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Abstract

Many mathematical models arising in science and engineering, including circuit and
device simulation in VLSI, constrained mechanical systems in robotics and vehicle
simulation, certain models in early vision and incompressible fluid flow, lead to com-
putationally challenging problems of differential equations with constraints, and more
particularly to high-index, semi-explicit differential-algebraic equations (DAEs). The
direct discretization of such models in order to solve them numerically is typically
fraught with difficulties. We thus need to reformulate the original problem into a bet-
ter behaved problem before discretization. Index reduction with stabilization is one
class of reformulations in the numerical solution of high index DAEs. Another class
of reformulations is called regularization. The idea is to replace a DAE by a better
behaved nearby system. This method reduces the size of the problem and avoids the
derivatives of the algebraic constraints associated with the DAE. It is more suitable
for problems with some sort of singularities in which the constraint Jacobian does not
have full rank. Unfortunately, this method often results in very stiff systems, which
accounts for its lack of popularity in practice.

In this thesis we develop a method which overcomes this difficulty through a
combination of stabilization and regularization in an iterative procedure. We call it
the sequential regularization method (SRM). Several variants of the SRM which work
effectively for various circumstances are also developed. The SRM keeps the benefits
of regularization methods and avoids the need for using a stiff solver for the regularized
problem. Thus the method is an important improvement over usual regularization
methods and can lead to improved numerical methods requiring only solutions to

linear systems. The SRM also provides cheaper and more efficient methods than the
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usual stabilization methods for some choices of parameters and stabilization matrix.
We propose the method first for linear index-2 DAEs. Then we extend the idea to
nonlinear index-2 and index-3 problems. This is especially useful in applications such
as constrained multibody systems which are of index-3. Theoretical analysis and
numerical experiments show that the method is useful and efficient for problems with
or without singularities.

While a significant body of knowledge about the theory and numerical meth-
ods for DAEs has been accumulated, almost none of it has been extended to partial
differential-algebraic equations (PDAEs). As a first attempt we provide a comparative
study between stabilization and regularization (or pseudo-compressibility) methods
for DAEs and PDAEs, using the incompressible Navier-Stokes equations as an in-
stance of PDAEs. Compared with stabilization methods, we find that regularization
methods can avoid imposing an artificial boundary condition for the pressure. This
is a feature for PDAEs not shared with DAEs. Then we generalize the SRM to the
nonstationary incompressible Navier-Stokes equations. Convergence is proved. Again
nonstiff time discretization can be applied to the SRM iterations. Other interesting
properties associated with discretization are discussed and demonstrated.

The SRM idea is also applied to the problem of miscible displacement in porous
media in reservoir simulation, specifically to the pressure-velocity equation. Advan-
tages over mixed finite element methods are discussed. Error estimates are obtained
and numerical experiments are presented.

Finally we discuss the numerical solution of several singular perturbation prob-
lems which come from many applied areas and regularized problems. The problems
we consider are nonlinear turning point problems, a linear elliptic turning point prob-
lem and a second-order hyperbolic problem. Some uniformly convergent schemes
with respect to the perturbation parameter are constructed and proved. A spurious

solution phenomenon for the upwinding scheme is analyzed.
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Chapter 1

Introduction

Many mathematical models arising in science and engineering, including circuit and
device simulation in VLSI, constrained mechanical systems in robotics and vehicle
simulation, certain models in early vision and incompressible fluid flow, lead to com-
putationally challenging problems of differential equations with constraints, and more
particularly to high-index, semi-explicit differential-algebraic equations (DAEs). The
direct discretization of such models in order to solve them numerically is typically
fraught with difficulties, and most methods proposed in the literature seek to circum-

I and

vent this by employing combinations of problem reformulation, regularization
special discretization techniques.

We will consider the regularization of such mathematical models and the numer-
ical solution of the resulting regularized formulations. These formulations are often
singular perturbation problems because they typically depend on a small parameter
which provides a measure of the closeness between the regularized and the original

problems. We will also apply our regularization method and idea to other relevant

practical problems.

1.1 Regularization for Differential-Algebraic Equations (DAEs)

DAEs are special implicit ordinary differential equations (ODEs)

J (1), 2(0). 1) =, (1)

!The concept of regularization was introduced by Tikhonov (see [109]). Its idea is that one solves
a better behaved nearby problem instead of solving the original problem to circumvent some sort of
difficulties. See the next section for more details.
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where the partial Jacobian matrix f,(y,z,t) is singular for all relevant values of its

da

7. An extension to partial differential equations is considered

arguments. Here 2’ =
in the next subsection.

DAEs were motivated by applications like network analysis, circuit simulation and
mechanical system simulation starting in the 1970’s. They often arise as ordinary
differential equations with additional variables and (equality) algebraic constraints.
An extensive list of applications is given in [92].

In the 1980’s, DAEs have developed into a highly topical subject of computational
and applied mathematics. Contributions devoted to DAEs have appeared in various
fields, such as applied mathematics, scientific computation, mechanical engineering,
chemical engineering, system theory, etc. Frequently, other names have been assigned
to DAEs, e.g. semistate equations, descriptor systems, singular systems. Gear ([51],
1971) proposed to handle DAEs numerically by backward differentiation formulas
(BDF). For a long time DAEs had been considered not to differ essentially from
regular implicit ODEs in general. Only since about 1980, because of computational
results that could not be brought into line with the above supposition (e.g. Sincovec
et al [103], 1981), the mathematical and particularly the numerical community have
started investigating DAEs more thoroughly. With their famous paper, Gear, Hsu
and Petzold ([52], 1981) started a discussion on DAEs that will surely be carried on
for a while.

The structure of DAEs is very much related to the concept of index, which is a
measure of the amount of singularity of the system. There are several ways to define
index. The most popular one is called differential index, which is defined as the
minimal number of analytical differentiations in ¢ such that (1.1) can be transformed
by algebraic manipulations into an explicit ordinary differential system (in the original

unknowns)
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which in turn is called the “underlying ODE 7. There are several structural forms
of DAEs which appear frequently in applications (see [92]). The differential index of
these structural forms can be found by differentiating their algebraic constraints with
respect to ¢ (and substituting into the differential equations which complement the

algebraic constraints). For instance,

e Semi-explicit index-1 system

= flz,y), (1.2a)

0 = g(z,y), (1.2b)

if g, 1s invertible.

o Hessenberg index-2 system

x' = f(xvy)v (1.3&)

0 = g(a), (1.3b)
if g, f, is invertible.
o Hessenberg index-3 system
o = fla,y), (1.4a)
v = k(x,y,z), (1.4b)
0 = g(2), (1.4¢)

if g,f, k. 1s invertible. Mechanical multibody systems with holonomic con-

straints are examples of Hessenberg index-3 DAEs.

In [56] it is pointed out that higher index (> 2) DAEs, in the natural function

space formulations, lead to ill-posed ? problems because they do not have the usual

ZA problem is called ill-posed if it is not well-posed. A problem is called well-posed if it satisfies
three conditions, i.e. the existence, uniqueness and stability of its solution. “Stability” means that
the solution of the problem continuously depends on the “data”, which may be initial data, boundary
data, coefficients in the equation, values of the operator, etc.. Here high-index DAEs fail to satisfy
a stability condition.
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stability property of differential equations in general.

Example 1.1 Consider (See [86])

=y, (1.5a)

0 = x—p1), (1.5b)

where x(t) and y(t) are scalar functions and p(t) is a given function. This is a very
simple index-2 DAE. The exact solution is x = p(t), y = p'(t). If we add a small
perturbation dsinwt, § << 1, to the right hand side of the second equation we have

the exact solution
T =p(t)+ dsinwt, y = p'(t) + Sw cos wt.

Hence y — y = dw coswt could be very large if w > 1/6, i.e. the solution changes a

lot under a small change in the right-hand side of the equation. O

A numerical method which is directly applied to a complex, ill-posed problem may
generally fail. Therefore, to solve DAEs, we have to stabilize such problems to bring
about continuous dependence on the “data” (or stability). One such approach is to
change the formulation of the problem but not its solution, e.g. in Example 1.1 we

differentiate (1.5b) once and obtain

¥ =y (1.6a)

0 = y—p(t), 2(0) = p(0). (1.6b)

Now (1.6) is of index-1 and becomes a well-posed problem with the same solution as
(1.5). We can solve (1.6) instead of (1.5) and gain well-posedness. However, such a
direct index reduction procedure may cause the well-known drift difficulty (see [29]),

i.e. the approximate solution of (1.6) may be far from satisfying the constraint (1.5b).
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Hence, methods have been designed to prevent moving away from the constraints.
Baumgarte’s stabilization [17] and projection invariant methods (cf. [16]) are popular
among such methods. Most of these approaches treat initial value problems, and only
a few apply to boundary value problems. See [29, 58] for various numerical methods
for initial value problems; [93, 7, 15] for boundary value problems; and [16, 9, 35] for
a survey of various stabilization reformulations.

Another approach consists in adding some small perturbation terms (measured
by a small positive parameter €) to the given DAE. The perturbed problem is close
to the original problem (if € is small) and is well-posed. Such an approach is usually
called regularization. This is a natural approach since the high-index DAE is ill-
posed; indeed in [43] a well-known Tikhonov regularization algorithm (see [109])
was applied to solve DAEs. However, such a method seems so general that it is
not sufficiently related to the special structure of the DAE. There are two types of
regularization methods which are probably more interesting for DAE researchers. One
is called parameterization. One such possibility, the pencil regularization, was given
independently by Boyarintsev [24] (or see his newer book [25] published in English)
and Campbell [32]. But the regularized problem is ensured to be well-posed only
for constant coefficient cases. A further parameterization was proposed by Méarz [85].
Her regularization is aimed at obtaining well-posed index-1 DA Es instead of obtaining
well-posed ODEs. Heuristically, it seems evident that the DAE is less changed if it
is transformed into an index-1 DAE rather than an ODE. Marz’s regularization was
proved to be well-posed for usual structural forms of DAEs. We refer to [59] for
further results in this direction.

Another class of regularization uses the penalty idea (see [84, 91]). It originates
from penalty methods for constrained optimization problems. Note that an algebraic
equation in a DAFE can be viewed as a constraint. This method seems more natu-

ral for DAEs. References [68, 70, 69] used the penalty regularization and singular
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perturbation theory to determine the solutions of DAEs when the initial or bound-
ary values are given improperly (i.e. inconsistently). In Chapter 2 we will mention
these methods again with a bit more detail and indicate that Marz’s regularization
is actually a kind of penalty method.

Because the regularization method requires fewer differentiations of the constraints
it is perhaps more suitable for DAEs which have singularities, i.e. whose constraints
do not have full rank, e.g. when the matrix g, f, is singular at some isolated points
in the index-2 system (1.3). These problems can be challenging for the methods that
are usually employed and appear frequently in simulation of constrained mechanical
systems. To our knowledge, there has not been a paper in the numerical analysis
literature about this until the recent two preprints [11] and [94] (although a number
of relevant papers appear in the mechanical engineering literature).

From a practical point of view, a number of codes which work well and efficiently
(at least if the regularization parameter € is not too small) are available for numeri-
cally solving the regularized problems. We also note that the regularization method
requires less smoothness of the coefficients of the differential-algebraic problem than
other stabilization methods. These are the advantages of the regularization method.
The dominant disadvantage in the above regularization methods is that the parame-
ter € must be small enough to maintain the accuracy of the numerical method we use
for the regularized problem at an acceptable level. Hence, a stiff solver is necessary.
Typically in regularization methods, the parameter ¢ must be chosen both “large
enough” and “small enough”: large so that the regularized problem would behave
significantly better than the original, and small so that its solution will not differ too
much from that of the original problem.

We will present a class of new regularization methods, inspired by [19], which we
call sequential regularization method (SRM). The SRM can be viewed as a combina-

tion of the penalty method with Baumgarte’s stabilization in an iterative procedure;



Chapter 1. Introduction 7

see §2.4 or §3.1 for specific instances. It is applicable for DAEs with constraint sin-
gularities. Moreover, the regularization parameter € in the method is not necessarily
small. Thus, a nonstiff solver can be used for solving the regularized problems. Some
variants of the SRM are discussed for index-2 and index-3 DAEs with the goal of sim-
plifying the computations. We will apply the SRM to mechanical multibody systems

as well.

1.2 Regularization for the Incompressible Navier— Stokes equations

As noted before, DAEs have become a highly topical subject of applied and numerical
mathematics. However, there seems to be still a void in the literature about partial
differential equations with constraints (PDAEs). A typical instance of such problems

is the well-known incompressible Navier-Stokes equations:

u;+ (u-gradju = pAu—gradp+f, (1.7a)
divu = 0, (1.7h)
ujsa=b , ul=o=a, (1.7¢)

in a bounded two- or three-dimensional domain 2 and 0 < ¢ < T. Here u(x,1)
represents the velocity of a viscous incompressible fluid, p(x,t) the pressure, f the
prescribed external force, a(x) the prescribed initial velocity, and b(#) the prescribed
boundary values.

The system (1.7) can be seen as a partial differential equation with constraint
(1.7b) with respect to the time variable t. Hence, we call it a PDAE. It is easily
verified that it is of index-2 without singularities since the operator divgrad = A is
invertible (under appropriate boundary conditions).

A huge number of methods have been designed to solve the nonstationary incom-

pressible Navier-Stokes equations (1.7). Direct discretizations include finite difference
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and finite volume techniques on staggered grids (e.g. [65, 26, 66]), finite element
methods using conformal and nonconformal elements (e.g. [54, 110, 63, 64]) and
spectral methods (e.g. [33]). Another approach yielding many methods has involved
some initial reformulation and/or regularization of the equations, to be followed by
a discretization of the (hopefully) simplified system of equations. Examples of such
methods include pseudo-compressibility methods, projection and pressure-Poisson re-
formulations (e.g. [36, 55, 72, 97, 102, 117]). The two types of regularizations we
mentioned in §1.1 for DAFEs were already proposed in the Navier-Stokes context quite
a while ago (cf. [108, 72]). We are interested in the generalization of the SRM to
this problem because the regularized problems can be made essentially nonstiff and
then a more convenient difference scheme (e.g. an explicit scheme) in time is possi-
ble. Moreover, the method retains the benefits of the penalty method. For example,
computations for the velocity u and the pressure p are uncoupled and an artificial

boundary condition for calculating the pressure p is not necessary.

1.3 A Problem in Reservoir Simulation

The idea of the SRM can be applied to a reservoir-simulation problem — miscible
displacement in porous media.

Miscible displacement is an enhanced oil-recovery process that has attracted con-
siderable attention in the petroleum industry. It involves injection of a solvent at
certain wells in a petroleum reservoir, with the intention of displacing resident oil to
other wells for production. This oil may have been left behind after primary produc-
tion by reservoir pressure and secondary production by waterflooding. The economics
of the process can be precarious, because the chemicals it requires are expensive and
the performance of the displacement is by no means guaranteed. Complex physical

behavior in the reservoir will determine whether enough additional oil is recovered
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to make the expense worthwhile. A numerical simulation of the complex process
undoubtedly plays an important role.

Mathematically, the process is described by a convection— dominated parabolic
partial differential equation for each chemical component in the system. By summing
up the component equations, one can obtain an equation that determines the pressure
in the system; this nonlinear equation is elliptic or parabolic, according to whether
the system is incompressible or compressible. Thus, in this problem one encounters
elliptic, parabolic, and near-hyperbolic equations with complicated nonlinear behav-
ior.

For simplicity, we consider the miscible displacement of one incompressible fluid
by another in a porous reservoir @ C R? over a time period [0,7]. Let p(x,t)
and u(x,t) denote the pressure and Darcy velocity of the fluid mixture, and ¢(x, 1)
the concentration of the invading fluid. Then the mathematical model is a strongly

coupled nonlinear system of partial differential equations (see [44, 82]):

u = —a(gradp — ygradd), (x,t) € Q x[0,7T], (1.8a)
diva = q(x,1), (x,t) € Qx[0,7], (1.8b)
qb% — div(D(u)grade) + u - grade = g(¢), (x,t) € Q@ x[0,7], (1.8¢)

with the boundary conditions

u-n=0 (x,t)el x[0,T], (1.9a)
D(u)gradec-n =0, (x,t)e x[0,1], (1.9b)

and initial condition
e(x,0) = ¢o(x), x €1, (1.10)

where a = a(x,c) is the mobility of the fluid mixture, v = ~(x,¢) and d(x) are

the gravity and vertical coordinate, ¢ is the imposed external rates of flow, ¢(x) is



Chapter 1. Introduction 10

the porosity of the rock, D is the coefficient of molecular diffusion and mechanical
dispersion of one fluid into the other, ¢ = ¢(x,t,¢) is a known linear function of ¢
representing sources, and n is the exterior normal to the boundary I' = 91).

The pressure-velocity equation (1.8a)—(1.8b) is elliptic (after eliminating u). The
concentration equation (1.8¢) is parabolic, but normally convection- dominated. It is
derived from the conservation of mass which involves the Darcy velocity of the fluid
mixture, but the pressure variable does not appear in it. Thus a good approximation
of the concentration equation requires accurate solution for the velocity variables.
Mixed finite element methods have been applied to the pressure-velocity equation,
which can yield velocity solutions one order more accurate than those obtained using
corresponding finite difference and usual finite element methods [40, 41, 42, 46, 47,
120]. However, the finite dimensional spaces for the velocity and pressure need to
satisfy the Babuska-Brezzi condition, and the resulting linear system does not have
a positive definite coefficient matrix. Moreover, the number of degrees of freedom in
the linear system doubles that of finite difference or finite element methods.

We are interested in designing an SRM for the pressure-velocity equation since
the SRM formulation can produce as accurate a velocity approximation as the mixed
finite element methods, and can avoid the above-mentioned problems in mixed finite

element methods.

1.4 Regularization for Differential Equations without Constraints

Regularization methods are also used to treat differential equations without con-
straints when these equations have some sort of singularities or their solutions may
have some sort of discontinuities. Examples are viscous solutions of hyperbolic con-

servation laws [76], shape from shading problems with singularities [34] and transition
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phenomena in semi-conductor device simulation [13]. A frequently considered prob-

lem is the following first-order partial differential equation

a(u,x,t)g—?—l—Zbi(u,x,t)%—l—c(u,x,t) =0 (1.11)
=1 2

with appropriate initial and boundary conditions. In general, (1.11) may have some
kind of discontinuous solutions, e.g. a shock wave [76]. Or, if we consider the steady-
state case, (1.11) may have singularities, i.e. b; may vanish at some points, as in the
shape from shading problem [34]. Some regularization techniques have been designed

for solving (1.11). A popular one is

u

e + ed(u, z, ) Au+ D bi(u,z, t)a—u

alu,z,t) 2. .

+ c(u,z,t) = 0. (1.12)

The regularized problem often has a physical meaning by itself, e.g. a time-dependent

advection-diffusion equation with a small diffusion term. Another choice could be

2 n
g—; — Au) + a(u, :z;,t)z—l; + Zbi(u, ;z;,t)a_u + c(u,x,t) = 0. (1.13)

ed(u, x,t)( 2 Iz,
This has physical meanings as well, e.g. a traffic flow problem [118] or so-called
overdamped vibration problems [104].

Thus the approximate resolution of (1.11) becomes that of the singular pertur-
bation problem (1.12) or (1.13). Unlike the SRM, the regularization parameter ¢
has to be small in comparison with the mesh size to ensure that the solution of the
regularized problem be a good approximation of that of the original problem. It is
well-known that there are difficulties in solving these regularized problems numeri-
cally with small €, e.g. the stability problem for the central difference scheme and the
accuracy problem for the upwinding scheme in a boundary layer region in which the
derivatives of the solution may be large (see [37, 61]). We will consider some special

cases of (1.12) or (1.13) and focus mainly on uniformly convergent methods. We will

discuss spurious solutions of a simple upwinding scheme as well.
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1.5 Contribution of This Thesis

Our objectives are to propose and to investigate regularization methods for various
differential equations with or without constraints. Most attention is paid to ordinary
and partial differential equations with constraints (DAEs and PDAEs). We pro-
pose and analyze a regularization method called the sequential regularization method
(SRM). A very important advantage of our regularization method (SRM) is that the
problem after regularization need not be stiff. Hence explicit difference schemes can
be used to avoid solving nonlinear systems and they make the computation much
simpler. Improvements over stabilization methods and extra benefits for PDAEs are
also achieved.

In Chapter 2, the SRM is presented for linear index-2 DAEs with or without
constraint singularities. A complete theoretical analysis is performed for both cases.
It is proved that the difference between the exact solution of a DAE and the cor-
responding iterate becomes O(€®) in magnitude at the sth iteration, at least away
from the starting value of the independent variable ¢. Hence, the regularization pa-
rameter € need not be very small so the regularized problems are less stiff. By some
choice of parameters the regularized problems can be essentially nonstiff for any e.
As an example, a simple difference scheme for solving the regularized problems is
investigated. Implementation techniques are discussed to get an approximation in
the whole region for boundary value problems and to economize storage for initial
value problems. Numerical experiments support our theoretical results. Numerical
examples also show that usual stabilization methods do not work for problems with
constraint singularities. Most parts of this chapter are taken from the paper [11].

In Chapter 3, we extend the SRM to nonlinear problems and to DAEs with index

higher than 2. Again, nonstiffness of the regularized problems is achieved. Rather
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than having one “winning” method, this is a class of methods from which a num-
ber of variants are singled out as being particularly effective methods in certain cir-
cumstances of practical interest. In the case of no constraint singularity we prove
convergence results. The method is also applied to constrained multibody systems.
Numerical experiments confirm our theoretical predictions and demonstrate the via-
bility of the proposed methods. Most parts of this chapter are taken from the paper
[12].

In Chapter 4, we generalize the SRM to PDAEs, in particular, to the nonsta-
tionary Navier-Stokes equations. The convergence rate O(€®) at the sth iteration is
again proved for this PDAEF case in appropriate norms. The SRM not only avoids the
stiffness of the regularized problems which always occurs in pseudo-compressibility
methods but also avoids providing an unphysical pressure boundary condition which
has to be imposed in stabilization methods. Discretization and implementation issues
of the SRM are considered as well. In particular, a simple explicit difference scheme is
analyzed and its stability is proved under the usual step size condition (independent
of the regularization parameter €) of explicit schemes. The stability result also indi-
cates that the step size restriction can be relaxed as the viscosity becomes small. A
numerical example is calculated to demonstrate these results. The SRM formulation
is new in the Navier—-Stokes context and it performs well. Most parts of the chapter
are taken from the paper [79].

In Chapter 5, we apply the idea of the SRM to the simulation of miscible displace-
ment in porous media. The problem is modeled by a nonlinear coupled system of two
partial differential equations: the pressure-velocity equation and the concentration
equation. Only the approximation of velocity is important for the approximation of
concentration. The SRM idea is used for the pressure-velocity equation. An O(e*)

error estimate at the sth SRM iteration is also proved. A Galerkin finite element
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method is used for the discretization of the SRM formulation. It is capable of pro-
ducing as accurate a velocity approximation as the mixed finite element method.
But unlike the mixed finite element method its stiffness matrix is symmetric positive
definite and its finite element spaces need not satisfy the so-called Babuska-Brezzi
condition. Most parts of this chapter are taken from the report [82].

Chapter 6 is devoted to numerical methods of some special cases of singular per-
turbation equations in the form of (1.12) or (1.13). Sections §6.1 and §6.3 describe a
collection of papers [79, 115, 107] which reflects the author’s earlier research interests.
We believe that, by considering these special cases, we make steps towards the general
problems (1.12) or (1.13) which are undoubtedly very difficult. Also, these special
cases have practical meaning in themselves, hence, are worthwhile to be considered
independently. In §6.1, we consider the one dimensional steady-state case of (1.12).
§6.2 covers a special two-dimensional steady-state instance of (1.12) given in [121]
to show that upwind schemes may lead to spurious solutions even for problems with
very smooth solutions. We indicate that this is actually an ill-posed problem when €
is small. Hence, it is not strange that a direct discretization to the problem fails. In
§6.3, we consider the linear one dimensional time-dependent case of (1.13). In this
case, derivatives of the reduced problem may be discontinuous along the characteristic
curves.

Finally, conclusions and possible future work are contained in Chapter 7.



Chapter 2

Sequential Regularization Methods for Differential Algebraic Equations

2.1 Motivation of the SRM for General High Index DAEs

The sequential regularization method (SRM) is motivated from the augmented La-
grangian method applied to constrained multibody systems (index-3 DAEs in general)
by Bayo and Avello [19] and an earlier paper [20]. So we start this chapter by con-
sidering a mechanical system whose configuration is characterized by the generalized

coordinates ¢q. Let L be the system Lagrangian, defined by
L=T-YV,

where T" and V' are the kinetic energy and the potential energy, respectively. Let @)
represent non-conservative forces.

Usually the Lagrangian coordinates are not independent, but rather are interre-
lated through certain constraint conditions. When the connections between bodies
are of holonomic type, these constraint conditions can be expressed mathematically

in the following form:

®(q,t) = 0. (2.1)

Then Hamilton’s principle leads to the Euler-Lagrange equations:

d oL L .
iog) g TG (2.2)

where ) is a vector function whose components are Lagrange multipliers. For general

multibody systems, (2.2) becomes

M(q)q"+ @) = f(q.q) (2.3)

15
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with common initial conditions, where M is the mass matrix and @, is the Jacobian
of the constraint equations. (2.3) and (2.1) form the Euler-Lagrange equations for a
constrained multibody system. This is an index-3 DAE if @, has full rank.

We have indicated that direct discretization would not be good in general for
such a higher index DAE. One usual way to treat this problem is index reduction (to
an index-1 DAE or an ODE). The most straightforward transformation of the DAE
(2.3), (2.1) to an index-1 DAE involves replacing the constraint (2.1) with its second

derivative plus initial conditions:

d*®(q(t), 1)

o= =0, (2.4a)
®(q(0),0) W =0, (2.4b)

(cf. (1.6)). However, this causes well-known drift difficulties, i.e. the numerical
solution of (2.3), (2.4) may drift away from the original constraints (2.1) as time
proceeds. Hence we have to look for stabilized index reduction methods. A very
popular method called Baumgarte’s method proposed in 1972 [17] is a generalization

of (2.4). It replaces (2.4a) with the equation
¢ 4+ ad 4+ b =0, (2.5)
where a and b are parameters chosen so that the roots of the polynomial
o(t)=1*+ar+b=0, (2.6)

are both negative, i.e. the initial value problem for the differential equation (2.5) for

® is asymptotically stable (see [16]). The system (2.5), (2.3) can be written in the

[M <I>qT] [q”] _ [ fla.q) ] ‘ @.7)
¢, 0 A —(®,) ¢ — (9:) — a®’ — b

M o7
] 23)

form

The matrix
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Il Il Il Il

0
-1.5 -1 -0.5 0 0.5 1 15

Figure 2.1: planar slider-crank: initial state in solid line, subsequent states in dotted
lines

is nonsingular if ®, has full row rank. Hence (2.7) can be integrated using standard
numerical integrators. If @, is rank-deficient, we have a potential difficulty in solving
(2.7). Baumgarte’s method may not work then. The problem is called singular if @,

does not have full rank.

Example 2.1 Consider two linked bars (see Fig. 2.1). One end of one bar is fired at
the origin, allowing only rotational motion in the plane. The other end of the other

bar slides on the x-axis. The equations of motion form a nonlinear index-3 DAFE

p =0
My = f—GTA

gp) = 0

where x;,y;, ¢; are the coordinates of the center of mass of the ith bar, and
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p= (x17y17¢17x27y27¢2)T-

If the left bar is strictly shorter than the right bar, then the Jacobian matriz G' of
the constraint functions of this problem has full rank. The problem is nonsingular. If
the length of these two bars are the same, for example, each with length 2 and mass

1, then we have

M = diag{1,1,1/3,1,1,1/3}

f=1(0,-9.81,0,0,—-9.81,0)"

] — Ccos ¢y 1 0 singgy, 0 0 0
yp — sin ¢y 0 1 —cos¢y 0 O 0
g=| x3— 221 — COSs ¢ G=g,=1-2 0 0 1 0 sings
Y2 — 2y1 — sin ¢y 0 -2 0 0 1 —cosd,
2sin ¢ + 28in ¢y 0 0 2cosgy 0 0 2cosoy

Clearly, as the mechanism moves left through the point where both bars are upright
(01 =3, &2 = 37”) the last row of G vanishes at this one point and a singularity is
obtained. When arriving at this point with no momentum, this s actually a bifurcation
point where two subsequent motion configurations are possible. We will consider only

the case where the sliding bar continues to slide along the x-axis past the singularity,

and note that the solution is smooth in the passage through the singularity. O

In [19], Bayo and Avello proposed to solve the multibody system (2.3) using an
augmented Lagrangian algorithm which is transplanted from the same method in the
optimization context [5]. Their idea is to derive a modified formulation by adding to

the expression of Hamilton’s principle three terms:
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e a fictitious potential

1
Ve=>" 50%@2@2 (2.9)
k
e a set of Rayleigh dissipative forces

Gk = —QOékujk/,Lk(I);g (210)

e a fictitious kinematic energy term
* 1 12
T :Zﬁakq)kv (2.11)
k

where each «y is a very large real number (the penalty), and wy and py represent
the natural frequency and the damping ratio of the penalized system (mass, dashpot
and spring) corresponding to the constraint @, = 0. Then we get a modified Euler-

Lagrange equation
M" + ®La(®” +20ud" + O*®) + ¢1N = f(q,¢) (2.12)
or
(M +®La®,)q"+ LN = f(q,q') — OLa((®])'q' + (®:) +20ud’ + @), (2.13)

where o, ) and p are diagonal matrices that contain the values of the penalties, the
natural frequencies and the damping ratios of the fictitious penalty systems assigned
to each constraint condition. Because A* is not given in advance Bayo, Jalon and
Serna [20] propose an iteration to solve (2.12) or (2.13) by comparing (2.12) with
(2.3):

A= XN+ a(P 4+ 2Qud" + QQCI))LJ:%_“S =1,2,--- (2.14)
to get an approximation of A.

In [19] the authors called the whole procedure an augmented Lagrangian algorithm

and claimed that the algorithm works well, however without any theoretical analysis.
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In fact, the algorithm would certainly not work in general. In multibody motions ¢
usually remains smooth even in passage through singular positions. However, as indi-
cated in later sections, A may be unbounded at the singularity. So the iteration (2.14),
as an approximate procedure to obtain A, is not appropriate in some cases. Also, ®”
should not be included in (2.12) in the singular case because unbounded coefficients
may appear in it. From (2.14) the formulation corresponds to Baumgarte’s formula-
tion since when ¥ gets close to Ai_; (2.14) gets close to Baumgarte’s stabilization.
But Baumgarte’s stabilization is not as good as some other stabilization techniques
(see [8]). Moreover, in [19] the authors indicated that the iteration (2.14) is applied
until ||¢) — ¢/_1]| < &, where § is a user-specified tolerance. This criterion is perhaps
applied because they did not know the convergence rate of their iterative procedure.
We do not recommend this criterion because it causes not only unnecessary extra
iterations but also makes a storage-saving implementation difficult (cf. §2.6).

Our aim is to construct a method for general DAEs which not only avoids the
above shortcomings, but for which we also do not have a Lagrangian and Hamilton’s
principle. So another derivation of the algorithm is needed.

In this and the next chapter, we propose a class of algorithms motivated by the

augmented Lagrangian method for more general DAEs of order v,

V) = fla, 2. .. Lz, t) — B(x,t)y, (2.15a)

0 = g(a,t). (2.15b)

The DAE (2.15) has index v+ 1 if GB is nonsingular for all ¢, 0 <t < ¢y, where GG =
gz. We are interested in the cases v = 1 or 2. The Euler-Lagrange equations (2.3)
for mechanical systems with holonomic constraints are in this form with v = 2. The
algorithm is derived by combining a modified penalty idea (a kind of regularization)
given in [91] with stabilization techniques such as Baumgarte’s stabilization or the

stabilization analyzed in [8, 35] in an iterative procedure. We call the method the
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sequential regularization method (SRM) (cf. [11, 12]). The method is applicable for
more general higher index DAEs. More importantly, it works for both boundary
and initial value problems and is justified by a theoretical analysis. The number of
iterations can be determined beforehand depending on the penalty parameter o = 1/,
the mesh size i and the order of the method used. Since we specify the iteration
number in advance we can design a procedure for the initial value case to perform
the iteration without the need to store all previous approximate values.

The sequential regularization method is actually a functional iteration procedure
in which the difference between the exact solution of a DAE and the corresponding
iterate becomes O(€’) in magnitude at the sth iteration, at least away from the
starting value of the independent variable (which we shall call ‘time’). Hence, unlike
the usual regularization, the perturbation parameter e does not have to be chosen
very small, so the regularized problems can be less stiff and/or more stable.

Next we will propose and analyze the SRM for the linear index-2 case with sin-
gularities. Numerical experiments are given to verify our theoretical results. Some

simple difference schemes for the regularized problems and implementation issues for

the SRM are also discussed.

2.2 Linear Index-2 Problems

We first write down the linear index-2 problem:

= A(t)r — B(t)y + q(t), (2.16a)
0 = Gt)x+r(t)=g(x,), (2.16b)
where A(t), B(t) and G(t) are sufficiently smooth functions of ¢,0 <t <y, A(t) €

R™*7= B(t) € R™*™ G(t) € R™*™  and n, < n,. We consider the DAE (2.16)

subject to n, — n, boundary conditions
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Box(0) + Byz(ty) = 3. (2.17)
These boundary conditions are assumed to be such that they yield a unique solution

for the ODE (2.16a) on the manifold given by (2.16b). In particular, if we were to

replace (2.16b) by its differentiated form

0 = G’ +Ga+r" = %g(:p,t), (2.18a)
g(x(0),0) = G(0)z(0) + r(0) =0, (2.18b)

and use (2.18a) in (2.16a) to eliminate y and obtain n, ODEs for x, then the boundary
value problem for a with (2.17) and (2.18b) specified has a unique solution. In the
initial value case B; = 0, this means that (2.17) and (2.18b) can be solved uniquely
for 2(0). We will give a more precise assumption in Lemma 2.1 below. The problem
(2.16), (2.17) is of index-2 if GB is nonsingular for all . However, here we allow B
to be singular at some isolated points of t. For simplicity of exposition, let us say
that there is one singular point t.,0 < t. < t;. The inhomogeneities are ¢(t) € R
and r(t) € R™. We are only interested in the kind of singularities as in Example 2.1,
where the solution x of (2.16), (2.17) passes through the singularity smoothly.
Returning to Example 2.1 (where B = M~'GT), we can verify that, although the
matrix GM~'GT is singular at the singularity , the matrix M~'GT(GM1GT)~'¢&
is smooth for all ¢. Also, two types of singular constraints (i.e., with vanishing rows
or with some rows linearly dependent at some points) mentioned in [2] both have a

similar property. Thus, for the linear model (2.16), we assume accordingly:

Assumption 2.1 The matriz function P = B(GB)™'G is smooth, or more precisely,

P is continuous and P’ is bounded near the singular point t, where we define

P(t.) = lim (B(GB)™'G)(1).

t—tx
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Because we are only interested in the case where (2.16) has a smooth solution for

x (as is the case in Example 2.1), it is necessary to assume, in view of (2.16b):
Assumption 2.2 The inhomogeneity r(t) satisfies r € S, where

S =Hw(t) € R"™ : Gz = w for a smooth function z(t).

We note that Assumptions 2.1 and 2.2 are satisfied automatically if G B is nonsin-
gular for each ¢. On the other hand, neither B(GB)™" nor (GB)™'G alone are smooth
near a singularity in general. We also indicate here that to formulate the SRM (see
§2.4) we only need the continuity of P. The further requirement in Assumption 2.1
on the derivative of P is needed for the regularity of the solution (cf. Lemma 2.1 and
(2.24)) and the stability proof for the regularized problems (cf. §2.5). This require-
ment can be avoided if we make a more general assumption about the regularity and
stability of the original problem (cf. §3.1).

We consider both initial and boundary value problems. In §2.3 we briefly dis-
cuss the conditioning of the problem (2.16) with singularities. In §2.4 we derive
the sequential regularization method. In §2.5 we estimate the error of the SRM. In
§2.6, we consider some discretization and implementation issues for both initial and
boundary value problems. Finally, in §2.7 several numerical examples demonstrate

our theoretical results.

2.3 Problem Conditioning

Similarly to [15] and to the method of pseudo upper triangular decomposition (PUTD)
described in [2] (cf. §10.6; with the difference that we do pivoting to interchange

the row with the singularity of the lowest order and the current row when all the
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other rows vanish at some singular point), there exists a smooth matrix function

R(t) € R(r==7)xna which has full row rank and satisfies
RB =0, foreacht, 0<1t<ty,

where R can be taken to have orthonormal rows.

As in [15, 16], define the new variable
u= Rz, 0 <t <ty (2.19)
Then, using (2.16b), the inverse transformation is given by
= Su— B(GB) ', (2.20)

where

S=(I-B(GB)'GR = (I - P)R".

By the assumptions at the beginning of this chapter, this transformation is well-
defined. Differentiating (2.19) and using (2.16a) and (2.20) we obtain the essential
underlying ODE (EUODE):

u' = (RA+ R)Su— (RA+ R)B(GB)™'r + Rq. (2.21)
Hence the underlying problem of (2.21) is

v = (RA+ R)Su+ f, (2.22a)

BoS(0)u(0) + By S(ty)ulty) = By (2.22b)
We make

Assumption 2.3 The boundary value problem (2.22) is stable, i.e. there exists a

moderate-size constant K such that

lell < KA+ 154D),

where ||ul| = max{|u(t)], 0 <t <tr}.
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Similarly to Theorem 2.2 of [15], we have

Lemma 2.1 Let the DAFE (2.16) have smooth coefficients, and assume that Assump-
tions 2.1 and 2.2 hold. If the FUODE (2.21) with boundary conditions (2.22b) has
a unique solution, then there exists a unique solution for the x of problem (2.16)-
(2.17) which is smooth. This implies the unique existence of a smooth By as well.

Furthermore, if Assumption 2.3 holds then there is a constant K such that
=]l < K(llgll + | BGB) | + 151),

12"l < K(llgll + 1B(GB) ™ e[| + [[(B(GB) ') + 15

Remark 2.1 For problem (2.16) without singularities, we can get

el < &gl + 7l + 181),
12l < K (llgll + Il + 1"l +181)
as in [15, 16]. O
The difference between the situation here and in the nonsingular case is that
the perturbation inhomogeneities r yield reasonably bounded perturbations in the

solution x only if they are (in general) from the subspace Range (G).
From (2.16a) and (2.20), we can write

y=—(GB)'G(2' — Az — q),t € [0,t.) U (., 4], (2.23)

which could be unbounded at the singular point ¢. (whereas By is bounded). Note

that GG could be replaced in (2.23) by any appropriate matrix () with the same size
as (7, e.g. () can be BT.
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Remark 2.2 If B has full rank for each t, then
(GB)™'G = (BTB)'B'P.

Hence, (GB)™'G is smooth. Hence, there exists a unique solution for the y of problem
(2.16)-(2.17) which is smooth and can be expressed as (2.23) for each t. Furthermore,

using Lemma 2.1, we have in this case
Iyl < K(llgll + 11 B(GB) vl + I(B(GB)™'r)'|| + |8)). (2.24)

In the general case, however, we will have to consider By, rather than y alone, in the

theorems of the next section. O

A Baumgarte stabilization applied to (2.16) consists of eliminating y according
to (2.18),(2.23), and stabilizing (see (2.30) below for the usual form). This gives the
ODE

= (I— B(GB)_lG)(AJ} +q)— B(GB)_l(G/l' +7') — 6_1B(GB)_1(G$ +r) (2.25)

where € > 0 is a parameter (cf. [17, 8]). If there are no singularities then it fol-
lows from the analysis in [16] that if Assumption 2.3 holds then the boundary value
problem (2.25),(2.17),(2.18b) is also stable. In other words, the “initial value stabi-
lization” works also for the boundary value case, because the new modes introduced
by replacing (2.16b) with (2.18a) are separable and decaying, in agreement with the
additional initial conditions (2.18b).

However, in the singular case (2.25) may not work because the terms B(GB)™*G’
and B(GB)~'r'" are in general unbounded. Therefore, we develop an iterative method
in the next section which builds up an approximation to By and x that avoids going

through unbounded quantities.
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2.4 Derivation of the SRM

There are many discussions on regularization methods for DAEs. A direct regulariza-
tion (cf. the pseudo-compressibility method in the Navier-Stokes context [108, 72, 97])
is:

= A(t)r — Bty + q(t), (2.26a)

—cy' = G(t)x +r(t). (2.26b)

This formulation is not popular because it requires conditions on A, B and G, for
the purpose of stability of the system, and the existence of the first derivative of vy,
which is not necessarily true for the original problem (2.16) [86]. It may also change
the properties of the original index-2 problem too much by jumping from index-2
to index-0 (ODE). It seems evident that a regularization with fewer changes of the
original problem (e.g. from index-2 to index-1) might be better. The penalty method
[84, 91, 68, 70] is such a method. It reads

¢ = A(t)x — B(t)y + q(t), (2.27a)
cE7ly = G(t)x +r(t), (2.27b)

where I/ € R™*" is chosen such that BEG has non-negative eigenvalues. Hence, the
system obtained by substituting (2.27b) into (2.27a) is generally stable. For example,
we can choose, relying on Assumption 2.1, £ = (GB) !(hence, BEG = P). Also,
E = (GB)T could be a good choice in some circumstances. If B = M~'GT for some
positive definite matrix M (as in the case of mechanical systems) then it is possible
to choose I/ = I. Advantages of these choices of F will be discussed in Chapter 3.
For problems with singularities, we suggest using £ = (GB)™' to avoid a turning

point problem. Another approach is parameterization [85, 59]:

¢ = A(t)x — B(t)y + q(t), (2.28a)
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0 = G(t)(x+ex)+r(t). (2.28b)

Substituting (2.28a) to (2.28b), we get

eGBy = Gx +r + eGAx. (2.29)

This implies that parameterization can be seen as an instance of the penalty method
with F = (GB)~'. Recently, [94] has reported a regularization for DAEs with sin-
gularities based on a formulation obtained by the trust-region method in numerical
optimization. All these regularizations require the regularization parameter e to be
very small. Therefore a stiff solver is needed to solve the regularized problem. In this
section, we derive a new regularization method which is called the sequential regular-
ization method [11]. The SRM is an iterative procedure which combines the popular
Baumgarte stabilization or other stabilizations with a modified penalty method. One
purpose for doing so is that the regularized problems of the SRM can be non-stiff or
at least less stiff. Hence, simple discrete schemes (e.g. explicit schemes) can be used.
Other advantages of the method will be discussed in Chapter 3.
The Baumgarte stabilization of (2.16) reads (cf. (2.5))

oq%g(x,t) + agg(x,t) =0, g(x(0),0) = 0. (2.30)

Applying the idea of the penalty method to equations (2.16a) with constraints (2.30),

we obtain

¢ = A(t)x — B(t)y + q(t), (2.31a)
v o= wo+t %E(m%g(:p,t) + asg(a,1). (2.31D)

where yo can be seen as an initial guess of the exact solution y. of problem (2.16),

(2.17). If we take yo = y. then the solution of problem (2.31), (2.17) is exactly the
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same as that of problem (2.16), (2.17). If we take yo = 0 then (2.31) coincides with
the penalty method (2.27). Given any initial guess yo(t), the solution, say {x1, y1 }, of
(2.31), (2.17) is an approximation of the exact solution {x., y.} of (2.16), (2.17). Using
this solution y; as a new initial guess, we re-solve problem (2.31), (2.17). We expect
that the solution obtained is a better approximation of the exact solution. Repeating

the procedure, we invent the following iterative algorithm for solving (2.16):

For s =1,2,..., solve the ODFE problem

x,' = Az, — By, + ¢q (2.32)
where
1 d
Ys = Ys—1 + ZE(QIEQ(J;SJ) + O‘2g(x57t))v (2'33)

subject to the same boundary conditions (2.17). Note that yo(t) is a given initial
iterate and that € > 0 is the regularization parameter.

We call this algorithm a sequential regularization method (SRM). Note that x4(?)
and y;s(¢) are defined on the entire interval [0,7¢] for each s. For the problem with
singularities, the choice £ = (GB)T generates turning point regularized problems
which are complicated to solve and analyze. We thus choose F = (GB)™! for the
singular case. Noting that B(GB)™'G’ may be unbounded at the singularity we then
choose a; = 0 to avoid this term. Also, in practice we multiply (2.33) by B and keep
track only of the approximations By, to the bounded function By, since y may be

unbounded at the singularity. We thus have an SRM variant for the singular case:

For s =1,2,..., solve the ODFE problem
vy = Az, — By, + ¢ (2.34)

where

1
Bys = Bys—1 + —BEg(xs, 1), (2.35)
€



Chapter 2. Sequential Regularization Methods for Differential Algebraic Equations30

subject to the boundary conditions (2.17).
If y is desired (at times other than at the singular point ¢.) then it can be easily

retrieved from By in a post-processing step.

2.5 Convergence Analysis of the SRM
We first prove a lemma which will be used to discuss the convergence of the SRM.

Lemma 2.2 Let u, v be the solution of

v = (RA+ R)Su+ Siv+ fi, (2.36a)
Sv' +yv = eSou+ eSsv + fq, (2.36b)

BoS(0)u(0) + B S(tp)u(ty) = B — Sqw(0) — Ssv(ts), v(0) =vo, (2.36¢c)

where all coefficients are bounded, 6 = 1 or § = ¢, v is a positive constant and
Assumption 2.3 holds. Then, for € appropriately small or v appropriately large, we

have the following stability inequality
Jull < K([S2ll + 11S20l + 18]+ [vol),

[oll < KCell Al + WLzl + 18]+ Jvol),

where K is a positive constant.
Proof: Let v = (vy,-+,v,,)". From (2.36b), we easily have
€ € 1 .
Joil < —[ISalll[ull + =[[Ss[[llvll + [/l + [vol, = 1, -+ ny.
v v v

Hence, taking the maximum of the left hand side for 1 <1 < n, and choosing small

€ or large v appropriately such that €[[.Ss]| < v, we get

€ /21l + v[vol

v|| < Sollllwl| + .
[l ’y—eHSgHH 2I][we] = e%]

(2.37)
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By using Assumption 2.3, from (2.36a), there exists a positive constant K7 such that
Jull < Ky ([[Sulllfoll+ 1A+ 18]+ [Sallo(0)] + |Ss[ v ()

< K (1Sl + 155 Dloll + 1Al 4 18] 4 [Sal[vol)

Kye([| Sl + [S5D1152 Ky (153l + 1S DU+ ~vol)
v =l S v — el Sl

g + R (Al S o))

Hence, by choosing smaller € or larger v such that I(le(”jﬂlﬁﬁgﬁ")'lsﬂl < 1, the stability

inequality for u follows. Now the stability inequality for v follows from that for u and
(2.37). O
Now we estimate the error of the SRM (2.34), (2.35).

Definition 2.1 J is an integer such that

vo(0) = ye(0), y5(0) = y2(0),-..,u8" (0) = y)(0),

where yo(t) is the initial guess of the SRM iteration (2.34), (2.35) and y.(t) is the
exact solution of the original problem (2.16). Set J = —1 if yo(0) # y.(0). O

For initial value problems we may calculate y.()(0), i = 0,1,... in advance by
using the ODE and its derivatives. For boundary value problems we have J = —1 in

general since we don’t know y.(0) beforehand.

Theorem 2.1 Let the DAFE (2.16) have sufficiently smooth coefficients, and assume
that Assumptions 2.1, 2.2 and 2.3 hold. Then, for the solution of iteration (2.34),(2.35),

we have the following error estimates ( for J defined in Definition 2.1):
zo(t) —ze(t) = O() +0("Fpy(t/e)e™),
By,(t) = By.(t) = O(c) + O(" py(t/e)e/"),
for0<t<t; and s> 1. Here p,(7) = 0 if s < J+1; otherwise p(7) is a polynomial

of degree s — J — 2 with generic positive coefficients and |ps(0)| = |(Byo)+t1(0) —
(Bye)+D(0)].
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Proof: Let u; = Rxy and w, = Px,. Similarly to (2.20), we have
T, = Sus + w;. (2.38)
Furthermore, using (2.34) we obtain

uy = (RA+ R)Sus + (RA+ R)w, + Rg, (2.39a)

cwh +ws = e¢(PA+ P)Sus+ ¢(PA+ Pws — ¢By,_y (2.39b)

+ ePq— B(GB) ',
subject to

BoS(0)us(0) + BiS(ts)us(ty) = B — Bows(0) — Byws(ty), (2.40a)

wy(0) = —B0)(G(0)B(0)™'r(0).  (2.40Db)

The iteration (2.35) for By becomes
1
By, = By,_1 + Z(ws + B(GB)™'r). (2.41)

The proof proceeds along familiar lines of singular perturbation analysis. Accord-
ing to [111, 112] we can construct the asymptotic expansion of w; and u, sequentially
for s = 1,2,..., where we use Lemma 2.2 to estimate the remainders. Then, us-
ing (2.41) and (2.38), we get the asymptotic expansion of By, and x respectively.
Note that in these expansions the first terms are exactly x. and By.. This process
eventually yields the proof of the theorem. O

To provide a better understanding about the sequential regularization method we
give in §2.8 a detailed proof for the initial value case with no layers, s < J + 1. In
that proof, the construction of the asymptotic expansion is directly for = and By.
Moreover, the construction method we apply is somewhat different from [111, 112]

and more relevant to the concept of DAESs.
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Next, we consider the SRM (2.32), (2.33). For the initial value problem with £ =
I and B = GT | this corresponds to Algorithm (2.13), (2.14) of [19] for constrained
mechanical systems (although they do it for the corresponding index-3 case) derived
by a penalty-augmented Lagrangian formulation. Bayo and Avello have noted that
under repetitive singular conditions this algorithm may lead to unstable behavior.
For our index-2 case (2.16) with singularity, it appears to be impossible to choose a
matrix I such that problem (2.32),(2.33) is always stable, even if we assume B = G7.
A numerical example in §2.7 will verify such instability phenomena even for the case of
one singular point. However, for the case where constraints are without singularities,
(2.33) (multiplied by B) may have a benefit over (2.35). That is, (2.33) yields an
ODE problem for x, which is essentially not a stiff problem. Take F = (GB)™! as

before and rewrite (2.33) as

1 d
By, = By,_1 + ZBE(OQEQ(IL’SJ) + azg(xs, t)). (2.42)

Then we give the following error estimation for (2.32), (2.42):

Theorem 2.2 Let the DAFE (2.16) have sufficiently smooth coefficients, and assume
that G has full rank and that Assumptions 2.1, 2.2 and 2.3 hold. Then for the solution

of the iteration procedure (2.52), (2.42) with oy # 0, we have the following error

estimates:
s —x. = 0(€%),
Bys — By. = O(¢€’)
for 0 <t <t;and s=1,2,.... Note that no boundary layer terms appear here even

for J = —1 (See Definition 2.1)!
Proof: Denote u, = Rz, and v, = Gx,. Hence

x5 = Suy + Fuo,, (2.43)
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where S = (I — P)RT and F = B(GB)™' = PGT(GGT)! are both sufficiently
smooth. From (2.32),(2.42), we get

u, = (RA+ R)Su, + (RA+ R')Fv, + R,

S

(c+ ar)vl + agvs = (G + GA)Sus+ ¢(G'+ GA)Fos + ¢GBys_1 + ¢Gg — anr’ — aar,
with the corresponding boundary conditions, and
1
Bys = Bys—1 + —B(GB) " (an(vs + 1) + az(vs + 7).

Repeating the procedure of the proof of Theorem 2.1 and using Lemma 2.2 again to

estimate the remainder of the asymptotic expansion, we obtain

us —ue = O(€),
vs—v. = 0(€),

Bys — By. = 0(¢),
where u, = Rx., v. = Gz, = —r. Hence, using (2.43) and x. = Su. + Fv., we obtain

s —xe = S(us — ue) + Fvs —ve) = O(€°).

Remark 2.3 For the problem (2.32), (2.33) where G B is nonsingular, we have
s —xe = 0(€°), ys —ye = O(€).

This estimate also holds for £ = (GB)T. O

2.6 Discretization and Implementation Issues

The SRM iteration yields a sequence of ODE problems which are to be solved numer-

ically. We only consider the most difficult case, i.e. (2.34), (2.35) with singularities.
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Inserting (2.35) into (2.34), the ODE problem to be solved at the sth iteration is

written as the singular-singularly-perturbed problem (see [112, 89])
ex’, + BE(Gzs+ 1) = eAxs— e(Bys—1 — q), (2.44a)
Bozs(0) + Bixs(t;) =58 ,  G(0)x,(0) 4+ r(0) = 0. (2.44b)
We consider finite difference (or collocation) discretizations of (2.44) on a mesh

T O=l<th <...<iy=1s

hi = ti — ti—la h = max hZ
1<i<N

and denote by !, y? the corresponding approximations of x4(¢;), ys(t;), respectively.
We now have essentially two small, positive parameters to choose: € and h. We
assume that h is chosen small enough so that the EUODE problem (2.22) may be
considered as nonstiff and that the problem’s coefficients are sufficiently smooth.

In the BVP case the situation is the familiar one, much like the iterative solution of
a nonlinear boundary value ODE using quasilinearization (see, e.g., [14]). Each of the
linear boundary value ODEs (2.44) is discretized on a mesh 7 using, say, a symmetric
finite difference scheme or some other method. We expect, as h — 0, convergence to
the solution of ( 2.44) and our theory then applies for the entire numerical algorithm.

As an example, we give here a detailed analysis of the convergence of the backward
Euler difference scheme for (2.44). A similar discussion and results can easily apply to
the forward Euler difference scheme. The results for general higher order collocation
schemes have been described in [11]. Now we write the backward Euler scheme of

(2.44) as follows:

6% + B Ei(Gial +r;) = eAix] — e(Biys—1(L) — 1), (2.45a)

Bol’é + le?\f == 6, Gol’é + g = 0, (245b)

1
By = Biy,_1(t;) + =B Ei (G + 1), (2.46)
@
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where we represent the value f(#;) of a given function f at mesh point ¢; by f;.

Multiplying (2.45) by R; and P;, respectively, and denoting
u = R}, w) = P}

(then af = S;u? + w! since (2.38) holds), we have

u—u

hz

= RA(Sius 4 wp) + eFi=fizt R’ L(Simqui_y Fwiy) + Riqi,  (2.47a)
6% +wi = ePA(Siuf + wi) + PSRN (S ul + wiy)
_G(Biys—l(ti) — Qi) — BiEiria = 1, oty N, (247b)

Bo(SouS —|— UJS) —|— BI(SNU?\T —|— U)?V) = 6, U)S = —BoEoro = Pol’e(to). (247C)

At first, we consider the stability of the following difference scheme corresponding to

(2.47):
Ljus = === — RiA S - @&_lui_l = RiAw
L hZRZ O (2.48a)
Lo = U0 = e+
eP; A; w2—|-6P _hPi_lwl_l +g,1=1,--- N, (2.48b)

K3

Using the discrete maximum principle for the difference operator L%, i.e.

20> 0and Lhz, > 0= 2 > 0,Vi, (2.49)
we easily get
max ;] < M (|| + max [Lbwy]). (2.50)

Defining ||z]|; = max;<;<; |Z]| and using (2.48b), we have

lewlle < Me([lulls + [lwlle) + M|5:| + [|gl:
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or
[[eofli < M (eflel; + 152] + llgllo)- (2.51)

Here M stands for a generic constant independent of i, € and h. On the other hand,
Ltu; is a one-step difference operator of (2.22a) — the underlying problem of (2.21).
Using Assumption 2.3 and Theorem 5.38 of [14], we obtain

fulle < Br(131] + ma, |2 (252)

where ||z||oc = maxo<j<n |zj| and Ky = K 4+ O(h). Here K is the stability constant

defined in Assumption 2.3. Using (2.48a) and (2.48¢) we have

[ulloe < M(Jwlly + 182 + 18]+ 1 Fllx)- (2.53)

Then, using (2.51), yields

Jullsa < MIAAIn + llglly + 18]+ [52]) (2.54a)
[wllee < M(el[flln =+ llgllx + 1181+ [52])- (2.54D)
We thus obtain the stability inequalities (2.54) for the difference scheme (2.48) or

(2.47).

Now we discuss the convergence of (2.47). Using (2.54) , we have the estimates:

lus(ti) = uillee < M7+ [I7%]v) (2.55a)

[ws(ti) = willo < M([|7"|[x + I7lIn), (2.55b)

where 7% and 7 are local truncation errors for the difference scheme (2.47) and they

can be written as

= (€D + RSty + wa(ti)]
TOR()(Su. + w.) (€0} (2.564)
= ehfw(n}) + PO [S (o us(timy) + 1w, ()]

TP (S, 4w () (2.56)
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I

where £

e (tizr, t), o = 1,2,3. To bound the truncation error, we need the
derivative estimates of us and w,. From the asymptotic expansions of uy and w; ( cf.

Theorem 2.1)
Us = Up+ €lUg + 62(1252 + Ugz) + - - - (2.57a)
wy = we+ (W + Wa) + Wz + Wea) + - - (2.57b)
where v, = Rz, w. = Px. , us; and w;; are functions of regular expansions, u,; and
Ws; are boundary layer functions whose basic forms are p(t/¢)exp(—t/¢) (where p is

some polynomial) and us; = ws; = 0 for 7 < s ( since SRM iteration cancels out the

lower terms of regular expansions). We can expect that

g, [uf], Jwg] < M. (2.58)
But
M iHt>ec
7l = O(etexp(—t/e) < 2.59
o] (7 exp(=t/e) = { Me ! otherwise . ( )
Therefore
O(Gh) if € < hl = tl — to
‘v = O(h), || = 2.60
Il (h), Al { O(h)  otherwise . ( )
From (2.55), we thus have
Jus(ti) = uilloe < Mh (2.61a)
Meh if h
() — il < e (2.61b)
Mh  otherwise
l.e.
eo(ti) — 28 = S(E) (us(ts) — ) + (wy(t) — w?) = O(h). (2.62)

However, we can not generally get a good approximation for By, in the whole region

if € is not very small compared with hy since in this case we generally have
1
By; = Biys(ti) + ZBZEZ(GZSL'ZS + 1)
1 1
= Biys—i(t:i) + ZBiEi(Giws(ti) +7i) + Z(wf — ws(t;)) (2.63)

—  Buy.(t) + O(c + exp(—ti/e)) + O(h/e).
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Fortunately, we can get O(h) accuracy locally, i.e. in a smooth region or away

from the layer region, say for ¢;; <t < {;. Indeed, considering an equidistant mesh

for simplicity, from (2.47b), we have

Aws — Aw?
L Aw? = 6% + Aw? | =

P — P
eP A (S;Aul + Aw!) + GTI(Si_lAuf + Awi )+ 0(7"), (2.64)

where Aw?

= ws(t;) — wf, Auf = uy(t;) — uf and we note that 7 = O(eh) for

1o < 1 < N. Using the discrete maximum principle for L? int, <t

< ty on the
barrier function

2 = |Awfo|)\i_i° + i§£12a<>§v |0;] £ Aw?,

where §;,(= O(h)) is the right-hand side of (2.64) and A = h/(e+h), and using (2.61),

we get z; > 0 or

[Aw]| < AW [N+ max |4
0 19 <t<N

< M(hANT 4 eh). (2.65)

For e = h't%, —1 < § < 1,

N — exp(—(1i — io)hé) = exp(—(t; — tio)/hl_é).

Taking 7; such that exp(—(t;, — t;,)/h*™%) < Mh'*® = Me when h is sufficiently
small, we get

AT < exp(—(ty, — 1) /') < Me fori >y,

i.e. |Aw?| < Meh, ¥i > iy, and any e satisfying ¢ = A'T%, —1 < § < 1. Combining
this with (2.61b), we obtain

|Aw?| < Meh, Vi > ;. (2.66)

Then, using (2.63) and (2.66), we have the local error estimate

|Biy; — Biye(t;)| < M(h + €°), for iy <i < N. (2.67)
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This means we can get good approximation in a region which is away from the initial
layer.

Once an accurate SRM solution, say {7, B(t;)y;}, has been determined outside
the initial layer it may be possible to obtain an accurate solution everywhere by ap-
plying a few SRM iterations numerically solving (2.44a) ( changing BEG to —BEG)
subject to the terminal value

x(ty) = ay, (2.68)

and choosing By satisfying B(ts)yo(ts) = B(ts)yx. This procedure is feasible pro-
vided that the terminal value problem (2.44a),(2.68) is well-conditioned (which holds
if the terminal value problem for the EUODE (2.22a) is well-conditioned).

For the IVP case, where (2.44b) reduces to
x(0) = & given, (2.69)

we may, of course, proceed in the same way as for the BVP case. But now a few things
are easier. Firstly, for this case we can calculate By.(0) and then choose Byg to be
exact at t = 0. In fact, as indicated earlier we can also do this for higher derivatives
of By at the initial value by repeated differentiation of (2.16). Such a preparation of
the initial iterate Byg allows removing the layer error terms (or the condition ¢; > ¢)
in the error estimates (2.61).

Secondly, one may use a more convenient difference scheme to integrate the IVP
(2.44a),(2.69). If the EUODE is sufficiently nonstiff to warrant use of a nonstiff
integration method then this can be an attractive possibility here. Note, though,
that —h;/e must be in the absolute stability region of the method (see (2.39b)).
Thus, an explicit Runge-Kutta method of order p, for instance, may necessitate (at
least) p SRM iterations in order for the error in the estimates of Theorem 2.1 to be

of the same order as the error in the numerical approximation.
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The most important difference between the IVP and BVP cases is that the iterative
method described here does not appear to be necessarily optimal or even natural in
the IVP context, certainly not from the storage requirement point of view: Note that
the entire approximation of Bys_1 on [0,%;] needs to be stored. The situation here
is similar to that encountered with other functional iteration methods like waveform
methods.

However, this difficulty can be resolved by rearranging the computation, assuming
that the number of the SRM iterations, m, is chosen in advance. Thus, at each time
step i, 1 <14 < N, we calculate sequentially the quantities x}, By}, 2%, By?,..., 2™, By™.
To do this using a one-step scheme, say, we need only the corresponding quantities
locally, over the mesh subinterval [t;_y,;), and By). For the latter we may use, for
instance, y? = v.(0), i.e. By? = B(t;)yy, 0 < i < N. The storage requirements are
now independent of N and other typical IVP techniques such as local error control

may be applied as well.

2.7 Numerical Experiments

We now present a few very simple examples to demonstrate our claims in the previous
sections. Throughout this section we use a constant step size h and set t; = 1. To
make life difficult we choose h so that there is an ¢ such that ¢; = ¢, (if there is
a singularity). In the implementation we monitor the size of the pivot in a Gauss
elimination procedure for GB and slightly perturb ¢; away from ¢, when needed. At
a given time ¢, we use ‘ez’ to denote the maximum over all components of the error in
x® while 'ey’ denotes the maximum over all components of the error in By®. Similarly,
'dri ft' denotes the maximum residual in the algebraic equations.

We first look at a boundary value problem.
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Example 2.2 Consider the DAE (2.16) with

() ()

G = (1=2t 1-2t) = —(1=2t)( —|—smt)
subject to

(1) + 22(0) = 1/e.

—t cost

sint ), ye = {25

The exact solution is x. = (e A singularity is located at t = 1/2,

where y. becomes infinite while By, stays bounded. We start computing with the iterate

In Table 2.1 we list errors when using the midpoint scheme

xzs B $f_1 _ s o s
“h T Ammg o Byl ey
s _ s—1 -1 s
By_y = By i+¢'B 1B (Gawl s +ri1)
where x? , = % (but no such relation is necessary for y®). We apply this scheme
2

with h; = h = .01 for various values of €.

It is indicated in [11] that this scheme has 2nd order accuracy in ex and in ey,
except for the case ¢ < h when the error’s order in By drops to 1. This is evident
in the error column for t = 1.0. Note also the O(¢) improvement per SRM iteration
when this term dominates the error (i.e. when €8 > h?).

We note that the approximation for By at points within the initial layer is not
accurate. To get a better approximation within the initial layer ( i.e. near the initial
point t =0), we solve a terminal value problem (2.44a) (changing BEG to —BEG),
(2.68), as described in §2.6. Then we apply the SRM for the given problem with the
improved values for Byg. In Table 2.2 we list the computed results after 3 iterations.

They are obviously much better than the comparable ones in Table 2.1.

a



Chapter 2. Sequential Regularization Methods for Difterential Algebraic Equations43

€ iteration error at — t=.01 t=1 t=.3 t=5 +t=1.0
Te-1 1 ex 38e-1  .3be-1  .hbe-1 H2e-1 .39e-1
ey .96 40 14 34e-1  .66e-1

drift S7e-2  49e-1  .ble-1 .0 .ble-1

2 ex 92e-2  37e-1 .89e-2 .6he-2 .72e-2

ey 91 .96e-2 14 3de-1  .65e-2

drift 90e-2  .32e-1 .6le-2 .0 12e-2

3 ex 94e-2  19e-1  12e-1  .63e-2 .15e-2

ey 87 .20 30e-1  43e-1  .85e-3

drift 86e-2  16e-1  .43e-2 .0 .74e-3

le-2 1 ex 38e-2  .60e-2  .h3e-2  44e-2  .38e-2
ey .67 30e-2  A40e-2  A48e-2  .62e-2

drift .6De-2  .80e-2 .38e-2 .0 .Dhe-2

2 ex 45e-2  10e-3  .88e-4 .TT7e-4 .64e-4

ey 45 32e-3  7T0e-4 . 4de-4  23e-4

drift A4e-2  1be-4 .14e-4 .0 .68e-4

3 ex 30e-2  bhe-b  .b2e-5  .59%e-bH  1le-4

ey .30 A8e-2  26e-4  .18e-4 .67e-5

drift 29e-2  17e-bh  .26e-H .0 .Hbe-5

le-3 1 ex A3e-2  hR8e-3  .b2e-3  4bhe-3  .39e-3
ey A7 ATe-2 Ale-3  49e-3  .62e-3

drift A7e-2  79e-3  .38e-3 .0 .Dde-3

2 ex 30e-3  Tle-4 .7he-H .T2e-H  .12e-4

ey 30e-1  17e-1  .34e-4  .13e-4 .54e-)

drift 30e-3  ble-4  .20e-H .0 .65e-5

3 ex .6De-4  1he-3  .70e-5 .70e-H .12e-4

ey 70e-2  .33e-1  .12e-3  .14e-4  .56e-5

drift 69e-4  1le-3 .2le-h .0 .59%e-5

Table 2.1: SRM errors for Example 2.2 using the midpoint scheme

Next we consider initial value problems.

Example 2.3 Consider the same DAFE as for Frample 2.2 with the same exact solu-
tion but with initial values x1(0) = 1, x2(0) = 0 specified. From these initial conditions
we can calculate y(0) = 1 in advance, and we choose the initial guess yo(t) = 1. Ta-
bles 2.3 and 2.4 display error results for ¢ = .1 and h = .001 using the backward
Fuler and the forward Fuler schemes, respectively. As explained in §2.6 we calculate
all iterates at each step before proceeding to the next.

These tables show a significant improvement with each SRM iteration and no

strong initial layer effect, as predicted by theory.

a
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€ error at —» t=.01 t=1 t=.3 t=.5
Te-1 ex .62e-2  bde-2 .39e-2  .28e-2
ey A8e-2  A45e-2  4de-2  Hde-2

He-2 ex J76e-3  .D8e-3  .32e-3 .17e-3
ey 22e-2 18e-2  .10e-2  .50e-3

le-2 ex Die-4  49e-4  3be-4  .26e-4
ey J10e-3  .85e-4  H2e-4  .32e-4

le-3 ex A49e-4  42e-4  3le-4  23e-4
ey Dbe-4 A46e-4 30e-4  .19e-4

Table 2.2: SRM errors for Example 2.2 using the shooting-back technique

iteration error at — t=.001 t=1 t=.3 t=5 +t=1.0
1 ex 20e-5  T2e-2  37e-1 .63e-1 T

ey 20e-2 A2 15 A2 H%e-1
drift A5e-5  .60e-2  .16e-1 .76e-4 15

2 ex 20e-5  Ble-2 13e-1  .10e-1  .25e-2

ey 20e-2  .68e-1  .45e-2  20e-1 .80e-2

drift Abe-b  A42e-2  hle-2  lde-4 .6Te-2

3 ex 20e-5  .3be-2  23e-2  .16e-2 .76e-3

ey 20e-2  32e-1  26e-1  .10e-1 .37e-2

drift Abe-5  29e-2  12e-2  10e-5  .12e-2

Table 2.3: SRM errors for Example 2.3 using backward Fuler

Example 2.4 Here we investigate the use of the modified formula (2.42) instead of
(2.35). First, we solve the previous example numerically using (2.42). In Table 2.5
we record error values at the singularity point t = .5 after 3 SRM iterations, starting
with yo(t) =1 and using as before e = .1 and h = .001 (¢f. Tables 2.5).

From these results it is clear that the SRM with (2.42) does not work well when
ay # 0: large errors in By are obtained near the singularity and these adversely
affect the accuracy in x as well. However, the comparison changes when there is no
singularity in the constraints: We now replace the algebraic constraint in Example
2.3 by

T+ as—e " —sint=0

leaving everything else the same (including the singularity in B). In Table 2.6 we

record maximum errors in x and By over all mesh points (denote those ‘exg’ and
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iteration error at — t=.001 t=1 t=.3 t=5 +t=1.0
1 ex D0e-6  .Tle-2 .36e-1 .63e-1 T

ey 20e-2 A2 15 A2 .60e-1
drift D0e-6 .60e-2  .16e-1 .76e-4 15

2 ex Hle-6 Hle-2  12e-1  .10e-1 .44e-2

ey 20e-2  .68e-1  Ale-2  20e-1 .70e-2

drift D0e-6 A42e-2  Hle-2  lde-4 .6Te-2

3 ex H0e-6 .3he-2  43e-2  .18e-2  .98e-3

ey 20e-2  32e-1  26e-1  .97e-2  .46e-2

drift D0e-6 .29e-2  12e-2  lle-5 .12e-2

Table 2.4: SRM errors for Example 2.3 using forward Euler

(o1, 02) — (0,1) (h,1) (1,1)
method ex ey ex ey ex ey
backward Fuler .16e-2 .10e-1 .80e-3 .20e+1 .15 .37e+3
forward Euler .18e-2 .96e-2 .25e-2 .18e+1 .64 .15e+4

Table 2.5: Errors near singularity using modified formula (2.42)

‘eyq’, respectively) for the starting iterates yo(t) = 1 and yo(t) = 0 (the latter does

not agree with the exact y.(0)).

(a17a2) — (071) (hvl) (171)
Yo metho exg eyg exg eyg exg eyg
=1 backward Euler .46e-2 .44e-1 .45e-2 .43e-1 .22e-3 .28e-3
forward Euler .45e-2 .44e-1 .44e-2 .43e-1 .19e-3 .23e-3
=0 backward Euler .22e-1 97 22e-1 .94 d2e-3  .75e-3
forward Euler .22e-1 97 22e-1 .94 19e-3  .75e-3

Table 2.6: Errors for problem without singularity using modified formula (2.42)

The modified method (corresponding to (aq,aq) = (1,1) in Table 2.6 is seen to

work better for problems without singularities.

a

The above calculations all agree with our theoretical results described in §2.5 and

§2.6.
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2.8 More about the Proof of Theorem 2.1

To provide a better understanding about the sequential regularization method we now
give a detailed proof of Theorem 2.1 for the initial value case with no layers, s < J+1.
J is some positive integer defined in Definition 2.1. In this proof, the construction of
the asymptotic expansion is directly for x and By. Moreover, the construction method
we apply is somewhat different from [111, 112] and more relevant to the concept of
DAEs. The same idea is applied to prove the convergence of the SRM for Navier-
Stokes equations in Chapter 4. For s > J+ 1, additional initial layer expansions have
to be developed. However, the construction of these layer expansions is precisely the
same as in [111, 112] and so it is omitted here. In case that (2.17) are initial conditions
(i.e. B; = 0) our assumptions imply that (2.17) together with (2.18b) specify z(0),
say

2(0) = 2 (2.70)

At first, consider the case s =1 of (2.34),(2.35):
ex’ + B(GB)_l(Gl'l +1r) = eAxy — eByo + €q,

with the initial conditions (2.70). This is a singular-singularly-perturbed problem
(see [112, 89]). Let

Ty =20+ ernn+ -+l +

Comparing the coefficients of like powers of €, we thus have

B(GB) 'Gzyy = —B(GB)™'r (2.71a)
B(GB)_IGJ?ll == —$;0+A$10 — Byo—|—q7 (271b)
B(GB) 'Gry; = —al,_ |+ Az, 2< i1 <s+1, (2.71c)

where (2.71a) satisfies (2.70) and (2.71b) and (2.71c) satisfy homogeneous initial

conditions corresponding to (2.70). Now, (2.71a) has infinitely many solutions in
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general. To realize the construction, we should choose w19 to satisfy (2.71a) and to
ensure that the solution of (2.71b) exists. We choose 219 to be the solution z. of

problem (2.16)-(2.17), i.e.

2y = Axyo — By + q, (2.72a)
0= Gl’lo + r, (272b)
Bol’lo(()) == 6 (272C)

So x19 = . and (2.71b) has the following form
B(GB)_IGJ?ll == B(ye — yo) (273)

Now we choose x1; and a corresponding yo; to satisfy

zhy = Az — By (2.74a)
Gl’u = GB(ye — yo), (274b)
Box11(0) = 0. (2.74¢)

Noting that By, = —a. + Ax. + ¢ is smooth, we have GB(y. — yo) € S. Hence,
using Lemma 2.1, there exists a smooth solution x1; of (2.74), and 1 satisfies (2.73).
Indeed, using (2.74b) and Definition 2.1, we have G(0)x11(0) = 0, so x1;(0) = 0. And,

from (2.74b) again,
(GB) "Gz = y. — yo, for each t € [0,1.) U (., t4].

That is,
B(GB) "Gz = B(ye — yo),t € [0,1.) U (¢, 7). (2.75)
Taking the limit of (2.75) at t., we thus get that a; satisfies (2.73) for each t € [0,].

Moreover, from Definition 2.1, we have

yor1(0) = vy (0) = --- = y&V(0) =0, s < T+ 1.
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Also we note that Byg; is smooth.

Generally, supposing we have got x1,_1, Byg;—1 and
oi1(0) = ygi_1(0) = -+ = ygiy " (0) = 0
for ¢ > 2, we choose zy;, yo; satisfying
ay; = Az — By,
Gy = (GB)yoi-1,
Boz1;(0) = 0.

By the same argument as before, we obtain that xq; satisfies (2.71¢) for 2 <i < s+41,

and

yoi(0) = i (0) = - = 4§ (0) = 0, s < J + 1.

Also, Byg; is smooth. Next we denote the asymptotic solution
Tis1 = 10+ €x11 + -+ Exrs + €

and

Z1s41 = T1 — T1s41-

Then

2141 + Prrspr = €Azipn + € (=l + Az,
215+1(0) = 0
Let w1541 = Rz1541 and wys11 = Pz1s11. Hence, we have (cf. (2.38))

21541 = SUtsy1 + Wist1

and

Wypr = (RA+ B)Suispn + (RA+ R)wiops + O(cH),
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€Wy + wisyr = (PA+ P)Suispr + e(PA+ Pwie + O(e1?),
u15+1(0) =0, w15+1(0) = 0.
Using Lemma 2.2, we get w41 = O(eT?) and uyeq1 = O(e1), iLe.
Z1s4+1 = O(ES+1).

Therefore,
1 =210+ exi1+ - —|—€S$15+O(65+1). (276)

Noting 219 = ., we thus obtain
v — 2o = Ofe). (2.77)
Then, by using (2.35),(2.76),(2.71),(2.72a) and (2.74a), it follows that
By, = Byo + %B(GB)*(G:](;1 +7)

By, = Byo+ %(Pl'm + B(GB)™'r + €Payy + -+ + € Pays + O(e5Th))

) (2.78)
= Bye + 6ByOl + -+ €’ ByOS—l + 0(65)
or
By, — By. = O(e). (2.79)
Now we look at the second iteration s = 2 of (2.34), (2.35):
ey, + B(GB)_l(GxQ + 1) = eAxy — eBy + €q,
with initial conditions (2.70). Let
Ty = T30 + €T + EXog + 00
Noting that (2.78) gives us a series expansion for By; we obtain,
B(GB) 'Gxy = —B(GB)™'r, (2.80a)
B(GB) 'Gay = —aby+ Azg — By. +q, (2.80b)

B(GB) 'Gry; = —ab |+ Axgiy — Byoi1, 2<i<s+1 (2.80c)
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Again, (2.80a) satisfies initial conditions (2.70) and (2.80b) and (2.80c) satisfy the
corresponding homogeneous ones. As the case of s = 1, we choose x99 = z.. We thus

have

B(GB)_IGJ?Ql =0.

Then w9 is constructed to satisfy

Y, = Azy — By, (2.81a)
Gl’zl = 0, (281b)
Box21(0) = 0. (2.81¢)

Obviously x3; = 0 since (2.81) is uniquely solvable for x9; by Lemma 2.1. In general,

similarly to the case of s = 1, we choose z; satisfying

b, = Awy; — By, (2.82a)
Gay = —(GB)(Yoi-1 — Y1i-1), (2.82b)
Bowa;(0) = 0. (2.82¢)

for 2 <1 < s+ 1. By applying Lemma 2.2 and the same argument as in the case of
s =1 we get

Ty =T, + €rg + g + -+ + Sy + O (2.83)

or

zy — 2 = O(c%). (2.84)
Then, using (2.35),(2.80),(2.81a),(2.82a), (2.83) and (2.78), we conclude

1
By2 = Byl —|— ZB(GB)_l(Gl’Q —|— T)

= By.+€Byia+ -+ € ' Byis_1 + O(€%) (2.85)

or

By, — By. = 0(¢%) (2.86)
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We can repeat this procedure, and, by induction, complete the proof for s < J41.



Chapter 3

SRM for Nonlinear Problems

In the previous chapter we derived the sequential regularization method and gave a
detailed continuous and discrete analysis for linear index-2 DAEs. The method relates
to a combination of stabilization and penalty-like methods. In this chapter we extend
the method to nonlinear index-2 and index-3 problems (v = 1 and v = 2 in (2.15)),
including constrained multibody systems. A number of variants are proposed, and
particularly effective methods are singled out in certain circumstances. All results
obtained here are certainly applicable to the linear case.

The chapter is organized as follows: In §3.1 we consider problems without con-
straint singularities. Two SRM variants are discussed. One variant involving i—i
(corresponding to (2.32), (2.33)) leads to nonstiff problems. Taking £ = [ is particu-
larly attractive. The other variant, corresponding to (2.32), (2.33) with a; = 0, does
not involve j—i. The choice £ = I, if possible (otherwise one can choose I = (GB)7T),
makes the computation particularly simple. Problems with constraint singularities
are considered in §3.2. The SRM corresponding to (2.34), (2.35) is proposed for such
problems. This variant works well in practice, but our proofs to date extend only to
the linear case.

In §3.3 we analyze and discuss various methods for index-3 problems. A number
of SRM variants are possible, combining regularization with Baumgarte’s stabiliza-
tion or with invariant stabilization [8]. Of particular interest, in case of no constraint

singularity, are the methods (3.47) and (3.33)—(3.35) which corresponds to invariant

52
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stabilization. The choice £ = [ leads to particularly simple iterations. A corre-
sponding convergence result is given in Theorem 3.3. In case of a possible constraint
singularity, the SRM (3.41) is recommended.

These methods are reformulated in §3.4 for the special case of multibody systems
with holonomic constraints. The “winning” methods are (3.44)-(3.45) with £ = [
for the nonsingular case and (3.46)-(3.47) for the case where the constraint Jacobian
may have isolated rank deficiencies. In §3.5 we report the results of numerical exper-
iments confirming our theoretical predictions and demonstrating the effectiveness of

the proposed methods.

3.1 Nonlinear, Nonsingular Index-2 Problems

The nonlinear index-2 DAE (v =1 in (2.15)) reads:

¢ = f(x,t) — B(z,t)y, (3.1a)

0 = g(x,t), (3.1b)

where f, B and ¢ are sufficiently smooth functions of (x,f) € R" x [0,1], and

y € R". We consider this DAE subject to n, — n, boundary conditions

b((0), z(ty)) = 5 . (3.2)

These boundary conditions are assumed to yield a unique! and bounded solution for
the ODE (3.1a) on the manifold given by (3.1b). Concretely, if we were to replace

(3.1b) by its differentiated form (denoting GG = g—i)

d
0 = Ga'+q (= d_?) (3.3a)

9(2(0),0) = 0 (3.3b)

ocally unique, or isolated solution in a sufficiently large neighborhood would suffice.
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and use (3.3a) in (3.1a) to eliminate y and obtain n, ODEs for x, then the boundary
value problem for x with (3.2) and (3.3b) specified has a unique solution. In the initial
value case (i.e., when b is independent of x(ts)), this means that (3.2) and (3.3b) can
be solved uniquely for x(0).

In this section, we consider the case where GGB is nonsingular. Generalizing the
idea in §2.4, we have the following SRM formulation for the nonlinear index-2 DAEs

(3.1), (3.2): for s =1,2,...,

l’/s = f(l’s,t) - B(l‘s,t)ys, (34)
where
1 d
Ys = Ys—1 + —E(s, 1) (01 g(2s, ) + azg(as, 1)), (3.5)

subject to the boundary conditions (3.2) and (3.3b). Note that yo(t) is a given
initial iterate which we assume is sufficiently smooth and bounded and that ¢ > 0 is
the regularization parameter. The regularization matrix F is nonsingular and has a
uniformly bounded condition number; possible choices are £ = I, E = (GB)™! and
others (e.g. £ = (GB)T, cf. [11, 94]). We note that if we take yo = y then v; = =,
where @ and y are the solution of (3.1). If we take yo = 0, then one SRM iteration
is the usual penalty method (cf. [84, 91, 69]). As customary for the penalty method,

we assume:

Assumption 3.1 The problem (3.4), (3.5),(3.2),(3.3b) has a unique solution and

the solution is bounded if ys_1 is bounded.

Assumption 3.1 is generally true for initial value problems. For general boundary
value problems, we expect that it would hold for most practical cases since (3.4)
(with (3.5) plugged in) may be seen as a perturbed problem of (3.1) according to the
proof of Theorem 3.1 (see below), where the perturbation and its first derivative are

both small if € is small.
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To analyze the SRM, we assume the following perturbation inequality: For 0 <

t<ty,
60— (O < M max (50)]+ 15, (3.60)
STy
50— w® < M max (6] + 5], (3.60)
STy
where || - || is some [, norm (say, the maximum norm), and & and g satisfy the

following perturbed version of (3.1):

o= f(‘%vt) - B(ivt)gv (37&)

0 = g(d,t)+8(t) (3.7b)

with the same boundary conditions as (3.2). For initial value problems, (3.6) has
been proved in [58], pp. 478-481. It is actually the definition of the perturbation
index introduced in [58]. Furthermore, (3.6) also holds for boundary value problems
if we impose some boundedness conditions on the corresponding Green’s function (cf.
14)).

The case oy # 0 in (3.5) is sufficiently different from the case a; = 0 to warrant

a separate treatment.

3.1.1 The case a; =1

Now we estimate the error of the sequential regularization method (3.4)-(3.5). We
prove a theorem which says that the error after s SRM iterations is O(¢®) (i.e., each
iteration improves the error by O(€)) everywhere in ¢. This result coincides with that

of the linear case.

Theorem 3.1 Let all functions in the DAFE (3.1) be sufficiently smooth and the above

assumptions hold. Then, for the solution of iteration (3.4),(3.5) with oy # 0, we have
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the following error estimates:

for 0 <t <ty ands>1.
Proof: Let v, = g(z,,t). Then, from (3.4),
v = G(ag, )l + gi(as, t) = Glag, t) f(xs, 1) — G(as, ) B(xs, )ys + gi(xs, 1).

Using (3.5), we thus have

(e(GBE)™ + vl +ayv, = «(GBEY (Gf+g:)— By, (3.8a)

v,(0) = 0. (3.8b)
Therefore it is not difficult to get
vs = g(as,t) = O(e), vl = g(as, t) = O(e), (3.9)

if ys—1 is bounded (which implies that z, is bounded from Assumption 3.1).

For s = 1, we have

ry = J(xy,t) = By, by

g(x1,t) = O(€), glar,t)" = O(e)
since yo is chosen to be bounded. From assumption (3.6), we immediately get
1 — 2. = 0(€), 11 —ye = Ofe). (3.10)
Then it is easy to see that y; is bounded. So for s = 2, we obtain

x/2 = f(x%t) - B(x27t)y2

g(za,t) = O(e), g'(x2,t) = O(e)
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By using assumption (3.6) again, this yields
xq — 2. = O(e).

Hence it can be verified, by substituting (3.3a),(3.1a) for the exact solution, that the

right hand side of (3.8a) becomes O(€?). So, from (3.8), we can get
g(x%t) = 0(62)7 g/(x%t) = 0(62)‘

Applying assumption (3.6), it follows that
z9 — 2. = O(c?), y2 —y. = O(?). (3.11)

This also gives the boundedness of ys.

We can repeat this procedure, and, by induction, conclude the results of the
theorem. O

From (3.8) it is clear that there is no stiffness here, so we can choose € > 0 very
small, so small in fact that one SRM iteration would suffice for any desired accuracy,
and discretize the regularized ODE, possibly using a nonstiff method like explicit

Runge-Kutta. This gives a modified penalty method
[[+ ¢ 'BEG)2' = f — Byo — ¢ "BE(g: + as9) (3.12)

where B, F, g etc, all depend on x, with the subscript s = 1 suppressed.
For the choice E = (GB)™!, let P = BEG = B(GB)™'G be the associated
projection matrix. Multiplying (3.12) by H—%P and by I — P, respectively, and then

adding together, we have

1 e! B
- HﬁB(GB) G + gi + azg]

Thus the iteration obtained is similar to Baumgarte’s stabilization

v' = [ = B(GB)[Gf + gt + aag] (3.13)
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In fact, the single SRM iteration tends to (3.13) in this case when ¢ — 0. Indeed,
the parameter as is the usual Baumgarte parameter, and choosing a3 > 0 obviously
makes equation (3.8a) asymptotically stable for the drift v;. As indicated in [12], for
both of these methods we can apply post-stabilization instead, i.e. take oy = 0 but
stabilize after each discretization step [8, 9].

For reasons of computational expense, it may be better to choose E = [ in (3.12).
The iteration obtained is simple, although a possibly large matrix (with a special

structure) must be “inverted”.

Example 3.1 The choice of E = I is utilized in Chapter j (see also [80]) for the
time-dependent, incompressible Navier-Stokes equations governing fluid flow. The
advantage gained is that no treatment of pressure boundary conditions is needed, unlike
methods based on Baumgarte-type stabilizations which lead to the pressure-Poisson

equation. O

3.1.2 The case o; =0

For this case the drift equation (3.8) is clearly stiff for 0 < € < 1. As in §2.5, we
denote J such that

yo(0) = ye(0), y5(0) = y.(0),....y8"(0) = y)(0), (3.14)

where J = —1 if yo(0) # y.(0), then we can prove the same result as Theorem 3.1
for s < J 4+ 1. Note that we may choose yo satisfying (3.14) for some m > 0 by
expressing y in terms of z at ¢ = 0 for initial value problems. But this starting
procedure generally does not work for boundary value problems. Hence we state and
prove the theorem for initial value problems and comment on the boundary value

case following the proof.



Chapter 3. SRM for Nonlinear Problems 59

Theorem 3.2 Let the assumptions of Theorem 3.1 plus (3.14) hold. In addition,
suppose that the matric function E(x,t) has been chosen so that GBE is positive
definite. Then, for the solution of iteration (5.4),(3.5) with ay = 0, we have the

following error estimates:

for1 <s<J4+1and 0 <t <ty.

Proof: We derive the result for the case s < J 4+ 1 = 2. Following the proof, we
will comment on additional generalizations. The key is again the basic drift equation

(3.8), which we rewrite here as

cw, +(GBE)v, = oGf+ g —GBy,), (3.15a)

v,(0) = 0. (3.15b)

where quantities are evaluated as before, at (x5,1), unless otherwise noted.

For s = 1, given the boundedness of y, we obtain as before
v1 = O(e)

To obtain a similar result for v}, however, a different procedure from that of Theorem

3.1 is needed. Note that at ¢t = 0, the condition yo(0) = y(0) implies
(Gf+9: — GByo)li=o = 0

Hence from (3.15a), v{(0) = 0. Differentiating (3.15a) with respect to ¢ and using
v1 = O(e), we get
vl + (GBE)v] = O(¢), v1(0)=0

and this yields
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From assumption (3.6) we then get (3.10).
Subtracting (3.1a) from (3.4) and using (3.10) gives also

7y = 2"+ O(e)

and boundedness of y} is obtained from a differentiation of (3.5).
For s = 2, given the boundedness of y; (by (3.10)) and y1(0) = y(0), we get as for
s=1

and hence also
z9 =2 4 O(e)
This yields that the right hand side of (3.15a) is O(€?), so

vy = O(e?)

Now comes the delicate part. To obtain an O(e?) estimate also for v}, so that the
estimate (3.6) can be used to complete the proof, we differentiate the drift equation

again, obtaining
vl + (GBE), = O(€%) + ¢(Gf + gt — GBy)'
and v)(0) = 0 obtained as for the s = 1 case. We are then left to show that
F(ag,t) := (Gf + g: — GBy1)' = O(e) (3.16)

For this purpose we must estimate v first. Using the condition y,(0) = y'(0), and
also x1(0) = 2(0), 21(0) = 2’(0) (obtained from (3.4)), we can obtain

(Gf(l'lat) + gt(l'ht) — GB(xl,t)yo)/|t:0 =0

Hence v{(0) = 0 from (3.15a) once differentiated. Differentiating (3.15a) twice we

now obtain precisely as when estimating v above,

vy = O(e)
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The boundedness of all needed quantities can also be obtained in the same way as

before. Finally, we note
vi = Gy + gilwn, t) = Gf(a1,1) + gilwr, 1) — GB(x1,
Ready to show (3.16), we now write
Flaa, 1) = [(Gf (22, 1) =G f (a1, )+ (ge(w2, 1) —ge(a1, 1)) +(GB (a1, 1) =G B(a2, 1) jy1—vi]

Our previous estimates allow the conclusion that xs = 21 + O(e), 5 = 2] + O(e),
hence we can finally conclude the estimate (3.16) and obtain the result of the theorem
for s = 2.

The proof proceeds in a similar manner for larger .J. Generally, one needs the

estimate vy) =0(e), 1 <5< J+1,and this necessitates (3.14). O

Remark 3.1 The convergence result holds for all s (i.e. also for s > J+1, assuming
sufficient smoothness) away from an initial layer of size O(€) int. This is so because
E is chosen so that we can express the solution for small ¢ as a smooth outer solution
which is bounded in terms of the right hand side as before, plus an initial layer of
width O(c). Conditions (3.14) then ensure that the layer error is bounded by O(c’*1)

for the first J + 1 iterations. O

Remark 3.2 For boundary value problems, there is no obvious technique to ensure
J > —1. For a given J, the results of Theorem 3.2 and Remark 3.1 can be extended
as in Chapter 2. This requires a different proof technique, though. Basically, an
asymptotic expansion for xy, and y, s constructed, where the first term is the evact
solution x, y. This latter proof technique follows more along traditional singular
perturbation lines (see [112, 89, 69]), and is not as close to Theorem 3.1 and to DAE

concepls. O
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Taking cy = 1 without loss of generality, we obtain the iteration
vl = f — Bys_1 — ¢ 'BEg(xs,1) (3.17)

This is a singular, singularly perturbed problem (so ¢ should not be taken extremely
small compared to machine precision even if a stiff solver is being used). If GB is
positive definite then we may choose £ = I, and this yields a very simple iteration in
(3.17) which avoids the inversion necessary in stabilization methods like Baumgarte’s.
However, if an explicit discretization method of order p is contemplated then approx-
imately p SRM iterations like (3.17) are needed, because one must choose € = O(h),

where h is the step size.

3.2 Nonlinear, Singular Index-2 Problems

In this section we consider the nonlinear index-2 problem (3.1) with an isolated sin-
gular point t*, i.e. GB is singular at ¢*. For simplicity, we assume that B and ¢ are
independent of ¢. Denote P(z) = B(GB)™'G. Motivated by constrained multibody
systems (see Example 2.1), we assume P(x) to be differentiable in ¢, but %(:p) may
be unbounded. For this reason, we consider only the case ay = 0 in this section (cf.
Chapter 2 for the linear case). In the drift equation (3.8) we then have essentially
the singularly perturbed operator ¢v’ + GBFEv to consider. The choices of £ = I or
E = (GB)T yield a turning point problem (i.e., at least one of eigenvalues of the ma-
trix G BE vanishes at the point t*), which complicates the analysis, even in the linear
case , and degrades the numerical performance as well in our experience. Therefore,
we choose E = (GB)™'. In the sequel we will be careful to evaluate the effect of E
only when its singularity limit is well-defined, as e.g. in P(x).

A direct generalization of the linear case in Chapter 2 would give the SRM for-

mulation (3.4), (3.5) where instead of updating y (because y may be unbounded at
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t*) we update By by
Bz s = Bl )yor + =Bl (Gr,) Blx) "glr,). (3.18)

However, (3.18) needs to be modified, since we may have RangeB(x,) # RangeB(xs_1).
So we use the projection P(x;) to move from RangeB(xs_1) to RangeB(x;). Then we

consider the following SRM formulation for singular problems:

xls = f(l’s,t) - B(ws)ysv (319&)

B(zy)ys = P(xg)B(xe_1)ys—1 + %B(l's)(G(Q?S)B(l's))_lg(l's), (3.19b)

where x4 satisfies the boundary condition (3.2).

If the assumptions given at the beginning of §3.1 and in Theorem 3.2 remain valid,
then the result of Theorem 3.2 still holds. Unfortunately, for the singular problem,
assumption (3.6) may not be true in general. To see this, consider one iteration, i.e.
s = 1. The accuracy for the approximation of & depends on the extent that the bound
(3.6a) holds. Numerical experiments show that we can get a good approximation of
x near the singularity. But the situation for By is worse, and the bound (3.6b)
often does not hold. Indeed, assume for the moment that we have a good, smooth
approximation of x, say x5 = &, i.e. (3.7) holds with 4, = O(e¢), and B(#)y is defined
by (3.19b) for some B(ws-1)ys—1. From (3.7) we have

B(#)j = P(2)f(#.1) + 1. (3.20)

where n = B(2)(G(#)B(2))~'§". Tt is not difficult to find that the exact B(z)y from
(3.1) satisfies

Bla)y = P(e)f(a, 1) (321)
Yet, even if 5 is small, B(Z)y may not be a good approximation of By because %

may be unbounded at the singular point so that P(#) is not a good approximation

of P(x).



Chapter 3. SRM for Nonlinear Problems 64

Example 3.2 In (3.1) let 2 = (71,23), g() = —cosz; — cosxy, and G = BT =
sin? sin &1 SIn o
(sinz; sinzy). Then P(x) = (sin?z; + sin’zy)™!
sin &1 s1n ' sin?
Clearly, at a singular point x = (0,7), the value of P depends on the direction from
which it is approached. Thus, % is unbounded, even though P is a differentiable
function of t.

Further letting f = (sinzy — sinay)™ (sinay  2sinxy — sinay )T, and given the

inttial conditions x1(0) = —m /2, £9(0) = 7/2, the exact solution is
e(t)=(t—m/2 t+7/2)", y=(sinwy —sinz)™"
Thus, as t crosses t* = /2, y(t) becomes unbounded, but
By = (sinxy —sinz;) ™ (sina;  sinay )T

remains bounded. However, it is easy to perturb x(t) slightly and smoothly in such a
way that the perturbed By becomes unbounded near t = t*, still satisfying (3.7) with

a small §. O

Note that for the linear model problem (see Chapter 2), P = P(t) is independent
of . Hence we do not have the above difficulty in the linear case. For the nonlinear
problem, the accuracy near the singular point is reduced and it no longer behaves like
O(€e’) for more than one iteration. However, we do expect O(¢®) accuracy away from
the singular point, assuming that no bifurcation or impasse point is encountered by

the approximate solution .

3.3 SRM for Nonlinear Higher-index Problems

We now generalize the SRM to the more general problem (2.15). In particular, we
consider the index-3 problem (v = 2). The Euler-Lagrange equations for multibody

systems with holonomic constraints yield a practical instance of the problem. The
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SRM formulations presented in this section are easy to generalize for more general

problems (2.15) (index v + 1). The index-3 problem reads:

" = f(z,2',t) — B(x,t)y, (3.22a)

0 = g(a,t), (3.22b)
with given 2(n, — n,) boundary conditions,

b(z(0), 2(L;), 2'(0), (L)) = 0. (3.23)

The meaning of G, B and the stabilization matrix I/ below remain the same as in

the index-2 problems considered in previous sections.

3.3.1 The case of nonsingular GB

We first use the idea from previous sections, viz. a combination of Baumgarte’s stabi-
lization with a modified penalty method, to derive the SRM for the nonlinear index-3
problem (3.22). Then we apply a better stabilization [8] to generate a new SRM
which is expected to have better constraint stability. Finally, we seek variants which
avoid evaluation of complicated terms in the second derivative of the constraints.

First consider, instead of (3.22b), the Baumgarte’s stabilization

ay j—;g(x,t) + 062%9($,t) + asg(x,t) = 0, (3.24a)
g(x(0),0) =0, ig(:zﬁ(()),()) = 0, (3.24b)

dt

where o, 7 = 1,2,3 are chosen so that the roots of the polynomial

are all negative. Following the procedure of previous sections, we can write down an

SRM for (3.22): for s =1,2,... and yo given,

vl = flas, 2l t) — B(as, t)ys, (3.25)



Chapter 3. SRM for Nonlinear Problems 66

where x; satisfies boundary conditions (3.23) and (3.24b) and y; is given by

1 d?

d
Ys = Ys—1 + ZE(xsvt)(alﬁg(xsvt) + 052%9(1?57t) + Oégg(l’s,t)). (326)

It is not difficult to repeat the approach of §3.1 for the present case. Under
assumptions similar to the index-2 case, i.e. (3.6) with a change to include §"(7)
at the right hand side (cf. [58]) and Assumption 3.1 with the addition that the
derivative of the solution is also bounded, we readily obtain extensions of Theorems
3.1 and 3.2 for the cases a; # 0 and a3 = 0 (with ay # 0), respectively. We do not
allow a; = az = 0 since in this case equations (3.25),(3.26) have different asymptotic
properties. Note that the SRM (3.25),(3.26) with a3 = 0 avoids computing ¢y.;
however, the iteration obtained now calls for solving problems which become stiff
when € gets small, and to avoid g,, one should use a non-stiff discretization method.
This formulation with £ = [ and o7 # 0 is the same as that proposed in [20, 19]
using the augmented Lagrangian method.

Another way to generalize the SRM to higher index problems is based on invariant
stabilization. Its advantages over Baumgarte’s stabilization have been discussed in
[8, 9]. We thus prefer the way based on this stabilization. Theoretical evidence is
also mentioned in Remark 3.4. We first describe this new stabilization. By two direct

differentiations of the constraints (3.22b), we can eliminate y and get an ODE
x’ = ]E(xv xlv t)v (327)

for which the original constraint (3.22b) together with its first derivative give an
invariant. The idea of the method is to reformulate the higher index DAE (3.22) as
a first order ODE (cf. (3.27)):

2= f(z,1) (3.28)

with an invariant

0= h(z,1), (3.29)
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where

Z = ( - ) = ( o ) ) f(th): ( ]E(Z,t) ) ) h(Z(t)vt)

and to consider the stabilization families

2= f(z,t) =y F(z,1)h(z,1), (3.31)

where F' = DFE for some appropriate matrix functions D and E such that E and
HD are nonsingular and H = h,. The ODE (3.31) coincides with Baumgarte’s
stabilization for the index-2 problem (3.1) with D = B and £l = E = (HD)™"'. One
choice for D is D = HT, but others will be mentioned below. Note that (3.31) has
the same solution as the original problem (3.22) for any parameter value . Although
the method has better constraint stabilization, both the evaluation of f and that of
H involve g,, which may be complicated to calculate in practice.

Next, we present an SRM method based on invariant stabilization which avoids
the computation of f. In fact, we can avoid g, altogether using the new stabilization.
If we do not eliminate y by differentiations, f(z, t) in the stabilization (3.31) becomes

flet) = ( Fe0t) = Blenty ) ‘ (332)

Since y is not known in advance, we use an iterative SRM procedure to calculate y as
in [20, 11]. The solutions of the iterative procedure no longer satisfy (3.22) precisely.
Hence the iterative procedure has to be a regularization procedure and the parameter
in (3.31) is changed to v = % to emphasize that it must be chosen sufficiently large.
These lead to the following SRM formulation (for simplicity of notation, we only

consider the special case where B and ¢ are independent of ¢):

r Z1s /_ Z9s - l . .
o ( ~2s ) B ( f(Zsat) — B(le)ys_l ) GF( S)h( 5)7 (333)
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where z, satisfies boundary conditions (3.23), (3.24b) and h = (g(z1), G(21)z2)T. Thus

the Jacobian of A is

_ G(z1) 0 _ T
H = ( L) Gl ) , where L =z gpu(21).

We choose D and £ so that

F:BE(”):(BE 0) 531
0 1 0 BE

where, as in §3.1, £ is chosen such that G BF has non-negative eigenvalues. Updating
y by
1
Ys = Ys—1 + ZE(ZIS)G(ZIS)ZQS (3.35)

implies that the second part of the original index-3 system holds exactly, i.e.
2y = f(2s,1) — B(215)Yys-

Next we analyze the convergence of (3.33)—(3.35). Again we assume that the
solutions of (3.33), (3.23), (3.24b) exist uniquely and are bounded if y;_; is bounded

(see Assumption 3.1 ). Assumption (3.6) changes slightly: We first rewrite the system

(3.22) as
2 = 2, (3.36a)
2 = f(z,t) — B(=1)y, (3.36b)
0 = g(z1). (3.36¢)

Then we assume the following perturbation bound,

1) — =Wl = M max (|3(7)] +[3(7)] + [3°(7) + [0(r)] + 10°(1)]). (3.3Ta)

g(t) =y < M max (|6(7)| +18'(7)[ + [6"(7)| + |0()[ + 10'(7)[),  (3.37b)

OSTStf
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where Z and § satisfy a perturbed problem of (3.36),

2= A4 0(1), (3.380)
%= fE1) - B (3.38b)
0 = g(5)+d(1), (3.38¢)

with the same boundary conditions (3.23). Again, for initial value problems, (3.37)
can be easily proved by following the technique presented in [58], and this can be
extended for boundary value problems as well.

Ws

ws = G(z15)225. From (3.33), we get the drift equations (cf. (3.15))

v,
Similarly to the proof of Theorem 3.1, let h(z;) = ( ), where vy = g(z15),

el = —GBE(zs)vs + cws (3.39a)
ev! = —GBE(z5)v., — LBE(z5)vs + €[Lzas + Gf(zs) — GB(25)ys—1] (3.39b)

with the initial conditions v4(0) = 0, w,(0) = 0. Applying (3.39a) and then (3.39b)
for s = 1, we obtain vy = O(¢€),w; = O(e). Then (3.39a) further yields

vy = 0(?), v} = O(e)
Comparing (3.38) with (3.33)—(3.35), we have to bound
§=uv, 0=—c'BEv

and their derivatives appearing in (3.37). We already have that

The procedure that follows continues to be similar to the one employed in the proof
of Theorem 3.2, so we only sketch it here for s = 1. From (3.39a) we obtain v;(0) = 0.

Using the condition yo(0) = y(0) gives

[Lzo1 + Gf(z1) — GB(21)yo]lt=0 = 0
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so, from (3.39Db), also w}(0) = 0. Differentiating (3.39b) we get
wl + GBE(: ), = 00, wl(0) =0
hence w} = O(¢). Differentiating (3.39a) we next have
o + GBE(z)v) = O(¢*), v}(0) =0
so v} = O(€?). This implies

9 =0(e), 6" =0(e)

We can now use (3.37) and obtain the desired conclusion for s = 1,

z1=2+0(c), y1 =y +0(c),

70

where {z,y} is the exact solution of the index-3 problem. Then, continuing to follow

the proof procedure of Theorem 3.2, we obtain:

Theorem 3.3 Let all functions in the DAFE (3.22) be sufficiently smooth and assume

the above assumptions (particularly (3.37)) hold. Assume in addition that yo satisfies

(3.14). Then, for the solution of iteration (3.33)—(3.35), the following error estimates

hold:

z(l) = z(l) = O(¢),

ys(t) —ye(t) = 0(€)

forl1 <s<J+41.

(3.40a)

(3.40Db)

Remark 3.3 Extensions of this theorem to the boundary value case and to s > J+1

away from an initial layer are possible, similarly to the extensions for Theorem 3.2

contained in Remarks 3.1 and 3.2. O
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Remark 3.4 We note that, unlike Proposition 2.2 of [8], we do not assume

1H ()] (2)]l2 < olla()]l2

to discuss the stability and accuracy of the constraints. Also, from (3.39), we see the
difference of the constraint stability or accuracy between SRM formulations based on

Baumgarte’s stabilization and the new stabilization. For the former, we only have
vy = G(en)#yy = Glzn)en = w

So if we obtain wy = O(€) then vy = O(te). This can be much worse than what we

get from (3.39a). O

3.3.2 The case for constraint singularities

For the singular case GB may be singular at some isolated point ¢* as described in
the previous sections. The situation here is similar to that for index-2 problems. An
examination of the drift equations (3.39) suggests that here, too, the choice F =
(GB)™! is preferable to £ = I or E = (GB)T. The iteration for y, is modified as
well. Still assuming for simplicity that ¢ and B do not depend explicitly on ¢, this

gives, in place of (3.33)—(3.35) the iteration

1
2, = Zos— ZB(GB)_lg(ZS) (3.41a)
. . 1
Ys = P(Zs)ys—l + ZP(ZS)ZQS (341C)

Also, as indicated in §3.2 for index-2 problems, we cannot expect O(€®) approxi-
mation near the singular point any more. But we do expect that (3.40) holds away
from the singular point, because the singularity is in the constraint and the drift

manifold is asymptotically stable (following our stabilization). A numerical example
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in §3.5 will show that we do get improved results by using SRM iterations for the

singular problem.

3.4 SRM for Constrained Multibody Systems

Constrained multibody systems provide an important family of applications of the

form (3.22) and (3.1). We consider the system

g = v (3.42a)
M(q)" = flg,v) = G(g)" A (3.42b)
0 = g(q) (3.42c)

where ¢ and v are the vectors of generalized coordinates and velocities, respectively:
M is the mass matrix which is symmetric positive definite; f(g,v) is the vector
of external forces (other than constraint forces); ¢g(q) is the vector of (holonomic)
constraints; A is the vector of Lagrange multipliers; and G/(q) = j—qg. For notational
simplicity, we have suppressed any explicit dependence of M, f or ¢ on the time t.
We first consider the problem without singularities.

Corresponding to (3.22) in §3.3, we have B = M~'G', so GB = GM~'GT.
Other quantities like h and H retain their meaning from the previous section. In
some applications it is particularly important to avoid terms involving ¢,., since its
computation is somewhat complicated and may also easily result in mistakes and
rugged terms. So [9] suggests post-stabilization using the stabilization matrix

F=M*'GHGMGh)™! 0 (3.43)
0 I

twice, instead of involving H, at the end of each time step or as needed. They find
that this F' performs very well in many applications. However, while this stabilization

avoids the g, term in F', g, is still involved in obtaining 1, although only through
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matrix-vector multiplications (see (3.27)). The SRM formulation (3.33)—(3.35) en-
ables us to avoid the computation of f in the absence of constraint singularities. For

the multibody system (3.42) we write the iteration as follows:
For s = 1,2,..., find {¢s,vs} by

1
¢, = v — —BE(4:)9(qs) (3.44a)
1
vl = M7'f(qs,vs) — B(gs) X1 — ~BEG(qs)v, (3.44b)
€
Then update A by
1
As = Aso1 + —FEG(gs)vs. (3.45)
€

It is easy to see that in this SRM formulation the g, term is avoided com-
pletely. Moreover, since GM~'GT is positive definite, we can choose £ = [ in
(3.44),(3.45), obtaining a method for which Theorem 3.3 applies, which avoids com-
puting (GM~1GT)~L. Although it requires an iterative procedure, a small number of
iterations (p if an explicit discretization method of order p is used) typically provide
sufficient accuracy. Numerical experiments will show the O(€”) error estimate.

Next we consider the singular problem, i.e. with the matrix GM~*G?T being sin-
gular at some isolated point ¢*, 0 < * < ¢;. A typical example of singular multibody
systems is the two-link slider-crank problem (see Example 2.1 and Figure 2.1) con-
sisting of two linked bars of equal length, with one end of one bar fixed at the origin,
allowing only rotational motion in the plane, with the other end of the other bar
sliding along the z-axis.

Various formulations of the equations of motion for this problem appear, e.g., in
[60, 19, 11, 12, 94]. In our calculations we have used the formulation in Example
2.1 (see [11]), to make sure that the problem is not accidentally too easy. It consists
of 6 ODEs and 5 constraints, with the last row of the Jacobian matrix G vanishing
when the mechanism moves left through the point where both bars are upright (¢, =

Ty G2 = 37”, where x;, y;, ¢; are the coordinates of the center of mass of the ith bar).
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The last row of (G vanishes at this point and a singularity is obtained. We note that
the solution is smooth in the passage through the singularity with a nonzero velocity.

When we attempt to integrate this system using a stabilization method like [§]
which ignores the singularity, the results are unpredictable, depending on how close
to the singular time point the integration process gets when attempting to cross it.
In fact, radically different results may be obtained upon changing the value of the
error tolerance. (Similar observations are made in [94].) In some instances a general
purpose ODE code would simply be unable to “penetrate the singularity” and yield
a solution which, after hovering around the upright (singular) position for a while,
turns back towards the initial position (solid line in Figure 2.1). Such a pattern of
motion may well look deceptively plausible.

Methods which do not impose the constraints on the position level (e.g. methods
consisting of differentiating the constraints once and solving the resulting index-2
problem numerically, or of projecting only on the velocity-level constraint manifold)
perform particularly poorly (cf. numerical results in [94]). This is easy to explain:
The position-level constraint corresponds to ensuring that the two bars have equal
length. If this is not strictly imposed in the process of numerical solution, inevitable
numerical errors due to discretization may yield a model where the lengths are not
close enough to being equal, and this leads to the lock-up phenomena described e.g.
in [60], which have a vastly different solution profile.

We now wish to generalize the SRM to problem (3.42) with singularities since we
have seen its success for the linear index-2 case. From the two-link slider crank prob-
lem, we find that, although GM~'G? is singular at t*, P(q) = M~ 'GT(GM1GT)~'&
and M~1GT(GM~1GT)~1g are smooth functions of ¢ for the exact solution or func-
tions g satisfying the constraints, while M 'GT(GM LG~ M~1GT(GM~1GT)~1(,
and the derivative 424 are not. Also, as indicated in [11], A is no longer smooth,

dgq

while B is since we assume the solution ¢ to be sufficiently smooth. We only include
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terms which are (most possibly) smooth in the SRM formulation.

Applying (3.41), we obtain the method

1
¢, = vi— -MT'GN(GM'GT) " g(q,), (3.46a)
@
v = M7 f(gevst) = As, (3.46b)
A s 1
As = P(gs)Aso1 + ZP(qs)vs (3.47)

As we indicated in §3.2, we do not expect O(¢e®) accuracy near the singular point.
However, we do expect that the SRM iteration would improve the accuracy and
that we still expect to get O(¢€®) accuracy away from the singular point. Numerical

experiments in §3.5 will show such improvements.

3.5 Numerical Experiments

We now present a few examples to demonstrate our claims in the previous sections.
Throughout this section we use a constant step size h. To make life difficult we choose
h when we can so that there is an ¢ such that ¢; = ¢*, namely, there is a mesh point
hitting the singularity point ¢*, for singular test problems. At a given time ¢, we use
‘ez’ to denote the maximum over all components of the error in ;. Similarly, 'dri ft’

denotes the maximum residual in the algebraic equations.

Example 3.3 Consider the DAE (2.16),(2.17) with

1 —e™t T
[ = , B =
cost + efsint o

1

g = 5(:1;% + 23 — e ¥ —sin’t).

subject to x1(0) =1, x2(0) = 0.
The exact solution is v, = (e ', sint), y. = €'. This is a problem without

singularities.
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Using an explicit second order Runge-Kutta method with h = 0.001 we test various
choices of £ and oy (always taking oy = 1) of the SRM formulation in §3.1. We list

the computational results in Table 3.1. Observe that, for oy # 0, the SRM works well

methods € iteration error at — t=.1 t=.5 t=1.0
ap =1 Te-8 1 ex dle-7  .94e-7  .19e-6
E=1 drift .79e-8  .5h6e-T7 .14e-6
a; =1 le-8 1 ex dle-7  .92e-7 .18e-6
E=(GB)T drift 78e-8  .53e-7 .lde6
a; =1 le-8 1 ex dle-7  .95e-7  .19e-6
E=(GB)™*! drift .80e-8 .58e-7 .15e-6
Baumgarte ex 45e-6  .16e-6  .35e-6
drift A0e-6  .70e-7 .29e-6

a; =10 5e-3 1 ex .60e-2  1le-1 .1le-1
E=1 drift Dde-2 R0e-2  13e-1

2 ex dle-3  .26e-3  .22¢-3

drift 96e-4  20e-3  .27e-3

3 ex 32e-5  .6de-H  .46e-H

drift 29e-5  47e-5 .bde-h

4 ex .26e-6  .23e-6 .28e-6

drift 13e-6  .ble-7T .12e-6

a; =10 H5e-3 1 ex T0e-2  12e-1  13e-1
E = (GB)T drift 64e-2  13e-1  .15e-1
2 ex 22e-3  .65e-3  .3le-3

drift 20e-3  .49e-3  .29e-3

3 ex dle-4  .16e-4  .69¢-5

drift 10e-4  .10e-4  .52e-H

4 ex 3He-6  .9le-7T .29e-6

drift .7he-6  .77e-6  .14e-6

a; =10 H5e-3 1 ex DHle-2  .66e-2  10e-1
E=(GB)™*! drift A6e-2  49e-2  12e-1
2 ex 3he-4 1le-3  21e-3

drift 30e-4  .79e-4  .24e-3

3 ex 86e-6  .23e-5H  .47e-H

drift JATe-6 .17e-5  .bH3e-b

4 ex .26e-6  .18e-6 .26e-6

drift 26e-7  3le-T .13e-6

Table 3.1: Errors for Example 3.3 using the explicit second order Runge-Kutta scheme

for various choices of E. Its error is as good as Baumgarte’s method whose parameter
corresponds to the ay of the SRM. For ay = 0, we see that the error improves at a rate
of about O(€) for various choices of E, including = I. (Observe the errors att = 1;

the error situation near t = .1 is different because of an initial layer.) Such an error
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improvement continues until the accuracy of the second order explicit Runge-Kutta

method, i.e. O(h*), is reached. O

The next two examples are problems with singularities. In the index-2 case of the
Baumgarte stabilization the worst term is B(G B)™'g, for the type of the singularities
in this paper. To show what happens when the Baumgarte method does not work

well, we choose nonautonomous problems (i.e. g; # 0) as index-2 singular examples.

Example 3.4 Consider the nonlinear DAFE (2.16) with

e
2t—|—(t2—i)et T

1 1 1
g = Sitel-(- by
subject to the initial condition x1(0) = —2, 22(0) = —1.
The exact solution is v. = (t— %, 2 — i), y. = ¢'. A singularilty is located

at t* = % Using this example we test the SRM formulations of §3.2. We list the
computational results in Table 3.2, where we take h = € = 0.001 for the case of
a; = 0, and h = 0.001, ¢ = 107'° for the case of ay # 0, and use the explicit
second order Runge-Kutta scheme to easily see the iteration improvement (Ij stands
for results of the jth iteration).

From Table 3.2, we see the error’s deterioration for the Baumgarte method and

the SRM with oy # 0. The SRM with oy = 0 performs better in the singular case. O
Next we try an example in which y is unbounded at the singularity.

Example 3.5 Consider the nonlinear DAFE (3.1) with

i (—:1;1+:1;2—si(1;1(t)—(1+2t))7B: (0)

g = $%+$1($2—Siﬂ(t>—1+2t>,
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methods  error at — t=.1 t=3 t=.5 t=.7 t=1.0
ap = ex .99e-6 13e-5 d2e-3 d4de-3 .76e-4
drift 24e-6  16e-6  .10e-7  .39e-6  .7He-6

a; =0 (11) ex 46e-3  .32e-3 43e-4 49e-3  .20e-2
drift 24e-3 89e-4  18e-8  .20e-3  .22e-2

a; =0 (12) ex 8le-6  .1le-5  .4le-5  .29e-5  .68e-5
drift 24e-6 .30e-6  .15e-10  .13e-5  .76e-5

a; =0 (13) ex 23e-6  .26e-6  .34e-6  .29¢-6  .29e-6
drift 90e-9  1le-8 .78e-13  .35e-8  .18e-7

a; =0 (14) ex 23e-6  .26e-6  .36e-6  .27e-6  .29e-6
drift A7e-11  .33e-11  .10e-12  .29e-11  .28e-10

Baumgarte ex 43e-6  45e-6  .34e-3  .39e-3  2le-3
drift 24e-6  16e-6  .6le-7T  .24e-6  .The-6

Table 3.2: Example 3.4 — bounded y and singularity at t* = .5

subject to the initial condition x1(0) =1, x2(0) = 0.
The exact solution is x. = (1 —2t, sint), yo = —cost/(l — 2t). Taking the
same parameters and using the same method as before, we get the results listed in

Table 3.3. Clearly, the SRM with oy = 0 performs well for this situation, while

methods errorat - t=1 t=.3 t=.5 t=.7 t=1.0

SRM (o = 0) ex A40e-6  25e-6  .14e-6  .46e-7 .60e-7
(13) drift 25e-8  .76e-9  .16e-15  .28e-9  .40e-9
Baumgarte ex A9e-7  15e-6  .93e+1 NaN NaN

drift .39e-7  .59e-7  .H2e+13 NaN NaN

Table 3.3: Example 3.5 — unbounded y and singularity at ¢t* = .5

Baumgarte method blows up upon hitting the singularity. O

Our next example tests the formulation (3.33)—(3.35) or (3.44)—(3.45) for index-3

problems.

Example 3.6 This example is made up from Frample 2 in [9] (see Figure 3.1),

which describes a two-link planar robotic system. We use the notation of (1.11). Let
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(X2, &)

Figure 3.1: Two-link planar robotic system

q=(01,02)" and
Y, (mll%/g—|—m2(l%—|—l%/3—|—l1l202) mg(l%/3+l1l202/2))
mg(l%/i’) —|— l1l202/2) m2l§/3

where [y =1y =1, my = my =3 and ¢, = cos 5. The constraint equation is
g(Q) = ll Sin 01 -I_ l2 Sin(@l —I— 02) = 0

We choose the force term

(l1 cos Oy + Iy cos(by + 03)) cost — 3sint
/= ( [y cos(01 4 02) cost + (1 — %Cz) sin ¢ )

which yields the exact solution 6; = sint, 8 = —2sint and X\ = cost. Because M is
(symmetric) positive definite and B = M~1GT we can take E = I in the SRM formula
(3.44)-(5.45). Again we use the second- order explicit Runge-Kutta scheme, and set
h = 0.001, e = 0.005. The results are listed in Table 3.4, where eq and ev stand for

maximum errors in ¢ and v = ¢', resp., and pdrift and vdrift stand for drifts at the
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position and velocity level, resp. We see that the accuracy is improved significantly
by the first two iterations. The third iteration is unnecessary here, because the error
is already dominated by the Runge-Kutta discretization error. Qualitatively similar
results are obtained for £ = (GB)T and E = (GB)~'. More interestingly, though, for
E = I we neither form nor invert GM™YGY, s0 a particularly inexpensive iteration

s obtained.

methods € iteration error at — t=.1 t=.5 t=1.0

E=1T D5e3 1 eq Ale-4  .66e-3  .26e-2
ev Jhe-2  Tde-2  .69e-2

pdrift 22e-4  28e-4  22e-4

vdrift A49e-2 4le-2  27e-2

2 eq 13e-6  .66e-6 .36e-6

ev 19e-5 8le-6  .20e-4

pdrift A42e-9  13e-7  17e-6
vdrift Ile-7 2le-bh 2le-4

3 eq 10e-6  .58e-6  .12e-5
ev B6e-6  .10e-5 .16e-5

pdrift 96e-11  .60e-9 .48e-8

vdrift 10e-8  .99e-7  .59e-6

Table 3.4: Errors for Example 3.6 using SRM (3.45)-(3.46)

a

Next we solve for the dynamics of the slider-crank mechanism described in Exam-

ple 2.1. this is a nonlinear index-3 DAE with isolated, “smooth” singularities.

Example 3.7 We take h = ¢ = 0.0001 and use the explicit second order Runge-
Kutta method again. Singularities are located at (¢1,¢3) = (£,%) (i.e., each time

the periodic solution passes this point). Corresponding to the case shown in [94], we

choose ¢1(0) = I and ¢{(0) = 0 and compute

3T T
91:¢1—77 92:¢2‘|‘§7

01 and 0. Using the formulation (3.47), (3.46), we calculate until t = 70 without any
difficulty (see Figure 3.2).
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Figure 3.2: Solution for slider-crank problem with singularities

We also list the drift improvement as a function of the SRM iteration in Table

3.5.

iteration number position drift at t=30 velocity drift at t = 30
1 .669e-8 .671e-4
2 .730e-11 731e-7

Table 3.5: Drifts of the SRM for the slider-crank problem

If we use the SRM formulations considered in §§3.3 and 3.4 for problems with-
our singularities, or one of the usual stabilization methods with strict tolerances, the
results become wildly different from the correct solution after several periods.

Next we calculate the acceleration of the slider end in the horizontal direction
under the initial data $1(0) = T and ¢(0) = 2v/2. The same problem was discussed
in [19]. The result shown in [19] is not perfect since the maximum and minimum

values in each period appear to differ. Our result looks better (see Figure 3.3). O
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Chapter 4

SRM for the Nonstationary Incompressible Navier-Stokes Equations

4.1 DAE Methods for Navier-Stokes Equations

While a significant body of knowledge about the theory and numerical methods for
DAEs has been accumulated, not much has been extended to partial differential-
algebraic equations (PDAEs). The incompressible Navier-Stokes equations form, in

fact, an example of a PDAE: to recall, these equations read

u; + (u-gradju = pAu—gradp +f1, (4.1a)
divu = 0, (4.1b)
ulszo=b | u|i— =a, (4.1c)

in a bounded two- or three-dimensional domain 2 and the time interval 0 < ¢ < T,
Here u(x,t) represents the velocity of a viscous incompressible fluid, p(x,t) the pres-
sure, f the prescribed external force, a(x) the prescribed initial velocity, and b(t)
the prescribed velocity boundary values. The system (4.1) can be seen as a partial
differential equation with constraint (4.1b) with respect to the time variable ¢. Com-
paring with the DAE form (3.1) p corresponds to y, the grad operator corresponds
to the matrix B and the div operator corresponds to the Jacobian matrix G. It is
easily verified that (4.1) has index-2 since the operator divgrad = A (corresponding
to the matrix GB) is invertible (under appropriate boundary conditions). Indeed,
the pressure-Poisson reformulation of (4.1) (see, e.g., [55]) corresponds to a direct
index reduction of the PDAE, i.e. a differentiation of the constraint with respect to

t followed by substitution of u; from the momentum equations.

83
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In this chapter we propose and analyze a sequential regularization method (SRM)
for solving the incompressible Navier-Stokes equations. The method is defined as
follows: with po(x,t) an initial guess,

for s =1,2,---, solve the problem

c(us), — grad(og(divuy), + azdivu,) + €(u, - grad)u,

= euAu, — egradp,_; + ef, (4.2a)
Usloq = b, u,li=0 = a, (4.2b)
1
ps = ps—1 — —(a1(divu, ), + agdivuy). (4.2c)
€

This method is an extension of the SRM which was proposed and analyzed in
previous chapters for ordinary DAEs, especially for the index-2 DAEs (3.4), (3.5).
Here we can take FF = [ even for a; = 0 because (4.1) corresponds to (3.1) with
B = GT. 1t is indicated in §3.1 that if we take a; # 0 then certain restrictions on
choosing the initial iterate (cf. ( 3.14)) do not apply and, more importantly, the
equation for x; is essentially not stiff if the original problem is not stiff. Hence,
a non-stiff time integrator can be used for any regularization parameter e. For the
Navier-Stokes application (4.2) we therefore choose a; > 0 so that we can still take € to
be very small even when we use an explicit time discretization. So one SRM iteration
is often good enough. However, we should not ignore the choice ay = 0 because §3.1
also indicates that with this choice the computation can be particularly simple. For
(4.2), when oy > 0, although we use explicit time discretization, a symmetric positive
definite system relevant to the discretization of the operator I+ “*graddiv still needs
to be inverted. If we take ay = 0, then we do not need to solve any system to obtain

the discrete solution. In this case, (4.2) is not stiff only for relatively large €. So more

than one SRM iterations are required generally. In the sequel, the convergence proof
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and discretization stability analysis in §4.3 and §4.4 are mainly for the case of oy > 0.
The discussion for the case of oy = 0 can essentially be carried out in a similar way.
We will remark on this case in §4.3 and §4.4 and provide a numerical verification in
§4.4.

The importance of the treatment of the incompressibility constraint has long
been recognized in the Navier-Stokes context. A classical approach is the projec-
tion method of [36], where one has to solve a Poisson equation for the pressure p
with the zero Neumann boundary conditions which is, however, non-physical. Re-
cently, a re-interpretation of the projection method in the context of the so-called
pressure stabilization methods, or more generally, “pseudo - compressibility methods”
has been given in [97]. Some convergence estimates for the pressure can be obtained
(cf. [101, 96]). In his review paper [97], Rannacher lists some well known examples
of “pseudo-compressibility methods” (which are actually regularization methods):

divu+ep, =0, inQ x[0,7), pli=o = po, (artificial compressibility)

divu+ep =0, in Q x[0,7), (penalty method)
divu —eAp =0, in Q x[0,7), 2—5”39 = po (pressure stabilization).

If we generalize Baumgarte’s stabilization to this PDAE example (4.1), we get

u;+ (u-gradju = pAu—gradp+f, (4.3a)

(divu), + vdivu = 0. (4.3b)
Eliminating u,; from (4.3), we obtain an equation for p:
—Ap + vdivu — div{(u - grad)u — pAu — f} = 0.

We then find that this stabilization can be seen as a kind of pressure stabilization
with v = ¢7!. Although it works, since we do not have a singularity here, it still sets
up a non-physical boundary condition for the Poisson equation for p. Also, in this

formulation, equations for u and p are not uncoupled.
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In the SRM formulation (4.2) we do not need to set up boundary conditions for p.
So it should be more natural than various pressure-Poisson formulations. This method
relates to the idea of penalty methods but, unlike them, the regularized problems are
not stiff for oy > 0 or less stiff for a; = 0 since we can choose ¢ to be relatively
large. Hence, more convenient (nonstiff) methods can be used for time integration,
and nonlinear terms can be treated easily. We will indicate in §4.4 that € has little to
do with the stability of the discretization there, i.e. the stability restriction is satisfied
for a wide range of € for oy > 0. We also indicate there that, in the case of small
viscosity, the usual time step restrictions for the explicit schemes can be loosened.

A similar procedure following [5] (Uzawa’s iterative algorithm ) in the framework
of optimization theory and economics has actually appeared in the Navier-Stokes
context for the stationary Stokes equations (i.e. without the nonlinear term and the
time-dependent term in (4.1)) with oy = 0 using the augmented Lagrangian idea,
see Fortin and Glowinski [50]. (Also see [54] for a related discussion.) Note that,
in their procedure, ¢! in (4.2¢) is replaced by a parameter p. They prove that
p = ¢! is approximately optimal. For the nonlinear case, they combine Uzawa’s
algorithm with a linearization iteration. They claim convergence but find it hard to
analyze the convergence rate because their analysis depends on the spectrum of an
operator which is non-symmetric in the nonlinear case. For the nonstationary case
(4.1), the augmented Lagrangian method cannot be applied directly. Therefore, [50]
first discretizes (4.1a) with respect to the time ¢ (an implicit scheme is used). Then
the problem becomes a stationary one in each time step. Hence, Uzawa’s algorithm
can be applied and converges in each time step. So, for the nonstationary case, their
iterative procedure is, in essence, to provide a method to solve the time-discretized
problem. Thus, their iterative procedure has little to do with time-discretization,
or in other words, they still do time-discretization directly for the problem (4.1).

Consequently an implicit scheme is always appropriate because of the constraints
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(4.1b), and a linearization is always needed to treat the nonlinear case.

These properties are not shared by our method. We will prove that the conver-
gence results of the SRM in the previous chapter still hold for the PDAE case (4.2).
Hence, the solution sequence of (4.2) converges to the solution of (4.1) with the error
estimate of O(¢®) after the sth iteration. Therefore, roughly speaking, the rate is
about O(€). We prove the convergence results using the method of asymptotic ex-
pansions which is independent of the optimization theory and is also applicable to the
steady-state case. In addition, when the finite element method is used, the difficulty
of constructing test functions in a divergence-free space to decouple the u, p system
can be avoided by using the formulation of the SRM.

We indicate here that, as many others do, we include the viscosity parameter y
in the error estimates. So the estimates could deteriorate when o is very small. This
is because we have an unresolved technical difficulty, associated with our inability
to obtain an appropriate upper bound for the nonlinear term and with the weaker
elliptic operator gAu (which is dissipative) as ¢ — 0. In the SRM formulation, a
supplementary dissipative term —asgraddivug is introduced without perturbing the
solution. As indicated in [50] for the stationary case, the relative advantage of such
methods may therefore become more apparent for small values of the viscosity.

The chapter is organized as follows: In §4.2 we define some preliminaries and
discuss regularity properties of the solution of (4.2). The convergence of the SRM
for Navier-Stokes equations is proved in §4.3. Finally, in §4.4 a simple difference
scheme is discussed and some numerical experiments are presented. These numerical
experiments are only exploratory in nature.

To summarize, our objective in this chapter is to present a method for the non-
stationary Navier-Stokes equations from the viewpoint of DAE regularization, and to
provide a way to apply a DAE method to PDAEs. It appears that such a formulation

is new in the Navier-Stokes context and it is worthwhile because:
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e Since € need not be very small, the regularized problems in the sequence (4.2)
are more stable/less stiff. So more convenient difference schemes, e.g. explicit
schemes in time, can be used under theoretical assurance. If we take oy > 0,

this is also true for small e.

e The problem of additional boundary conditions, which arises in the pressure-
Poisson formulation and projection methods, does not arise here. Finite element
methods can be used easily and the elements do not have to conform to the

incompressibility condition to separate the variables u and p.

4.2 Preliminaries and the Properties of the Regularized Problems

Before we begin our analysis, we first describe some notation and assumptions. As
usual, we use LP(Q), or more simply L, to denote the space of functions which are

pth-power integrable in ), and

full, = ([ 3 u? dx)?
Qi:l

as its norm, where u = (uy,- -+, u,). We denote the inner product in L? by (-, ) and
let [[-|| = |- |l2- C* is the space of functions continuously differentiable any number
of times in , and C§® consists of those members of C* with compact support in (2.

H™ is the completion in the norm

luffn = (> [1D"u]*)z.

0<|al<m

We will consider the boundary conditions to be homogeneous, i.e. b = 0 in (4.1c), to
simplify the analysis. Nevertheless, through the inclusion of a general forcing term,
the results may be generalized to the case of nonhomogeneous boundary values. We
are interested in the case that (4.1) has a unique solution and the solution belongs to

H?, where the arbitrary constant which the pressure p is up to is determined by

/Q p(x, ) dx = 0. (4.4)
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Hence, some basic compatibility condition is assumed (cf. [63]):
alsq = 0, diva = 0. (4.5)
Furthermore, we assume
Sup [f]l < My, [[a]lgz < M, (4.6)

where M; is a positive constant.

We take pg in (4.2) satisfying (4.4). Hence, it is easy to see that p, satisfies (4.4)
for all s.

For simplicity, we only consider the two-dimensional case. We can treat the three-
dimensional case in the same way, possibly with some more assumptions. Throughout
the chapter M represents a generic constant which may depend on p as we have
explained in the introduction. We will also allow M to depend on the finite time-
interval T' since we are not going to discuss very long time behavior in this chapter.

At first, we write down some inequalities:
e Poincaré inequality:
Jull < ~llgrad ull, if ulg = 0. (47)

More generally (see [87]), for u € H'(Q)

Jul < Callgrad ul[ + | [ udx)) (48)
e Young’s inequality:
1 1 1
abc < —aP + —b1 + —¢” (4.9)
P q r

if a,b,¢>0, p,g,r>1land [+ -+ =1

e Holder’s inequality:
[ 1#llglikldx < 171 lgla 1Al (4.10)

ifp,q,r>1and%—|—%—|—%:1.
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e Sobolev’s inequality in two-dimensional space:
L 1 1
[ulls < 71t [luf|Z||grad ul|z, (4.11)
where v, = 2 if = R

Suppose that w stands for the difference of two solutions of the SRM (4.2). Then w
satisfies the homogeneous problem (4.27) (see next section). Hence, using the estimate
in Lemma 4.2, uniqueness of the solution of the SRM (4.2) is easy to consider. The
existence can be analyzed by following the standard existence argument for Navier-
Stokes equations (e.g. [108, 62]) and that of penalized Navier-Stokes equations (e.g.
[28]). Hence we assume the existence of the solution of the SRM and concentrate on
the proof of the convergence of the method. Before we do so, we derive the following

regularity results of the solution.

Lemma 4.1 For the solution {us,ps} of (4.2) there exists a constant €y such that

when ¢ < ¢ we have the following estimates

5 T oy . 9 Qg 2 2 2 2
o + [ CHldivw, )l + S divw e + 100l + 13w + ) de
T
< Mlllalid + [ (171 + lgradp,-a ) . (4.12)

Proof: For simplicity of notation we denote u, as v here. The proof for the case
ap = 0 is just the same as that in [28]. So we only consider the case a3 > 0. Hence,

without loss of generality, we take oy = 1 and oy = . We then write (4.2) as

1
v, — —grad((divv); + adivv) + (v - grad)v
€
= uAv — gradp,_; +f, (4.13a)
V]sa = 0,v]i=o = a, (4.13b)

Ps = Po1 — l((alivv)t + adivv). (4.13c)
€
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The proof follows the ideas in [28]. Multiplying (4.13a) by v and integrating with

respect to the space variables on the domain (), we get

1d 1d. o
S IV + S lldiov] + S diov | + pllgrad v

= —((v-grad)v,v) — (gradp;_1,v) + (f,Vv)

a . V1€ H v v
< oolldiov])® + S lIvIPllgrad vi* + S lIvIP + < lgradp |I* + ZIf],
2¢ 2av 2y 7 7

where we use —((v - grad)v,v) = L((divv)v,v). Then let ¢ = min(2 2-) and V' =

e’

|v||? + L||divv|]®>. Using Poincaré’s inequality (4.7), we obtain

d 1 V1€ ~
GV Sl 2 grad vl < TP+ gradp ). (414)

Note that Y (0) = ||a||*. Write (4.14) as

d i€ e 2 e Ye 2 2
— (= Yy — = v vy > L T _
nk Y) =5 lgradv|*(x Y)> P (llgradp,—||* + [1£]°)

Applying a standard technique for solving linear differential equations and taking e

appropriately small (< ¢) so that

3 e (T
p= 25 (0) 2 5 and TS (1) + flgradp.-a ) ar < .

we get

i— Loy () > % vt € [0,7). (4.15)
8}

Then, using the same technique and (4.14), we have

t
Vo< alPexp(—et) + Mexp(—et) [ (If]} + [lgradp,1[[*)expcz) d=

¢
< Ml + [ (I + llgradpe |*) d=] (4.16)
Thus, (4.12) holds for ||u|®. Integrating (4.14) directly and using (4.15) yields

t t
| llgradul d= < M{all* + [ (I + lgradp,i|?) =] (4.17)
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To prove other estimates for (4.12) we define the operator
1 . )
Aw = ——grad((divw), + adivw) — pAw = g, (4.18)
€
where w satisfies w|sq = 0 and w|i—g = a. Let
1 . )
q = ——((divw); + adivw).

€

Then we have (noting divw|i—g = 0)

—pAw + gradg = g, (4.19a)

divw = —c/ot gexp(—a(t — z)) dz (4.19b)

This is a general nonhomogeneous Stokes problem. Using the results described in

[28] (or cf. [108]), we get
¢
[Aw| + [lgradq|| < Mgl + 6/0 lgradq]| exp(—a(l — z)) dz]. (4.20)

Applying Gronwall inequality, it is easy to obtain

t
lgradgll < M(llgl +< | llgrady| d2) (4.21)
and
t t t
| lgradg|* d= < [ lgl* dz = M [ | Aw]? dz. (4.22)
0 0 0
It thus follows that
t t
|awl < M(ligh+< | llghd) = M(llaw] +¢ [ Awl|dz).  (4.23)
and then
t t t
/ 1AW][? dz < M/ Ig||? d= = M/ 1Aw|? d=. (4.24)
0 0 0

From (4.19b) and (4.22), we thus have

1 gt t t
—2/ lgrad divw|? dz :/ lgradg|)? d= < M/ [ Aw|? d=. (4.25)
@ 0 0 0



Chapter 4. SRM for the Nonstationary Incompressible Navier-Stokes Equations 93

Then
1 st t
—2/ lgrad(divw):||? d= < M/ [ Aw|? dz (4.26)
@ 0 0

follows from (4.18).

Now taking the scalar product of (4.13a) with Av, we have

. ad, . d
(divv)|]* + S-Sl divv” + 5=

= —((v-grad)v, Av) — (gradp,_i, Av) + (f, Av).

1
ol lgrad v||* + [[Av|]
¢

Note that

—((v - grad)v, Av) < ||v|ls||grad v|[[|Av]| < 77 [[v[|>[lgrad v ]| Av]|>||Av]]

2
g
< (lAVIP + [[AVIP) + o (IVIPllgrad vi) lgrad v
2

t
g
< Sff AV + M7 Av][* + Mzéz(/o 1AvIFd=)"] + o5z (IVIFllgrad v]*) [grad v[*,

where we use (4.23) for the last inequality. Recall that we have estimates for ||v||?

and [j ||grad v||? dz. Therefore, taking §(1 + M?) < L, it is not difficult to obtain

1 st t
lgrad vi|+ < [ l(divv)l* d=+ [ ||Av]? dz

t t
< Mllgradall’ + [ (£ + llgradpi]*) d=+ ¢ [ av]?* d:]

Taking ¢ such that Mc? < 1, we then get (4.12) for f5 ||Av]||? dz and |gradv]||.
Noting (4.25), (4.26), from (4.2c), (4.12) also holds for fJ ||gradp,||* dz. Applying
the inequality (4.8) and noting that p, satisfies (4.4), yields the bound for f; ||ps||* dz.
Hence, from (4.2¢) we can obtain (4.12) for [ ||divv||* dz and then [ ||(divv)||? d=.
We thus complete the proof. O

From this lemma, we see that if we choose pg such that [ ||gradpol||? dz is bounded

then, by induction, all terms in the left of (4.12) are bounded for any given s.
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4.3 Convergence of the SRM

In this section, we estimate the error of the SRM (4.2) in the solution of (4.1) by using
the asymptotic expansion technique as in the proof of Theorem 2.1 of Chapter 2 (see
§2.8). Note that, in the Navier Stokes context, the asymptotic expansion method was
used in [54] to obtain a more precise estimate for a penalty method for the stationary
Stokes equations and in [108] to calculate a slightly compressible steady-state flow.
We will mainly consider the case a7 > 0. Hence, we take oy = 1 and ay; = « for
convenience. The result for a; = 0 will be described in Remark 4.3. At first we

discuss a couple of linear auxiliary problems. Then we go to the proof.

4.3.1 Two linear auxiliary problems
We discuss two linear problems in this section. One is

ew; — grad(divw); — agraddivw + ¢(w - grad)U
+¢e(V - grad)w = epAw — egradg + f, (4.27a)

Wlsn = 0, W|i=o = 0, (4.27b)

where U, V and ¢ are given functions. The other is

w; + (V-grad)w + (w-grad)V = yAw — gradp + f, (4.28a)
(divw); + adivw = g, (4.28Db)
Wlag = 0, W= = a, (4.28¢)

where V., g and a are given functions, a satisfies the compatibility conditions (4.5)
and g satisfies (4.4). Now we show some properties of these two problems which will

be used later in the proof of the convergence of SRM.

Lemma 4.2 For the solution of problem (4.27), if U and V satisfy

T
I+ [ e e < . (4.29)
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then we have the following estimate

t
ellwll® + [[divw]* < MG/O (IE1% + llql*) ds,  (4.30a)

t t
cllgrad wil* + [ (cllwil* + divwi ) ds < Me [ (£ + lall*) ds. (4:30b)

Proof: Multiplying (4.27a) by w and then integrating on the domain € yields
Ly L
2dt

= —e((w-grad)U,w) — ¢((V - grad)w, w) + ¢(q, divw) + €(f, w)

|divwl?” + ol divw|]* + cul|grad w]*

IA

¢ . . .
cllgrad Ullf|wl[s + S l[divV[[[w[ + e(g, divw) + €(f, w) (using (4.10))

IA

1 1 .
7i (lgrad Ul| + | div V)| w|[|grad w| + e(q, divw) + €(f, w) (using (4.11))

IA

1 L. .
serllrad wi* + 2 (lgrad Ul| + Sl divwl])*[[w]* + e(g, divw) + e(f,w),

where we have used —¢((V - grad)w,w) = £((divV)w,w). Therefore, we have

d

Llelwl -+ diowe]) = o) (elwif + | divw]?)
< —ellgradwll® (o + C(0)) [ divw]]? + 2e(q, divw) + 2¢(£,w)
< —ellgradwi + L wl? + e + L g)?
2 v M a
< L + ol (131
where

v L.
Ct) = i(ngad Ul + §HdeH)2-

Noting that w|;=o = 0 and divw|i=g = 0, we thus get (4.30a).

Now, multiplying (4.27) by w;, then integrating with respect to x over €, we get
ad
2 dt
e((w-grad)U,w;) + €((V - grad)w, w;) + €(q, divw,) + €(f, wy). (4.32)

) . d
ellwel* + [ divwer|[* + S [ divw]P + el grad wf* =
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We use the inequalities listed in the previous section to estimate the right-hand side

of (4.32) and have the following:

¢
o(w-grad)U,w) < wi|* + Mc([lgrad w]* + [[w]®).
o(V-grad)w,w) < wi]* + Mesup|V[||grad wiP”.
Q
¢
ot wi) < il + Mefe,

. € .
g, divw) < Sldiowi |+ Melql’
where the bounds of supg |U| and supg, |[V| can be obtained by using the inequality
sup[ - | < MJ|A -

(see, e.g. [119]). Then, similarly to the procedure for obtaining (4.30a), we obtain
(4.30b). D

Next we consider problem (4.28).

Lemma 4.3 There exists a solution for problem (4.28). Moreover, for the solution

of (4.28), we have the following estimate:
T 2 2 2
INgice +/0 Uwliee + [[w:l* + [lpllE:) dt < M (4.33)
if [T |I£]|* dt and 1T llgll3: dt are bounded.
Proof: First, we can solve divw from (4.28b) (noting that divw|,—o = 0):
divw = ¢y, (4.34)

where
t
g = exp(—at)/ gexp(as)ds (4.35)
0
satisfies (4.4) since g does. By applying Corollary 2.4 in [54, p.23], the problem
divw = ¢, (4.36a)
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has many solutions. We pick one and denote it as w,. Then w := w — w,, satisfies

the linearized Navier-Stokes equations in the form of (4.28a) with a proper force term

(denoted by f) and
divw = 0, W|sq = 0 and W|i=g = a — W, |i=0.

By noting that divw,|i=0 = g1|t=0 = 0, the basic compatibility conditions like (4.5)
for w are satisfied. From (4.35) and the assumption for g, [ (lgallzr +11(gr)ell?) dt is
bounded. Hence, based on the estimates for the solution of (4.36) (see [1] and [54]),

it is not difficult to get
g 2 2
Ialis +/0 W )ellI” + 1wy llez) dt < M. (4.37)

Thus f |[f||> dt is bounded. Simulating the regularity argument of [62] or [63]
(multiplying the linearized Navier-Stokes equations by w, w; and PAw where P is

a projection operator (cf. [62]), respectively), we can obtain
_ L— _ 2
INgice +/0 UWllee + [[w:ll” + [pllar) dt < M. (4.38)

Therefore, (4.33) follows from (4.37) and (4.38). Using the estimate (4.38) and fol-
lowing a global existence argument (e.g. [62] or [108]), the existence of the solution

for w can be obtained. We thus have the results of the lemma . O

Remark 4.1 The uniqueness of the solution of (4.28) follows from the standard ar-

gument for Navier-Stokes equations (cf. [108]). O

4.3.2 The error estimate of SRM

In this section we prove the convergence of iteration (4.2) based on the same procedure
described in the proof of Theorem 2.1 of Chapter 2 (see §2.8) . We describe our results

in the following theorem.
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Theorem 4.1 Let u and p be the solution of problem (4.1), and us and p;s be the
solution of problem (4.2) at the sth iteration. Then there exists a constant €y such

that when ¢ < ¢y we have the following error estimates for all t € [0,T)]:

lu—usl|lm: < Me, (4.39a)
T 1
([ p=pltat < we, (4.39h)
0
where T is any given finite number and s =1,2,---.
Proof: At first, consider the case s = 1 of (4.2). Let
u; = upe+euy + Uy, e
Comparing the coefficients of like powers of €, we thus have
grad((divuyo); + adivuyy) = 0, (4.40a)
grad((divuy ) + adivayy) = (ug): + (ugo - grad)uyg
—puAuyg + gradpy —f, (4.40b)
i1
grad((divuy,;); + adivay;) = (uy-1)e + Z(ulj -grad)uy;_1_;
7=1
—pAuy_y o, 2<i<m+1, (4.40c)

where (4.40a) satisfies (4.2b) and (4.40b) and (4.40c) satisfy the homogeneous initial
and boundary conditions corresponding to (4.2b). Now (4.40a) has infinitely many
solutions in general. We should choose ujp not only to satisfy (4.40a) but also to

ensure that the solution of (4.40b) exists. A choice of uyq is the exact solution u of

(4.1), i.e.

(u10): + (uio-grad)uyy = pAuyg — gradp +f, (4.41a)
(divulo)t + ozdivulo = 0, (441b)

Uiglag = 0, uigli=o = a. (4.41c)



Chapter 4. SRM for the Nonstationary Incompressible Navier-Stokes Equations 99

Note that divuigli=o = diva = 0 and p is taken to satisfy (4.4). So ujp = u and
(4.40b) has the form

grad((divuyy); + adivuyy) = grad(po — p). (4.42)
Now we choose uy; and a corresponding p;; to satisfy

(ui1): + (ugo-grad)uy; + (ug; - grad)uyp = pAuyy — gradpy;, (4.43a)
(divugy); + adivay, = po — p, (4.43b)

Wii|ag = 0, uif=o = 0. (4.43c)

Again we have divuyy|i=o = 0 and let py; satisfy (4.4). According to Lemma 4.3, uyy

and py; exist .

Generally, supposing we have uy;_y, p1;_1 for ¢ > 2, choose uy;, py; satisfying

(ug;): + (ug-grad)uy; + (uy; - grad)uyg

1—1

= puAuy; — gradpy; — Z(ulj -grad)uy;_1_;, (4.44a)
7=1

(divuu)t + ozdivuu = —Pi1i-1, (444b)

uy;fao = 0, uyifi=o =0, (4.44c)

where we note that divuy;|i=o = 0 and py; satisfies (4.4). Applying Lemma 4.3, all
uy; and py;, ¢ = 0,1, -+, exist and satisfy (4.33).
Next we estimate the remainder of the asymptotic expansion after the (m + 1)th

power of ¢. Denote

_|_

Upp = Wio 4 €Wy + -+ "y (4.45)

(U1, also satisfies (4.33)) and
Wip = U — Uip. (4.46)
Then wy,, satisfies

(Wi ) — grad(divwy, ); — agrad divwy,
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+e(Wip, - grad)u; + e(uy, - grad)wi, = euAwy, —

m+1

" {(urm)e + D [(ur - grad)ug,gi—i — pAuga (4.47a)
=0

Wimlag = 0, Wip|i=o = 0. (4.47b)

Using regularity we have for uy;, uy,, and uy (see (4.12)) and Lemma 4.2 | we obtain

|W1in]| = O(e™*!) and ||grad wi,,|| = O(¢™+!). Therefore
u; = ujg+eugyp + -+ Gmulm + O(€m+1)- (448)
in the H'-norm for the spatial variables. Noting u;o = u, we thus obtain
u; —u=0(e). (4.49)
Furthermore, according to Lemma 4.2, we have
. 3 T . 2 1 3
[divwrnll = O(5), ([ (divwr )l i = O+,

Then, by using (4.2¢),(4.48),(4.41b), (4.43b), (4.44b) and the estimates for divwy,,

and (divwy,, ), it follows that

Pr=p+epit -+ pin + O (4.50)
or
p1—p = 0(e). (4.51)
in the sense of the L?-norm for both spatial and time variables, i.e. ([ | -]|? dt)%.

Now we look at the second iteration s = 2 of (4.2). Let
Uy = U + €Ugy + -+ €Uy 0
Noting that (4.50) gives us a series expansion for p; we obtain

grad((divug); + adivuy) = 0, (4.52a)
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grad((divug ); + adivug) = (uz): + (ug - grad)us

—puAuy + gradp —f, (4.52b)
i—1
grad((divuy); + adivay) = (uz-1):+ Z(UQ]‘ -grad)uy;_4
7=1
_MAUQi—l — gradp“_l, 2 S 7 S m 4+ 1. (452C)

Again, (4.52a) is combined with the initial and boundary conditions (4.2b), and
(4.52b) and (4.52¢) are combined with the corresponding homogeneous ones. As in

the case of s = 1, we again choose uyy = u. We thus have
grad((divug, ); + adivuy) = 0. (4.53)
Then usy; is constructed to satisfy

(u21)t —I_ (u20 ' grad)u21 —I' (u21 . grad)u20 = MAUQl — gradpzl, (454&)
(divu21)t + OédiUUQl = 0, (454b)
Uai|ag = 0, uali=o = 0. (4.54c¢)

Obviously ug; = 0 and py; = 0 is the solution of (4.54) and (4.4).

In general, similarly to the case of s = 1, we choose uy;, ps; to satisfy

(ug;): + (U2 - grad)uy; + (uy, - grad)uy = (4.55a)
uAuy; — gradpy, — i(UQ]‘ -grad)ug;_1_j, (4.55b)
(divug;): + adivay, ]:_p1¢—1 — Poi_t, (4.55¢)
Uzifaq = 0, Ugilt=o = 0 (4.55d)

for 2 <17 < m+ 1, where py; satisfies (4.4). By the same procedure as for s = 1
we obtain error equations similar to (4.47) with the addition of a remainder term
grad(p; — pim, ) in the right-hand side, where p,, stands for the asymptotic expansion

(4.50) of p;. Applying Lemma 4.2 again, we get

Uy = Uyg + €uyy + -+ + Gmu2m + O(€m+1)- (456)
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NOtng Us = 0,
u; —u = 0(c%). (4.57)

Then, using (4.2b),(4.56),(4.54b) and (4.55c), we conclude

Pr=p+epa+ e+ M po + O (4.58)

p2 —p=0(). (4.59)

since py; = 0.
We can repeat this procedure, and, by induction for s (choosing m larger than s),

conclude the results of the theorem. O

Remark 4.2 Corresponding to Theorem 2.1, we expect that the error estimates (4.39)
also hold for the SRM (4.2) with oy =0, at least, away from t =0. O

Remark 4.3 In Theorem j.1, we find that the result for p is in a weaker norm
1T | - I* dt. This is because we have difficulty in estimating the first order time-
derivative of the right-hand side of ({.47), or concretely, the term fOT (Wit )| ds.
In [63] (Corollary 2.1) it is shown that fOT |(Wimt1)ull? ds may be unbounded ast — 0
if we only assume the local compatibility conditions (4.5). In the case that this integral

is bounded for 0 <t <T', we can get

t 1
o= poll+ ([ 110 = pol* ds)* < Me” (4.60)

Otherwise, we only can expect that (4.60) holds away from t = 0 by following the

argument in [63]. O

Remark 4.4 Multiplying (4.27) by Aw, where A is the operator defined by (4.18),

and following the later steps of the proof of Lemma 4.1, we can get
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T
32/ (lgrad(divw),|2 + al|grad divw]|?) dt
@ 0

T
<M [ (I + lgrad qf) d.

Using this result to estimate the remainders of the asymptotic solutions in the proof

of Theorem 4.1, we obtain

T 1
(/0 Ip = psllzn dt)z < Me”. (4.61)

4.4 Discretization Issues and Numerical Experiments

In previous sections, we have proposed the SRM and performed some basic analysis
on it. The SRM yields a sequence of PDEs which are to be solved numerically. The

problem at the sth iteration can be written as:
e(us); — grad(aq(divuy); + azdivug) + €(u, - grad)u;

= euAu, + ery, (4.62a)

Us[sa = 0, Usli=o = a, (4.62D)
where rs(t) is the known inhomogeneity
rs = —gradp,_; +1. (4.63)

A variational formulation of (4.62) gives:

Find uy; € H} such that

6%(“57 b))+ al%(divu57 divg) + ao(divug, divg)

Fep(gradu,. gradd) + b(u,u,,6) = e(r,, ), Vo € HY, (4.64a)

Wlimo=a , divugl=o =0, (4.64D)
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where the trilinear form
b(u,v,w) = ((u-grad)v,w).

From (4.64) we see that the finite element method in the spatial variables, com-
bined with time discretizations, can be easily adopted. Note that we do not need to
construct divergence-free test functions to separate the variables u and p. Neverthe-
less, in this section, we are not going to discuss finite element methods further. Some
discussions on using the SRM with the finite element method will be given in the
next chapter for a problem in reservoir simulations. Some numerical experiments are
also given there. Here we only consider a very simple first-order difference scheme
(forward Euler scheme in the time direction) in two dimensional space, as an initial
attempt towards the discretization of the sequential regularization method for the
PDAE. Concretely, we consider a rectangular domain such that an equidistant mesh
can be used. Let (u,v)T stand for the approximation of u,, and let k, h,,h, denote
step sizes in time and spatial direction, respectively. Without loss of generality, we
assume that h, = h, = h and that the domain is a unit square. Thus, mesh points

can be expressed as
z;=1th,i=0,1,---,1; yy=gh,j=0,1,,---,J; t, =nk,n=0,1,--- N, N =[T/k].

The difference scheme reads:

cuj — ar(use +vga)i = aa(uze + ugs)

—e(uuz +vug) +  eu(uzs + ugy) + €ry, (4.65a)
v — o (Uay + ugy)i = on(uay + ugy)

—e(uvy + vvy) +  eu(ves + vgy) + €ry, (4.65b)

ulag =0, v]ag =0, Ult=0 = @y, V|i=0 = ay, (4.65¢)
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where

7,77
u;?%rl —ur
. —_ 7] 27]
ut - k 9
n n
o Uy T
U;p = h 5
n n
_ Wi T Wy

uy and ug can be defined accordingly and the definitions for v are similar.
Obviously, this is a first-order scheme explicit in time, where the nonlinear term is
discretized somewhat arbitrarily. The scheme is easy to implement. Next we discuss
its stability. For simplicity, we analyze the linear case (corresponding to the Stokes
equations) first, and consider the full nonlinear equations (4.65) in Remark 4.7 below.

We write the linear case of (4.65) as follows :

euj — o (Uzs + vgz)i = a2(uzs + ugs) + ep(uzs + ugy) + €ry, (4.66a)
cvj —on(uzy + ugy)i = oaluzy + ugy) + ep(vas +vgg) + ery,  (4.66b)
ulag = 0, v]ag =0, Ult=0 = @y, V=0 = ay. (4.66¢)

Here we take oy = 1 and a3 = a. The result for the case of ay = 0 will be given in
Remark 4.6.
The following theorem gives the stability estimate for (4.66) in the sense of the

discrete L2-norm:
I-1J-1

[w® |7 = A3 2D (wig)?, (4.67)
1=0 j=0
where w" = (w;;), i =0,1,---, 1 -1, 5=0,1,---,J — 1.
Theorem 4.2 Let u and v be the solution of (4.66) and

A= e(llullk + 10lR) + llus + vglli + exlllually + Nuglly + lvslli + lloglli). - (4.68)
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If Z—f <1 — ¢, where ¢ is any constant in (0,1), then

N-1
A+ kY s+ gl < Me mas (Il + ) (4.69)

n=0

where M is a generic constant dependent on p and c.
Proof: We first write down the following identities and inequalities:

e some difference identities [75]:

(G0)e = s+ G0, (4.70a)
(¢P): = Qs+ bk, (4.70b)
200 = (¢%); — k(¢y)?, (4.70¢)
Gbse = (Dds)e — (62)%, (4.70d)

where the translation operator Ei¢(z,y,t) = ¢(x + ih, y,t).

e an difference inequality [75]:

hlidzln < 2[|ln (4.71)

e a discrete version of the Poincaré inequality (cf. [66]):

s < lloalli + llégll (4.72)
if ¢ satisfies homogeneous boundary conditions.
Multiplying (4.66a) by au+ bu; and (4.66b) by av+bv; and adding, then summing

for all (¢,7), e =1,---,1 =1, 5=1,---,J — 1 where we use the difference identities

(4.70) (omitting lots of tedious algebraic manipulations), we obtain
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ca(|lull + [[oll3); + %(ab +a)(|lus + vgll7); + %6/«05(”%”2 +lugllh + llvall + [lvgllh)i
+e(b— ak)(Jluill; + [[vill}) + acllus + vy} + (b — %(ba +a)k)||(uz + vy)ill;
+epalllua|lh + lluglli + lvalli + llvglli) = %eﬂbk(Hum"HZ +ugillh + llosilli + llvgillz)
< Ml + ) + Sepalull + JolR) + bl + il

where § > 0 can be chosen less than ¢/b. Applying (4.71) and (4.72), we get

R2 (il + Nugilli + llvall + llogill7) < 4Clll; + vill7)
and
lulli + [loll: < Nualli + lluglli + lvallz + Togll.

respectively. Then we can choose a and b such that

k 1 1

and obtain

(A); + dep A+ [|(uz + vg)ill; < Me([lralli + [Iroll7),

where d is a constant independent of k, h, € and p. From this inequality, it is not

difficult to see that (4.69) holds. O

Remark 4.5 From (4.69) of Theorem 4.2, we find that the value of € will not affect
the stability of the difference scheme. This means that the forward Euler scheme in the
time direction works for any value of €. Also, the time step restriction k < (1—c)h?/u
is actually loosened in the case of small viscosity (or large Reynolds number) which
people are often interested in. This implies that the explicit scheme (4.66) to which
an appropriate discretization of the nonlinear term (see the next remark) is added
works very well. It enables us not only to avoid the complicated iteration procedure
for nonlinear equations but also to choose the time step fairly widely in the case of

small viscosity. O
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Remark 4.6 We have mentioned before that sometimes we may like to take oy = 0
to avoid solving any algebraic system. Following the same procedure as the proof of
Theorem 4.2, we can get the stability condition for the case of oy = 0. That is,
k < meh?, where m is a positive constant independent of ¢,h and p. We thus see
that the stability of (4.66) with oy = 0 depends on the parameter €. This coincides
with our experience with stiff problems discretized by explicit schemes. Fortunately,
using the SRM, we do not need to take € very small. So the time step restriction is
not much worse than the usual one corresponding to an explicit scheme applied to a

non-stiff problem. O

Remark 4.7 For the nonlinear case (4.65), when the viscosity p is not small, we
expect similar results since the nonlinear term can be dominated by the viscous term.
When the viscosity is small, however, the scheme (4.65) is unstable. Although numer-
ical computations indicate that we do get better stability if we increase ag, i.e. some
kind of dissipation effect is obtained (we must note that such dissipation becomes small
when the incompressibility condition is close to being satisfied), we suggest using spa-
tial discretizations with better stability properties, e.g. upwinding schemes (cf. [102]),

in the case of small viscosity. O

Remark 4.8 Applying corresponding difference identities for a nonuniform mesh
(see e.g. [106]), the results of Theorem 4.2 may be generalized to difference schemes
(4.66) on a nonuniform mesh. Hence, the difference scheme may be used for problems

defined on more general domains. O

Next we explain our theoretical results by calculating the solution of an artificial

example.

Example 4.1 Consider the Navier-Stokes equations (4.1) with the exact solution
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u = (u,v)?

u = 502%(1 — 2)’y(1 — y)(1 — 2y)[1 + exp(—1)],

v = =50y (1 —y)*x(1 — 2)(1 — 22)[1 + exp(—1)],
p = [—x(g +2) - y(% —2)+ %][1 + exp(—1)]*

As indicated in §2.6 of Chapter 2, to carry out the SRM iterations, we do not
need to store the entire approximation of ps_1 on [0,T] for calculating us. Assuming
that the number of the SRM iterations ts chosen in advance, we can rearrange the
computational order to make the storage requirements independent of N, where N
represents the number of the mesh lines in the t direction. We first use constant
steps k = 0.01 and h = 0.1. At a given time t, we use ‘eu’ to denote the absolute
discrete L*-error in u, while ‘ep’ denotes the absolute discrete L*-error in p,. Table
4.1 summarizes the computational results of the difference scheme (4.65) with oy =

ay =1 and viscosity p = 0.1.

€ iteration errorat = t=k t=1.0 t=20 t=30 t=4.0 t=5.0
He-1 1 eu 4.6he-3  2.69e-1 1.bhe-1 1.31e-1 1.15e-1 1.08e-1
ep 2.49e-1 1.96e-1 1.57e-1 1.36e-1 1.25e-1 1.2le-1

2 eu 2.16e-3  2.53e-2  3.12e-2 3.18e-2 3.12¢-2  3.06e-2

ep 1.80e-1 9.28e-2 7.37e-2 6.74e-2 6.48e-2 6.3He-2

3 eu 2.15e-3  1.77e-2 2.28e-2 2.48e-2 2.55e-2 2.57e-2

ep 1.80e-1 8.81e-2 6.69e-2 6.10e-2 5.91e-2 5.83e-2

le-3 1 eu 2.14e-3 1.73e-2 2.2le-2 2.4le-2 2.48e-2 2.50e-2
ep 1.80e-1 8.78e¢-2 6.6le-2 6.0le-2 5.82e-2  5.7He-2

Table 4.1: SRM errors for g = 0.1 without upwinding

We notice that the errors improve as the iteration proceeds until € reaches the
discretization accuracy O(h), where s is the number of iterations.

For small viscosity, say p = 0.001, the difference scheme (4.65) does not work.
The errors blow up around t = 1. When we increase o, say to 50, we do get pretty

good results around t = 1; however, the errors still blow up at a later time. This
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suggests that the scheme is not stable for small viscosity p. So we next discretize
the nonlinear term using the upwinding scheme given in [102]. For the case of small

viscosity, e.g. ;1 = 0.001, we get good results (see Table 4.2).

€ iteration errorat = t=k t=1.0 t=20 t=30 t=4.0 t=5.0
He-1 1 eu 41.66e-3  2.26e-1 2.50e-1 2.29e-1 2.13e-1 2.03e-1
ep 2.58e-1 1.06e-1 6.67e-2 5.45e-2 5.12e-2  5.04e-2

2 eu 2.16e-3 7.74e-2 8.78e-2 9.13e-2 9.34e-2  9.53e-2

ep 1.84e-1 8.81e-2 6.22e-2 5.3%9¢-2 5.11e-2  5.02e-2

3 eu 2.14e-3  7.69e-2 8.7le-2 9.06e-2 9.29e¢-2  9.48e-2

ep 1.83e-1 8.78e¢-2 6.21le-2 5.39¢-2 5.11e-2 5.0le-2

le-3 1 eu 2.14e-3  7.69e-2 8.72e-2 9.07e-2 9.29e¢-2  9.49e-2
ep 1.83e-1 8.78e¢-2 6.21le-2 5.39¢-2 5.11e-2 5.0le-2

Table 4.2: SRM errors for ¢ = 0.001 with upwinding

Recall that according to Remark 4.5, in the case of small viscosity, the time step
size can be increased to some extent without adverse stability effects. To demonstrate

this, we take k = h = 0.1, and p = 0.001. The numerical results in Table /.3 support

our claim.

€ iteration errorat - t=k t=10 t=20 t=30 t=40 t=05.
le-3 1 eu 2.18e-2 8.6le-2 9.43e-2 9.70e-2 9.86e-2 9.99%e-
ep 1.83e-1 8.83e-2  6.26e-2 5.42e-2 5.13e-2  5.03e-

Table 4.3: SRM errors for ¢ = 0.001 with a pretty large time step k =h = 0.1

Although we use explicit schemes for SRM (4.2) with ay > 0, we still have to
solve a banded symmetric positive definite system. An alternative is to take ay = 0
to avoid solving any algebraic systems. Table 4.4 shows the computational results of
the difference scheme (4.65) with oy = 0 and oy = 1. We take viscosity p = 0.1,

h =0.1 and k = 0.0005. Good results are obtained except for the pressure near t =0
(¢f. Remark 4.4) .
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e iteration errorat - t=k t=10 t=20 t=30 t=40 t=5.0
ne-1 2 eu 5.0de-3 3.57e-2 2.94e-2 2.71e-2 2.62e-2 2.60e-2
ep 2.92e-0  9.70e-2  7.03e-2 6.17e-2 5.87e-2 5.77e-2

Table 4.4: SRM errors for p = 0.1 with oy =0




Chapter 5

SRM for the Simulation of Miscible Displacement in Porous Media

5.1 Introduction

As explained in Chapter 1, miscible displacement occurs in the tertiary oil-recovery
process which can enhance hydrocarbon recovery in the petroleum reservoir. Numer-
ical simulation plays an important role for this process because solvents (or chem-
icals) are expensive and experiments are hardly possible. Mathematically, misci-
ble displacement in porous media is modeled by a nonlinear coupled system of the
pressure-velocity equation and the concentration equation with appropriate boundary
and initial conditions. The pressure-velocity equation is elliptic, while the concen-
tration equation is parabolic, but normally convection-dominated. Accuracy for ve-
locity approximation is important to obtain a good approximation for concentration
since the concentration equation only includes the velocity variable. Mixed finite el-
ement methods for the pressure-velocity equation have been applied for this purpose
[40, 41, 42, 46, 47, 120]. We are interested in applying the idea of the SRM to this
equation since it has benefits over mixed finite element methods.

The SRM formulation for the pressure-velocity equation is a direct application
of the sequential regularization method for time-dependent problems (see previous
chapters). The velocity variable is involved in the linear systems only and the pres-
sure variable is obtained by substitutions (without solving any linear systems) at each
iteration level. We notice that the same formulation can also be obtained from the

augmented Lagrangian method (originated from Uzawa’s algorithm) [50, 31]. Unlike

112



Chapter 5. SRM for the Simulation of Miscible Displacement in Porous Media 113

the augmented Lagrangian method using spectral analysis to discuss the convergence
rate for discretized problems, we use asymptotic methods directly for the differential
problems. The asymptotic method is easier to use for more general and more com-
plicated problems than spectral analysis because the latter is scarcely possible for
non-symmetric operators. We will later prove that our iterative schemes can improve
the error to O(¢e®) at the sth iteration level, where € is a small positive number. In
other words, the convergence rate of our iterative procedure is about O(¢). The-
oretical convergence analysis and numerical experiments show that the number of
iterations is extremely small, usually 2.

The organization of this chapter is as follows. In §5.2, we describe our SRM
iteration for the time-discretized problem (the differential problem in spatial vari-
ables) and its advantages. In §5.3, we show its convergence . Then in §5.4 we give
a fully-discretized scheme using the Galerkin finite element method for the problem
formulation where the SRM is used for the pressure-velocity equation. Finally, in
§5.5, we present numerical examples to demonstrate the effectiveness and accuracy

of our method.

5.2 SRM Formulation

To recall, we again write down the model problem. Consider the miscible displacement
of one incompressible fluid by another in a porous reservoir 2 C R? over a time period
[0,7]. Let p(x,t) and u(x,t) denote the pressure and Darcy velocity of the fluid
mixture, and let ¢ be the concentration of the invading fluid. Then the mathematical

model is a coupled nonlinear system of partial differential equations
u = —a(gradp — ygradd), (x,t) € Q x[0,7T], (5.1a)
divu = ¢(x,t), (x,t) € Q x[0,T], (5.1b)

éb% — div(D(u)gradc) + u - grade = g(c), (x,t) € 2 x[0,T], (5.1¢c)
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with the boundary conditions

u-n=0 (x,t)el x[0,T], (5.2a)

D(u)gradec-n =0, (x,t)e x[0,1], (5.2b)
and the initial condition
c(x,0) = co(x), x€Q, (5.3)

where a = a(x, ¢) is the mobility of the fluid mixture (we will later denote it as a(c)),
v = v(x,¢) and d(x) are the gravity and vertical coordinate (we will later denote ~
as y(¢)), ¢ is the imposed external rates of flow, ¢(x) is the porosity of the rock, D is
the coefficient of molecular diffusion and mechanical dispersion of one fluid into the
other, g = g(x,1,¢) is a known linear function of ¢ representing sources, and n is the
exterior normal to the boundary I' = 99.

We assume that the mobility is bounded below and above by positive constants
0 < mg <al(c) < My,

and its gradient is bounded above by a positive constant. For existence of p, we
assume that the mean value of ¢ is zero and for uniqueness we suppose p has mean
value zero.

In recent years much attention has been devoted to the numerical simulation
of this problem. In this chapter we are interested in solving the velocity-pressure
equation (5.1a)-(5.1b) using the idea of the SRM for the time-discretized problem.
The method considered herein is a direct application of the sequential regularization
method (see previous chapters but without the sense of regularization) and is closely
related to the augmented Lagrangian method [50, 31] (without the augmented La-
grangian framework). We will analyze the method using the technique presented in
previous chapters, in particular Chapter 3. These analyses give the convergence of

the iterative procedure and its convergence rate at the same time.
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After a time discretization, we obtain the following system for u and p at the

current time step:

u = —a(¢)(gradp — vy(¢)gradd), (x,t)€ Q x[0,7], (5.4a)
divu = ¢(x,t), (x,t) € Q x[0,T], (5.4b)
where ¢ is an approximation of ¢ assumed to be known. Taking € to be a small

positive number, we replace the system (5.1a), (5.1b), (5.2a) by the following iterative

method: for s = 1,2, find {uy, ps} such that

a(é)"la, — %grad(divus —q)
= —(gradps;_1 — v(¢)gradd), (x,t)€ Q x[0,T], (5.5a)
u,-n=0, (x,t)el x[0,T], (5.5b)
and
L.
Ps = Ps—1 — Z(dwus —q), (x,1)eQx[0,T], (5.6)

where the initial guess pg is required to satisfy the zero mean value property: [ podx =
0. Thus ps has mean value zero from (5.6) and (5.5b). We note that, by taking po = 0,
each iteration is a kind of penalty method.

This iterative procedure has the following salient features:

1. We solve a small system (5.5) for the velocity u, and obtain the pressure p from
(5.6) directly. We will show that the accuracy of such a method is O(€*) at the
sth iteration level. Note that the system (5.5) is well-posed since, unlike the

usual penalty method, we need not take ¢ very small.
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2. The velocity-pressure equation was recently solved by the mixed finite element
method [40, 41, 42, 46, 47, 120], in which the discrete spaces for u and p need
to satisfy the Babuska-Brezzi condition, and the resulting linear system has a
nonpositive definite coefficient matrix. In our method, u and p are obtained
from equations (5.5) and (5.6) separately, and compatibility conditions between
the discrete spaces of u and p are not needed. Moreover, system (5.5) leads to

a symmetric positive definite coefficient matrix.

3. When the standard finite element method [38, 39, 44, 45, 48, 98, 99] is applied
for the pressure equation, the velocity needs to be obtained by finite differencing
the pressure variable, which gives less accuracy. Note that the accuracy of the
approximate velocity is important, since the concentration equation involves the
velocity only. The velocity in our method is obtained directly, without finite

differencing.

4. The discrete version of our SRM formulation (5.5)-(5.6) gives the same accu-
racy for the velocity as the mixed method and requires the solution of well-
conditioned linear systems like Galerkin methods. Note that our numerical
experiments will show that a few (much less than 10) iterations are usually

enough for our iterative procedure.

5.3 Convergence Analysis

Before we begin our analysis, we first describe some notation to be used throughout
the rest of the paper. As in Chapter 4, we use LP(Q), or simply L?, to denote the

space of functions whose pth power is integrable in €, with the norm

fall = ([ Sl )
Qi:l
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where u = (uy,---,u,). We will omit the subscript p in the norm notation when
p = 2. H™ is the closure of C3°(€2) in the norm
[ul [ = ( > HDQUHZ) :
0<jal<m
In addition, we define the divergence space H(div) = {w € L*(Q)*: divw € L*(Q)}

with the following norm:
ullergary = (J[ul® + | divu]?)*.

We shall denote by (-,-) and (-,-) the inner products in  and on I', respectively.
For a normed linear space B with norm || - || and a sufficiently regular function

g: [, 8] = B, we define

& 1
lollao e = (gt D3 and lglmeuonsy = sup lloC.1)ls

If [, B] = [0, 7], we simplify the notation as ||g|[z2(s) and ||g||r~(B), respectively. We
shall also denote generic constants by M and K , which may be different at different
occurrences.

Before stating our convergence theorem, we first give a lemma.

Lemma 5.1 There exists a unique solution {u,p} to the problem

u=—a(c)(gradp — f), (x,t) € Qx][0,7], (5.7a)
divu =¢q, (x,t)€Q x[0,T], (5.7b)
u-n=0 (x,t)el x][0,1], (5.7¢)

where p and g have mean value zero. Furthermore, there exvits a constant My such

that the following estimates hold:

[ullecaivy + lpllae < Milllgll + Ifllecain], ¥ € (0,77, (5.8)
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Proof: Substituting (5.7a) into (5.7b) and (5.7¢) we see that p satisfies a Poisson

equation with Neumann boundary condition

—div(agradp) = g — div(af), in Q,

9 _

aan—af-n on I.

Noting the zero mean value of p and using the standard results for the Poisson equa-

tion, we obtain the uniqueness and existence of p and the estimate

Il < M {llgl + 1E ey + I -l

An application of the trace inequality [54](p.28)

10l g2y < [[fllE(d00), v € H(div)

leads to the inequality (5.8) for p. Then the existence, uniqueness and the estimate
(5.8) for u follow directly. O
We are now ready to describe our convergence theorem and prove it using a similar

technique as Chapter 3.

Theorem 5.1 Let {u,p} be the solution of system (5.4a), (5.4b), and (5.2a) and
{us, ps} the solution of (5.5)-(5.6). Then we have

M16
11— M16

HU—USHH(CMU)—I- Hp—psHHl < ( )SHPO—}?’\a s=1,2,---. (5-9)

Here My is from Lemma 5.1 and we assume Mie < %
Proof: We first consider the case s =1 of (5.5)-(5.6). Write (5.5a) and (5.6) as

a(¢)"'u; + gradp;, = v(¢)gradd

divuy — q = €(po — p1)-
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Then subtracting equations (5.4a) and (5.4b), we have

a(¢)™"(u; —u) + grad(p, —p) =0 (5.10a)

div(uy —u) = €(po — p1). (5.10b)
Using Lemma 5.1, we obtain

|luy — uHH(dz’v) + |1 — pllar < Miellpo — pi|- (5.11)

Writing po — p1 = po — p + p — p1, we immediately have

M16
_ . _ T — pll. 5.12
oy — allagaw) + [P — plla 1—M16Hp0 pll (5.12)

Now we look at the second iteration s = 2. At first, we can get equations similar to

(5.10a) and (5.10b):

a(¢)"'(uy —u) + grad(p, — p) = 0 (5.13a)

div(ug — u) = €(p1 — p2). (5.13b)
Applying Lemma 5.1 again, we have

lug —ul[aai) + |2 — plla < Mae|lpy — pa||

< Mie(|[pr = pll + llp2 — pl)- (5.14)

Noting Mie < 1 and using the estimate of ||py — p|| (see (5.12)), yield

M16

2
—_— — |l A
=l (5.15)

[uz — ullaan) + [[p2 — pllm < (

We can repeat this procedure, and by induction, conclude the results of the theorem.
O

From Theorem 5.1 we see that the convergence rate of our iterative scheme (5.5)-
(5.6) is about O(e). This implies that the number of iterations needed to achieve
a prescribed accuracy is very small. The fast convergence of our method makes it

dramatically different from penalty-like methods.
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5.4 The Galerkin Approximation and Its Error Estimates

In this section, we approximate the velocity-pressure iterative scheme (5.5) and the
concentration equation (5.1c) by using the standard Galerkin method. We only pro-
vide a brief description about this approximation. More details are in [82].

Let W ={w € H(div) : w-n = 0on I'}. The variational form of (5.5) can be

written into the following: find u; : [0, 7] — W such that

1
(a”(c)u,, w) + —(divu,, divw)

€

1
= (ps—1 + —q, divw) + (y(¢)gradd, w), Yw € W. (5.16)
€

The weak form of the concentration equation (5.1¢) reads: find ¢ : [0,T] — H'(Q)
such that

(Qb%, z) + (D(u)grade, gradz) + (u - grade, z) = (g(c),z), Vze H'Y(Q), (5.17)

(c(x,0),2) = (co(x),2), Vze H'(Q). (5.18)

For h, > 0 and an integer £ > 0, with respect to the velocity-pressure equation,
we introduce finite element spaces W, C W and Y}, = {y : y = divw for w € W, }
associated with a quasi-regular subdivision of {2 into triangles or rectangles of diameter
less than h,. Similarly, we denote by Z, C H'(f) the finite-dimensional space for
the concentration equation with grid size h. and approximation index [. Assume that

the following approximation properties hold:

inf ||w —wy| < KR | wl|ger, weW, (5.19)
wheWh

inf | div(w — wp)| < KB ([wllgses + || diow i), w € W, (5.20)
Wh h

inf ||z — 2| < KA 2| pper, 2 € HY(R), (5.21)
ZhEZh

where K is a constant. The space W) can be taken to be the vector part of the
Raviart-Thomas [100] space of index k, or Brezzi-Douglas-Marini [30] space of index
k+ 1.
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Given a partition of [0,7], 0 = to < t; < -+ < ity = T, we denote J, =
[ty to1], Aty =ty — L, and At = max{At,}. Let {p,,u,,¢,} and {P,,U,,C,} be
{p,u, ¢} and its approximation at time level ¢,,. We define our approximation scheme
at time ¢,(n = 0,1,2,---) by the following.

Step 1: Given C,, find {U,, P,} € W, x Y}, as follows. Take the initial guess

Py=0. For s =1,2,---, iteratively obtain U, € W}, and P, € Y}, such that

1 B
(a™Y(C,)U,, w) + ~(divU,, divw)
€

1
= (Ps_1 + —q, divw) + (y(C,, )gradd, w), Yw € W, (5.22a)
€

_ _ 1 _
Py = Ps_y — —(divU; — q). (5.22b)
€

Let U, = U, and P, = P, for some integer s.
Step 2: When U, is known, find C,, 11 € 7} such that

Cha1 —C,,
(qbzit, z) 4+ (D(U,)gradC,41,gradz) + (U, - gradC, 41, 2)
= (9(Crt1), 2), Vz € Zy,. (5.23)

Note that in step 1 of the scheme, the initial guess could be more efficiently taken
as Py = P,_; for n > 1 and Py = 0 for n = 0. Our numerical experiments will show
that the number of iterations can be generally taken to be s = 2 for the range of
perturbation parameter ¢ = 1072 to 107>,

The following error estimates of the above approximation are proved in [82].

Theorem 5.2 Let {p,u,c} be the solution to Problem (5.1¢)-(5.1b), and {P,U,C'}
the solution to the scheme (5.22)-(5.23) with s iterations at each time step. Then

there exists a constant K, for At sufficiently small, such that the following error

estimates hold at time step t,, (m=20,1,2,--- /N ):
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< K[e® + R el o oty + PEF e Loty + (5.24)
FhF (| oo o,tgarssty + 1divu[ Lo o gmmy) + At 2 ompiz2y + w2 0,122
(5 A = o)

< _Ks[ﬁs + hellell oo gty + et il |2 o gy + (5.25)
+hF (| oo o,tagarseny + 1divul]| poe o, m0+2)) + At 2 (o,03i2) + llutll 2 o.t1i22))]-

This theorem tells us that for sufficiently small perturbation parameter ¢, the error

estimates for the velocity, pressure and concentration are optimal.

5.5 Numerical Experiments

In this section, we present some numerical examples to show how well our iterative
scheme performs, and how the parameter ¢ affects the number of iterations needed
and accuracy required. For simplicity, we will just consider the pressure-velocity

equation, since the concentration equation has been analyzed previously [40, 41, 42,
45,46, 47, 48, 98, 99, 120].

Consider the elliptic problem with Neumann boundary condition

u=—a(gradp—1f), x€Q,
divu = ¢(x), x €Q,
u-n=0, xel,
where € is a square and I its boundary. More general domains 2 will not present

technical problems.

The approximation scheme takes the form: Find U* € Wy, for s = 1,2, -,

(a™'U*,w) + L(divU?, divw) = (P*" + Lq, divw) + (f,w), Yw € W, (5.26)

P* =Pt — L(diwU* — q). (5.27)
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Figure 5.1: One element with velocity on each edge and pressure at the center

Partition the domain €2 into a set of squares of side length A. We take the space

W), to be the vector part of the Raviart-Thomas [100] space of index 0. Thus
Wi = (P1@Po) x (Po@Pr),

where P is the set of one variable polynomials of order less than or equal to k.
Consequently, the approximate pressure P? lies in the space of piecewise constants.
Partitioning the domain into triangles or rectangles or applying higher order approx-
imation polynomials can be treated analogously.

Let U; denote the constant value of the flux in the positive x or y-direction on
the edge o, a = L, R, B, T (representing left, right, bottom, and top, respectively),
of each element. See Figure 5.1. Consider w to be the basis function (1 — z,0) (on

the standard reference square). Applying the trapezoidal rule to (5.26) we have
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1 Up—Up+U; - Ug1
- o— sh2_ R L T B_h2
QGL UL €h h
1 1
_ PS_I_I_C]L‘|‘(]R‘|‘QT‘|'(]B SR 4 2, (5.28)
de h 2

where ¢, 1s the value of ¢ at the middle point of edge . Similarly, letting w =

(,0), (0,1 —y), (0,y), and simplifying we have the following linear system for each

element.

ch?a;'Up —2(Us — Us + U — Uy)

— 9 [Ps_l n QL‘|‘QRZ‘QT‘|‘(]B
¢

eh2a 7 Us + 2(Us — Us + Us — U3)

] + eh* fr, (5.29a)

qr, + qr + qr + ¢B
4de

ch*ag' Uy — 22U, — U + Uz — Uy)
— 9 [Ps_l e +qr+4qr +qB
4e
haz Us + 2(U3 — U + U3 — U3,)

= 2ch [P“"l + ] + eh® fr, (5.29b)

] + ch*fz, (5.29¢)

qr, + qr + qr + ¢B
4de

= 2ch [P“"l + ] + eh® fr. (5.29d)

Note that equation (5.27) has the discrete version on each element:

Ps:Ps—l_l[U]S%_Uz—I_U]S“_U%_QL—I_qR—I_QT—I_QB]
€ h 4 '

From equations (5.29) we can easily form the element stiffness matrix. Then

(5.30)

assembling all the element matrices and taking into account the boundary condition
we obtain the stiffness matrix. The force vector can be obtained in an analogous way.

All velocity and pressure errors are measured for iterates {U® P*} against the

exact solution under the L* norm, i.e.

U’ — ul|e P? — plleo
[0 —ulle P =l
]l [l
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The initial guesses are always chosen to be zero, so all errors are 1.00 before the
iterative procedure starts.

Example 5.1 Let the velocity u and the pressure p satisfy (x = (z,y)")

divu = 7 [cos(ma) + cos(my)], x € Q,

1
u:—lgradp—( ”1)], x €,
u-n=0 xel,

where Q@ = [0,1] x [0,1], and I' = 9Q. The true solutions for the velocity u and the

0 ( sin(ma) )
sin(ry) |’
1

p= ;(COS(T[‘J}) + cos(my) + & — y).

pressure p are given by

The pressure p and external flow rate ¢ = diva are chosen in such a way that they
both have mean value zero.
Example 5.2 Let the velocity u and the pressure p satisfy the nonhomogeneous prob-

lem

divu = ab®(” — ), x € Q,
—x
u:—a[gradp—( )], x €,
)
u-n=g, xel,
where @ =1[0.5,1] x [0.5,1], I' = 9Q,a = 0.05, and b = 10. The function g is chosen
such that the true solutions for the velocity u and the pressure p are given by
B b2et” + o
u=—a ey )

p= b(ebx — eby) .
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e=10""T e=10"" e=10"7
iteration | velocity | pressure || velocity | pressure || velocity | pressure
0 1.00 1.00 1.00 1.00 1.00 1.00
1 1.14E-2 | 9.71E-3 || 1.53E-3 | 8.67E-4 || 2.69E-4 | 4.08E-5
2 2.69F-4 | 4.00E-5 || 1.29E-4 | T.25E-4 || 1.28E-4 | 1.261-4
3 1.29E-4 | 1.25FE-4 || 1.28E-4 | 1.26E-4 - -
1 1.28E-4 | 1.26E-4 - - - -
Table 5.1: Numerical results for Example 5.1 with grid size =
e=10"1 e=10"" e=10"°
iteration | velocity | pressure || velocity | pressure || velocity | pressure
0 1.00 1.00 1.00 1.00 1.00 1.00
I 1.42E-4 | 1.16E-4 || 1.29E-4 | 1.25E-4 || 1.29E-4 | 1.26E-4
2 1.28E-4 | 1.26E-4 || 1.28E-4 | 1.26E-4 - -

Table 5.2: Numerical results for Example 5.1 with grid size = %

For Example 5.1, the results with (uniform) grid size -

w5 are shown in Tables 5.1

1

1 .
mn and 55 are shown in

and 5.2. The results of Example 5.2 with (uniform) grid size
Tables 5.3. More examples and results can be found in [82].
From Tables 5.1 through 5.3 we conclude that our iterative method performs as
well as the theory predicts. In particular, it can achieve the same accuracy as mixed
finite element methods (at least for velocity), while the linear systems to be solved
are symmetric and positive definite. Also, the computational work of our method is

much smaller than that of mixed methods, since the number of iterations required is

usually very small.

e=107" grid size = & grid size = &
iteration | velocity | pressure || velocity | pressure
0 1.00 1.00 1.00 1.00
1 1.ISE-3 | 5.85E-3 || 3.23E-4 | 1.61E-3
2 1.02E-3 | 5.42E-3 || 2.00E-4 | 1.24E-3

Table 5.3: Numerical results for Example 5.2



Chapter 6

Numerical Methods of Some Singular Perturbation Problems

In this chapter, we discuss the numerical solutions of some singular perturbation
problems which are all special cases of the regularizations (1.12) and (1.13), and have
practical meanings in themselves as we indicated in §1.4. In §86.1 and 6.3 we will
construct and analyze uniformly convergent methods for these singular perturbation

problems. So we first describe the definition of the method ( cf. [90]).

Definition 6.1 [fu is the solution of a singular perturbation problem with a parame-
ter € and u" is an approximation obtained using a uniformly convergent method, then
there exist two constants ¢y and hg independent of ¢ and h such that when 0 < ¢ < ¢

and 0 < h < hg we have an inequality of the form
|u — || < ChP, (6.1)
or in a weaker version (cf. [79])
lu ="} < C(h" + "), (6.2)

where C'> 0, p > 0 and r > 0 are independent of € and of the mesh width h, and || - ||

1s some appropriate norm. O

We use M to represent generic (in the sense of O(1)) positive constants indepen-
dent of € and of the mesh width h. Some of these constants will also be denoted by

mo, My, ma, My and My, etc.

127
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6.1 One Dimensional Quasilinear Turning Point Problems

In this section, we consider the following two-point boundary value problem with

Dirichlet data at the endpoint:

e — b(x,u)u’—l— c(z,u) = 0, zel=[-1,1], (6.3a)

u(=1)=U_, u(l) =Uy, (6.3b)

where ¢ < 1 usually and b(x,u) may be zero at some isolated points. Such prob-
lems are usually called turning point problems. Constructing uniformly convergent
methods for problem (6.3) is generally very hard. We will consider a simpler case in
which we know the point, say «*, at which b(x,u(x)) = 0 and b,(x,u) # 0 for all u in
the vicinity of the solution. There are two types of turning point problems. They are
called repulsive and attractive turning point problems corresponding to the negative
and positive sign of %b(:p, u(2))|s=zx, respectively.

The rest of the section is devoted to the two types of turning point problems and is
actually a summary of two papers [79, 115] written by the author and his collaborator.
We assume that the problem which we consider (in the form of (6.3)) has a unique
solution. We also assume that the coefficients of problem (6.3) are sufficiently smooth

(usually C*(I x R) is enough).

6.1.1 A repulsive turning point problem

In this section, we assume
cu(r,u) > ¢ >0 on [—1,1] xR (6.4)

Hence, a maximum principle holds for (6.3). By constructing a barrier function it is
not difficult to get

<
_max |u| <, (6.5)
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where 7 = max_i<z<1 |c(x,0)|/co + max(|U_],|U|). Furthermore we make the fol-

lowing assumptions
b(0,u) =0,b,(0,u) <0  for |u|<r, (6.6a)

b(a,u) #0 for |u] <r and x #0. (6.6b)

According the condition (6.6) there exists a small positive number ¢ such that

bo(x,u) < —by <0  for |z| <6 (6.7a)
bx,u) >b_y >0 for —1<a< =4 (6.7b)
ble,u) < =by <0 for 6 <a <1, (6.7c)

where §, by, b_; and by are positive constants independent of ¢. We first give the

bounds on the derivatives of the solution which is useful in the proof of uniform

convergence:
W00 < M(1+ exp(—ma(e+ 1)fe)  for z€[-1,5),  (6.8a)

W < M for o] <4, (6.8D)

()] < M(1+ ¢ exp(—mo(1 — 2)/e)  for =€ [4,1], (6.8¢)

where ¢ is sufficiently small. (6.8a) and (6.8¢) are a direct application of the result

for problems without turning points which is derived by [113] and [77] independently.
(6.8b) is proved in [79] by examining the Newton’s sequence. This result means that
the repulsive turning point problem does not have any interior layers.

Next we consider how the solution v(x) of the reduced problem:
b(z,v)v" —c(z,v) = 0,—1 <x<l1, (6.9a)
c(0,v(0)) = 0. (6.9b)
approaches the solution u(x). As in [21] (Remark 2.11), applying (6.8b) and results

in [83], we have

lu(z) —v(a)] < M(e+exp(—mo(z +1)/€))  for x€[-1,-6], (6.10a)
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lu(z) —v(x)| < Me  for x € [-4,0], (6.10b)

lu(z) —v(x)] < M(e+ exp(—mo(l —x)/€))  for x €[4, 1], (6.10c)

Now we start to construct an almost uniformly convergent algorithm. In the
construction, we combine the initial-value technique [67] (a modification is given in
[81]) with the idea in [23]. We want to indicate here that [67, 81, 23] are all for
problems without turning points.

We first rewrite (6.3) as
a’ + (f(z,u)) —gle,u) = 0,z €l =][-11], (6.11a)

u(—1) = U_, u(l) = Uy, (6.11b)

where f(x,u) = 3 b(x,s)ds and g(x,u) = ¢(x,u) — fo(x,u). Integrating (6.11a), we
get
cu' + flz,u) = /ggg(t,u(t))dt + Kfor —1<a<l, (6.12)
0

where the integration constant is K = eu/(0). Let

E(z) = /:g(t,u(t)) dt.

Then problem (6.3) is reduced to the following equivalent nonlinear initial value prob-

lems:
cul + flz,uy) = Elx)+ K, -1 <z<0, (6.13a)
u(=1) = U (6.13b)

and
cuy + f(z,uz) = Ela)+ K, 0<a <1, (6.14a)

w(l) = U,. (6.14b)
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Replacing F(x) by
Be) = [ gt e(t)
0
where v(t) is the solution of the reduced problem (6.9), and neglecting K in (6.13a)

and (6.14a), we obtain the approximate problems:

evy + flz,yn) = Ex), =1 <z <0, (6.15a)
n(=1) = U (6.15b)
and
ey + flzy2) = E(r), 0 <2 <L (6.16a)
w(l) = U (6.16b)

It is proved in [79] that
lui(x) — yi(x)| < Me for 0 < |z| <1 and i=1,2. (6.17)

Finally we consider the numerical solution of (6.15) and (6.16). Note that by
using the change of variable ¥ = —a the numerical method for problem (6.15) will
follow from that for problem (6.16), so we proceed considering only problem (6.16).

For convenience we write (6.16) as

eyy —muryy = —xe(z,yq), 0 <a <1, (6.18a)

w(l) = Us, (6.18b)

where e(z,y) = d(z,y) + my. In the expression d(z,y) = (f(x,y) + FE(x))/x is
bounded and m; is a positive constant to be determined below.
On the interval [0, 1], introduce an arbitrary mesh {z;,¢ = 1,2,--- /N, with ay =

1}. Integrating problem (6.18) on the subinterval [x;, 2;41], and replacing function
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e(x,ya(x)) by e(@it1,y2(xip1)) , suggests a difference scheme:

y;,i = kiy;,i-u + (1 - ki)e(l'iﬂa y;,i—l—l)/mlv (6.19&)
y;,N = U+7 i:1727"'7N_17 (619b)

2
7

where k; = exp(—imye (22, — 2?)). According to the idea of [23], we can choose

a suitable mesh

L+ (e¢/m)In(1 = N —0)hi(l —€)), it =N —Ny,---,Nyay_ny, =1 —h.
T, =
xi,max;(x; — xi-1) = ho, i=1,---,N—N —1,

(6.20)

where h, = ¢|Ine|/m and hy = 1/N;. We have the following error estimate (see [79]):

Theorem 6.1 Let yy(x;) and ygi be the solutions of problems (6.18) and (6.19),

respectively, © = 1,---, N. Under the mesh (6.20), taking
my > —fu(x,u) = =b(x,u),

then we have

h
N b <
1r£1izé>]<v|u2(:1;2) uy ;| < Mh, (6.21)
where h = max(hy, hs).
Applying the same method, we can also get a numerical solution yfi, 1=—N, -, —1,
of problem (6.15) such that
_max e =yl < Mh. (6.22)
Let
yfi for 1=—-N,---,—1
yl =13 v(0) for i=0 (6.23)

ygi for 1=1,---,N
be an approximation of the solution u(x) of problem (6.3), where v(0) can be solved

from ¢(0,v(0)) = 0. Applying (6.17), (6.10b) , (6.21) and (6.22), we have

h
_Hg;( lu(z;) — y'| < M(h + ¢). (6.24)
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Therefore, the numerical method we propose is an almost uniformly convergent
method. In [79], a technique is given to modify the method to achieve uniform

convergence. A numerical example is also given in [79].

6.1.2 An attractive turning point problem

In this section, we shall extend the results from [114] and [78]. We make the following
assumptions:

i) bla,u) =ab(x,u),clx,u) = xer(x,u) + eez(a, u),

)
i) by(z,u), cp(z,u),e C*I xR), k=1,2,
i) by(x,u) > b, >0, x€l, ueR,

) epu(z,u)| <, k=12, x€l, ueR.

Moreover, we shall assume that ¢ is sufficiently small. Note that, unlike the previous
section, the maximum principle may not hold since we do not assume (6.4) here. The
corresponding reduced problem has a discontinuous solution consisting of two smooth

curves, uy and u_, which satisfy:
bi(z,ug)uly — cr(x,ug) =0, ug(l) = Uy,

By p denote +y/¢ and by || - ||oc denote the maximum norm in C(I). To consider
uniformly convergent methods, we shall estimate the solution u(x) and its derivatives

and the quantities:
vy = (u— ui)(k)(x), for k=0,1,2 and = € I,

where

I_ = [_170]7 [-I- = [071]
We collect these estimates in the following theorem.

Theorem 6.2

(zve(@))] < M(uV(z)), @€ s,
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(wo(2))’| < M(p+p'V(2)), €y,

eu(z)] < M(e+V(x)), =€l,

IA

()]

IA

M(p+p='V(x), v €l

where

mo
V(z) = exp(——|z]),
1
with an positive constant mg independent of ¢.

a
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From the estimates we see that the attractive turning point problem has an interior

layer but no boundary layers. This theorem is built on several lemmas whose proofs

are very technical. To show how technical these proofs are we prove one lemma below.

We refer to [115] for complete details.
Lemma 6.1  |u(x)| < M.

Proof: Let

We can easily verify that

1
p € CNI), max([e|, p) = p(x) 2 5 max(fe] , ).

Next, consider the following Riccati initial value problem
P(a) := ed' 4+ ab.a + Mop(x) + ca? =0,

a(0) = 0.

(6.25)

(6.26)

(6.27)

It has a uniformly bounded solution. Indeed, by applying Newton’s method to (6.26),

(6.27) (cf.[88] or [79]), with the initial guess:

onfe) = — [ Lop(t) exp(— oo — )it
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the conditions of the Newton—Kantorovich theorem are satisfied since:

[ao(2)]|ee < M,
[P (o) ~H| < My,
o — aollee < Mp,

[P ()| < 2.

135

Here, ||| is the operator norm corresponding to || - ||... Hence, there exists a solution

a(x) to (6.26), (6.27), such that
o — aolloo < My,
thus « is bounded uniformly in ¢. Furthermore, we have
zo(z) <0 for x € 1.
Indeed, because of the maximum principle and
ca! + axboa = —Mop(x) — ea® <0, a(0) =0,

a(x) <0 for > 0 and a(x) > 0 for « < 0.

Let
o) = expl [ alt) d).
It holds that
0 < mo < o(a) € M, ¢'(a) = a(z)p(e) = O(L).

Note that ¢ is a solution to the following equation:
e 4+ xbup’ + Mop(z)p = 0.
Let us now consider an auxiliary problem:
cu” + xby(z,u(z))u' — e(x,u) = 0,

u(=1)=U_, u(l)=U,

(6.28)

(6.29)

(6.30)

(6.31)
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and let us make the transformation u(x) = z(x)p(x). Then z(x) satisfies :

ez + [2ea(x) + xby (2, u(x))]z — é(z,z) = 0, (6.32)
U_ Uy
z(—1) = ST (1) = m, (6.33)
where
cl,z) = —[ep"(w) + aby(a,u(x))e(@)lp(x) ™'z + p(a) " e(w, 2p(2))

= Mop(x)z — x[bi(z, u(x)) — ba(r)z + () e(x, zp(2)).
Choosing M, sufficiently large and using (6.25) and (6.28) we have

c:(2,2) = Mop(x) — za(e)(b(e, u(z)) = b.) + cul, zp(x))

> mymax(fel. ).

Hence, the problem (6.32), (6.33) satisfies the maximum principle and therefore has

a unique solution z, such that

2()] < [(= 1) + |=(1)] + max <Ly

2 iy max(f ], )
This shows that (6.30), (6.31) has a unique solution which is equal to u.. Then (6.29)
completes the proof. O
The numerical method is closely related to that from [114]. The same special

non-equidistant mesh I” is used. It has the following mesh points:

where
w(t) = w_ﬁ’ L€ 0.0q]
At) = m(t) == 8(t — o) + 2" (o) (t — ap)?
+w'(ag)(t — o) + w(), t € Jag, 1]
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ap is an arbitrary parameter from (0,1),
1
Y=gt pd,

§ is determined from (1) = 1, so that A € C*(Ix) and A € C''(I), and the parameter
f3 is chosen from (0,77 *(1 — ap)~?]. It may look as if A is artificial, but its part w is a
suitable rational approximation to the logarithmic function representing the inverse
of the interior layer function V() for # > 0. Then 7 is just a smooth extension of w.
Let
hi =x; — a1, 1= 1(1)n,

1
h; = §(hz + hit1),

and let w” denote a mesh function on "\ {—1,1}, which will be identified with the

R '—vector:

h

w" = [wy, wy, .. .,wn_l]T

, (wi =),
Moreover, let us introduce the following standard finite—difference operators:
Lw; = £(wixr — wi)/h,
D"w; = [(wizy — w;i)/hi + (wigr — w;)/hig1] /R
We shall use the following discrete L'-norm:
n—1
[w"||F = hilwil.
=1

For all this cf. [114]. Finally, the constants M will now be independent of I" as well.
Before discretizing the problem (6.3), as in the previous section, we rewrite (6.3a)

in the following conservation form:

Tu:=—eu' — f(z,u) + g(z,u) =0, x€l, (6.34)
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where

[z, u . glx,u

f-l—(xvu)v $€[+

- f-(z,u), xel_ - g-(x,u), xe€l_
g
fe(z,u) = /u xby(x, s)ds,
ux(2)
ge(z,u) = c(o,u) — aby (o, ug(a))ul(a —I—/ (xb1(x,8)).ds
= c(x,u) —xer (v, us(a —I—/ (xbi(x,s)).ds.
Then the discrete problem corresponding to (6.34), (6.3b) is given by:
Thw; =0, i=1(1)n — 1, (6.35)

where

Y

o= { =100
Thw;, 1=mno+1(1)n—1
Tiw; = —eD"w; — DYy fa(wi, wi) 4 g (i, wi),
and where wy and w,, should be replaced by U_ and U, respectively. The discretiza-
tion is a generalization of that for the mildly nonlinear case considered in [114] and
[78].
Let us introduce the following assumption in addition to i) — iv):
v) gulz,u) = (xbi(x,u))y + cu(z,u) > 9. >0, 2 €, ueR.

The following error estimate is proved in [115].
Theorem 6.3 The discrete problem (6.35) has a unique solution w" and the following
estimate holds:

o — [} < Mt exp(—n)],

where

u = [u(zq), u(xs), ..., u(:z:n_l)]T.

A numerical example is given in [115].
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6.2 Notes about Spurious Solutions of Upwind Schemes

6.2.1 Inadequacy of Yavneh’s argument

First order upwind schemes have been found by several researchers to yield spurious
solutions. Such behavior has been attributed to the excessive artificial viscosity intro-
duced by the numerical scheme, to multiple solutions of the nonlinear set of algebraic
equations that is obtained from the discretization, and to poor resolution by grids
that are too coarse (cf. [121, 27]). A simple example in [61] also shows that an upwind
scheme may lead to a spurious solution near a boundary layer. Yavneh in his Ph.D.
thesis [121] (also see [27]) claimed that the spurious solution may occur even in cases
where none of the above apply, and that such behavior is seen to occur even in the
linear scalar advection-diffusion equation, despite the fact that the truncation-error
tends to zero with the mesh-size throughout the entire domain, the solution being
smooth everywhere. However, his proof is incomplete. Yavneh considers a linear

advection-diffusion equation

1
—eAu + —Ug = 0, (6.36a)
r
u(a,0) =u; , u(b,0)=u, (6.36b)

over the circular disk 0 < § < 27,0 < a <r < b. Here

1 1
Au = tp + —up + —ugg
T T

is the Laplacian in polar coordinates and € > 0. The unique solution (the uniqueness

comes from the maximum principle) is

Inf(z)(2)]

u:
Int
a

In order to see what might go wrong with the numerical solution of this problem,

we rewrite the equation in Cartesian coordinates

Y
Lu = —ecAu-— :1;2—|—y2ux+ :1:2—|—y2uy =0, (6.37a)
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u 224y2=q = Uz, u|x2+y2:b = Uy, (637b)

where Au = uyy + ty,y.

As is well known, discretization of this equation by central finite differences loses
its stability when ¢ is small compared to the product of the mesh-size and the ab-
solute value of either coefficient of the first derivatives in the equation. A common
practice is to retain stability by increasing the absolute values of the coefficients of
the discretized second derivatives. A particular method of this type is the first order
upwind difference scheme. This sort of discretization gives a second-order central

difference scheme to the following equation:

—CUgy — 62uyy -

y . .
© =0 6.38
x2_|_y2u +x2_|_y2uy ( )

with the same boundary conditions as (6.37b),where

(e hlyl (et h|z|
' 222 +y2) 2(2? 4+ y?)

We plot the relationship of these continuous and discrete equations as follows:

Problem (6.37) <— Upwind scheme (first order)
1 I

Problem (6.38) <— Corresponding central scheme

Yavneh considers the case € < h/2r ( € > h/2r is not interesting since in this case
the central difference scheme is stable) and shows that the difference between the
solutions of problems (6.37) and (6.38) has a lower positive O(1) bound throughout
the domain except near the boundaries as the mesh-size tends to zero. Based on this
result, he then claims that the first order upwind scheme yields a spurious solution
of problem (6.37). From the above diagram, we see that the argument is incomplete
since we do not know if the central difference scheme is a good approximation for

problem (6.38). The proof of this fact is not that obvious since we no longer know if
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the solution of (6.38) is smooth. (6.38) is a partial turning point problem whose layer

property could be complicated.

6.2.2 Our explanation

In this section, we show that the stability constant of problem (6.36) depends on .
The smaller the parameter ¢, the closer the problem is to being ill-posed. Hence,
we can expect that any direct discretization (of course, including upwind schemes)
on the problem would be unstable when ¢ is sufficiently small . Therefore, it is not
strange that the first order upwind scheme fails for this problem.

Let’s consider (6.36) with a forcing term f(x,y). Suppose that u(x,y) is a solution

of the problem, i.e.
Lu = f(.y) (6.39)

and u satisfies boundary conditions (6.36b). We construct
w x,y) = u(z,y) + (r* — a®)(b* —r?), (6.40)
which satisfies the boundary conditions and
Lu* = f(x,y) + e(12(2* + y?) — 4(a* + b%)). (6.41)

In other words, if we make a small perturbation e(12(z? + y?) — 4(a® + b*)) to the
right-hand side of the equation, the solution changes a lot (by (r* — a*)(b* — r?)).
That means the problem (6.39),(6.36b) is not well-posed as ¢ is small. Then we may
not expect its approximation (direct discretization) to be stable. Indeed we can prove
that any difference scheme will not be stable (as ¢ is small).

Suppose we have a discretization (consistent with order h")
Lyup = f(x,y), Bruy = 0 (discrete BC)

also

Lyuy = f(x,y) + c(12(2? + y?) — 4(a* + b7))
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Bhuz =0
Then
Ll — ) = (1202 + y?) — A(a® + )

Bh(uh — UZ) =0
If (Ly, By) is stable, or more precisely, if the coefficient matrix Aj, of the linear
algebraic system corresponding to the discretization satisfies

1A oo < M, (6.42)

where M is a generic positive constant independent of € and &, we get

up, —u = O0(h")

uy —u*=0(h")

up, — uy, = O(e)

Hence
u—u"=0(e+h")

This is a contradiction since u —u* = (r* —a?)(b* —r?). So (L, By) can not be stable.

In fact, we can show

Claim 1
1

max (e, h")

Proof: If ¢ > A" and ||A; || = O(1/¢%), § < 1, then

45 = Of )- (6.43)

r

Uy, — U = O(—S) < 0(61_5),
€

wp —ut < O, up —ul = 0.



Chapter 6. Numerical Methods of Some Singular Perturbation Problems 143

Therefore,
u—ut = 0>

can be arbitrarily small. This is a contradiction in (6.40). So we must at least have

| A7 | = O(1/€). On the other hand, if ¢ < A", we can prove that
47l = O
= 05

Thus (6.43) is proved. O

For the first order upwind scheme, we actually can prove

Claim 2
1

max (e, h)

145 = Of )- (6.44)

Before we prove this claim, we first write down the scheme and then prove a

discrete maximum principle. The scheme is

Uigl Ui Uiy Ui Ui+l Uiy Mig UG-l
e hei hei-y i hy; hys—1
I 1
§(hm + hxi—l) §(hl/] + hl/j—l)
Yy Wit =i 7 _WigZubj=log,
_ orx
eity; ha wityl by ( >0y >0)
Y WUl wi Wiy —utj—1
247 haic + 22+y? hyjoa (forz > 0,y <0) =0 (6.45)
LW Mg Ty mg Migh) UL (for:z; <0,y > 0) - ‘
ity ha wity 7
Yj o Ui —Ui—1 Ty Ui g417ULJ f
_ orx
P e S TR (forz < 0,y < 0)

Lemma 6.2 The difference scheme (6.45) has a discrete maxzimum principle, that
18,

Lyup, >0 and uh|rh >0 = u, > 0,

where I}, represents all the mesh points on the boundaries 2> +y* = a* and 2*+y? = b

Proof: Suppose that u, > 0 is not true. Then there exists an interior point (x5, y;)

of the domain such that u,; < 0. Furthermore we can choose u,; such that u,, =
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min; ; u; ; and at least at one adjacent point u;; of u,, the rigorous inequality w;; >
us+ holds. Hence (for simplicity, we only consider > 0,y > 0 case),

Us t—Us t Us t—Us t Us t—Us t Us t—Us t

h.rs h.rs—l — € hyt hyt—l
1 1

i(hxs + hxs—l) §(hyt + hl/t—l)
Y us,t - us,t Ts us,t — Usyz

— La—)
T T 2+ y? hye

Lyuplsy < —e¢

This is a contradiction to Ljuy > 0, which completes the proof. O
Now we prove Claim 2.
Proof: We construct the barrier function

b2 2 2
i max | Lpuy|, (6.46)

T
max (e, h) ig

where h = max(hg, hy), while h, = max; h,;, h, = max; hy,;. Then it is easy to verify

wp, = |uo| 4 |wi| + My

that

Lh(wh + uh) Z 0, Wy, + uh|rh Z 0

when M is sufficiently large. Using the discrete maximum principle we obtain

Wy, :|: Up Z 0
We thus have
B — 42 2
lup| < wp = |u,| + |wi| + My ———— max |Lyuy|.
max (e, h) ig

This means

Ao < M——M—. 6.47

A7 < Mo (6.47)

So (6.44) follows from (6.47) and Claim 1. O

Hence, the first order upwind scheme for problem (6.39),(6.36b) is not convergent
when € is small compared with mesh-size h. Of course, it produces a spurious solution
in general. For Yavneh’s example (f(x,y) = 0in (6.39)), numerical calculation verifies

the appearance of the spurious solution. From the result of Claim 2 we expect that a
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good second-order scheme would converge if € is smaller than &2 but much larger than
h?. Numerical calculation in [121] verifies this too.

Note that, in polar coordinates, the first order upwind scheme converges since its
truncation error has a factor € (because the derivatives of u with respect to 6 are all

zero). In Cartesian coordinates, no such behavior exists.

6.3 A Linear Hyperbolic-Hyperbolic Singularly Perturbed Initial-Boundary
Value Problem

Previous to this work, we discussed several singularly perturbed problems of hyper-
bolic type in joint papers [105, 106], constructed some difference schemes according
to the properties of the problems, established discrete energy inequalities for the solu-
tions of difference problems, and, based on the inequalities, proved that the difference
schemes are uniformly convergent in the sense of the discrete energy norm. But in
those papers the equations considered did not include a first derivative term with
respect to the space variable . Here we discuss a more complete initial-boundary

value problem:

Leuw = e(uy — ugy) + al@, t)ug + b(x, tuy + e, t)u

= fla,t), (x,t) eG={0<a <, 0<t<T} (6.48a)
u(s,0) = ¢(x), ui(x,0) = (), (0 <2 <) (6.48b)
u(0,8) =0, u(l,t)=0, (0<t<T) (6.48¢)

where a(x,t),b(x,t),c(x, 1), f(x,t), d(x) and () are sufficiently smooth functions
and a(x,t) > ao > 0 for all (z,t) € G. Moreover, b(x,t), f(x,t), d(x) and ¥(x) satisfy

the following compatibility conditions:
C1: ¢(0) = 0, ¥(0) = 0, ¢(1) = 0, (1) = 0
C2: ¢"(0) =0, b(0,0)¢'(0) = f(0,0), ¢"() =0, b(l,0)¢'(1) = f(L,0).
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The subcharacteristics of the reduced operator
Low = a(x, t)w; + b(x, t)wy, + ¢(x, t)w (6.49)

are timelike (cf.[53]) with respect to the characteristic directions of equation (6.48a),
that is,

b(z,t)|/a(z,t) < 1 for (z,t) € G. (6.50)

For simplicity we assume that b(x,?) > by > 0. Hence, (6.50) becomes
b(x,t) < a(z,t) for (x,t) € G. (6.51)
The reduced problem of (6.48) is

Loug = f(x,1), (6.52a)

up(x,0) = ¢(x), uo(0,1) =0, (6.52b)

where Lg is defined as (6.49).

Therefore, the solution of problem (6.48) has boundary layer at t = 0 and « = 1.
The reduced problem (6.52) is a first order hyperbolic initial-boundary problem in
a semi-bounded region D = {(x,t), + > 0, t > 0}. According to [22], under the
conditions C'l and C2, the first partial derivatives of the solution wug(x,) of (6.52) are
continuous, but the second derivatives are discontinuous along the characteristic line.
In order to construct the asymptotic solution, it is necessary that ug(z,t) € C*(D).
We will give a method to overcome the difficulty without additional compatibility
conditions.

This section is a summary of the joint paper [107]. In what follows we first give
an energy estimate of the solution of problem (6.48). Then, the asymptotic solution
is constructed under the compatibility conditions C'l and (2 and uniform validity is
proved in the sense of the energy norm. Thirdly, an exponentially fitted difference

scheme for problem (6.48) is proposed and a discrete energy inequality is established.
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Finally, we show that the discrete problem is uniformly convergent in the sense of

discrete energy norm.

6.3.1 Construction of asymptotic solution and its remainder estimate

We first give the following energy inequality which will be used in estimating the

remainder of the asymptotic expansion.

Lemma 6.3 Let u(x,t) be the solution of (6.48), and let the conditions we described

previously be satisfied. Then as ¢ is sufficiently small, we have
|| + €l|ue]| + €||uz]| < MK(G,e), (6.53)

where

K(G,€) = 1 flla + o]l + ell'll+ el
I ) X
e =[] w*dalf, 1flg =[] f* dwdi]?.

Proof: Multiplying equation (6.48a) by 2ea™'u; + u, then integrating the obtained
equation in the region Gy = {(#,$)|0 < = <[, 0 < s < t}, and performing the
standard argument for the energy method, we thus have (6.53). O

Next we construct the asymptotic solution. As we indicated before, under the
compatibility conditions C'l and C2, the solution ug(x,t) of the reduced problem
belongs to C*(D), but not C*(D). In order to realize the iterative procedure of the
asymptotic solution, the continuity of the second derivatives of ug(x,t) is needed.
However, this usually gives rise to the increase of the compatibility conditions. In
this section, we construct the asymptotic solution under the conditions C'1 and C?2
without adding other ones. By making some transformations on (6.52) so the initial
and boundary conditions become homogeneous and the right-hand function becomes
equal to zero in the neighborhood of ¢ = 0, we obtain a problem in which all compat-

ibility conditions we need are satisfied. Then based on the transformed problem, an



Chapter 6. Numerical Methods of Some Singular Perturbation Problems 148

approximate problem for (6.48) is constructed and the solution of its reduced problem
belongs to C*(D). Then an asymptotic expansion can be constructed.

Now we deal with problem (6.52). Let ug(x,t) = wo(x,t) + ¢(x), noting that
#»(0) = 0, then

Lowy = F(x,t), wo(x,0) =0, we(0,¢) =0, (6.54)

where operator Lo is defined as (6.49) and F(x,t) = f(x,t) — Lop. Introduce a
function w(y) € C'* satisfying

0<y<1)
I (y=1)
and 0 < w(y) < 1. Defining I = w(t/§)F(x,t), we have

F(z,t) (0<t<6/2)

F(x,t)— F(a,t) = (1 —w( 0 (t>6)

S

) E (2, t) = {

Therefore, F'(x,t) and F(z,t) have difference only in the region {0 <¢ < 4§, 0 <z <

1}. Replacing F'(x,t) by F(z,t), problem (6.54) is changed into

Lowo = F(x,t):w(%)(f(x,t)—Loqb), (6.55a)

wo(x,0) =0, we(0,1) = 0. (6.55b)

Problem (6.55) for any § > 0 satisfies all compatibility conditions we need. Thus
wy 1s sufficiently smooth. Transforming back, i.e. letting ug = wy + ¢, we obtain an

approximate problem for (6.52)

Lotip = f(x,1) (6.56)

Go(2,0) = d(z) , do(0,1) =0, (6.56b)

where
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Here ug(x,t) is sufficiently smooth since wy and ¢ are. From the appendix of [22], we

have

up — g = O(9). (6.57)

Now we can get an approximate problem of (6.48)

u(0,2) = ¢(x), u(0,2) = (x) , u(0,t) =u(l,t)=0. (6.58b)
Using the energy inequality (6.53), we can get
Ju— | = 0(52). (0 <t < T) (6.59)

Note that problem (6.49) is the reduced problem of (6.58). Hence, the reduced prob-
lem of (6.58) has enough smoothness such that the usual procedure to construct the
asymptotic expansion can be performed. For example, we can construct the asymp-

totic expansion of (6.58) in the form of
u(x,t) = alx,t) + z,
where
(e, 1) = tole, 1) + o (. 7) + og (6 1) + ol (E0), T=t/e, E= (1= w)/e,
g is the solution of (6.49) and v(()o), v(()l) and vy) satisfy the following equations

(08 s + a(z,0)(0§”), = 0,

(067)+(2.0) + (0)e(x,0) = ¢(x), lim v’ =0,

T—r

(0)ee + b(L (0 = 0,

0 (0.6) +uo(L.)=0,  lim o (€.1) =0
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and

(0i)ee + b(1 ) (o)) =
eb (L, 1) (08)e + a(l, )0 + e(l, ol

vy)((),t) = 07513?0 vy) =0,

respectively. Using the energy inequality (6.53) and estimating carefully, we have the

following bound
2] = ||u(x,t) — a(x, )| < M((S% Fe b 577, (6.60)
Denote the asymptotic expansion of problem (6.48) as
(e, t) = wolw, t) + evf(2,7) + 0 (6:1) + o) (&,1).
Applying (6.57),(6.59) and (6.60) and taking § = ¢, we finally obtain
w(z,t) — fiy (2, 8)]] < Mes. (6.61)

Remark 6.1 [f the coefficients, right-hand side and initial values of problem (6.48)

satisfy enough compatibility conditions such that the solution u(x,t) € C*(G), then

we can construct the asymptotic solution without needing the function w(t/5). The
(0) 0

asymptotic solution is still 4y (replacing ug by ug in the equations for vy’ and vy’ ).

Moreover, we have the following remainder estimate

u(z,t) — Gy (2, 1) < Me?. (6.62)

6.3.2 Difference scheme and its uniform convergence

Taking uniform meshes in the directions of # and ¢, we obtain a discrete region

Gy = {(xi,t;), 1 = 0,---,N, j =0,---,[T/k], x; = ih, t; = jk}, where h and k
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are mesh sizes and Nh = [. Denoting u(x,t) as the approximate value of u(z,1),

we establish the difference scheme of problem (6.48) by using the exponential fitting

idea:
L0y (2 1) = vy (2, k)ud (e, 1) — o, £, R)ul (2, 1) + alz, t)ud
+b(z, t)ul(z,t) + c(z, tyu'(z,t) = fz, 1), (z,1) € Gy (6.63a)
w2, 0) = p(z), ul(w, k) — u’(z,0) = ki (e), (6.63b)
u(0,1) = u'(l,1) = 0, (6.63c)
where
(w,1) = (w0,1)), ugy = (u4)s, uig = (u)s,
o = Dl
) = K
wl(z,1) = u'(e,t) — Zd(x —ht)
o,y = Lol b
ul(ent) = u(x + h,t}z — ud(:zj,t)‘

For this difference scheme we can establish the following discrete energy inequality.

Lemma 6.4 Let u?(x,t) be the solution of (6.63) and let mesh sizes h and k satisfy
inequality b(x,t)h < a(x,t)k for all (v,t) € G4. Then when ¢,h and k are sufficiently
small we have

(13 + Pyaf I3 + Ameugls < MK (b ke, (6.64)

where

J N
K(h,koe) = hk3 >+ [mufllf + Aeud T+ Aozuglli + g,

1:=1

]:
N
lv)|2 = hD v(th,sk)?, s=1,---,J, J=[T/k], p=k/ec.

=1
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Proof: Essentially, the proof is a simulation of the continuous case but much more
complicated because of the fitting factors v; and ~,. A sketch of the proof is in [107].

a

Remark 6.2 [f fitting factors are not used, then the condition b(x,t)h < a(x,t)k can

be removed in the proof. O

Next we prove the uniform convergence. We assume that enough compatibility
conditions are satisfied so that the solution u(x,t) of problem (6.48) belongs to C3(G).
Based on the asymptotic expansion we may assert that the following estimates

O u(z,t)

%imhAgAﬂawaWﬂ%ogkgaogigk (6.65)
Z

hold. For convenience we also assume
crk <h <k, ep >0, a(a,t)/blx,t) > ez > 0. (6.66)

Using derivative estimate (6.65), it is not difficult to verify

h k

me@ﬁ—wWJDZWg+;%

K2

(U'—'Ud)hzo =0, (U'—'Ud)hzk ::Inln(iivk)v

(1= u")omo = 0, (10— u")]ms = 0.

Applying discrete energy inequality (6.64), yields

Lok
Hu—Mm§AH—+Zy (6.67)

€2

On the other hand, we can obtain

LER (g — uty = LR (uy + ev(()o) + v(()l) + evy)) —f

xr €

[—=x

=0(e+h+k+exp(—mqg ), (mo > 0)
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and
(tir — u?)|i=o = O(€), (a7 — ud)]e=r = O(1),
(G — u")|omo = O("), (i1 — u’)|a=s = 0,

where n is an arbitrary positive number. First making a change of variable such that
the boundary value conditions become homogeneous, then using the discrete energy

inequality (6.64), we have

||ty —udHS < M(y/max(e, h) + k + €"/h). (6.68)

Hence, from the remainder estimate (6.62) of the asymptotic solution @;, we obtain

another error estimate

Hu—udHS < M(y/max(e, h) + k + €*/h). (6.69)

Combining (6.67) with (6.69) we achieve our uniformly convergent estimate.

Theorem 6.4 Supposing that (6.66) is satisfied and the solution of (6.48) u(x,t) €
C3(G). Then the solution u®(x,t) of the discrete problem (6.63) uniformly converges

to u(x,t) in the sense of the discrete energy norm, i.e.
Ju—ull|l, < Mh%, s =0,1,---,J. (6.70)

Proof: Using (6.69), (6.66) as ¢/ < h and using (6.67), (6.66) as €/2 > h, we

have (6.70) immediately. O

Remark 6.3 [f we apply the remainder estimate (6.61) and corresponding procedure
there we may discuss the uniform convergence under the compatibility conditions C'1

and C2 only. O
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Conclusion and Future Work

7.1 Summary and conclusions

The main focus of the thesis is on constrained ordinary differential equations (DAEs),
constrained partial differential equations (PDAEs), and their applications. A new
class of methods for solving high index DAFEs has been developed, which we call the
Sequential Regularization Method or SRM for short. These methods offer significant
advantages over some known solution techniques, such as regularization and stabiliza-
tion methods, and are applied to the nonstationary Navier-Stokes equations governing
incompressible fluid flow and to a mathematical model of reservoir simulation.

High index DAEs (index > 2) are usually difficult to discretize directly [29, 86].
We thus need to reformulate the original problem as a better behaved problem before
discretization. Index reduction with stabilization is a popular reformulation for the
numerical solution of semi-explicit high index DAEs. Another class of reformulations
is regularization, where the DAE is replaced by a better behaved nearby problem.
Such a method reduces the size of the system to be solved and avoids the deriva-
tives of the algebraic constraints associated with the DAE problem. Regularization
is particularly suitable for problems with certain singularities where the constraint
Jacobian does not have full rank. Unfortunately, this approach often yields very stiff
problems, which accounts for its lack of popularity in practice. The SRM is proposed
to overcome this difficulty. It keeps the benefits of regularization methods and avoids

the need to use stiff solvers for the regularized problems, because the regularization

154
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parameter does not need to be very small. Thus, we obtain an important improvement
over usual regularization methods which leads to easier numerical methods (explicit
time discretization for regularized problems). The SRM also provides cheaper and
more efficient alternatives to the usual stabilization methods for some choices of pa-
rameters and stabilization matrix. We first propose and analyze the method for linear
index-2 DAEs. Then we extend it to nonlinear index-2 and index-3 DAFEs. This is
especially useful in applications such as constrained multibody systems which are
of index-3. Numerical experiments show that the method is useful and efficient for
problems with and without singularities.

While a significant body of knowledge about the theory and numerical methods for
DAEs has been accumulated, almost none has been extended to partial differential-
algebraic equations (PDAEs). As a first attempt we provide a comparative study be-
tween stabilization and regularization (or pseudo-compressibility) methods for DAEs
and PDAEFEs, using the Navier-Stokes equations as an instance of PDAEs. Compared
with stabilization methods, regularization methods can avoid imposing an artificial
boundary condition for the pressure p. This is a feature for PDAEs not shared with
DAEs. We generalize the SRM to the nonstationary incompressible Navier-Stokes
equations. Similar to DAEs, explicit schemes in the time direction can be used for
the PDAE because of the reduced stiffness (taking the regularization parameter rel-
atively large) or even essential nonstiffness obtained for some choice of parameters.
Unlike usual regularization methods, the time step restriction for the explicit scheme
can be independent of the regularization parameter e. The time step restriction is
further loosened for the case of small viscosity. A simple discretization (such as the
forward Euler difference in time and a first-order scheme in space) is analyzed and
implemented. Numerical results support our theoretical results. The method works
for both two- and three-dimensional problems.

In recent years considerable attention has been devoted to numerical reservoir
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simulation, e.g. miscible displacement in porous media. We have applied the SRM
idea to the pressure-velocity equation in its 2-dimensional mathematical model equa-
tions. This procedure is first analyzed at the differential level and then discretized by
finite element methods. Theoretical analysis and numerical experiments show that
this procedure converges at the rate of O(¢) per iteration, where € is a small positive
number. The fast convergence rate makes our iterative method dramatically different
from penalty methods . In addition, the perturbation parameter ¢ does not have to be
carefully chosen, unlike the case for other iterative methods. Indeed, our numerical
experiments show that two iterations are usually enough for a variety of problems.
Compared with mixed finite element methods, the discrete version of our scheme can
provide the same accurate approximations for velocity and pressure, which is crucial
in reservoir problems since velocity is intimately involved in the concentration equa-
tion. However, in contrast to mixed finite element methods, our scheme requires only
the solution of symmetric positive definite linear systems which have a smaller number
of degrees of freedom corresponding to the velocity variable. Since our method com-
pletely decoupled the velocity and pressure variables, the so-called Babuska-Brezzi
condition is not needed in constructing the finite dimensional spaces for velocity and
pressure. The method is easily applied to three-dimensional problems.

Another topic of this thesis is singular perturbation problems, which come from
many applied areas and regularized problems. We discuss numerical solutions of
several singular perturbation problems. Uniformly convergent schemes with respect to
the perturbation parameter ¢ are constructed and analyzed for nonlinear repulsive and
attractive turning point problems and a second-order hyperbolic problem. We are the
first to be able to construct uniformly convergent schemes for these problems. Also,
an interesting spurious solution phenomenon from an upwinding scheme is analyzed
for an elliptic turning point problem. We find that the spurious solution is caused by

a mild instability of the problem (the constant for the stability inequality is of O(%)).
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This type of instability is not as serious as supersensitivity [73, 74]. It can be handled
by using higher order upwinding schemes as long as their accuracy A" < € when € is

not too small.

7.2 Discussion of future work

The results of this thesis can be extended in a number of directions.

Efficient simulation of kinematic chains with closed loops

The kinematic chain problem is an example of multibody systems, such as robot
manipulators. Consider a chain consisting of n links. The numerical simulation of
the problem is usually treated as two separate problems: (i) the forward dynamics
problem for computing system accelerations, and (i¢) the numerical integration prob-
lem for advancing the state in time. In recent years, many different algorithms have
been proposed for solving the forward dynamics problem with tree structure (without
closed loops), ranging in computational complexity from O(n®) (e.g. the composite
rigid body method (CRBM) [116]) to O(n) (e.g. the articulated—body method (ABM)
[49]). However, it has never been possible to construct an O(n) algorithm for the chain
problem with many closed loops. The SRM (plus explicit discretization) opens up a
way to do this. According to the idea of the SRM, we can remove the extra constraints
caused by closed loops and incorporate them into external force terms of the system.
The reformulated problem has the same structure as that of the problem without
closed loops. We thus expect to develop and test an O(n) algorithm for closed-loop

chains.

Fully nonlinear DAEs

Consider a fully nonlinear index-v DAFE

x(u) = f(t,l‘,l’l, e 7x(u—1)7y)7
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0 = g(t,z),

(i.e. where algebraic variables y appear nonlinearly together with the differential
variables .) Some mechanical multibody systems are in this form with v = 2, e.g.
the motion of a point mass on a parabolic orbit with the forces of gravitation and
Coulomb friction (see [4]). The SRM can be applied to this problem. For instance,

corresponding to the index-2 problem (with v = 1) we have: for s =1,2,---,

wls = f(t,l's,ys),

1
Ys = Ys—1 ‘|‘Z€(9(t7$5))7

where the function e should be chosen such that the matrix f,e,g, has positive eigen-

values.

Efficient simulation of real fluid problems using SRM

Because the computations for u and p are uncoupled and explicit time discretiza-
tion can be used, we expect that the SRM incorporated with a finite difference or
finite element discretization would provide a cheap and efficient method for simulating
more realistic fluid problems. For long time simulations, a reinitialization technique
(e.g. projecting back to the divergence free space after a number of time steps)
may be useful. A comparative study between the SRM and other methods would be

interesting.

Solving the system resulting from the discretization of the operator I +
“Lgraddiv

This operator comes from using SRM to solve the nonstationary Navier-Stokes
equations with oy # 0. The system is easily made to be banded symmetric positive
definite. Hence a direct method can be used to solve it. An interesting observation is
that the usual iterative methods do not work well. This is probably due to the lack

of ellipticity of the system. Some research on solving this problem using multigrid
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and domain decomposition techniques (at least for ¢ not too small) is about to be
completed by Arnold, Falk and Winther [3]. Based on a technique described in [57],
iterative methods (including multigrid) would be feasible under some pre-processing
of the system (to increase the ellipticity). This was also suggested by W. Hackbusch

in a private communication.
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