zero unit entries (proven in
Appendix B), and so each column of E,, has at most 1 non-zero unit
entry;

2. Each row or column of u,, has at most one non-zero entry (since it is
a submatrix of a diagonal matrix);

3. Each column of N and D (and hence all their submatrices) has at most
12 non-zero entries (as discussed in Section 2);

To actually analyze the complexity of these calculations, it will be useful
to let r be the size of the reduced system matrix in (31). The the combined
number of elements in 8, and ¢, will be r, and therefore N,, N,, D, and
D. will each have a size of 6m x O(r).

We start by considering the formation of b, which as mentioned earlier
will be either qs, mg, or e,, where myg is one of the columns of Mg in (23).
Since each column of N and D has at most 12 non-zero entries (remark 3,
above), it is easy to see that in all cases we can form b with complexity O(n).

Next, examining (26), we see that ¢, and A, have the same number of
elements. Since the size of A, is O(n), the size of ¢, must also be O(n), and
this combined with remarks 1 and 2 means that computation of ¢, in (27)
has O(n) complexity. Similarly, since N, and D, each have O(r) columns,
the computation of N, and D, in (28) has O(r) complexity. Since b, and v,
each have 6m elements, the columns of D,, N,, and D, each have at most
12 elements (remark 3), and N, and D, have O(r) columns, the complexity
of computing b, and v, in (28) and (30) is O(m) and O(r +m), respectively.
Also from remark 3, the computation of A, in (30) is O(n), and the formation
of the reduced matrix and right-hand vector in (31) is O(r?) and O(r).

The solution of the system (31) will nominally require O(r?®) operations,
although if r is large we can keep the matrix in a factored form that is
updated after each pivot, and so reduce the solution complexity to O(r?).
The remaining calculations to determine g’ or m’ will involve formula (33),
which by analysis similar to the above has a complexity of O(n). Merging
these results, we find that the complexity of computing q’ or m’, and hence
the complexity for each pivot step of Lemke’s algorithm, is O(m + n + r?).

14



Now, the matrix in (31) is equal to the product

(5i) (v D).

The non-singularity of Mg, ensures that this matrix has full rank, and so
its size r must be bounded by the rank of each factor. These factors each
have one dimension equal to 6m, which in turn bounds their rank, and so we
have that 7 < 6m. This means the per-pivot complexity of O(m + n + r?)
is bounded by O(n +m?). Since the expected number of pivots in Lemke’s
algorithm is of the same order as the size of M, which is n(2 + d), we obtain
an overall expected complexity of O(n? + nm?).

Generally speaking, we can expect m < n, since otherwise there will be
more bodies than contacts and the problem will likely decompose into sub-
problems. If m is noticeably smaller than n, we should get a large improve-
ment over the standard Lemke algorithm, for which the expected complexity
is O(n?). If m is fixed, the complexity improves still further to O(n?), which
is consistent with the tests labeled structural in section 5.4.

In summary, what we have done is reduce the calculations to a form that
is partly constrained by the number of degrees of freedom in the system,
rather than the number of contacts.

5.3 Reducing the Problem Size

In this section, we show how to reduce the expected complexity still further
by reducing the expected number of pivots.

The number of pivots is bounded from below by the number of basic z
variables in the final solution. A A variable will be non-zero (and hence
basic) for any contact exhibiting tangential motion (Section 2). Since this is
possible at all contacts, we can expect O(n) X variables to be basic, implying
that the number of pivots will be at least O(n).

To reduce this, we observe that we don’t actually need all the values of
A in order to solve the contact problem. In particular, we need not consider
values of A or ¢ for any contact ¢ which is inactive (i.e., for which 6; non-
basic). To see this, observe that if ; is non-basic, then §; = 0 and, by the
friction cone constraints (5), all the ¢ variables associated with that contact
must be zero as well. An inactive contact therefore makes no contribution
to v.

15



Put another way, we need not be concerned about the frictional aspect
of a contact until that contact becomes active. We can therefore begin the
solution of a contact problem using a simple, frictionless, LCP of the form

v = NT0 + N'k,.

Then whenever a contact becomes active for the first time, we expand the
system (into the form of (8)) by adding the necessary ¢, A, o, and -~y variables
(and corresponding matrix rows and columns) associated with that contact,
and then continue with Lemke’s algorithm using the existing set of basic
variables. This process of expanding an LCP online while it is being solved
is described in Section 4.6 of [RWC92]|. Computationally, all that is required
is expanding the covering vector ¢ and assigning it appropriate values, as
described in Appendix D.

Ideally, most of the contacts for which the problem is expanded will re-
main active in the final solution, so that few pivots will be expended for
other, inactive, contacts. Since the number of active contacts (i.e., basic 6
variables) is bounded by the size r of the matrix in (31), and r is O(m), we
can, in the best case, expect the number of pivots to be reduced from O(n)
to O(m).

Combined with the per-pivot complexity of O(n+m?) described in Section
5.2, this would give an overall expected complexity of O(nm +m3), or O(n)
when m is fixed. We do in fact observe behavior close to O(n) in the tests
named reduced in section 5.4.

5.4 Experimental Results

We now present some comparative tests to show the utility of the methods
described in this paper. All tests were implemented in Java (version 1.4.2,
with HotSpot) and executed on a 1 GHz Pentium III-M. Each computation
was done with d = 8 and the friction coefficients p; in the range 0.2 to 0.3.

Each test measured expected solution times for a particular set of contact
problems using three methods:

e Standard: A standard, efficient implementation of Lemke’s algorithm
as described in [Sar78].

e Structural: An implementation using the structural simplifications de-
scribed in Section 5.

16



Figure 4: Peg-in-hole, with 16 contacts and an applied wrench f,.

e Reduced: An implementation using Section 5 plus the problem reduc-
tion described in Section 5.3.

Expected solution times were measured by solving each problem 20 times
with randomly generated external forces, and averaging the computation
times.

The first test was for a single body (m = 1) and involved computing the
reaction forces on a peg passing through a hole in a fixed block (Fig. 4), in
response to a random wrench applied at the center. Contacts were arranged
around the hole’s top and bottom, and expected computation times were
measured for different numbers of contacts ranging from 8 to 32. The results
are shown in 5, with the top, middle, and bottom lines corresponding to the
standard, structural, and reduced methods, respectively. Our structural and
reduced methods (shown close-up in Fig. 6) can be seen to be significantly
faster. As the number of contacts n varied by a factor of 4 (from 8 to 32),
the average compute times (in msec) varied from 6.18 to 400.75 (standard),
2.55 to 26.63 (structural), and 1.08 to 4.58 (reduced). These variations are
roughly compatible with the expected complexities of O(n3), O(n?), and
O(n), respectively.

The next set of tests was performed on a variety of ten different single
body contact situations (again m = 1), similar to those shown in Fig. 1:
block in corner, ball resting in the rim of a hole, block in groove, face on
surface, etc., with the number of contacts in the problem varying from 1 to
16. Results are shown in Fig. 7, with Fig. 8 showing a close-up scatter plot
of the results for the reduced method. The complexity of the reduced method
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Figure 6: Close-up of our struc-
tural and reduced results shown in
Fig. 5.

appears to be just a little greater than O(n). As n varied from 8 to 16, the
computation time varied from 0.57 to 1.34. Over the same range, the other
methods varied from 5.2 to 50.9 (standard) and 2.1 to 12.5 (structural), again
loosely compatible with O(n?) and O(n?).

The last set of tests were for multiple bodies, and computed the reaction
forces for a stack of blocks, subject to gravity, with a random wrench applied
to the top block (Fig. 9). Ten configurations were tested, with the number
of blocks m ranging from 1 to 5, and the number of contacts n from 4 to
32, depending on the positioning of the blocks with respect to each other.
The compute times, shown in Fig. 10, varied from 2.1 to 2136 (standard),
1.45 to 224 (structural), and 1.32 to 96 (reduced). These ranges are roughly
compatible, modulo a constant multiplier, with the expected complexities of
O(n?), O(n? +nm?), and O(nm + m3).

5.5 Conclusions

We have developed a fast method for solving rigid body contact problems,
with friction, based on Lemke’s algorithm for solving LCPs. In essence, the
method exploits the sparsity of the factors of M to reduce the problem in
size to one that is largely bounded by the number of degrees of freedom in
the system. This amounts to a reduction in expected complexity from O(n?)
down to nearly O(nm +m?), where n and m are the number of contacts and
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Figure 9: Stacked blocks used for the multi-body test.
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bodies in the system. When m is fixed, the expected complexity is then close
to O(n). These results should improve the utility of rigid body simulation in
real-time and interactive applications.

Our method also improves numerical robustness by decreasing the size
of the primary linear system that must be solved during each pivot step.
This system, (31), is bounded in size by 6m, and so if m is small enough
(e.g., 3 or 4) it may be solved directly in real-time using numerically robust
methods, without having to do factorization updates in which round-off error
can accumulate. Our method also eliminates the need to calculate the system
matrix M, whose size can be quite large even for simple problems.
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A Simplifications for Almost Complementary
Bases

In this appendix we show how to compute m’ and ' for the almost comple-
mentary bases produced by Lemke’s algorithm.
We begin by partitioning the augmented system (17) into the form

(-G M) () ) e

As mentioned in Section 4, the index sets o and & for an almost complemen-
tary basis are identical, except that « also contains 0 (for the variable z),
and & contains an extra index r (for the non-complementary variable w;).
Similarly, the index sets 8 and 3 are identical, except that § has one less
index 7.

This implies that Ma,, M ja» €tc. have almost the same structure as the
complementary components described in (23), except that Ma, and 1\7I~a
also contain c, and a row corresponding to w, is shifted from Mﬁa and 1\_/15[3
to Ms, and Mdﬂ. Arranging the ¢ column on the left and the w, column on
the bottom, the components have the following form:

NN, NID, 0 NIN; NID; 0
v _ |DiNa DIDa Euo (ca)| g _ [DaNs DiDs Eos
| e Bl 0 O e BR 07
ry ro rs Cr ry rs I's
) NIN, NID, 0 ) NIN; NID; 0
Mg, = |DIN, DID. Ej, (cs)|, Mg, = |[DiNs DIDs Eg |,
pi. —El; 0 wi B 0
N7k, T
Dk, e
qa = 0 ) qu ngx (35>
q’l" O

Nq, D,, Ng, and Dg are the same submatrices of N and D described in
Section 5.1, formed from columns corresponding to the basic and non-basic
0 and ¢ variables. N and D are submatrices whose columns correspond to
the basic variables of v and o (and so will be identical to Nz and Dg except
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Wy ry ry rs ry I's T'g dr
v |n'N, n’D, 0 anﬁ nfD/g 0 | n’k,

T T T

o | d'D, d'D, e, |d'N; d’D; e, | d'k,

T T

Y Moo _egr 0 l’l'r,@ _egr 0 0

Table 1: Values of ri-r¢ and ¢, depending on whether w, is a v, o, or ~
variable.

for the possible omission of a column associated with w,). Eq, and p,;, again
denote submatrices of E and p formed from rows and columns indexed (with
respect to M) by the index sets a and b.

The subrows ri-rg are formed from the row of M corresponding to w,,
and ¢, and ¢, are the corresponding elements of ¢ and q. The values of ri-rg
and ¢, depend on whether w, is a v, o, or 7 variable, as depicted in Table
1. There, n, and d, are columns of N or D corresponding to wy; f,., s,
€rq, and e,5 are rows of pg,, Hgs, Epa, and Egg corresponding to w,; and
e, and eg, are columns of Eg, and Egs corresponding to w,.

As with complementary bases, the computation of q' and m’ is described
by (19)-(21) and involves solving a system of the form Ms,x = b, and then
computing MBQX. The details of solving Mzax = b depend on whether w,
isa v, o, or v variable, and these three cases are analyzed in the subsections
below.

The details of solving Mgox = b depend on whether w, is a v, o, or ¥
variable, and these three cases are analyzed in the subsections below.

For MBQX, the calculation is essentially the same as (33), except for an

additional term due to the 3 component of the covering vector, and the fact
that v, is now defined by (40), described below, rather than (29):

Ng 0
MBGX = Dg Ve + EﬁaAa + CBZo. (36)
O MBQBQ - Egﬁd)a

All these computations can be done with the same complexity as de-
scribed in Section 5.1.
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A.1 Solving M;,x = b when w, is a v variable

We begin with the structure of Mg, in (35). Since each column of E,,
must still contain at least one non-zero entry (Appendix C), it can again be
partitioned as in (25). Hence, as in Section 5.1, we can again partition ¢,
and D, into ¢,, ¢,, D, and D,. Given the values of r;, ry, and r3 when
w, is a v variable (Table 1), and generalizing our use of 8,, ¢,, A., and z
to denote the components of x, we can then expand Mgz.x = b into a form
analagous to (26):

NN, N!D, N!D, 0 ¢, 0, b,
DN, DID, DID, E.. c.||o. b,
DIN, DID, DID, 1 ¢, ¢, | = |bs (37)
Haa _EZH -1 0 Cy Aa b’Y
n’N, n’D, n!D, 0 ¢ 20 b,
As in Section 5.1, we can solve for and eliminate ¢, :
¢a: - /J’aoaea - EZRQ,)/{ + Cy20 — b’Y’ (38>
Then defining
c. =D,c, (39)
and redefining v, as
v. = N.0, + D.¢,. — b, + c.2, (40)
we can solve for and eliminate A,:
Ao = —DIv,. + b, — c,20, (41)
leaving us with the reduced system
NN, NID, c,+NZc,\ /0, b, N7
DN, DID, c. + Dc, ¢.| = |b.|+|DI|b, (42)
n’N, n’D, ¢ +nlc, 20 b, n’

where ¢/, = ¢, — E,.c,. This system is then solved directly for 8,, ¢,, and
2o, after which we back-solve for ¢, and A,.
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A.2 Solving M;,x = b when w, is a o variable

Given the values of ry, ry, and r3 when w, is a o variable (Table 1), we can
expand Ms,x = b into a form similar to (37):

N’N, N’D, N’D, 0 ¢, /(6. b,
D;N, DiD. D/D, E. c.||¢,. b,
DN, DID, D'D, I c||¢, | = |bs (43)
too —EL I 0 ¢ || b,

d’N, d’D, d'D, e c 20

S
S

As is Section A.1, we can solve for and eliminate ¢, and X using (38) amd
(41), which leads to the following reduced system,

NN, NI!D, c,+NZc,\ [0, b, N7
D'’N, DD, ¢ . +D’c. ||, | = |b. |+ |D7|b, (44)
d'N, d’D, ¢ +d’c. ) \z 0. ar
where
d.=d, —D.el,, ¢ =c —encs, b =b —eb, (45)

This system is then solved directly for 0, ¢,., and 2y, after which we back-
solve for ¢, and A,.

A.3 Solving M;,x = b when w, is a 7 variable

Given the values of ry, 1y, and r3 when w, is a 4 variable (Table 1), Ms,x = b
takes the form

NN, N’D, N’D, 0 ¢\ (0. b,
DIN, D'D, DD, E.. c.||®, b,
DIN, D'D, D'D, 1 ¢ ||o.| = |b. (46)
H., -—EI -1 0 ¢ [ b,
L, —el 0 0 ¢ 20 b,

where e, is a subvector of e,, whose elements are associated with ¢, (the
subvector of e,, corresponding to ¢, must be 0 since it is beneath I and any
column of ET can contain at most one non-zero entry).
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Again, we can solve for and eliminate ¢, and A using (38) and (41), and
obtain the following reduced system,

NN, N’D. ¢, +NZc,\ /6. b\ (N7
DN, D'D, ¢ +Dic.||¢.| = [b. |+ [DI|b. @7
w,  —el Cr 20 b, 0

which is then solved directly for 8,, ¢,, and 2.

B Columns of E,, have at most two non-zero
entries

Each of the friction directions dij associated with a particular contact 7 lie
in the tangent plane of that contact and hence can be expressed as a combi-
nation of two unit basis vectors d, and d,,

~ ~

&ij = cos(a;)d, + sin(a;)d, (48)

where a; is an angle giving the direction of &,J Now let d;; denote the
columns of D associated with contact ¢. Since the d;; are formed from the
d;; by a linear transformation, (48) carries through to d;;, so that

d;; = cos(a;)d, + sin(a;)d, (49)

where d, and d, are basis columns produced from d, and ay.
Now, for any given basis, we will have M,2z, = —qgs. For a complemen-
tary basis, this can be expressed by (24) with b = qa:

N’N, N’D, 0\ (6. Nk,
DIN, DID, E.||®,| = - Dk, |. (50)
Haa _Eg:a 0 AOA 0

The second block row of this system implies that
DZ;(NOCOQ + DOC¢O[ + k$) + EOZOCAOt - 07 (51>
which reduces to

ngt + Eoza )\a
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where v, = N,0,+D,¢,+k,. This means that for every non-basic variable
0;; associated with a particular contact 7, we have

dlve+ X\ =0, (52)

where d;; is the column of D corresponding to o;;. For an almost comple-
mentary basis, we obtain the analogous result

dlvi+ X + cij20 = 0, (53)

where ¢;; is the element of the covering vector ¢ corresponding to o;;. If we
assume that for a given i, ¢;; is the same for all j, then both (52) and (53)
can be expressed in the form

dg;-vt = —p; (54)
for some fixed value p;. Combining this with (49) then gives
¢z cos(a;) + gy sin(a;) = —p; (55)

where ¢, = dlv, and ¢, = dgvt are again fixed for a given i. However, (55)
can have at most two real-valued solutions for a;, as can be verified using
the tangent half-angle substitution

1 — 22 2z
cos(a;) = ——, sin(a;) = —— 56
and observing that the resulting equation is a quadratic in z. Therefore, for
a particular contact ¢, equation (52) or (53) can be satisfied for at most two
different d;;, which means that at most two o;; variables can be non-basic,

and hence each column of E,, can have at most two non-zero entries.

C Columns of E,, have at least one non-zero
entry

Here we show that E,, will never contain a zero column.

For a complementary basis, Mg, has the form shown in (23), and so a
zero-column in E,, would imply a zero column in M, which cannot happen
since Lemke’s algorithm (and pivoting methods in general) guarantees that
M., is never singular.
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For an almost complementary basis, suppose E,, contains a zero column,
denoted by e,,.. That column must then correspond to a \; which is basic. At
the same time, no ¢;; for that contact can be basic, because for any basic ¢;;
there would be a corresponding non-basic o;; and hence a non-zero element
in e,,. Since \; is basic, 7; must be non-basic, and so the augmented system
contains the equation (taken from the fourth block row of (37), (43), or (46))

d
Vi =il — Y iy +cizg =0
i=

where ¢; is the element of the covering vector c corresponding to ~;. Since
all ¢;; are non-basic and hence 0, this reduces to

Mzgz + Cizg = 0.

But this is impossible since pu; > 0, ; > 0, ¢; > 0 (by construction), and
zp > 0 (since otherwise Lemke’s algorithm would have terminated with a
solution). Hence E,, cannot contain a zero column.

D Extending the covering vector

Here we describe how to extend the covering vector ¢ when the contact LCP
is expanded as described in Section 5.3. When extending c, the new elements
cs must be assigned values such that for the current basis and the expanded
value of q, denoted by q*, we still have q* > 0. We do this by first setting
the cs to some arbitrary positive value (typically 1), and then increase them
if it turns out that q’ 2 0.

To compute q*', we need the expanded versions of M4, and M fa» Which
we will denote by M2 and 1\7[%&. Notationally, new rows will be placed at
the bottom. Because the basic z variables are identical for the original and
expanded systems, we have

; _ . M -
£E~ = ~ z = — BOC
M3, = Msa and Mg <M55> : (57)

where Mjs gives the new rows of M%a. Likewise, for q”, we have q*; = qga

@y = () (59
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where qs are the new values. Then from (19) we obtain

q" = q
qs + Mysas )

Now, since Lemke’s algorithm guarantees q' > 0 at each step, in checking
whether q* > 0, we only need to be concerned about gs + Mszqs, which
we will designate as qs’. If q5' > 0, all is well and the new elements of the
covering vector can be left unchanged. Otherwise, we utilize the fact that
(for an almost complementary basis) one of the columns of Myg is ¢, and
its corresponding element in g is zp. If we then increase each element of c;
by some Ac such that

Ac > —min (qs'/2) (59)

the resulting new value for qs" will satisfy g5 > 0.
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