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Abstract

Decision making under uncertainty has been an active research topic in decision
theory, operations research and Artificial Intelligence. The main objective of this
thesis is to develop a uniform approach to the computational issues of decision making
under uncertainty. Towards this objective, decision graphs have been proposed as an
intermediate representation for decision making problems, and a number of search
algorithms have been developed for evaluating decision graphs. These algorithms are
readily applicable to decision problems given in the form of decision trees and in the
form of finite stage Markov decision processes.

In order to apply these algorithms to decision problems given in the form of influ-
ence diagrams, a stochastic dynamic programming formulation of influence diagram
evaluation has been developed and a method to systematically transform a decision
making problem from an influence diagram representation to a decision graph rep-
resentation is presented. Through this transformation, a decision making problem
represented as an influence diagram can be solved by applying the decision graph
search algorithms. One of the advantages of our method for influence diagram eval-
uation is its ability to exploit asymmetry in decision problems, which can result in
exponential savings in computation.

Some problems that can be viewed as decision problems under uncertainty, but
are given neither in the form of Markov decision processes, nor in the form of influence
diagrams, can also be transformed into decision graphs, though this transformation is
likely to be problem-specific. One problem of this kind, namely high level navigation
in uncertain environments, has been studied in detail. As a result of this case study,
a decision theoretic formulation and a class of off-line path planning algorithms for
the problem have been developed.

Since the problem of navigation in uncertain environments is of importance in
its own right, an on-line path planning algorithm with polynomial time complexity
for the problem has also been developed. Initial experiments show that the on-line
algorithm can result in satisfactory navigation quality.



bl o i o

Cate bl



Contents

Abstract
List of Figures v
List of Tables vii
Acknowledgement vii
1 Introduction 1
1.1 General Background and Thesis Objective . . . ... ... ...... 1
1.2 O MetBodoRY o s 5 w5 5 8% 3 @R s M BE BT o ¥AN S a6 9 E 2
1.8 Thesis OvervIEW . o v« wow vv v o 8 s 6 s 0 6 k% & 50 & 008 p i b 5 & 3 3
14 Surmnary of Thesis Contributions « o « v e w s 3w s @ os 5 5% 5 % ¢ 3 8
1.5 Thens Orgamizallon . . . v o r o v 0 cop oo v osu s @ m 8 m o 5 8o d a5 9
I ALGORITHMS FOR DECISION GRAPH SEARCH 11
2 Decision Graphs and Finite-Stage Markov Decision Processes 12
21 Decisnts BHEPNE o < o5 v v s s e @ v s 0w w w R R G S 12
2.2 Finite-Stage Markov Decision Processes . . .. ............ 16
2.3 Representing Finite-Stage Markov Decision Processes by Decision Graphs 18
3 Decision Graph Search 20
3.1 Depth-First Heuristic-Search Algorithms . . . . ... ... ... ... 21
313 AlverthiDES < o conmmwa s s m @ b eaE e b @ s w s 21
3.1.2 The effect of heuristicfunctions . . . . « « v v v v v v 0 v o0 28
313 Jreeordefing .. s = oo meme ddod b d BHE WG & B 28
3.1.4 Using inadmissible heuristic functions . . . . . ... ... ... 30
3:1.5 Ananytimeversionof DFS . . . ..o ivivmunnsns 32

3.1.6 Exploiting shared structures in decision graphs . . . . . . . . . 33



3.2 Applying AO* to Decision Graph Search . . . . ... .........
3.3 Iterative Deepening Search . . . . .. ... ... oo
3.3.1 Depth-bounded iterative deepening . . . . .. .. ... ....
3.3.2 Cost-bounded iterative deepening . . . . ... ... ... ...
3.3.3 Generic iterative deepening . . . . . . . ... ... ...
F3Bd Coraotdineg o o v 50 0 ssm s nn & 4% F00E Lo s s v o
3 Bhmmdt¥ o saeamrstiness SFonas 45 BBl 555 2ELE
95 Prooli of THEUIEE « ¢ s s e mcvne e o @ vE 25 G & BSW S04

11 INFLUENCE DIAGRAM EVALUATION

4

Decision Analysis and Influence Diagrams

4.1 Bayesian Decision Analysig . o v s e v v s e nam ot bononnsva
4.5 Detiiion T8l s 2 55 65 55 1208 2R L LS EHET SN EE DRS04
4.3 Influence Diagrams : : » s vww s sas sa S0 s am e s s @s
4.4 Disadvantages of Influence Diagrams . . . . .. ... .........
4.5 Previous Attempts to Overcome the Disadvantages . ... ... ...
16 OurSolnlion awe & e%en s hWEs Aed P PaeNABES A5 @

Formal Definition of Influence Diagrams

5.1 Tnllaeace DIaEeame . o o o5 6 & &t 008 S8 w00 @8 9 R B e R 0%
52 O ERbehaion o« wonon o 4 o5 w5 0@ dE SO0 W 8 e 5 e
5.3 Influence Diagram Evaluation . . .. ... e ¢ o vvvvonmans oo
5.4 No-Forgetting and Stepwise Decomposable Influence Diagrams . . . .

Review of Algorithms for Influence Diagram Evaluation

6.1 Howard and Matheson’s Two-Phase Method . . . .. ... ... ...

6.2 Methods for Evaluating Influence Diagrams Directly . . . . . . .. ..
6.2.1 Shachter’salporithid . v . v v v v v w s s s o s e wen s
6.2.2 Otherdevelopments. . . . .. ... ... ... ... .....
6.2.3 Some common weaknesses of the previous algorithms . . . . .

A Search—Oriented Algorithm

T PIOIBOUHARICE + v v w v e v B Ea 55 Qe M NN RSB 56 KE R

7.2 Influence Diagram Evaluation via Stochastic Dynamic Programming .

7.3 Representing the Computational Structure by Decision Graphs . . . .

7.4 Computing the Optimal Solution Graph . . ... ...........
7.4.1 Avoiding unnecessary computation . . . ... . ... .....
74.2 Using heuristicalgorithms . o« v« v o wiv i w v v v v 5w os
7.4.3 A comparison with Howard and Matheson’s method . . . . . .

11



7.5 How Much CanBeSaved? . ... oo v vivovwihn aamuymes @
7.5.1 An analysis of a class of problems . . . . ... ... ......
7.5.2 A case analysis of the used car buyer problem . ... ... ..

8 Handling Influence Diagrams with Multiple Value Nodes
8.1 Separable Value Functions . . .. ... ...........00. 0.
8.2 Decision graphs for influence diagrams with multiple value nodes.
B DU v v 5 A WE A L e i s d & w N R B T

IIT NAVIGATION IN UNCERTAIN GRAPHS

9 U-graph based navigation
9.1 MOESBEOH « o oo v osovu vw e s aey B R e DS R R A RS
9.1.1 High-level navigation for autonomous agents . . . . . ... ..
9.1.2 Packet routing in computer networks . . . ... .. .. ....
2 TI-gaph8 wow wma s im s Rad ¥ e 6 GF mo"Ee Ba S 8% s
9.3 Representing Uncertain Environments in U-graphs . . ... ... ..
94 U-—graph Based Navightion . « « « v s oo v m e s muwwos oo s

125

9.4.1 Distance-graph based navigation vs. U-graph based navigation 164

9.4.2 The optimalityissue . .. ... ... ... ... ........
9.4.3 The possibility of information purchase . . . . .. ... .. ..
9.5 Reélted Work v s wsssmvisiws i gw erisk b sdR s udp
9.5.1 Related work in path planning . . . . .. ............
9.5.2 Canadian Traveler Problems . . . . ... ... .........
9.5.3 Related work in Al and decision theory . . . ... ... ....

10 A Formalization of U-Graph Based Navigation
10 Prebhiiiiaried) < v v« v s isssan sy s e oenil a8 9% 95
10:2 Modeling Information Purchase . « ¢ oo v s vz we s s omw s wis
10.3 The Expected Costs of U-graph Based Navigation Plans . . . . . ..
104 OtherNopiablons . .= o o8 9 s nam 5 a5 95 Fo 0 &8 5 Al o m a0
10.4.1 Minimizing the competitiveratio . ... ... .........
10.4.2 Minimizing the expected competitiveratio . . . . . ... ...
10.4.3 Minimizing the worst case cost . . . .. ... ... ......
10.4.4 Reaching one of the goal vertices . . .. ... ... ......
10.4.5 Reaching multiple goal vertices . . ... ... .........

1

165



11 Computational Issues of U~graph Based Navigation
11.1. Plaiiniing Paiadighiie’ < v s w v g o @ ok 5 mn e g5 %o s o w e
11.2 Computing Complete Plans . . . .. . ... .. ... .. .......
11.2.1 Someexperimental dats . - < s5 cs v i s at s ndes s nb
T1.3 On-Line Planming . - « s s wis s s v @ s a5 s 3@ v 5 %@ 4% 4
11.3.1 The optimality characterization of on-line planners . . . . ..
11.3.2 A graph transformation based algorithm . . ... .......
11.3.3 Experimental results: . . . s s i@ amom do b v g s w e

12 Conclusions
12.]. Contribulion SOMMary’: « v s 3 v 2% 5 €9 S F 5 & %% 5 & 54 &3 % 3
122 Puture Ressareh . o o 5 o v 90 0 b 50w % 5 608 6 M 808 96 e

Bibliography

A Functions for U-graph Generation

v

191
191
193
193
201
202
202
206

210
211
212

214

223



List of Figures

2.1

3.1
3.2
3.3
3.4
3.5
3.6
3.7

4.1
4.2
4.3
4.4

6.1
6.2
6.3

6.4

6.5
6.6
6.7
6.8

Il
7.2
7.3
7.4
7.5
7.6

A giple declsion gaph: .. ve it vk FATI R dE W R T ey G n @ 15
Thepeeiido code OEDES < i s w s vs v s aw s o w o i@ e v @5 25
An illustration of the search algorithm . .. ... ... ........ 27
An illustration of the effect of tree ordering . . . . . . ... ... ... 29
The pseudocodeof A-DFS . . . . ... .. v canmasssssss 34
A Prolog version ol A-DES : v siv o sw sm o b dw 9553 6 & & e 35
Tha paeido code St DES" : v s s ws v & wew 5 a5 v 5% 8 58 % @ 3 37
An example for which AO* may not terminate . . . . . ... .. ... 45
A decision tree for the used car buyer problem . . . . . ... .. ... 68
A complete decision tree for the used car buyer problem .. .. ... 71
An influence diagram for the used car buyer problem . ... ... .. 73
An influence diagram for a variation of the used car buyer problem . 77
An illustration of the arc reversal operation: reversing arca — b . . . 92
An influence diagram for the oil wildcatter’s problem . ... .. ... 93
A decision tree network derived from the influence diagram for the oil

wildcatter’sproblem ; s s s ss.vivswsm s s iR emes 5853 93
A compact representation of the decision tree derived for the oil wild-

CRbbST DEGDIOTR 5 s o 3 0 o e 2 B 00 o RN, S, A e R 94
A partial decision tree after the expansion of the first two layers . . . 95
A partial decision tree after the expansion of the first three layers . . 95
An illustration of random node removal: zis removed by expectation 98

An illustration of decision node removal: dis removed by maximization 98

Two sectors of the influence diagram for the oil wildcatter problem. . 104
A complete decision graph for the oil wildcatter problem . ... ... 119
A simplified decigion graph e o u w5 5 wa w3 6 as v @ 8w B E G s 123
The optimal solution graph for the oil wildcatter problem . . . . . . . 123
An influence diagram for a generalized buying problem . . ... ... 129
An illustration of the asymmetry of a decision variable . .. ... .. 130



7.7
8.1

8.2
8.3
8.4
8.5

9.1
9.2
9.3
9.4
9.5
9.6
9.7
9.8

10.1
10.2
10.3

10.4

11.1
112

A decision graph (tree) generated for the used car buyer problem

A new representation of the oil wildcatter problem by an influence
diagram with multiple value nodes . ... ... ... SR BREES
A decision graph for the influence diagram shown in Fig. 8.1 . . . . .
A variation of the oil wildcatter problem . . .. ... .. .. .. ...
A decision graph for the influence diagram in Fig. 8.3 . . . . .. . ..
A decision graph, with zero probability arcs removed, for the influence
diggrami IO F18:. B8 s caswi s @ eBa e d aME Bam 8 26 55D

The block diagram of a typical autonomous navigation system . . . .
AN Ranple U-DPaph v v aswn e isd s s s o v u@ms e € 5sadsed
Modeling an uncertain environment by a U-graph . . . . .. ... ..
A segment of road that may have trafficjams . ... .. .. .. ...
A simple map of the LCI labarea . . . . .. .. ... .........
A U-graph representing the LCIlabarea . . . . ... .........
A map of an environment with chokeregions . . . . . . ... .. ...
A simple path planning case with uncertainty . ... .. ... . ...

APl gl & . cn s d i m 4 B8 AU OSES G BENLE L1
The representing graph of a navigation task . .............
The representing graph of a navigation task with the information pur-
CHASG OPUIOI & = & v v 366 © 5 & & 00 % B0 & w6 55 5 080 R B S N
Two solution graphs of a navigationtask . ... ... .........

A U-graph in Class 1 — a representation of city roads . . ... ...
A U-graph in Class 2 — an abstraction of a parallel highway system

vi

185
186

195
196



List of Tables

4.1 The prior probability distribution of the car’s condition P{CC}. ... 74
4.2 The probability distribution of the first test result P{R;|T3,CC} ... 75
4.3 The probability distribution of the second test result P{R;|T;,Rs,T2,CC} 75
7.1 The function of the valuenode . . . . . . ... ... ... ....... 117
7.2 The conditional probability distributionof R . . . . . . .. ... ... 117
7.3 The conditional probability distributionof CD . . . . . ... ... .. 117
7.4 The prior probability distributionof O . . . . ... ... ...... . 118
7.5 The conditional probability distributionof S . . .. . ... ... ... 118
B Theweight distrnlon. 8 « v oo v oomw e e won w008 dew on0b o w 156
9.2 The weight distribution P’after observing s; =10 . ... . ... .. 157
11.1 The average speedup ratios of Algorithm DFS . ... ... ... ... 200
11.2 The average cost ratios of Algorithm DFS . . ... .. ... ..... 200
11.3 The average cost ratios of the on-line algorithms . . . . . .. ... .. 209

vil



Acknowledgement

I thank Dr. David Poole, my thesis supervisor, for his generous friendship, con-
tinuous support and valuable advice in the past six years.

I thank Dr. Jim Little, Dr. Alan Mackworth, Dr. Maurice Queyranne and Dr.
Jack Snoeyink for serving on my supervisory committee. Their constructive com-
ments and valuable suggestions contribute a great deal to the quality of my thesis.

I thank Dr. Lianwen Zhang for his friendship and fruitful academic collaboration.

I thank Dr. Walfgang Bibel for his encouragement and help I received during my
early days at UBC.

I thank Andrew Csinger for his careful reading of this thesis.

I thank my friends and colleagues in the Computer Science Department who made
my stay at UBC more productive and pleasant.

I gratefully acknowledge the financial assistance I received from UBC and NSERC.

I thank my beloved wife, Ying Zhang, for her constant support and love through
all these years. I cannot imagine what a poor shape I would be in without her.

I dedicate this thesis to my parents.

viil



Chapter 1

Introduction

1.1 General Background and Thesis Objective

Decision making under uncertainty is one of the primary topics of Bayesian decision
theory [25, 83, 102]. In this theory, ezpected utility is used as a normalized unit to
measure the degree of desirability of various possible outcomes that can result from
taking action in some situation. The prescriptive promise of this theory is that the
rational action that should be taken in a situation is the one that maximizes expected
utility. Bayesian decision analysis is a methodology for applying decision theory to
practical decision problems [79].

Decision making under uncertainty is an active research topic in Al, decision the-
ory and operations research. Many problems, such as diagnostic reasoning [72, 73],
planning under uncertainty [29, 31, 39, 104], and path planning in uncertain envi-
ronments [15, 59, 60, 77] can be abstracted as decision making under uncertainty.
See [19] for a good introduction to this subject. Problems of decision making under
uncertainty can be presented in various forms, such as decision trees [79], finite-stage
Markov decision processes [20, 33|, or influence diagrams [35]. Although much re-

search has been carried out to address the computational issues of decision problems
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in particular forms, most of the algorithms are applicable only to that form and do
not lend themselves to decision problems in other forms. For example, much work has
been done in the operations research community (see [74] for a comprehensive survey)
on the computation of Markov decision processes, but the algorithms developed for
Markov decision processes are not applicable to influence diagram evaluation. Simi-
larly, the evaluation of influence diagrams has been an active research topic in the Al
community, but the algorithms developed for influence diagram evaluation, with a few
exceptions [101, 106], cannot directly be used for solving Markov decision processes.

The major objective of this thesis is to study the computational issues of decision
making problems in a uniform way and to develop algorithms that are general enough

to apply to decision problems in various forms.

1.2 Owur Methodology

To achieve our objective, we propose a simple, abstract intermediate representation
for decision making problems, and develop algorithms based on this representation.
To make use of these algorithms for solving decision making problems in a particular
form, we map the problems into the proposed representation.

The representation we propose in this thesis is decision graphs. A decision graph
is an AND/OR graph with an evaluation function. When a decision graph is used to
represent a decision problem, the solution graphs of the decision graph are interpreted
as the policies of the decision problem, while the evaluation function of the decision
graph acts as a quality measurement function for the policies. The policies of a
decision problem can be measured either in terms of costs or in terms of rewards.
Accordingly, the evaluation function of a decision graph can be defined either in the

form of minimization—ecpectation or in the form of mazimization-ezpectation.
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If the evaluation function is defined in the form of minimization-expectation, a
solution graph is optimal if it minimizes the evaluation function. Similarly, if the
evaluation function is defined in the form of maximization-expectation, a solution
graph is optimal if it maximizes the evaluation function. Given a decision problem
represented by a decision graph, we need to compute an optimal solution graph of

the decision graph, which corresponds to an optimal policy of the decision problem.

1.3 Thesis Overview

In this thesis, we present a number of search algorithms for computing optimal so-
lution graphs of decision graphs. These algorithms include a depth—first heuristic—
search algorithm, a best-first heuristic-search algorithm, an anytime algorithm and
two iterative-deepening depth—first heuristic-search algorithms. Similar to Ballard’s
*.minimax search procedures [3], the depth—first heuristic-search algorithm is devel-
oped from the alpha-beta algorithm for minimax game tree search [38]. While Ballard
emphasizes the generalization of the alpha-beta algorithm to handle chance nodes
in minimax trees, in our development we elaborate the pruning techniques so that
domain-dependent information can effectively be used to improve search efficiency.
Furthermore, we derive an anytime algorithm by integrating the anytime concept (8]
into the depth—first heuristic—search algorithm. The best-first heuristic-search algo-
rithm is obtained by modifying the AO* algorithm [50, 62, 68] for AND/OR graphs
with additive costs. The iterative-deepening algorithms result from combining the
iterative-deepening techniques [40] with the depth—first search techniques.
Developing algorithms for decision graph search is just the first step towards our
objectives. To fully achieve our objectives, we need to show that decision problems

given in other forms can be transformed into a decision graph representation. We
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first note that this mapping is trivial for those problems in the form of decision trees,
because decision graphs are a generalization of decision trees, allowing for structure
sharing. We show that it is also quite straightforward to map a finite-stage Markov
decision process into a decision graph representation.

For decision problems given in the form of influence diagrams, we develop a method
that transforms such a problem into a decision graph representation. By combining
this transformation method with the decision graph search algorithms, we obtain a
new method for influence diagram evaluation. Our method is similar to Howard and
Matheson’s method [35] in the sense that both methods transform an influence dia-
gram into a decision tree (a decision graph in our case) for evaluation. However, our
method is more efficient, partly because the decision graph obtained by our method
is likely much smaller in size than the decision tree obtained by Howard and Mathe-
son’s for the same influence diagram. In comparison with other algorithms reported
in the literature [11, 85, 88, 91, 106, 108, 109] for influence diagram evaluation, our
method has three unique merits. First, it exploits asymmetry of decision problems.
This is significant because (a) most practical decision problems are asymmetric [70]
and (b) as it will be shown in Section 7.5, exploiting asymmetry can lead to expo-
nential savings in computation. Second, by using heuristic search techniques, our
method provides an explicit mechanism for making use of heuristic information that
may be available in a domain-specific form. Finally, by using decision graphs as an
intermediate representation, the value of perfect information [53] can be computed
more efficiently [110]. In addition, our method, like other recent algorithms [88, 108],
also provides a clean interface between influence diagram evaluation and Bayesian
net evaluation [69], thus various well-established algorithms (e.g., [47]) for Bayesian

net evaluation can be used in influence diagram evaluation.
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Some other problems that can be viewed as decision problems with uncertainty but
are given neither in the form of Markov decision processes nor in the form of influence
diagrams can also be transformed into decision graphs, though this transformation
is likely to be problem-specific. We have studied one problem of this kind in detail
for two reasons. First, we want to illustrate how to transform a decision making
problem of this kind into a decision graph representation to make use of the algorithms
developed for decision graph search. Second and more importantly, the problem is of
importance in its own right and deserves a thorough study.

The problem we have studied is high—level navigation in uncertain environments,
where an autonomous agent is asked to reach a particular place in an uncertain envi-
ronment, and needs to determine a plan for achieving the task. This is a challenging
problem in the Al and robotic communities.

The problem of high-level navigation in uncertain environments is an important
issue in the study of autonomous agents. In the navigation system of an autonomous
agent, a central part is the path planning component, responsible for generating a
description of a route that can guide the agent to a desired destination. However,
due to the complexity and the uncertain nature of the environment, it is unreason-
able to expect the path planning component to have a priori knowledge of every
relevant detail necessary to generate an executable plan for a given navigation task.
Consequently, the path planning component has to appeal to perception components
for obtaining information dynamically, and must be able to dynamically elaborate
plans based on the information from the perception components. In order to manage
the complexity of the path planning task, various kinds of hierarchical structure are
commonly employed in most navigation systems [2, 13, 55, 58, 89]. In these systems,

a distinction is made between a high-level (global) path planner and a low-level
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(local) path planner. In the literature, the problem of low-level path planning has
been intensively studied. However, considerably less attention has been paid to the
problem of high-level path planning. In most navigation systems (e.g., [2, 89]) for
autonomous agents, the problem of high-level path planning is usually modeled as a
variation of computing the shortest distance path from a distance graph that serves
as a representation of the global map. However, a major drawback of this treatment
is that uncertainty is not considered in high-level path planning.

In this thesis, we address the problem of high-level path planning and navigation
in uncertain environments. We propose U-graphs, a natural generalization of distance
graphs, as a framework for representing the necessary information about uncertain
environments for high-level navigation. In a U-graph, the weight of an edge can
be either a constant or a random variable. An edge with a random variable as
its weight is called an uncertain edge. The distribution of the random variable of
an uncertain edge is called the weight distribution of the uncertain edge. Like an
ordinary edge, an uncertain edge represents a connection between two places denoted
by the two incident vertices. The weight distribution of the uncertain edge captures
the uncertainty on the traversability of the corresponding connection. The weight
distributions of uncertain edges can be dependent or mutually independent.

We use the term U-graph based navigation to refer to the process of an agent
navigating in an uncertain environment represented by a U-graph. More specifically,
an agent is given a U-graph and is asked to reach a goal vertex from a start vertex
in the U-graph. We assume information on the actual weight of an uncertain edge
can be determined when one of the incident vertices of the edge is first visited, or
can be “purchased” at some price. Once revealed, the weight of an uncertain edge is

assumed to remain the same.
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We give a decision theoretic formalization of the problem of U-graph based navi-
gation. Within this formalization, a U-graph based navigation task is represented as
a decision graph. A solution graph of the decision graph for a problem corresponds
to a complete navigation plan, covering all of the contingencies possibly encountered
during the course of navigation. Thus the path planning task of computing a complete
plan that satisfies some optimality criterion is reduced to the problem of searching
an optimal solution graph from a decision graph. Because the path planning task
is finished once a complete plan is computed, we refer to this paradigm as off-line
navigation.

Since the problem is of importance in its own right, we also study another navi-
gation paradigm, called on-line navigation. In the on-line paradigm, a path planner
does not compute a complete plan for a given navigation task. Instead, it acts as
a consultant telling the agent what to do in any situation. The planner and the
executive act as co-routines. The advantage of the on-line paradigm is that we can
develop polynomial time planning algorithms. We have developed an on-line planning
algorithm for U-graph based navigation. Although the algorithm cannot guarantee
optimal navigation?, our experimental data show that it results in satisfactory navi-
gation quality.

Polychronopoulos [71] has recently studied a similar problem, called Stochastic
Shortest Distance Problem with Recourse (SSDPR), which is essentially the same as
the U-graph based navigation problem. He has given a dynamic programming algo-
rithm for the problem. Although a more thorough comparison between his algorithm
and ours is yet to be carried out, we believe that our algorithm is more practical than

his for the following two reasons. First, for a given navigation task, we exclude those

1Since the problem of optimal navigation is #P-hard [71], no polynomial time algorithm can
guarantee optimal navigation, unless P is equal to #P.
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“obviously non-optimal parts” (e.g., loops) from the decision graph representation
at the stage of problem formulation, resulting in a smaller search space. Second, in
computing an optimal plan, our algorithm uses heuristic search techniques and do-
main dependent information to increase the computation efficiency. Roughly, Poly-
chronopoulos’ algorithm amounts to evaluating the decision graphs in a brute-force
way. Polychronopoulos also provides a simple on-line algorithm. We have simulated
his on-line algorithm and ours against a few hundred randomly generated U-graphs.
The results show that the navigation quality of both on-line algorithms are good and

ours is closer to optimal than his.

1.4 Summary of Thesis Contributions
The contributions of this thesis are summarized as follows.

e A number of algorithms for decision graph search.

e A new method for influence diagram evaluation.

e A decision theoretic formalization of the problem of U-graph based navigation,
and a general approach to the computation of optimal plans for U-graph based

navigation problems.

e A polynomial-time heuristic on-line algorithm for U-graph based navigation.

In a broader context, our work can be considered as a contribution to the cross-
fertilization between decision theory and Al techniques. On the one hand, we develop
a number of heuristic search algorithms for the problem of decision making under
uncertainty. These algorithms can be viewed as an application of Al techniques to

decision analysis. On the other hand, we develop a decision theoretic formalization for
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a (path) planning problem. This can be viewed as an application of decision theory
to planning. In the literature, much work has been reported on the applications of
decision theory to Al problems. A common characteristic of these applications is that
a given problem is viewed as a decision making problem and one is interested in a
“good” or optimal solution, instead of an arbitrary solution, to the problem. These
applications include general planning [9, 16, 29, 32, 46|, diagnostic reasoning [72,
73, 98, 99], reactive systems [24, 28] and domain specific problem solving such as the
monkey and bananas problem [23], the blocks world [39], and navigation problems [15,
59, 60]. Our work on U-graph based navigation belongs to the last group, applying

decision theory to the domain of autonomous navigation.

1.5 Thesis Organization

The rest of this thesis consists of three parts and is organized as follows. Chapters 2
and 3 constitute the first part. In Chapter 2, the concept of decision graphs is
introduced and the correspondence between decision graphs and finite-stage Markov
decision processes is discussed. In Chapter 3, algorithms for decision graph search
are developed.

Chapters 4 through 8 form the second part. In Chapter 4, we review some ba-
sic concepts about decision analysis, informally introduce influence diagrams, discuss
the advantages and disadvantages of influence diagrams and outline our approach to
handling the disadvantages. In Chapter 5, we formally introduce influence diagrams
and give a formal definition of the problem of influence diagram evaluation. In Chap-
ter 6, we review some current algorithms for influence diagram evaluation and point
out their shortcomings. In Chapter 7, we present our method for influence diagram

evaluation. We also show that, by exploiting asymmetry, the method leads to expo-
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nential savings in computation for typical decision problems represented by influence
diagrams. In Chapter 8, we generalize the method to deal with influence diagrams
with multiple value nodes.

Chapters 9 through 11 constitute the third part of the thesis, dealing with various
issues of high-level navigation in uncertain environments. In Chapter 9, we first
present our motivation for our study on high-level navigation and then propose U-
graphs as a framework for representing uncertain environments. Next, we define
the problem of U-graph based navigation. Finally, we review some related work
in the area of navigation under uncertainty. In Chapter 10, we develop a decision
theoretic formalization that transforms a U-graph based navigation problem into a
decision graph. In Chapter 11, we discuss two navigation paradigms. We show that
the algorithms developed in Chapter 3 for decision graph search can be used for
off-line navigation, and present an algorithm for on-line navigation. We give some
experimental data on the performance of the algorithms. Conclusions are given in

Chapter 12.



Part 1

ALGORITHMS FOR DECISION
GRAPH SEARCH

11



Chapter 2

Decision Graphs and Finite—Stage
Markov Decision Processes

In this chapter, we introduce the basics of decision graphs and finite-stage Markov
decision processes, and show that a finite-stage Markov decision process can be nat-

urally represented as a decision graph.

2.1 Decision Graphs

From the structural point of view, a decision graph is an acyclic AND/OR graph
[68] with an evaluation function. More precisely, a decision graph is a directed acyclic
graph whose nodes are classified into two types: choice nodes and chance nodes, which
are analogous respectively to the OR nodes and the AND nodes in an AND/OR graph.
Each decision graph has exactly one root. For simplicity of exposition, we assume
that all children of a node in a decision graph are of the same type, and chance nodes
and choice nodes are interleaved in a decision graph. A cost or a reward is associated
with each arc emanating from a choice node. A probability is associated with each
arc emanating from a chance node, and the probabilities of all the arcs from a chance

node sum to unity. Leaf nodes are terminals, each with a cost or a reward.

12
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Decision graphs are a generalization of decision trees [79, 78], allowing for structure
sharing. A solution graph SG, with respect to a node n, of a decision graph DG is

a graph with the following characteristics:
1. n isin SG;

2. if a non-terminal chance node of DG is in SG, then all of its children are in

SG:

3. if a non-terminal choice node of DG is in SG, then exactly one of its children

isin SG.

A solution graph with respect to the root of a decision graph is simply referred to as
a solution graph of the decision graph.

A decision graph can be interpreted as a representation of a process of sequential
decision making. Nodes in a decision graph represent situations. The root node
represents the initial situation. A choice node represents a situation where an agent
can select an action. The arcs emanating from a choice node can be viewed as
the actions that the agent can take in the situation. A chance node represents an
uncertain situation, resulting from taking an action in the situation represented by a
choice node. The children of a chance node represent the situations that are possibly
reached from the uncertain situation represented by the chance node. The probability
that a particular situation will be reached is given by the number associated with the
arc to the child representing the situation.

The value of a given decision graph can be defined either in terms of costs or
in terms of rewards. If the value is defined in terms of costs, the decision objective
is assumed to be minimizing the expected cost. If the value is defined in terms of

rewards, the decision objective is assumed to be maximizing the expected reward. In
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the rest of this chapter and in the next chapter, we define value of decision graphs in
terms of costs. However, due to the duality of costs and rewards, all the techniques and
algorithms that we develop can be adjusted in a straightforward way to be applicable
to decision graphs with reward-oriented values.

Let n’ be one of the children of node n. We use ¢(n,n’) to denote the cost of the
arc from n to n’, if n is a choice node; we use p(n,n’) to denote the probability
of the arc from n to n’, if n is a chance node. We use v(n) to denote the value
associated with a terminal node n.

Let DG be a decision graph. A min-ezp evaluation (in contrast to the minimax
evaluation of a minimax tree [102]) of DG is a real-valued function u defined as

follows:
1. If n is a terminal: u(DG,n) =v(n).
2. If n is a chance node with k children n,,...,n; in DG:
w(DG,n) = S5, p(n,n;) * u(DG,n;).
3. If n is a choice node with k children ny,...,nx in DG:
u(DG,n) = minf_ {c(n,n;) + uw(DG,n;)}.
The concepts of solution graphs and min-exp evaluation are the natural extension of
those defined for decision trees in [78]. The value given by u(DG,n) is called the
min—ezp value of the node n. It can be interpreted as the minimal expected cost that
an agent is going to pay if it starts a sequential decision process from the situation

represented by node n. Note that the above definition is applicable to a solution

graph as well since a solution graph is a special decision graph.
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For a decision graph DG with evaluation function u, a solution graph SG of DG
is optimal with respect to the evaluation function if u(SG,n) = u(DG,n) for every
node n in SG. A general computational problem related to decision graphs is, for a
given decision graph and an evaluation function defined on it, to compute an optimal
solution graph (with respect to the evaluation function) of the given decision graph.
In the next chapter we will present several algorithms for this problem.

Fig. 2.1 shows a simple decision graph. In the figure, boxes, circles, and dotted—

line circles denote the choice nodes, chance nodes, and terminals respectively.

G &
/'! AR KR KR

nl6: {ni7 nla inlg  in20 nZl {n22}" {23 tn24 {ng5 {n267n27  (n28 {029 {n30: ! p3i
Figure 2.1: A simple decision graph

Lemma 2.1 For a decision graph DG with a min—ezp evaluation function u, we
can define another min—exp evaluation function u' that is isomorphic to u in the
following sense: 1) an optimal solution graph of the decision graph with respect to
one evaluation function is also optimal with respect to the other, and 2) there exists
a constant co such that v'(DG,n) = co + u(DG,n) for every node n in the decision

graph.
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Proof The evaluation function u' can be defined as follows:
1. If n is a terminal: ¥/(DG,n) = v(n)+ co.-
2. If n is a chance node with k children n,,...,n; in DG:
v(DG,n) = Tk, p(n,ni) * u'(DG, n;)
3. If n is a choice node with k children n,,...,n; in DG:
u'(DG,n) = mink_{c(n,n;) + ¥/ (DG, n;)}.

The fact that the two evaluation functions are isomorphic can be proved by a simple
induction on the structure of the decision graph. O
Due to this lemma, we can assume that the evaluation functions of decision graphs

are all non—negative without loss of generality.

2.2 Finite—Stage Markov Decision Processes

Informally, a Markov decision process is an alternating sequence of states of, and
actions on, an evolution system [20]. At each point in time, the state of the system
can be observed, and an action can be taken based on the observed state. A finite—
stage Markov decision process is a Markov decision process that must reach some
target state within a finite number of steps. A policy is a prescription for taking
action at each point in time.

Formally, a finite-stage Markov decision process is a tuple (S,K,w,v,q), with
S={St=0,..,T} and K = {K,|s € S}, where S; denotes the space of the states
observable at stage t, and S = UL, is the total space of states, S;NS; = ¢ if
t # 7; K, denotes the set of actions that may be taken in state s; w and v are two

cost functions and ¢ is a transition function. Sy contains only one state sg, called
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the initial state, and the states in Sy are called the target states. In this thesis, we
consider only Markov decision processes with finite state sets and finite action sets.

If the system is in state s € S; for some ¢, 0 < t < T, we say the system
is at stage ¢. The laws of motion of the system are characterized by a transition
function ¢. Whenever the system is in state s € S; and action a € K is taken, the
probability of the system being in state s’ at the next stage is given by ¢(s,s’,a). It is
assumed that Y ,es,,, 9(s,8',a) =1 for any s € S; and a € K, and ¢(s,5',a) =0
if either a is not in K, or &' is not in S;y;. A cost structure is defined on the
decision process by the function w. Whenever the system is in state s and action
a is taken, a cost w(s,a) is incurred. Whenever the system enters a target state
s € St , the system stops with cost v(s).

A deterministic policy for a Markov decision process can be regarded as a function
mapping from states to actions. We define the expected cost function X of a finite-
stage Markov decision process with respect to a policy R as follows.

[ w(s) if s € St
X(R, 8) N { w(31 R(S)) o Z:s’ESzh 9(333"1 R(S)) e X(R’ S') otherwise.

The value of X(R,s) is called the expected cost of the Markov decision process with
respect to policy R in state s, and the value of X(R,so) called the expected cost
of the Markov decision process with respect to policy R. A policy R*is optimal if
X(R*,s0) < X(R,s0) for any policy R.

The finite-stage Markov decision processes that we just introduced are a special
kind of general Markov decision processes [20] and are equivalent to the finite-horizon
Markov decision processes in [74].

The following lemma expresses the dual results of Theorem 4.2 in [74].
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Lemma 2.2 For each s € St,
X(R". 8} =v(3);
for each state s € S;, 0<t< T,
X(R,s) = mingex, {w(s,a)+ > q(s,s,a) x X(R*,s")}

s'€Siy1

and

R*(s) = arg mingex,{w(s,a)+ Y q(s,¢,a) * X(R",s')}
5€5:41

where the operation arg min selects and returns an element minimizing the formula

to follow.

These equations are referred to as Bellman equations in the literature [5].

2.3 Representing Finite—Stage Markov Decision
Processes by Decision Graphs

Kumar and Kanal have observed a general correspondence between sequential de-
cision processes and AND/OR graphs [44]. In this section, we show how a finite-
stage Markov decision process can be represented as a decision graph. Let M =
(8,K,w,v,q) be a Markov decision process and DG = (V, A; U A;) be a directed
graph defined as:

V =SU{v|s € Sja € K,},

A1 = {(s,0:0)|s € S;a € K,}

and

Ay = {(vsa,8")|s € Si, 8" € Si4q for some t with 0 <t < T'—1, and a € K}
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In such a graph, a node s € S is a choice node, representing an observable state in
which an action can be selected and taken; a node v,, is a chance node, representing
a temporary state resulting from taking action a in state s. The next observable
state after the temporary state is determined by a probability distribution ¢(s,s’,a).
We can attach cost w(s,a) on the arc (s,v,,) and probability ¢(s,s’,a) on the arc
(vsa,8") . In such a graph, node sg is the root and the nodes s € St are terminals.
It can be verified that DG is acyclic and is indeed a decision graph.

Let u be an evaluation function of the decision graph defined as:
o u(DG,s) =v(s) if s € St.

o u(DG,vs) = Tyes,y; P(Vse,s’) ¥ u(DG,s") for each s € S; and each a € K,

where p(v,,,s’) is the probability ¢(s,s’,a) on the arc (vs,,s).

o u(DG, s) = mingek,{c(s,vsa)+u(DG,vs,)} for each s € S—Sr, where ¢(s, vsa)

is the cost w(s,a) on the arc (s,vy,).

Lemma 2.3 For every state s € S,
X(R*,s) = u(DG,s).

Proof. Note that, from the construction of DG, we have: c(s,vs,) = w(s,a) and

P(vsa, 8') = q(s,8',a) . From the definition of u, we have:

B v(s) if s € St
U(DG? S) B { mz'naeK.{C(Sa vsa) . 2 ZS'ESHH p(v-"ﬂi S;) * 'U,(DG, S!) otherwise.

By Lemma 2.2, we have X(R*,s) = u(DG,s) for every state s € S. O



Chapter 3

Decision Graph Search

In this chapter, we consider the problem of decision graph search. The problem is
defined as follows. For a given decision graph DG and an evaluation function, find
an optimal solution graph SG (with respect to the evaluation function).

From the definition of the evaluation function of decision graphs, two algorithms
are readily available. The first one is the folding—back—and-averaging—out method
that is commonly used in decision analysis for evaluating decision trees [79]. Another
one is a recursive search algorithm. The disadvantage of these algorithms is that they
need to “visit” all of the nodes in a decision graph in order to compute an optimal
solution.

In this chapter, we present several algorithms for decision graph search. These
algorithms need not visit every node of a decision graph in general, and in certain
favorable situations, need only to visit the nodes in an optimal solution graph of the
decision graph. These algorithms can be roughly classified into three categories. The
first category includes a depth-first heuristic-search algorithm and its anytime ver-
sion. The depth-first heuristic-search algorithm uses a branch-and-bound pruning
mechanism similar to the alpha-beta technique for minimax tree search [38]. The

second category includes a best—first heuristic-search algorithm, derived from AO*

20
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[50, 62, 68]. This algorithm can also be regarded as a specialization of the gen-
eral branch-and-bound algorithms described in [44, 45]. The third category includes

iterative-deepening depth-first heuristic~search algorithms.

3.1 Depth—First Heuristic—Search Algorithms

In this section we discuss a depth—first heuristic-search algorithm and its variations.
Like Ballard’s *-minimax algorithm [3], our algorithm is derived from the alpha-beta
method [38]. The difference is that our algorithm makes effective use of domain-
dependent knowledge to increase search efficiency.

This algorithm was originally developed for searching decision trees with min-
exp evaluation functions [78]. Since any decision graph can be viewed as a compact
representation of a decision tree, these algorithms are applicable to decision graph
search as well. In the rest of this section, we first present this decision tree search
algorithm and its anytime version, and then discuss how to tailor the algorithms to

exploit shared structures in decision graphs.

3.1.1 Algorithm DFS

In this section, we present a depth-first heuristic-search algorithm DFS (Depth First
Search) for decision graph search. The algorithm uses an alpha-beta-like pruning
mechanism.

In order to develop the pruning mechanism, we contrast a decision tree and a
minimax tree. A choice node in a decision tree can be regarded as a min node
since we want to minimize the min-exp value of it. Consequently, a chance node is
analogous to a maz node. However, a decision tree is different from a minimax tree

in two major aspects. First, there is no cost or other information associated with
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the arcs of a minimax tree, but in a decision tree the information of this kind plays
an important role in computing both the min-exp values of nodes and an optimal
solution tree of the decision tree. Second and more importantly, the way to compute
the minimax values in a minimax tree is different from the way to compute the min-
exp values in a decision tree. These two differences make the original alpha-beta
pruning rules not directly applicable to a decision tree.

Nevertheless, we still can design a similar pruning mechanism for decision trees if
some admissible heuristic functions are available. A heuristic function for a decision
tree is a function that estimates the min-exp values of the nodes of the decision tree.
A heuristic function h for decision tree DG is admissible if, for every node n in DG,
h(n) < u(DG,n). For the sake of brevity, we use h*(n) to denote u(DG,n), the
min-exp value of the node n in the decision graph DG, when no ambiguity arises.

DFS works as follows. For each node n to be searched next with a given upper
bound b, DFS tries to find out whether k*(n) is less than b. DFS returns the value
of h*(n) if h*(n) is less than b, otherwise returns a value no less than b. Using the
terminology in [38], we call the upper bound the “f-value” of node n.

Let h be an admissible heuristic function for DG, and b be the S-value of node
n. We have the following three cases.

(1) b < h(n). In this case, due to the admissibility of A, we have b < h*(n).
Thus DFS need not search node n (and the subtree rooted at n ).

(2) b > h(n) and n is a choice node with children ny,...,n;. In this case DFS

searches the subtrees rooted at ni,...,n;. Let
ro=>b and r; =min{ri_y,c(n,n;)+h*(n;)} for i =1,..,k.

Here, ¢(n,n;) is the cost of the arc from n to n; and r;_; stands for the lowest



CHAPTER 3. DECISION GRAPH SEARCH 23

cost obtained when the subtrees rooted at ny,...,n;_; have been searched! and the
subtree rooted at n; is to be searched next. We call r;_; an intermediate back-value
of node n. When searching node n;, DFS tries to find out whether h*(n;) is less
than ;-1 —¢(n,n;). Thus, DFS recursively applies to node n; with r;_; —¢(n,n;) as
the f—value. After all of the subtrees under node n have been searched, DFS returns
rx which is equal to k*(n) if A*(n) < b, and is otherwise equal to b.

(3) & > h(n) and n is a chance node. In this case, a series of approximations of

h*(n) can be obtained as the children of n are searched. Let
i k
partial; = 3 h*(n;) * p(n,ni) + 3 h(n;) = p(n,n;)
=1 j=it1
where p(n,n;) is the probability of the arc from n to n;, for i = 1,...,k. partial;
can be considered as the approximation of h*(n) when the subtrees rooted at nodes
ni,...,n; have been searched. From the definition of partial;, we have:
k
partialo = Y _ h(n;) * p(n,n;),
=1

partial; = partial;_y + p(n,n:) * (k*(n;) — h(n;))

and

k
partialy = Y_ k*(n;) * p(n,n;) = h*(n).

i=1
Since h is admissible, partial;_; < partial; for any i, 1 <: < k. Thus, if for some

t, 1< ¢<k, partial; > b, then, h*(n) > b. In this situation, DFS will stop
searching the rest of the children of node n. When searching node n;, DFS tries to
find out whether

k*(ni) < (b— partiali—)/p(n,n;) + h(n;).

INote that the min—exp values h*(n;) probably need not be computed for all n; .
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Thus, DFS recursively applies to node n; with (b— partial;_1)/p(n,n;) + h(n;) as the
B-value. If the subtree rooted at n, is eventually searched and partialy < b, DFS
returns partial; as the value of h*(n).

The pseudo code of DFS is shown in Fig. 3.1. In this algorithm, MAXNUM is a
large positive number, representing oo; cost(n, i) and prob(n, i) correspond to
¢(n,n;) and p(n,n;) respectively. Function h corresponds to an admissible heuristic
function, and order-d and order-n correspond to two tree ordering functions that
order the children of choice nodes and those of chance nodes respectively. These three
functions are the abstraction of the domain-dependent knowledge that DFS uses.

DFS consists of two mutually recursive functions: dnode(n, b) and nnode(n,
b), for choice node search and chance node search respectively. In the algorithm,
parameter b is the f—value for node n; variable nb is the S-value for the child to be
searched next. In dnode, variable result denotes the intermediate back—up values
of node n (corresponding to r;). As the children of node n are being searched,
variable result is updated, and the f—value (nb) for the child to be searched next is
computed. If the f—value for a child is no more than the value given by the heuristic
function, the child need not be searched. In nnode, variable partial represents the
series of approximations of the min—exp value of node. As the children of node n
are being searched, variable partial is updated and the B-value (nb) for the child to
be searched next is computed. It is important to note here that partial will never
decrease as more children of a chance node are searched, due to the admissibility of
the heuristic function. Therefore, as soon as partial catches up with b, it is surely
known that the min-exp value of the chance node is equal to or greater than the
B-value. Thus no more children need to be searched.

The description of DFS given in Fig. 3.1 does not construct the optimal solution
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dnode(n, b)
if n is a terminal then
if v(n) >= b then return MAXNUM;
else return v(n);
if h(n) >= b then return MAXNUM;
result = b;
k = # of children of node n;

let ni, n2, ..., nk = order-d(n);
for (i = 1 to k) do
nb = result - cost(n, i);

if nb > h(ni) then
result = min {result; cost(n, i) + nnode(ni,nb)};
if result >= b then return MAXNUM;
else return result;

nnode(n, b)
if n is a terminal then
if v(n) >= b then return MAXNUM;
else return v(n);
if h(n) >= b then return MAXNUM;

k = # of children of node n;
let n1, n2, ..., nj = order-n(n);
partial = h(nl)* prob(n, 1) + ... + h(nk) * prob(m, k);
i=0;
while (partial < b) and (i < k) do
i=1i+ 1;
nb = (b - partial)/prob(m, i) + h(ni);
partial=partial+prob(n, i)*(dnode(ni, nb)-h(ni));
if partial >= b then return MAXNUM;
else return partial;

Figure 3.1: The pseudo code of DFS
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tree. The algorithm can be easily modified to do so. Thus, for a decision tree DG
and a node n, DFS can be used either to compute h*(n) or to compute an optimal
subtree rooted at n in DG. Since DFS is a depth—first search algorithr;l, the size of
the space that it needs is linear in the depth of the tree if the solution tree need not
be constructed explicitly, and is otherwise linear in the size of the largest solution
tree that the algorithm ever constructs in the search course.

As an illustration of this algorithm, let us consider an example. For convenience,
we assume that, for a given decision tree, the algorithm orders the tree first (using
its tree ordering functions) and then searches the ordered tree in the left-to-right
order? (in contrast to integrating searching and tree ordering together). A decision
tree, after being ordered by the tree ordering functions used by DFS, is shown in Fig.
3.2 where we assume that all the terminals have value 10 and all the branches of any
chance node have the same probability (0.5). The optimal solution is indicated by
the arrows. Its cost is 35.5. Suppose that DFS uses a heuristic function ko that
returns zero for every node in the tree. Clearly, this heuristic function is admissible.
The search algorithm starts from the root with oo as the f-value. After node ng
is searched, the intermediate result for node n4 is 28. Thus when node ng is being
explored, its f-value is 3. After node n;s is explored, the approximation of the
min-exp value of node ng is 5 which exceeds its f-value, thus node n;g is pruned®.
Another cutoff happens right after node njo is explored. The intermediate back-up
value of node nj is 25. The f—value for node n;; is negative, therefore, node ny;,
together with all the nodes below it, is pruned. The last pruned node for this problem

is node n27. Therefore, five nodes in total are pruned.

2This convention is used throughout this section.

3Pruning a node means that the node need not be visited at all. In the current case, even if node
n19 is not a terminal, but is an interior node, it will still be pruned.
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Figure 3.2: An illustration of the search algorithm
Let dt be a function defined as:

__ | nnode(n,b) if n is a chance node,
i b) = { dnode(n,b) otherwise.

The following theorem establishes the correctness of DFS.

Theorem 3.1 If the heuristic function used by DFS is admissible, then:

__ | h*(n) if h*(n) <b,
dt(n,b) = { MAXNUM otherwise

for any node n in the decision tree and a number b.
An inductive proof of this theorem is given in Section 3.5.

Corollary 3.2 If the heuristic function used by DFS is admissible, then di(n,b) <
dt(n,b) for any node n in a decision tree and any two numbers b’ > b. Furthermore,

if dt(n,b) < b, then dt(n,d) = di(n,V).

Corollary 3.3 If the heuristic function used by DFS is admissible, then h*(n) =

dt(n,o00) for any node n in the decision tree.
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3.1.2 The effect of heuristic functions

Let h; and ks be two heuristic functions, h; is more informed than h, for a
decision tree if hi(n) > hs(n) for every node n in the decision tree. Suppose that
both heuristic functions h; and h, are admissible, it is clear that the performance
of DFS with h; will be no worse than that of DFS with h, for the same decision
tree if h; is more informed than h,.

As an illustration on the effect of the heuristic function, let us assume that for
the decision tree shown in Fig. 3.2, we now have a more informed heuristic function
hy defined as follows: hg(n;) = 16 for ¢ = 2,...,7 and hy(n;) =7 for ¢ =8,...,31.
When applying DFS with Ay to the decision tree, nine nodes (nodes in the subtree

rooted at nodes ng, m31 and ny3) will be pruned.

3.1.3 Tree ordering

Note that the correctness of DFS is independent of the tree ordering functions. How-
ever, like minimax tree search, the order in which the children of nodes in a decision
tree are searched may have a great effect on the execution time of the algorithm.
Generally speaking, we want to search first the branch of a choice node that results in
the final (minimal) min-exp value of the choice node in the hope that as many other
branches as possible can be pruned; and we want to search first the child of a chance
node that contributes most to the min-exp value of the chance node in the hope that
the partial accumulation can reach the f—value of the node as early as possible.

As an illustration on the effect of tree ordering, let us consider the decision tree
shown in Fig. 3.3. This is the same decision tree as the one in Fig. 3.2 except that
the orderings of the children of some nodes are different. It can be verified that when

DFS with heuristic function ho is applied to this tree, nine nodes (nodes na7, nog,
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nie, and the nodes in the subtrees rooted at nodes njo and nj; ) will be pruned, but
when DFS with heuristic function k¢ is applied to the decision tree shown in 3.2, only
five nodes are pruned. Similarly, when DFS with Ay is applied to this tree, twenty
one nodes (nodes in the subtrees rooted at nodes nj3, ni4, and n;) will be pruned,
but when DFS with heuristic function k{ is applied to the decision tree shown in 3.2,

only nine nodes are pruned.
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Figure 3.3: An illustration of the effect of tree ordering

Note that a heuristic function normally contains more information than a tree
ordering function. In particular, we can define tree ordering functions from a heuristic
function. For example, given a heuristic function %, we can define order; in such a

way that if n; and n; are two children of a choice node n and
h(ni) + e(n, ni) < h(nj) + c(n,n;),

then n; should be searched before n;. With this definition, child n; of a choice node
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n will be pruned if there exists a child n; of n, 7 < j, such that:
R*(n:) + c(n,n;) < h(n;) + ¢(n,n;).
Let e = h(n;) + ¢(n,n;) — (h(n;) + ¢(n,n;)) . The above inequality is equivalent to:
h*(n;) — h(n;) <e.

The left hand side in the above inequality is the difference between the min—exp value
of node n; and its lower bound given by function A, and the right hand side is the
difference which determines the search order between n; and n;. The more informed
the heuristic function is, the smaller h*(n;) — h(n;), thus the better the chance for
node n; being pruned.

We can also define order,(n) in such a way that if n; and n; are two children

of a chance node n and
h(n;) * p(n,n:) = h(n;) * p(n,n;),

then n; should be chosen before n;. With this ordering, children nj41,...,nr of a
chance node n will all be pruned if

3 k

> h*(m) *p(n,mi) + Y h(ng) *p(n,ng) > b.

=1 I=j+1
In Chapter 11, when we consider U-graph based navigation problems [77], we will en-
counter some heuristic functions for a realistic problem. Moreover, we define ordering

functions in terms of heuristic functions in the same way as we did above.

3.1.4 Using inadmissible heuristic functions

The previous section required that the heuristic function - be admissible. For the A*

algorithm, Harris [30] has argued that the condition of admissibility is too restrictive.
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His arguments are applicable to decision tree search as well. Although it may be
impractical to find a good heuristic function that never violates the admissibility
condition, it is often easier to find a function that estimates the min-exp values well,
but occasionally overestimates them. Like the case for A* [68], we have the following
two theorems for DF'S that establish the linear relationship between the maximal error
of an inadmissible heuristic function and the maximal error of the min-exp value of

the resulting solution.

Theorem 3.4 Suppose DFS uses heuristic function h. If there exists a number § > 0
such that h satisfies h(n) < h*(n) + é for every node n in a decision tree, then for
every node n in the decision tree

R(n)+6>b if di(n,b)>b

and

h*(n) + 6 > dt(n,b) if di(n,b) <b.

Theorem 3.5 Suppose DFS uses heuristic function h. If the costs of all the arcs in
a decision tree are non—negative and h*(n) > 0 for each node n in the decision tree,

and there exists a number § > 0 such that h satisfies:
0 < h(n) < (14 6)* h*(n) for every node n in the decision tree,
then for every node n in the decision tree and any non-negative number b,
R*(n)*(146)>b6 if dt(n,b)>b

and

h*(n) * (14 8) > dt(n,b) if dt(n,b) < b.
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The proofs of these theorems are given in Section 3.5.

3.1.5 An anytime version of DFS

The time complexity of searching for an optimal solution tree, or a suboptimal solution
tree with a bounded quality, of a decision tree is exponential in the depth of the tree.
Thus for a practical problem, it may take a long time to compute such a solution
tree. Note that DFS will not return anything before completing the computation of
an optimal (suboptimal) solution. However, in some situations, it would be useful
if an algorithm could return some (possibly non-optimal) solutions in the course
of computing an optimal solution. It would be even better if the quality of those
intermediate solutions improves monotonically with the computational time spent by
the algorithm. Since an algorithm with this property can give an answer at any time
after computing the initial solution, it is called an anytime algorithm [8].

We can think of an anytime algorithm as a program which generates a stream of
solutions, ordered according their expected costs. For decision tree search, we can
easily obtain a naive anytime algorithm from a brute—force procedure and a filter. For
a given decision tree, the brute—force procedure systematically enumerates all of the
possible solutions of the decision tree, and passes the solution stream to the filter. The
filter maintains the minimal cost of the solutions arrived so far and discards solutions
with cost no smaller than the minimal cost. Unfortunately, the performance of this
algorithm can be bad.

We have developed an algorithm A-DFS (an anytime version of DFS) that incor-
porates the pruning mechanism we discussed in Section 3.1.1 and at the same time
behaves like an anytime algorithm. A-DFS differs from DFS in the following two

aspects:
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e When searching a choice node, DFS will exhaust all of the children of the choice
node and choose the best one. But A-DFS returns the first child that results
in an admissible solution. Furthermore, A-DFS also sets a backtrack point so

that it can continue exploring the remaining children later on.

e In the course of searching a chance node, if DFS finds that partial > b, it

reports a cutoff. But in a similar situation, A-DFS requests a backtrack.

Fig. 3.4 shows the pseudo code of A-DFS. In the figure, we have a new procedure
a-search as the interface of the algorithm. The statement backtracking means to
continue from the latest backtrack point. If there is no backtrack point, then just

return MAXNUM. A Prolog version of this algorithm is given in Fig. 3.5.

3.1.6 Exploiting shared structures in decision graphs

A decision graph can be considered as a compact representation of a decision tree in
which some subtrees are identical. Conversely, a decision graph can be “expanded”
into a decision tree by duplicating those shared nodes in the decision graph.

The algorithms that we presented so far are based on decision trees. These algo-
rithms are also applicable to decision graphs in the sense that they are applicable to
the “expanded versions” (the corresponding decision trees) of the decision graphs. An
advantage of this treatment is that the algorithms have moderate space requirements®.
A disadvantage of the treatment is its inability to exploit shared structure of decision
graphs. In other words, the algorithms may search a subgraph rooted at a shared
node more than once. In order to overcome this disadvantage, we use a “cache tech-

nique.” When the expected cost of a shared node is obtained, the node along with the

4For DFS, the space requirement is linear in the depth of the decision trees if it is not required
to construct an optimal solution graph, and is otherwise linear in the size of solution graphs; the
space requirement of the anytime algorithm is linear in the size of solution graphs.
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a_search (n, b)
if n is a choice node then result = a_dnode(n, b)
else result a_nnodel(n, b);
report (result); backtracking;

a_dnode(n, b)
if n is a terminal then
if v(n) >= b then return MAXNUM; else return v(n);
if h(n) >= b then return MAXNUM;

result = b;
k = # of children of n;
let n1, n2, ..., nk = order_d(n);
for (i = 1 to k) do
nb = result - cost(n, i);

if nb > h(ni) then
resultl = cost(n, i) + a_nnode(ni,nb);
if resultl < result then
result = resultil;
set a backtrack point; return result;
return MAXNUM;

a_nnode(n, b)
if n is a terminal then
if v(n) >= b then return MAXNUM; else return v(n);
if h(n) >= b then return MAXNUM;

k = # of children of N;
let nil, n2, ..., nk = order_p(n);
partial = h(nl)* prob(n, 1) + ... + h(nk) * prob(n, k);
i=0;
while (partial < b) and (i < k) do
i=1i+1; nb = (b - partial)/prob(a, i) + h(ni);
partial=partial+prob(n, i)*(a_dnode(ni, nb)-h(ni));
if partial >= b then backtracking else return partial;

Figure 3.4: The pseudo code of A-DFS
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% search node N for a solution tree R with cost C such that C < B

:~dynamic stop/1.

search(N, B, term(V, N), V) :- terminal(N), v(N, V), V < B.

search(N, B, choice(C, N, R), C) :~ h(N, HV), HV < B,
choice(N), children(N, L), searchchoice(L, B, R, C).
search(N, B, chance(C, N, R), C) :- h(N, HV), HV < B, chance(N),

children(N, L), initial(L, CO),
searchchance(L, B, R, C, C0).

%search children list of a choice node
%When find a solution, we can return the solution and update the bound.

searchchoice([(LC, N)IL], B, R, C) :- NB is B - LC,
search(N, NB, R1, C1), assert(stop(L)), C2 is LC + C1,
searchchoice_with_s([(LC, N)|L], Ri, R, C2, C).
searchchoice([_|L], B, R, C):- \+ stop(L), searchchoice(L, B, R, C).

searchchoice_with_s([(LC, N)|_], R, (LC, R), C, C).
searchchoice_with_s([_IL], _, R, C1, C):- searchchoice(L, Ci, R, C).

Ysearch children list of a chance node

searchchance([], B, [], €0, CO) :- CO < B.

searchchance([(P, N)|L], B, [(P, R1)[R2], C, CO) :- CO < B, h(N, HV),
NB is (B - CO0)/P + HV, search(N, NB, Ri, ¢1l,
C2 is CO + P*(C1 - HV), searchchance(L, B, R2, C, C2).

% An auxiliary function

initial([], 0).
initial([(P, N)IL], C) :- h(N, HV), initial(L, C1), C is C1 + Px* HV.

Figure 3.5: A Prolog version of A-DFS
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cost is stored in a cache for later use. When a node is to be searched, the algorithms
first check whether the the node has been cached, and will search the node only if
the node is not in the cache.

In a similar vein, we can also make use of an “adaptive” heuristic function. That
is, whenever a cutoff occurs at a node n , we obtain a new lower bound on the expected
cost of the node. If the new bound is greater than A(n), we obtain a new heuristic
function A’ that agrees with h at all nodes except that A'(n) equals the new lower
bound. Obviously, h’ is more informed than A. This could be viewed as an example
of “learning from failure.”

By incorporating this caching technique into DFS, we obtain DFS’ as shown in Fig.
3.6. When the expected cost of a node is obtained, DFS’ needs to determine whether
the expected cost should be cached or not; when a cutoff occurs at a node, DFS’
needs to determine whether the heuristic function should be updated accordingly. If
the “caching policy” allows no node ever to be cached, the algorithm degenerates
to DFS. On the other hand, if the “caching policy” allows the expected costs of all
nodes to be cached, the algorithm exploits the shared structure of decision graphs to
the maximum degree. However, this may lead to an exponential space requirement,
defeating an advantage of DFS. Clearly, there is a tradeoff between time and space
in DFS’. It is a “meta-decision” problem to decide which nodes should be cached.
Generally speaking, we would like to cache those nodes that are likely to be searched
again and that would take much time to search. The searching time of a node can
be obtained when it is searched for the first time. The probability that a node will
be searched again may be estimated based on domain dependent knowledge. Russell
and Wefald’s meta-reasoning mechanism [82, 81] can play a role in deciding which

nodes’ expected costs should be cached.
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dnode’ (n, b)
if n is a terminal then
if v(n) >= b then return MAXNUM; else return v(n);
if n is cached then
let result be the cached value;
if result >= b then return MAXNUM else return result;
if h(n) >= b then return MAXNUM;
result = b;
k = # of children of n;

let ni, n2, ..., nk = order-d(n);
for (i =1 to k) do
nb = result - cost(n, 1i);

if nb > h(ni) then
result = min {result; cost(n, i) + nnode’(ni,nb)};
if result >= b then
{if function h should be updated at n then update it;
return MAXNUM;}
else {if n should be cached then cache n; return result;}

nnode’ (n, b)
if n is a terminal then
if v(n) >= b then return MAXNUM; else return v(n);
if n is cached then
let result be the cached value;
if result >= b then return MAXNUM else return result;
if h(n) >= b then return MAXNUM;

k = # of children of N;
let n1, n2, ..., nk = order-n(n);
partial = h(ni)* prob(n, 1) + ... + h(nk) * prob(n, k);
i=0;
while (partial < b) and (i < k) do
i =4 % 1;
nb = (b - partial)/prob(n, i) + h(ni);
partial=partial+prob(n, i)*(dnode’(ni, nb)-h(ni));
if partial >= b then
{if function h should be updated at n then update it;
return MAXNUM;}
else {if n should be cached then cache n; return partial;}

Figure 3.6: The pseudo code of DFS’

37
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A similar version can be obtained for A-DFS in the same way.

3.2 Applying AO* to Decision Graph Search

The AO* algorithm was first developed in [52] for searching AND/OR graphs with
additive costs [52]. The name AO* was coined in [62]. As shown in [45], AO* is
applicable to AND/OR graphs with monotone evaluation functions [45]. We say
a function g(zi,...,z, L) is monotone if g(y1,...,yx, L) < g(z1,...,2%, L) provided
y; < z; for ¢ =1,..., k. An evaluation function u is monotone if there is a monotone
function g such that u(n) = g(u(ny), ..., u(nk), L) for each non-terminal node n, where
L represents the local information (in terms of arc costs or arc probabilities for the
case of decision graphs) associated with the arcs incident from n. From the definition
of the min—exp evaluation function, we can see that the min—exp evaluation function
is monotone. Thus AO* is applicable to decision graph search problems as well. In
this section, we illustrate how to tailor AO* so that it can apply to decision graph
search, and present some results on the resulting algorithm.

We assume that the decision graph to be searched is given in the implicit form.
We use h again to denote a heuristic function. The algorithm works on an explicit
graph G which initially consists of the root node only and is gradually expanded.
During the entire process, G is always a subgraph of the original graph.

A node in G is called a tip node if it has no children. A solution graph of the
explicit graph is called a potential solution graph (psg). A psg is a solution graph of
the given graph if all the tip nodes in the psg are terminals.

With the help of the heuristic function k, we define a min-exp function f on the

explicit graph. Let n be any node in G, f(n) is defined as follows.

e f(n) =v(n)if n is a terminal.
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e f(n) = h(n) if n is a non-terminal tip node.
o f(n) = mink_ {c(n,n;) + f(n;)} if n is a choice node with children n,...,n.
o f(n) =Xk, p(n,n;) * f(n;) if n is a chance node with children n, ..., 7.

Due to the admissibility of &, the following result is obvious.

Lemma 3.6 For any node n in G, f(n) < h*(n).

At any moment, the explicit graph can have a number of potential solution graphs.
We use opsg to denote an optimal potential solution graph — a potential solution
with the lowest cost.

AO¥* can be intuitively understood as an iteration of two major operations. The
first one is the node expansion that finds a non-terminal tip node in the identified
optimal potential solution graph and generates the children of the node. The cost
of each child is given by the heuristic function, if it is generated for the first time.
The second operation is the cost updating operation that, starting from the newly
expanded node, updates the costs of the ancestors of the newly expanded node, ac-
cording to the cost function. In the course of the cost updating, a new optimal
potential solution graph is identified. The termination condition for this process is
that the optimal potential solution graph has no non-terminal tip node. The basic

structure of the algorithm is as follows:
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1. Initially, both G and opsg consist of only the root node.

2. If all of the tip nodes of opsg are terminals, stop and output opsg as the

solution graph.

3. Select a non-terminal tip node of opsg , generate the children of the node and

add them to G (if some children are already in G, just share them).
4. Set opsg to be an optimal potential solution graph in G.

5. Go to step 2.

The above algorithm can be further refined by using the marking technique of
[52]. The following version of AO* is adapted from [10], where h denotes a heuristic
function for the given decision graph satisfying h(n) = v(n) for all terminals in the
decision graph. In the algorithm, the marked psg rooted at the root of the decision

graph is the same as the opsg in the above algorithm.

Algorithm AO*

1. Initially the explicit graph G and the potential solution graph psg consist

solely of the root node s. Set
f(s) « h(s).
If s is a terminal node, then mark s SOLVED.

2. Repeat the following steps until s is marked SOLVED. Then, exit with f(s)

as the solution cost.
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2.1 Choose a tip node n of the marked psg that is not marked SOLVED. For
each child n; of n not already present in the explicit graph G, set

f(ni) = h(n;).

Mark SOLVED those children of n that are terminals.
2.2 Create a set Z of nodes containing only node n.
2.3 Repeat the following steps until Z is empty.

2.3.1 Remove from Z a node m that has no descendent in Z.

2.3.2 (i) If m is a choice node with children my,...,my, then set
f(m) i minlgigk{f(m;) + ¢(m,m;)}.

Mark that arc (m,m;,) for which the above minimumoccurs. [Resolve
ties arbitrarily, but in favour of a SOLVED node.] Mark m SOLVED
if and only if m;, is marked SOLVED.
(ii) If m is a chance node with children my,...,mj, then set
fm) = 3 p(m,ms)* f(m;).
1<i<k
Mark all arcs (m,m;). Mark m SOLVED if and only if every m; is
marked SOLVED.
2.3.3 If f(m) changes value at step 2.3.2 or if m is marked SOLVED, then

add to Z all of the immediate predecessors of m .
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The only difference between the above algorithm and the AO* algorithm given in

[10] for AND/OR graphs with additive costs lies in the way of updating function f
at step 2.3.2 (ii).

Lemma 3.7 At any stage during the search process, if a node n is marked SOLVED,
a solution graph with cost f(n) can be obtained by tracing down the marked arcs

from n.
Proof. By a trivial induction on the stage of the algorithm.

Lemma 3.8 If there exists some € > 0 such that h(n) < h*(n) + € for every tip
node n in the explicit graph G, then at any stage during the search process, we have

-~

f(n) < h*(n) + € for all nodes in G.

Proof. Similar to the proof of Lemma 1 in [52]. We prove the lemma by induction
on the stage of the algorithm. The lemma is trivially true initially. Suppose that it
is true at a certain stage and let us prove it is true at the next stage, after execution
of the body of the outer loop (i.e., steps 2.1 — 2.3).

Since during the execution of the loop body, the f values of only those nodes
that are ancestors of node n may be changed, let us consider the subgraph, G’, of
G obtained up to this stage, which consists of all the ancestors of node n. Since G’
is acyclic, an index can be attached to each node of G’, starting with n® = n, in
such a way that all paths from node n‘ to node n° contain only n’ with j <.

Now, we prove by induction on the index ¢ that the inequality still holds for each
node in G’ after its f value is updated.

First, we prove that this is true for n°. Let ni,...,n; be the children of n. For

any child, n;, 1 <1<k, if it has been generated before, we have f(n;) < h*(n;) + €
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by the outer induction assumption, and if n; is generated for the first time, we also
have f(ni) = h(n;) < h*(n) + € by the hypothesis on the heuristic function k.

If n is a choice node, we have:

F(n) = mini{f(r1) + c(n,m)}
< mang{h*(n1) + € + c(n, )}
= e+ h*(n)

Similarly, if n is a chance node, we have:

f(n) = {f(m) * p(n, m)}
< S{(R*() + €) * p(n, i)}
= e+ h*(n)

Now, let us assume that the lemma is true for all nodes n’ with j < 7, then the
inequality can be proved true for node n’ by repeating the above argument. Thus, we
have proved that the lemma is true after the execution of the loop body. Therefore,

the lemma holds by induction. O
Note that Lemma 1 in [52] is actually a special case of Lemma 3.8 above with

¢ = 0. The above lemma will not be true for AND/OR graphs with additive costs,
because if ¢ > 0, the error may be accumulated in the search process for additive

cost AND/OR graphs.

Theorem 3.9 The algorithm with heuristic function h satisfying h(n) < h*(n) + ¢
for every node n that is ever in the explicit graph G, where € > 0, will return a

solution graph with cost less than or equal to h*(s)+ €, if the algorithm terminates.

Proof. Follows from Lemma 3.7 and Lemma 3.8 immediately. O



CHAPTER 3. DECISION GRAPH SEARCH 44

Corollary 8.10 The algorithm with an admissible heuristic function will return an

optimal solution, if it terminates.

Lemma 3.11 If h*(n) > 0 and there ezists some €, € >0, 0 < h(n) < h*(n)(1+¢€),
for every node n in the explicit graph G, and the arc costs in the given graph are
non-negative, then at any stage during the search process, we have f(n) < h*(n)(1+¢€)

for every node n in G.
Proof. Similar to that for Lemma 3.8.

Theorem 3.12 If the arc costs in the given graph are non—negative, then the algo-
rithm with heuristic function h satisfying 0 < h(n) < k*(n)(1 + €) for every node
that is ever in the explicit graph, where € > 0, will return a solution graph with cost

less than or equal to h*(s)(1 + €), if the algorithm terminates.

Proof. Follows from Lemma 3.7 and Lemma 3.11 immediately. O
As the reader may have already noticed, Theorems 3.9 and 3.12 above do not assure
that the algorithm always stops even if a finite solution graph exists for a given
(infinite) decision graph. Thus they are weaker than Theorem 1 in [52]. However,
for finite acyclic decision graphs, the algorithm is guaranteed to terminate. This
weakness seems to be inevitable in general, and indeed is also shared by the depth
first heuristic algorithms that we presented in the previous section, since there does
exist some case where a finite optimal solution graph does exist but the algorithm
will not terminate. This can be illustrated by the following example. Consider the
decision tree in Fig. 3.7. Node A in the decision tree is the root of the graph. Each
choice node has two children, and the child on the right side is a terminal with zero

cost. The cost of the arc to the left child is 1 and the cost of the arc to the right
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child 1s 2. The left child is a chance node. Each chance node has two children, each
with 0.5 probability. The subtr;:e below each child of a chance node is isomorphic to
the entire decision tree. Thus the decision tree is infinite. It is easy to prove that
the min—exp value of this decision tree is 2 and an optimal solution tree consists of
only two nodes: the root and its right child. However, if AO* adopts a depth-first
left-to-right strategy in selecting the next tip for expansion, the algorithm will not
terminate, since the f values of the marked potential solution trees will always be

less than 2.

Figure 3.7: An example for which AO* may not terminate

Note that the possibility of non—termination of the algorithm stems from the
arbitrariness in the selection of a tip node to be expanded next. In the case of
searching into AND/OR graphs with additive costs, no matter which tip node is
selected, the expansion of the tip node will increase by a certain amount the costs

of the solution graphs consisting of that node, and the increasing amount can be
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bounded from below. However, in the case of searching into decision graphs, the
increasing amount contributed by a tip node expansion can be arbitrarily small.

In order to guarantee the termination of the algorithm when a finite optimal
solution graph exists, we need another heuristic function for tip node selection. Here,
we propose two heuristics for tip node selection out of termination consideration.

Heuristics 1: using the breadth first strategy in tip node selection. That is, if
t1,...,tx are the tip nodes of the marked potential solution graph, the tip node with
the smallest depth should be selected for expansion.

Heuristic 2: using a best first strategy in tip node selection. Suppose 1, ..., are
the tip nodes of the marked potential solution graph. The tip node with the largest
P(t;) value should be expanded, where P(%;) is the product of the probabilities along

the path from the root to tip node ;.

3.3 Iterative Deepening Search

The two kinds of algorithms that we discussed so far for decision graph search are
complementary. A major disadvantage of AO* is that it requires exponentially large
space. The advantage of AO* is that it will not stick too long to a solution graph
which is apparently “bad.” On the other hand, in comparison with AO*, the major
advantage of the depth first search algorithms is their moderate requirement on space.
However, the price for this is that they may search down to a deep layer in a solution
graph that is not optimal. Thus it would be nice if we could design algorithms that
combine the advantages of AO* and the advantage of the depth search algorithms
together. For OR-graph search, the iterative deepening search technique [40] was
proposed for such a combination, and was proved asymptotically optimal along the

following three dimensions: time complexity, space complexity and the quality of
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the solution. In this section, we propose two iterative-deepening heuristic-search

strategies for decision graph search.

3.3.1 Depth-bounded iterative deepening

The first iterative-deepening search strategy is a depth-bounded iterative-deepening
strategy. The strategy repeatedly applies DFS to a decision graph, with increasing
depth-bounds. Whenever a non-terminal node n on the depth boundary is visited,
h(n) is used as its min—exp value. After each iteration, a potential solution graph with
the minimum cost is identified. This process terminates when the optimal potential
solution graph identified this way is actually a solution graph (all tip nodes in the
potential solution graph are terminals).

Unlike iterative-deepening A* [40], our algorithm uses search depth as the cut-
ting off criterion. In this regard, our iterative-deepening strategy is similar to the
iterative—deepening depth-first search algorithm (DFID) reported in [40]. However,
unlike DFID, the depth—first search in each iteration in our algorithm is a kind of
heuristic search. In fact, our algorithm is very much like the iterative-deepening game
tree searching algorithms [93, 105].

The following result is obvious.

Theorem 3.13 The depth-bounded iterative deepening algorithm returns an optimal

solution graph if the heuristic function it uses is admissible and if it terminates.

3.3.2 Cost—bounded iterative deepening

The second iterative deepening search strategy is a cost—-bounded iterative deepening
strategy, very much like iterative deepening A* (IDA*) [40]. The idea is that succes-

sive iterations correspond not to increasing depth of search, but rather to increasing
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B-values for the search. The strategy maintains two values: the upper bound b, and
the lower bound b; on the decision graph and works as follows: Initially, the lower
bound & is set to the value given by the heuristic function, while the upper bound is
set to the min—exp value of a solution graph that can be obtained by identifying an
arbitrary solution graph. At each iteration, a new S-value b is set to b*xa+b,*(1—a)
for some a € (0,1) and a depth first search (using DFS) with b as the B-value is
performed. If a solution with cost less than b is returned, then the solution is an
optimal solution, thus the algorithm stops. Otherwise, the lower bound & can be set
to b. This process continues until either an optimal solution is found or the lower

bound and the upper bound become close enough.

Theorem 3.14 The cost-bounded iterative deepening search algorithm returns an op-

timal solution graph if the heuristic function it uses is admissible and if it terminates.

An advantage of this algorithm over DFS is that it is less sensitive to the node
ordering in a graph. This can be best illustrated by an example. Suppose the root
of the decision tree is a choice node with two children n; and n;. Suppose further
that the subtree below n, is very large and so is its min—exp value, but the subtree
below ny is very small and so is its min-exp value. Clearly, node n; cannot be
in an optimal solution tree. However, if DFS happens to search the subtree below
node n; first, then it will not come to node n, until an optimal solution tree for the
subtree below node n; is found. This may take a lot of time. On the other hand, the
cost-bounded iterative deepening algorithm will not stick to the subtree below node
ny for too long (because the B-value can be very small).

The cost-bounded iterative deepening algorithm discussed above is analogous to

the binary iterative deepening A* [67] in the sense that both the upper bound and
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the lower bound of the problem are maintained.

3.3.3 Generic iterative deepening

So far, we have discussed two particular iterative deepening techniques. As suggested
in [18], an iterative deepening search procedure in general can be divided into two
components: one for deciding which portion of the given graph should be searched
next, and the other for computing an optimal solution graph in the identified sub-
graph. The procedure is a simple loop alternatively calling these two components. In
the previous two iterative deepening procedures, these two components are integrated.
In general, it is not a trivial issue to decide which portion of the given graph should

be searched. For a more detailed discussion, the reader is referred to [17].

3.3.4 Co-routines

It is interesting to note that the cost-bounded iterative deepening algorithm and the
anytime algorithm A-DFS can work as co-routines in the following way. For a given
problem, A-DFS gradually approaches the optimal value of the decision graph from
above, and thus can be used to update the upper bound b, of the cost-bounded
iterative deepening algorithm. The co-routines stop when either algorithm reports
finding an optimal solution, or wheh the lower bound and the upper bound become
close enough. In this way, we obtain an anytime algorithm that also uses cost-

bounded iterative deepening strategy.

Theorem 3.15 The co-routines return an optimal solution graph if the heuristic

function they use ts admissible and if they terminate.

Finally, we conclude this section with a result on the termination of the algorithms

discussed so far.
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Theorem 3.16 All of the algorithms presented in this chapter terminate for finite

acyclic decision graphs.

Proof. A finite acyclic decision graph can be expanded into a decision tree of finite
size.

The termination property of DFS and AO* can be proved by an induction on the
number of nodes visited by the algorithms.

The termination property of the anytime algorithm A-DFS follows that of DFS
and the fact that a decision tree of finite size can have only finite number of solution
trees (graphs).

The depth-bounded iterative-deepening algorithm terminates because of two facts:
(a) the number of iterations is bounded from above by the depth of the graph, and
(b) each iteration just involves a call to DFS, which terminates.

The termination property of the cost-bounded iterative-deepening algorithm can
be proved by establishing an upper bound on the number of iterations.

The co—routines terminate because of the termination property of A~-DFS and

that of the cost-bounded iterative-deepeding algorithm. O

3.4 Summary

In this chapter, we present three classes of algorithms for decision graph search.
DFS and and its anytime version A-DFS belong to the first class. They are depth-
first search algorithms, derived from the well-known alpha-beta search algorithm
[38] for minimax tree search. These algorithms use domain dependent knowledge
for increasing search efficiency. The algorithm AO* belongs to the second class,

derived directly from the AO* algorithm [68, 62] for searching AND/OR graphs with
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additive costs. The iterative-deepening algorithms belong to the third class. These
algorithms are derived by integrating the iterative-deepening search techniques [40]
into the depth—first search algorithm.

Now, a natural question is still to be answered. That is, under what circum-
stances are these algorithms more appropriate than the folding-back-and-averaging—
out method [79] for decision graph search? Qur answer to the question is that it
depends on the degree of node sharing in the graphs. At one extreme where there
is a substantial sharing in the graph such that the number of nodes in the graph
is polynomial in the depth of the graph, then the folding-back-and-averaging-out
method is more appropriate, since it exhibits polynomial (in the depth of the graph)
complexity while the complexity of our search—oriented algorithms is still exponential.
At the other extreme where there is no sharing at all in a decision graph, the graph
is essentially a tree, and our algorithms, especially those in the first and the third

classes, are more appropriate.
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3.5 Proofs of Theorems

Theorem 3.1 If the heuristic function used by DFS is admaissible, then

_[F@) i k) <o,
dt(n,b) = { MAXINT otherwise.

for any node n in the decision tree and a number b.

To prove this theorem, we make two observations. First, we observe that function

h* is equivalent to dt, defined as follows:

Case 1 n is a terminal:

dto(n) = h*(n) = v(n). (3.1)
Case 2 n is a chance node:
dfo(n) e to}. (3.2)
where tp;,0 < ¢ <[, is recursively defined as follows:

too = Ef&‘:l h(n;) * p;;
toi = toi-1 + pi * (dto(ni) — h(n;)). (3:3)

If h is admissible, then ty; < tg;41 for 1 =0,...,71 — 1.
Case 3 n is a choice node:
dto(n) S tm (34)
where 15;,0 < ¢ <[, is recursively defined as follows:

too = (oo}
toi = min{toi_1, ¢; + dto(n;)}.
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In the above definition, ¢; denotes the cost of the edge from a choice node to its

t-th child, and p; denotes the probability associated with the i-th child of a chance

node. They correspond to cost(n, i) and prob(n, i) respectively in algorithm

DFS. This convention will be used in the rest of this section.

Second, we observe that, according to the structure of algorithm DFS, the defini-

tion of dt can be further refined as follows:

Case 1 n is a terminal;

_f v(n) if v(n) <b,
di(n,b) = { MAXINT otherwise.

Case 2 n is a chance node:

t if ¢t < b,
dt(n,b) = { MAXINT otherwise.

where t = #; and %;,0 <1 < is recursively defined as follows:

to = Tizq h(nj) * pj;

bi = (b— (ti-1 — h(n:) * pi))/pis

. ti—l if t'i-—-l 2 b?
T tic1 4 pi % (dt(ni, b;) — k(n;)) otherwise.

Case 3 n is a choice node:

¢ if ¢ < b,
dt(n, b) = { MAXINT otherwise.

where t =t; and t;,0 < i <1 is recursively defined as follows:

to = b;
S if tioy — ¢ £ h(ny),
" | min{ticy, ¢ +dt(ni,tiog — i)} otherwise

Thus, to prove the theorem, it suffices to prove

_ ) dto(n) if dte(n) < b,
dt(n,b) = { MAXINT otherwise.

(3.6)

(3.8)

(3.10)

(3.11)
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for every node n in the decision tree.
Based on the definition of dt, and the characterization of dt given above, relation
(3.11) can be proved by induction on the structure of the decision graph. First, we

need two intermediate results.

Lemma 3.17 Let n be a choice node with children n,,...,n;. Let ty; and t; be
defined by equations (3.5) and (3.12) respectively. Suppose that for any number b,

oy [ dto(ni) if dio(ni) < ¥,
dt(n;, b') = { MAXINT otherwise.

for 1 <i<l. Then, forany i, 1<:<1!
{A) t;<b ‘iﬂto;(b,‘
(B) if toi < b, then to; =1t;, otherwise. t; =b.

Proof We prove this lemma by induction on 7. Our observation here is that, under
the given assumptions, equation (3.10) is equivalent to the following simpler one:

t(]=b;

ti= min{t;_l, ¢ + dt(ni, ticg — Cl)} (3.12)

Basis: i=1. t, =min{b,c1 +dt(n1,b—c1)} and to1 = 1 + dto(n,).
If
tor = ¢1 + dto(n1) 2> b

then,
dtg(nl) 2 b— Cis

By the given assumptions, we have:
dt(n.;, b — C]) = MAXINT > b.

Therefore
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If
tor=c1 + dtg(ﬂ]_) <b

then,
dtg(nl) <b- Cy.

By the given assumptions, we have:
dto(n1) = dt(n1,b — 1);
¢+ dt(nl, b— Cl) =c + dto(‘nl) < b.

Therefore, t; = ¢; + dto(n1) = to1 . The induction base holds.

Induction: Suppose the lemma is true for ¢ = k. For ¢ = k+ 1, we have:
tea1 = min{ty, cep1 + dt(npy1, b— ceqa)};

tor+1 = min{to, cr+1 + dto(nrs1)}-

Now, we have two cases:
(A) tor41 = b. In this case, we have tor > b and ck41 + dto(nks1) = b. Thus we

can obtain ?x = b by the induction assumption. Furthermore, since
dto(nks1) = b— cpqa,
then, by the given assumptions, we have:
dt(ng41,tk — Ckt1) = dt(Nr41,b — ckp1) = MAXINT.

Therefore, txe = b.
(B) tok+1 < b, In this case, we need to consider three subcases:

(a) tor > b. In this subcase, we have:

Cr+1 + dto(nks1) = tor < b;
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dto(ne41) < b — Crya;
tok+1 = Ck+1 + dto(nkt1).

By the induction assumption, we have: ¢, = b. By the given assumptions, we obtain:
dt(nes1, b — cryr) = dto(npy1).

Thus,
tk41 = Cry1 + db(npy1, b — crq1) = dio(Ne41) + Craa-
Therefore, tr+1 = tox41 -
(b) tox < b and tox < ck1 + dio(nk+1). In this subcase, we have:

t0k+1 = ok

tox = tx (by the induction assumption).

Thus,

tk < 41 + dlo(nrt1) < ckyr + dto(nrsr, b — crtr)-

Therefore, tx41 = tr = togs1 -

(c) tox < b and tor > cr41 + dto(nr41) In this subcase, we have:
tor = tx (by the induction assumption);

tok+1 = Ckq1 + dio(Mr41)
dto(nk-{-l) < tok — Ck41 = Tk — Ck41-

Thus, by the given assumptions, we have:

di(nk41,tk — Ckpa) = dio(ng4a).
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Thus,

dt(nk41,0 = Cry1) + Ckp1 = dto(Rks1) + Chpr < Tk

Therefore, tk+1 = dt(nk+1, b— C}c+1) -+ Chky1 = t0k+1 f

In summary, the claim holds for 7 = k£ + 1. Consequently, the lemma holds by

induction. O
Lemma 3.18 Let n be a chance node with children ny,...,n;. Let to; and t; be

defined by equations (8.3) and (3.8) respectively. Suppose that for any number b,

Do [ dto(ni) i dto(ni) < ¥,
di(ns, b') = { MAXINT otherwise.

for 1<e¢< 1. Then, forany i, 1 <: <1
(A) t;‘(b iﬂtog(b,’
(B) if to; < b, then to; =1t;.

Proof: By induction on i, similar to that for Lemma 3.18 . O

Proof of Theorem 3.1. We prove relation (3.11) by induction on nodes in the

decision tree.

1. n is a terminal. Then v(n) = h*(n) = dto(n). Thus, relation (3.11) holds

trivially.

2. n is a choice node. Suppose relation (3.11) holds for all the children of n. We

need to consider two cases.

(A). dto(n) > b. We have the following derivation:
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ta > b  (by equation (3.4))
t=t2>b (by Lemma 3.17)

dt(n,b) = MAXINT  (by equation (3.9)).

(B). dto(n) £ b. We have the following derivation:
dto(n) =ta < b  (by equations (3.4))
=t =>b (by Lemma 3.17)

dt(n,b) =t = to = dito(n) (by equation 3.9).

In summary, relation (3.11) holds for n.

3. n is a chance node. Suppose relation (3.11) holds for ali the children of n.
Similarly, it can be proved that the relation holds for n as well by using Lemma

3.18.

In summary, the theorem holds in general. O

Theorem 3.4 Suppose DFS uses heuristic function h. If there exists a number

6 > 0 such that h satisfies:
h(n) < h*(n)+ 6 for every node n in a decision tree

then
h*(n)+6 2> b if di(n,b) > b;

and

h*(n) + 6 > dt(n,b) if dt(n,b) < b
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for every node n in the decision tree.

Theorem 3.5 Suppose DFS uses heuristic function h. If the arc costs in a deci-
sion tree are all non—-negative, h*(n) > 0 for every node n in the decision tree, and

there exists a number § > 0 such that h satisfies:
h(n) < (1 4 68) * h*(n), for every node n in the decision tree,
then for every node n in the decision tree and any number b > 0,
R*(n)* (1 +6) > b if dt(n,b) > b;

and

h*(n) * (1 +6) > dt(n,b) if dt(n,bd) <b.

Since h* is equivalent to diy, all the occurrences of hA*(n) in the above theorems
can be replaced with dto(n). Therefore, for Theorem 3.4, it suffices to prove that for

every node n in the decision tree
dto(n)+6>b if di(n,b) > b

and

dto(n) + 6 > dt(n,b) if dt(n,b) <b
For Theorem 3.5, it suffices to prove that for every node n in the decision tree
dto(n) * (1 4+6) > b if di(n,b) > b;

and

dto(n) * (1 + &) > dt(n,b) if dt(n,db) < b
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The proofs of Theorems 3.4 and 3.5 are very similar. Here we just present the proof
of Theorem 3.5.
Proof of Theorem 3.5

Case 1 n is a terminal. Since dto(n) = h*(n) > 0, thus, (1 + 6) x dto(n) > dto(n).
If dt(n,b) > b, then v(n) = A*(n) > b, therefore, dto(n)*(1+6)>b.

If dt(n,b) < b, then dt(n,bd)v(n) = h*(n) = dio(n), thus dig(n) * (1 + ) >
dt(n,b).

Therefore, the theorem holds for node n.

Case 2 n is a chance node.
Suppose the theorem holds for all the children of node n. We need to consider

the following two cases:

(A). dt(n,b) < b. According to equation (3.7), we have dt(n,b) =t =1, < b.
Thus, ¢; < b for ¢ = 1,...,]. Consequently, by equation (3.8), we have:

dt(ni, b;) < b;. By the induction assumption, we have:
dt(n;, b;) < (1 + 6) * dto(n:)
for : =1,...,1. According to equations (3.3) and (3.2), we obtain:

!
dto(n) = to} — Zpg * dto(ng)
i=1
According to equation (3.8), we obtain:
l !
t = Zp; * dt(ng, b;) < ZP" * dt(n;) * (1 +8) =t * (1 +6)
i=1 i=1

Thus, di(n,bd) < dto(n) * (1 + §).
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(B). dt(n,b) > b. According to equations (3.7) and (3.8), we know that t =
t; > b. This implies that either o > b or there exists k,1 < k <[ such

that #,_; < b and f; > b. In the former case, we have:

! !
dto(n) * (1 +6) = Zp,— * dig(n;) * (1 + 68) > Zpg * h(n;) =t

i=1 =1

Thus, dto(n)* (1+8) > b.

In the latter case, we can obtain:
dt(nj,b,-) < bj for 0<j<k
dt(ng, br) > b

where b = (b — (tx—1 — h(nk) * px))/pr . Consequently, by the induction

assumption, we have:
dto(n;) * (1 + 6) > dt(n;,b;) for 0<j<k

and

(1 4 8) * dto(ni) > b
Therefore:
Pi * (14 8) * dto(nk) 2 b— (tk-1 — h(nk) * pr))

tp—1 + Pk * (1 + 5) * dto(nk) - h(nk) * pp > b

According to equation (3.8), we have:

k-1 !
th1 =y dt(n,b;) * p; + Y h(n;) * p;
J=1 =k
Thus,
k-1 !

> di(nj, b) * pj + pr * (1 + 6) x dto(ni) + D> h(nj)xp; > b

j=1 I1=k+1
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k !
(1 +8)dto(n;) % pj+ D (14 6)dto(n;)*p; > b
=1 i=k+1

Therefore,
I

(14 8) * dto(n) =Y _(1 + 8)dto(n;) *p; > b
Jj=1
Case 3 n 1s a choice node.

Suppose the theorem holds for all the children of node n. The theorem holds

too for node n if we can prove
t: < (L4 8) *tos (3.13)

for : = 0,...,1, where to; and t; are defined by equations (3.5) and (3.12)
respectively. This inequality can be proved by induction on :.
Basis:: 1 =0, trivial.

Induction:. Suppose the inequality is true for ¢ = k. Consider the case when

i=k+1.

(A). tok £ ck41 + dto(nks1) - In this case, we have tor = fok41 . Since tryq < tg,

by the inner induction assumption, we conclude txy1 < (1 4 6) * toksa -

(B). tok > ck41 + dto(nksr) . In this case, we have: ciy1 + dto(Rk+1) = torsr -

If tr — Ck4+1 < h(nk+1), then,
tie1 =t < 1 + h(nkqa) < ek + (14 6) * dto(niy)

Since ck41 =0 and 6 > 0, we have trq1 < (14 6) * ok -

If tr — Cki1 > h(‘nk.;.l) ¥ then,

ter1 = man{ty, cky1 + dt(ng4a, te — Cks1)}
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When t; — ck41 < dt(nk41,tk — Ck41) , by the outer induction assumption,

we have:

(14 6) = dto(nis+1) 2> tk — Ckqa
tipr = te < (14 6) * dto(nk+1) + Crta

Since ck41 2> 0 and 6 > 0, we have tryy < (14 8) * torss -
When i — cpp1 > dt(ng4a, tk — cky1) , by the outer induction assumption,

we have:

(1 +8) * dto(nk+1) 2 dt(nrs1,tx — Crya)
the1 = Crg1 + dt(Rh1, Tk — Cha1) < Chpr + (1 4+ 8) * dbo(net)
Since ¢x41 2> 0 and 6§ > 0, we have t341 < (14 6) * toksr -

By induction, inequality 3.13 holds for all : = 0,...,17.

In summary, the theorem holds for any node n. O
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Chapter 4

Decision Analysis and Influence
Diagrams

In this chapter, we review some basic concepts about decision analysis and informally
introduce influence diagrams — a framework for decision analysis. We motivate
our work by discussing the advantages and disadvantages of this framework. In
the chapters to follow, we present an extension to influence diagrams and develop
a method for influence diagram evaluation. Our method, which aims to overcome the
disadvantages, employs decision graphs as an intermediate representation and uses
the decision graph search algorithms developed in Chapter 3 to compute optimal

solutions to decision problems.

4.1 Bayesian Decision Analysis

We all make decisions every day. A decision problem often involves many variables,
each having a number of possible outcomes. Some variables can be controlled in the
sense that we can select one of its possible outcomes as its value. They are called
deciston variables. Other variables are beyond our control. They are called uncertain

variables. Among uncertain variables, some are observable whereas others are not.

65
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Variables are inter-related in one way or another. The problem is to choose appropri-
ate values for decision variables so as to best meet our objective. A prescription on
how to choose values for decision variables is called a decision policy or policy. If the
non-observable uncertain variables in a decision problem are relevant to our objective,
the decision problem is called a problem of decision making under uncertainty.

As an example, consider a simplified version of the used car buyer problem [34]. In
this example, Joe has to decide whether to buy a used car. Two variables are involved
in this decision problem: an uncertain variable representing the car’s condition that
can be either “peach” or “lemon,” and a decision variable representing Joe’s purchase
decision. According to the current market, a peach is worth $1060 and a lemon is
worth $900. The price of the car is $1000. The difficulty of Joe’s decision stems from
the uncertainty of the car’s condition.

Bayesian decision theory [25] is concerned with those decision problems in which
uncertain variables are random variables. A fundamental result of Bayesian decision
theory is that any decision preference of a rational decision maker can be captured by
a utility function such that his/her decision objective can be achieved by maximizing
the expected utility. A policy maximizing the utility function is called an optimal
policy.

In the used car buyer problem, if the uncertainty of the car’s condition can be
characterized by a probability distribution, then Bayesian decision theory is applica-
ble. Suppose that the car is a peach with probability 0.8 and a lemon with probability
0.2. Suppose further that Joe’s objective is to maximize the expected profit (in dol-
lars). Then the policy maximizing the expected profit is to buy the car. This policy
will bring Joe a profit of $60 with probability 0.8 and a loss of $100 with probability
0.2. Thus, the expected profit is $28.
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Bayesian decision analysis (or decision analysis for short) [79, 96] is a discipline
about the application of Bayesian decision theory to decision problems. There are
two fundamental issues: how to model a decision problem, and how to compute an

optimal policy.

4.2 Decision Trees

Decision trees were used as a simple tool both for problem modeling and optimal
policy computation in the early days of decision analysis [79]. A decision tree can
represent the order in which decisions are made and the information available to the
decision agent when he/she makes a decision. It explicitly depicts all scenarios of the
problem and specifies the “utility” the agent can get in each scenario.

In the literature of decision analysis, little attention has been paid to the compu-
tation of optimal policies of decision trees. It is commonly assumed that the so—called
“average-out—and-fold-back” method [79, 96] is used for the computation.

From the computational point of view, a decision tree is just a decision graph
without node sharing. Thus, the algorithms presented in Chapter 3 can be used for
computing an optimal policy for decision trees.

In this section, we illustrate by an example some basic concepts about, and the
advantages and the disadvantages of, decision trees.

A decision tree for the used car buyer problem is shown in Fig. 4.1. In this tree, the
choice node corresponds to the purchase decisions and the chance nodes correspond
to the car’s condition. The choice node is followed by chance nodes, indicating that
the car’s condition is not known to Joe when he makes the purchase decision. Each
path from the root to a leaf node represents a possible scenario. For example, the

path on the top of the decision tree in Fig 4.1 corresponds to the decision scenario in
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which Joe decides to buy the car and the car turns out to be a peach. The probability
for this scenario is 0.8 (the product of probabilities on the arcs along the path). The

value for this scenario is 60.

og 0.8 pemh,: )y 60

lemon _ .
og o 53 27y -100
each ..
08 P 20
~b lemon __
0 02 w20

Figure 4.1: A decision tree for the used car buyer problem

In general, a decision problem may involve many decision and random variables.
For such a problem, the order of nodes in the decision tree is important; it must be
consistent with the decision making order and the constraints of information avail-
ability. More explicitly, a choice node N comes before another choice node N’ if and
only if the decision corresponding to N will be made before the decision correspond-
ing to N'; a chance node N comes before a choice node N’ if and only if the value
of the random variable corresponding to the chance node N is known to the decision
maker when the decision corresponding to the choice node N’ is to be made.

In order to illustrate the above point, let us continue the used car buyer problem
[34]. Suppose Joe knows that, of the ten major subsystems in the car, a peach has a
defect in only one subsystem whereas a lemon has a defect in six subsystems (that is
why Joe likes a peach and does not like a lemon). Joe also knows that a car without
defect is worth $1100 in market. Finally, Joe knows that it will cost him $40 to
repair one defect and $200 to repair six defects. Observing Joe’s concern about the

possibility that the car may be a lemon, the dealer offers an “anti-lemon guarantee”
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option. For an additional $60, the anti-lemon guarantee will cover the full repair cost
if the car is a lemon, and cover half of the repair cost otherwise. At the same time,
a mechanic suggests that some mechanical examination may help Joe have a better
idea of the car’s condition. In particular, the mechanic offers three alternatives: test
the steering subsystem alone at a cost of $9; test the fuel and electrical subsystems at
a total cost of §13; a two-test sequence in which the transmission subsystem will be
tested first at a cost of $10 and, after knowing the test result, Joe can decide whether
to test the differential subsystem at an additional cost of $§4. All tests are guaranteed
to detect a defect if one exists in the subsystem(s) being tested (in other words, the
tests provide perfect information about the subsystems being tested.

In this modified example, Joe has to make three decisions: two decisions about
whether to perform mechanical tests and one decision about whether to buy the car.
There are two new random variables: one for the result of the first test and the other
for the result of the second test. The decision making order is: the first test, the
second test and then the purchase decision. Furthermore, when deciding whether to
do the second test, Joe remembers his choice for the first test and knows the test
results; when deciding whether to buy the car, Joe remembers his choices for both
tests and knows the results for the tests. A complete decision tree for this problem
is shown in Fig. 4.2.

In the figure, the choice node labeled T; corresponds to the first test decision. It
has four possible outcomes: nt for no test, st for testing the steering subsystem alone,
f&e for testing the fuel and electrical subsystems, and tr for testing the transmission
subsystem first. The chance nodes labeled R; correspond to the random variable
of the first test result, which has three possible outcomes: zero for no defect being

detected, one for one defect being detected and two for two defects being detected.
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The choice nodes labeled T, correspond to the second test decision, which needs to
be made only when the choice for the first test decision is tr. It has two possible
outcomes: nt for no test, and diff for testing the differential subsystem. The chance
nodes labeled R, correspond to the random variable of the second test result, which
has two possible outcomes: zero for no defect being detected and one for one defect
being detected. The choice nodes labeled B correspond to the purchase decision,
which has three possible outcomes: b for buying the car without the anti-lemon
guarantee, g for buying the car with the anti-lemon guarantee and b for not buying
the car.

Though conceptually simple, decision trees have a number of drawbacks.

First, the dependence/independence relationships among the variables in a deci-
sion problem cannot be represented in a decision tree. For example, in the used car
buyer problem, the profit is conditionally independent of the test results, given the
test decisions, the purchase decision and the car condition. However, this conditional
independence cannot be represented in the decision tree.

Second, a decision tree specifies a particular order for the assessment of the prob-
ability distributions of the random variables in the decision problem. This order is
in most cases not a natural assessment order. For example, in the used car buyer
problem, we need the probabilities of the first test results given the first test decision,
and the conditional probabilities of the car condition given the test decisions and
the test results. These probabilities are harder to assess than the prior distribution
of the car condition, the conditional distributions of the test results conditioned on
the test decisions and the car condition. In the process of constructing the complete
decision tree for the used car buyer problem, we have to compute these conditional

distributions using Bayes Theorem.
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Figure 4.2: A complete decision tree for the used car buyer problem
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Third, the size of a decision tree for a decision problem is in general exponential in
the number of variables in the decision problem. This makes decision trees appropriate
only for decision problems with a small number of variables.

Finally, a decision tree is not easily adaptable to changes in a decision problem. If
a slight change is made in a problem, one may have to draw a new decision tree. This
point can be illustrated by an example. Suppose that in the used car problem, Joe
has $1060 disposable money and somebody offers Joe a lottery at cost of $50. The
lottery may return $120 or nothing, with equal probability. Joe has to decide whether
to buy the lottery before making any decisions about the used car. The decision tree

for this variation will be very different from the one shown in Fig. 4.2.

4.3 Influence Diagrams

Influence diagrams were first proposed as an alternative representation framework for
decision analysis [35, 56].

Within the framework of influence diagrams, a decision problem can be specified
at three levels: the level of relation, the level of function and the level of number [35].

At the level of relation, a decision problem is depicted by a directed acyclic graph
with three types of nodes: random nodes, decision nodes and value nodes. Each
random node represents a random variable whose value is dictated by some probability
distribution. Each decision node represents a decision variable whose value is to be
chosen by the decision maker. A value node represents a component of the utility
function. In this thesis, we use the terms decision (random) variables and decision
(random) nodes interchangeably. At the level of function, all the possible outcomes
of the random variables and all the possible alternatives of the decision variables are

identified. The set of all possible outcomes of a random variable is called the frame of
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the random variable. The set of all possible alternatives of a decision variable is called
the frame of the decision variable. At the level of number, (conditional) distributions
are assigned to the random variables.

In an influence diagram, an arc from a variable z to a decision variable d indicates
that the value of the variable z is known to the decision maker at the time when the
decision d is to be made. The Cartesian product of the frames of a decision variable’s
parents is the set of information states for the decision variable. An information state
denotes the information available to the decision maker when the decision is to be
made. An arc from a node z to a random node (or a value node) y indicates that
the random variable (resp. the value function) y is probabilistically dependent on
the variable z.

For example, at the level of relation, the used car buyer problem can be represented
by the diagram as shown in Fig. 4.3. By convention, boxes denote decision variables,
circles denote random variables and the diamond denotes a value function (the utility

function to be maximized).

.

Figure 4.3: An influence diagram for the used car buyer problem

The diagram can be read as follows. There are three decision variables (T, T;
and B), three random variables (R;, R; and CC) and one value function (profit) in

the decision problem. The first test decision T; is to be made first. The first test result
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Table 4.1: The prior probability distribution of the car’s condition P{CC}

cC prob
peach 0.8
lemon 0.2

R; depends on this decision and the car’s condition CC. This dependence is indicated
by the two arcs to node R;. The decision maker remembers his choice for the first
test decision and knows the test result when he makes the second test decision Ts.
This is indicated by the two arcs to node T;. The second test result R, depends on
the first test, the result of the first test, the second test and the car condition. When
making the purchase decision, the decision maker remembers his choices for the first
two decisions and knows the test results. The value function depends on the three
decisions and the car condition.

To complete the influence diagram representation, we need to specify the frames of
the variables and the (conditional) probability distributions for the random variables.

The frame for the random variable CC contains two elements: peach and lemon.
This variable has no parent in the graph. Its prior probability distribution is given
in Table 4.1.

The frame for the decision variable T; contains four elements: nt, st, f&e and
tr, representing respectively the alternatives of performing no test, testing the steer-
ing subsystem alone, testing the fuel and electrical subsystems, and testing the trans-
mission subsystem first with an option of testing the differential subsystem next.

The frame for the random variable R; contains four elements: nr, zero, one and
two representing respectively the four possible outcomes of the first test: no result,
no defect, one defect and two defects. The probability distribution of the variables,

conditioned on T; and CC, is given in Table 4.2.
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Table 4.2: The probability distribution of the first test result P{R;|T1,CC}

T cC R; | prob
nt - nr 1.0
nt - others 0
st - nr 0
st - two 0
st peach zero 0.9
st peach one 0.1
st lemon zero 0.4
st lemon one 0.6
fie | — nr 0
fke | peach zero 0.8
fke | peach one 0.2
f&e | peach two 0
fke | lemon zero | 0.13
fike | lemon one | 0.53
f&e | lemon two 0.33
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Table 4.3: The probability distribution of the second test result P{R;|T;,R;, T2, CC}

I] R'] T2 cc Rg pl‘Ob
nt - - - nr 1.0
nt - - —~ | others 0
st - - - nr 1.0
st - - - | others 0
fie - - - nr 1.0
fken | — - ~ | others 0
tr nr - = nr 1.0
tr nr - - | others 0
tr two - - nr 1.0
tr two - -~ | others 0
tr - nt - nr 1.0
tr - nt — | others 0
tr zero | diff | peach zero | 0.89
tr zero | diff | peach one | 0.11
tr zero | diff | lemon zero | 0.67
tr zero | diff | lemon one | 0.33
tr one diff | peach zero 1.0
tr one diff | peach one 0
tr one diff | lemon zero 0.44
tr one diff | lemon one 0.56
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The frame for the decision variable T, contains two elements: nt and diff, de-
noting the two options of performing no test and testing the differential subsystem.

The frame for the random variable Ry contains three elements: nr, zero and one,
representing respectively the three possible outcomes of the second test: no result,
no defect and one defect. The probability distribution of the variable, conditioned on
Ty, Ry, T2 and CC, is given in Table 4.3.

The frame for the decision node B contains three elements: b, b and g, denoting
respectively the alternatives of not buying, buying without the anti-lemon guarantee,
and buying with the anti-lemon guarantee.

From the above example, we observe that the influence diagram representation
has a number of advantages in comparison with decision trees: it is expressive enough
to explicitly describe the dependence/independence relationships among the variables
involved in the decision problem; it allows a more natural assessment order on the
probabilities of the random variables and it is compact. In addition, influence di-
agrams are easy to adapt to changes in problems. To illustrate this point, let us
consider again the variation of the used car problem given at the end of the previous
section. In that variation, Joe has to decide whether to buy a lottery before con-
sidering the decisions about the used car. That variation can be represented by an
influence diagram as shown in Fig. 4.4, in which node B’ represents the decision of
lottery purchase, node L represents the lottery and node Ry represents the actual re-
turn Joe gets from the lottery. This influence diagram is derived from the one shown
in Fig. 4.3 by the addition of three new nodes and ten arcs.

A decision function for a decision variable is a mapping from the set of the in-
formation states of the decision variable to the decision variable’s frame, prescribing

a choice for the decision for each information state. A decision policy (or a policy
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Figure 4.4: An influence diagram for a variation of the used car buyer problem
for short) for an influence diagram is a collection of decision functions, one for each
decision variable. Each policy determines an expected value of the influence diagram.
A policy is optimal if it maximizes the expected value of the influence diagram. We
will give a formal definition of these concepts in the next chapter.

Influence diagrams were first proposed as a “front-end” for the automation of
decision making process [56, 35]. The actual analysis of a decision problem was carried
out in two phases. An influence diagram was first transformed into a decision tree
and then the decision tree was evaluated. The idea of evaluating influence diagrams
directly was proposed in [64]. The first complete algorithm for influence diagram
evaluation was developed by Shachter [85]. We will give a review on related research

efforts in Chapter 6.

4.4 Disadvantages of Influence Diagrams

While influence diagrams have many advantages as a representation framework for
decision problems, they have a serious drawback in handling asymmetric decision
problems [12, 26, 70, 85, 95]. Decision problems are usually asymmetric in the sense
that the set of possible outcomes of a random variable may vary depending on different

conditioning states, and the set of legitimate alternatives of a decision variable may
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vary depending on different information states. For example, in the used car buyer
problem, if the choice for the first test is nt (no test), the first test result can only be
nr. On the other hand, if the choice for the first test is st or tr, the test result can
be one of the two possible outcomes: zero and one, and if the choice for the first test
is f&e, the test result can be one of the three possible outcomes: zero, one and two.
Furthermore, the alternative of testing the differential subsystem for the second test
decision is possible only if the choice for the first test is tr (testing the transmission
subsystem).

To represent an asymmetric decision problem as an influence diagram, the problem
must be “symmetrized” by using common frames and assuming degenerate probability
distributions [95]. In the used car buyer problem, the frame of the variable Ty is a
common set of outcomes for all the three cases. The impossible combinations of the
test choices and the test results are characterized by assigning them zero probability
in Table 4.2. The frame of the second test is also a common set of all alternatives
in various states, while the fact that the second test option is not available in some
states is characterized by assigning unit probability to outcome nr of the variable R,
conditioned on these states.

This symmetrization results in two problems. First, the number of information
states of decision variables is increased. Among the information states of a decision
variable, many are “impossible” (having zero probability). For example, the infor-
mation state corresponding to T;=st,R;=nr for the second test decision variable T,
is an impossible state. The optimal choices for these impossible states need not be
computed at all. However, they are computed by conventional influence diagram
evaluation algorithms [95]. Second, for each information state of a decision variable,

because the legitimate alternatives may constitute only a subset of the frame of the
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decision variable, an optimal choice is chosen from only a subset of the frame, instead
of the entire frame. However, conventional influence diagram algorithms have to con-
sider each alternative in order to compute an optimal choice for a decision in any of
its information states.

From the above analysis, we observe that conventional influence diagram evalua-
tion algorithms involve unnecessary computation. We show in Section 7.5 that, for a
typical decision problem, the amount of unnecessary computation can be exponential

in the number of decision variables.

4.5 Previous Attempts to Overcome the Disad-
vantages

Several researchers have recently proposed alternative representations that attempt
to combine the strengths of influence diagrams and decision trees. Fung and Shachter
[26] propose a representation, called contingent influence diagrams, for explicitly ex-
pressing the asymmetric aspects of decision problems. In that representation, each
variable is associated with a set of contingencies, and associated with one relation for
each contingency. These relations collectively specify the conditional distribution of
the variable.

Covaliu and Oliver [12] propose a different representation for representing deci-
sion problems. This representation uses a decision diagram and a formulation table
to specify a decision problem. A decision diagram is a directed acyclic graph whose
directed paths identify all possible sequences of decisions and events in a decision
problem. In a sense, a decision diagram is a degenerate decision tree in which paths
having a common sequence of events are collapsed into one path [12]. Numerical data

are stored in the formulation table. Covaliu and Oliver [12] also give a backward al-
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gorithm to compute optimal policies from decision diagrams by using the formulation
table.

Shenoy [92] proposes a “factorization” approach for representing degenerate prob-
ability distributions. In that approach, a degenerate probability distribution over a
set of variables is decomposed into several factors over subsets of the variables such
that the their “product” is equivalent to the original distribution.

Smith et al. [95] observe that the computation of various probabilities involved in
influence diagram evaluation can be sped up if the degenerate probability distribu-
tions in influence diagrams are used properly. Their philosophy is analogous to the
one behind various algorithms for sparse matrix computation. In their proposal, a
conventional influence diagram is used to represent a decision problem at the level of
relation. In addition, they propose to use a decision tree-like representation to de-
scribe the conditional probability distributions associated with the random variables
in the influence diagram. The decision tree-like representation is effective for econom-
ically representing degenerate conditional probability distributions. They propose a
modified version of Shachter’s algorithm [85] for influence diagram evaluation, and
show how the decision tree-like representation can be used to increase the efficiency
of arc reversal, a fundamental operation used in Shachter’s algorithm. However, their
algorithm cannot avoid computing optimal choices for decision variables with respect
to impossible information states, because it, like other influence diagram evaluation
methods, also takes a reduction approach. We will come back to this point in Section

6.2.3.
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4.6 Owur Solution

In this thesis, we develop an approach for overcoming the aforementioned disadvan-
tages of influence diagrams. Our approach consists of two independent components: a
simple extension to influence diagrams and a top down method for influence diagram
evaluation.

Our extension allows the explicit expression of the fact that some decision variables
have different frames in different information states. We achieve this by introducing
a framing function for each decision variable. The framing function characterizes the
available alternatives for the decision variable in different information states. With
the help of framing functions, our solution algorithm can effectively ignore the un-
available alternatives when computing an optimal choice for a decision variable in
any information state. Our extension is inspired by the concepts of indicator val-
uations and effective frames proposed by Shenoy [92]. Note that our extension is
orthogonal to Smith’s. In our influence diagram representation, we can also use their
decision—tree like representation to describe conditional distributions of random vari-
ables. Furthermore, we can also use their method to exploit asymmetry in computing
conditional probabilities.

A novel aspect of our method is that it avoids computing optimal choices for
decision variables in any impossible states. This method works for influence diagrams
with or without our extension.

Our method, similar to Howard and Matheson’s [35], evaluates an influence dia-
gram in two conceptual steps: it first generates a decision graph from the influence
diagram and then evaluates an optimal policy from the decision graph. In such a

decision graph, a choice node corresponds to an information state of some decision
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variable. The decision graph is generated in such a way that an optimal solution
graph of the decision graph corresponds to an optimal policy of the influence dia-
gram. Thus, the problem of computing an optimal policy is reduced to the problem
of searching for an optimal solution graph of a decision graph, which can be accom-
plished by the algorithms presented in Chapter 3. Our method successfully avoids
unnecessary computation by pruning those choice nodes in the decision graph that
correspond to impossible states, and by ignoring those children of choice nodes that
correspond to unavailable alternatives for the decision variables.

By using heuristic search techniques, our method provides an explicit mechanism
for making use of heuristic information that may be available in a domain-specific
form. The combined use of heuristic search techniques and domain—specific heuris-
tics may result in even more computational savings. Furthermore, since our method
provides a clean interface between influence diagram evaluation and Bayesian net
evaluation, various well-established algorithms for Bayesian net evaluation can be
used in influence diagram evaluation. Finally, by using decision graphs as an inter-
mediate representation, the value of perfect information [53] can be computed more
efficiently [110].

Note that our method is more efficient than Howard and Matheson’s, partly be-
cause our method generates a much smaller decision graph for the same influence

diagram.



Chapter 5

Formal Definition of Influence
Diagrams

In this chapter, we give a formal definition of influence diagrams and present our

extension. The definition is borrowed from [109].

5.1 Influence Diagrams

An influence diagram 7 is a quadruple Z = (X, A, P,U) where

e (X, A) is a directed acyclic graph with X partitioned into random node set C,
decision node set D and value node set U, such that the nodes in U have no

children.

Each decision node or random node has a set, called the frame, associated with
it. The frame of a node consists of all the possible outcomes of the (decision
or random) variable denoted by the node. For any node = € X, we use n(z)
to denote the parent set of node z in the graph. For any = € C U D, we use
), to denote the frame of node z. For any subset J C CU D, we use Qy to

denote the Cartesian product [[ ey .

83



CHAPTER 5. FORMAL DEFINITION of INFLUENCE DIAGRAMS 84

e P is a set of probability distributions P{c|r(c)} for all ¢ € C'. For each o € .,
and s € (), the distribution specifies the conditional probability of event
¢ = o, given that m(c) = s. Throughout this thesis, we use J = e to denote
the set of assignments that assign an element of e to the corresponding variable

in J for any variable set J and any element ¢ € ;.

o Uis aset {gy: Qn) = R|v € U} of value functions for the value nodes, where

R is the set of the reals.

For a decision node d;, a mapping é; : {2, = Qg is called a decision function for
d;. The set of all the decision functions for d;, denoted by A;, is called the decision
function space for d;. Let D = {d,,...,d,} be the set of decision nodes in influence

diagram Z. The Cartesian product A =[], A; is called the policy space of Z.

5.2 Our Extension

We extend the definition of influence diagrams given in the previous section by intro-
ducing framing functions.

An influence diagram 7 is a tuple 7 = (X, A, P,U,F) where X, A,P,U have the
same meaning as before, and F is a set {fi : Qna) — 24} of framing functions for
the decision nodes.

The framing functions express the fact that the legitimate alternative set for a
decision variable may vary in different information states. More specifically, for a
decision variable d and an information state s € Q) , the set fi(s) contains the
legitimate alternatives the decision maker can choose for d in information state s.
Following Shenoy [92], we call fi(s) the effective frame of decision variable d in

information state s.
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In the used car buyer problem, the frame for the decision variable T, has two
elements: nt and diff, denoting the two alternatives of performing no test and
testing the differential subsystem. However, the diff alternative is available only in
the information states where the choice for the first test is transmission. This can be

captured by a framing function fr, defined as follows:

_ J {nt, diff} ifor,(s) =tr
fr.(s) = { {nt} otherwise

where o (s) denotes the projection of s on Ty (the value of the first test in infor-
mation state s).

Similarly, we define a decision function for a decision node d; as a mapping §é; :
Qr,, = Qq;. In addition, §; must satisfy the following constraint: For each s € Qy, ,
0:(s) € fa,(s). In words, the choice prescribed by a decision function for a decision

variable d in an information state must be a legitimate alternative.

5.3 Influence Diagram Evaluation

Given a policy é = (é;, 62, ...,0,) , each decision node d; can be regarded as a random

node whose probability distribution is given as follows:

1 if 6,’ = a,
Ps{d; = a|r(d;) = s} = { 0 ;the(:‘grise.a

Policy é can be considered as a collection of probability distributions for the decision

variables.
Let T = (X, A,P,U,F) be an influence diagram, and let Y = C U D. Let Ay be
the set of all the arcs of A that lie completely in Y. Then the triplet (Y, Ay, PUF;)

is a Bayesian net, referred to as the Bayesian net induced from I by the policy §, and
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is written as Z5. The prior joint probability Ps{Y} is given by

Pi{Y} = [ P{z|n(2)} [] Pe{zlr(2)}. (5.1)

zeC z€D

Because the value nodes do not have children, for any value node v, 7(v) contains no
value nodes. Hence 7(v)CY. The expectation Es[v] of the value function g, under
P; is given by

Eslvl= Y. Ps{m(v) = 0}gu(0).

DGQ,..(,_,)

The expected value Es[Z] of T under the policy 6 is defined by

ET) = ¥ Edl (5.2)

vel
The optimal expected value E[Z] of T is defined by

s ’ E[ZI] = mazsea Es[I]. (5.3)

The optimal value of a decision network that does not have any value nodes is zero.

An optimal policy 6° is one that satisfies

Es[T] = E[T]. (5.4)

In this thesis we will only consider variables with finite frames. Hence there are only
a finite number of policies. Consequently, there always exists at least one optimal
policy. To evaluate an influence diagram is to find an optimal policy, and to compute

the optimal expected value.

5.4 No—-Forgetting and Stepwise Decomposable
Influence Diagrams

In this section, we introduce two classes of influence diagrams, which are the focus of

the literature.
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An influence diagram is regular [35, 85] if there is a directed path containing
all of the decision variables. Since the diagram is acyclic, such a path defines an
order for the decision nodes. This is the order in which the decisions are made. An
influence diagram is “no—forgetting” if each decision node d and its parents are also
parents of those decision nodes that are descendants of d [35, 85]. Intuitively, the
“no—forgetting” property means that a decision maker remembers all the information
that was earlier available to him and remembers all the previous decisions he made.
The lack of an arc from a node @ to a decision node d in a no—forgetting influence
diagram means that the value of the variable a is not known to the decision maker
when decision d is to be made. A regular and “no-forgetting” influence diagram
represents the decision maker’s view of the world.

An influence diagram is called stepwise solvable [108, 109] if its optimal policy
can be computed by considering one decision node at a time. A necessary and suf-
ficient condition for the stepwise solvability of influence diagrams, called stepwise-
decomposability, is provided in [106, 108, 109].

Stepwise-decomposability is defined in terms of graph separation. Informally, an
influence diagram is stepwise decomposable if the parents of each decision node divide
the influence diagram into two parts. In order to define the property formally, we
need some notation and concepts.

We use nond(z) to denote the set of nodes that are not descendants of z in
the influence diagram. Thus, nond(d) N D is the set of decision nodes that are not
descendants of node d. For a node set Z, let 7(Z) = U,ezm(z) and n*(2) =
ZUx(2).

The moral graph [47] of a directed graph G is an undirected graph m(G) with

the same node set such that there is an edge between node z and node y in m(QG)
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if and only if either there is an arc £ — y or y — z in G, or there are two arcs
r—2zand y— 2 in G and = # y. A node z is m-separated from a node y by a
node set Z in a directed graph G if every path between = and y in the moral graph
m(G) contains at least one node in the set Z. Because the “m-separated” relation
is symmetric, we sometimes simply say that two nodes z and y are m-separated by
Z if = is m-separated from y by Z. Two sets X and Y are m-separated by set
Z if z is m-separated from y by set Z for each € X and each y €Y.

Let d be a decision node in G, let m(G) be the moral graph of G and let Gy
be the undirected graph obtained from m(G) by removing all the nodes in = (d).
The downstream Y; of d is the set of all the nodes that are connected to d in
Gg, with d excluded. The upstream X, of d is the set of all the nodes that are
not connected to d in G4. The upstream X; and the downstream Y; of d are
m-separated by m(d). This property is important for influence diagrams because m-
separation implies conditional independence [108]. This property is used in Section
7.2 when we establish a stochastic dynamic programming formulation for influence
diagram evaluation.

An influence diagram is stepwise decomposable if, for each decision node d and for
any node z € 7*(nond(d) N D), the following holds: {z} Uw(z) C X;Ur(d). This
definition implies that for each decision node d and any node z € 7*(nond(d) N D),
{z}Un(z) Y; are m-separated by =(d).

Note that a no—forgetting influence diagram is stepwise decomposable. In a step-
wise decomposable influence diagram, an arc into a decision node indicates both
information availability and functional dependence. More precisely, for any decision
node d and any other node z in a stepwise decomposable influence diagram, the

presence of an arc z — d implies that the value of variable z is available at the time
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when decision d is to be made, and it is not known that the information is irrelevant
to the decision. On the other hand, the absence of an arc z — d in a stepwise
decomposable influence diagram implies that either the value of variable z is not
available at the time when decision d is to be made, or it is known that the informa-
tion is irrelevant to the decision. Thus, one advantage of stepwise decomposability
over no—forgetting is that stepwise decomposable influence diagrams can represent
the knowledge that a piece of information (carried by a no—forgetting informational
arc to a decision node) is irrelevant to the optimal decision function of the decision.

Our method is applicable to regular stepwise decomposable influence diagrams
with multiple value nodes. For simplicity of exposition, however, we will first consider
regular influence diagrams with exactly one value node. We come to regular influence

diagrams with multiple value nodes in Chapter 8.



Chapter 6

Review of Algorithms for
Influence Diagram Evaluation

In this chapter, we review related research efforts on influence diagram evaluation,
and classify them into two categories. Those in the first category use an intermedi-
ate representation and evaluate an influence diagram in two conceptual steps: first
transforming the influence diagram into its intermediate representation and then com-
puting an optimal policy from the intermediate representation. Those in the second
category compute optimal policies directly from influence diagrams. Our method to

be presented in the next chapter belongs to the first category.

6.1 Howard and Matheson’s Two—Phase Method

Howard and Matheson’s method belongs to the first category. Howard and Mathe-
son [35] discuss a way to transform a regular no—forgetting influence diagram into a
decision tree. The transformation involves two steps. An influence diagram is first
transformed into a decision tree network and then a decision tree is constructed from
the decision tree network. An influence diagram is a decision tree network if it is

regular and no-forgetting, and if all predecessors of each decision node are direct
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parents of the decision node [35]. The basic operation for transforming a regular,
no-forgetting influence diagram into a decision network is arc reversal [35, 85).

The arc reversal operation is illustrated in Fig. 6.1. Suppose @ — b is an arc in
an influence diagram such that both @ and b are random nodes and there is no other
directed path from node a to node b. The direction of the arc can be reversed and
both nodes inherit each other’s parents. This operation is an application of Bayes
Theorem. In Fig. 6.1, we begin with conditional probability distributions P{b|a, -}
and P{a|}, and end up with conditional probability distributions P{alb,-} and
P{b|-}. Formally, we have:

P{b|z,y,z} = Za: P{a,blz,y,2} = ; P{bla,y, z} * P{a|z,y}

P{a,b|z,y, 2} _ P{bla,y,z} * P{a|z, y}
P{blz,y,z} P{blz,y,z}

As an example, consider the influence diagram shown in Fig. 6.2, which represents

P{ald,z,y,2} =

the oil wildcatter problem from [79]. In the problem, an oil wildcatter must decide
whether to drill or not to drill an oil well on a particular site. He is not certain
whether the site is dry, wet or soaking. Before making this decision, he can order
a test on the seismic structure. If he does, the test result will be available to him at
the time when the drill decision is to be made. The profit depends on the cost of the
test, the amount of oil and the cost of drilling, which can be either low, medium, or
high.

In the influence diagram, T and D are decision variables, corresponding to the test
decision and the drill decision. 0, S, R and CD are random variables, representing
the amount of oil, the seismic structure, the test result, and the cost of drilling,
respectively.

The two decision variables have the same frame with two alternatives: yes and no.
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The frame of random variable 0 has three values: dry, wet and soaking. The frame
of random variable S has three values: ns for no-structure, ¢s for close-structure and
os for open-structure. The frame of random variable R has four values: ns for no-
structure, cs for close-structure, os for open—structure, and nobs for no observation.
The frame of random variable CD has three values: 1 for low, m for medium and h for
high.

The influence diagram in Fig. 6.2 is regular and no—forgetting, but is not a
decision tree network, since node S and 0 are two predecessors of node D but they
are not parents of D. In order to transform that influence diagram into a decision
network, we first reverse the arc 0 — S and then reverse the arc S — R. The resulting
decision network is shown in Fig. 6.3. In the course of this transformation, we have
also to compute the new conditional probability distributions for nodes 0 and S.
More specifically, when we reverse the arc 0 — S, we need to compute probability
distributions P{0|S} and P{S} from probability distributions P{S|0} and P{0};
when we reverse the arc S — R, we need to compute probability distributions P{R|T}
and P{S|T, R} from probability distributions P{S} and P{RIT, S}. This operation

introduces the arc from T to S.

(3 Ok () (8]
—
© O 06 ® : )

Figure 6.1: An illustration of the arc reversal operation: reversing arc a — b

A decision tree is constructed from a decision tree network as follows. First, define

a total order < over the set C' U D U {v} satisfying the following three conditions:
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0 &

Figure 6.2: An influence diagram for the oil wildcatter’s problem

Figure 6.3: A decision tree network derived from the influence diagram for the oil
wildcatter’s problem
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(1) @ < b if b is the value node; (2) a < b if there is a directed path from a to b;
(3) a < b if a is a decision node and there is no directed path from b to a. Then,
construct a decision tree by considering variables one by one in the order. Each layer
in the decision tree corresponds to a variable. For the decision tree network in Fig.

6.3, we obtain the following order:
T<R<D<S<0<CD<v

Using Howard and Matheson’s notation [35], the decision tree for the oil wildcatter
problem is shown in Fig. 6.4. In the figure, the boxes correspond to decision variables,
circles to random variables, and diamonds to the value node. This is a compact
representation of a full decision tree. A layer of the decision tree is indicated by the
corresponding variable and its possible values (alternatives). In the case of a random
variable, its probability distribution is also included in the layer. The full decision
tree can be obtained by systematically expanding each layer and adding necessary
connections in the expanded graph. Fig. 6.5 shows a partial decision tree resulting
from the expansion of the first two layers, and Fig. 6.6 shows a partial decision tree

resulting from the expansion of the first three layers of the compact representation.

{r|T) (8|r, 7} {0]8) (co)
you dry 1
wat m
D

soaking

Figure 6.4: A compact representation of the decision tree derived for the oil wildcatter
problem

Note that the decision tree here is slightly different from the definition of decision

trees (graphs) in Chapter 2. In this decision tree, chance nodes and choice nodes



CHAPTER 6. REVIEW OF ALGORITHMS FOR ID EVALUATION 95

(R|T}

Yyes

{(R|T)

Figure 6.5: A partial decision tree after the expansion of the first two layers

2

yes

Figure 6.6: A partial decision tree after the expansion of the first three layers
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are not strictly interleaved. Nevertheless, the algorithms discussed in Chapter 3
can be easily adjusted for such cases. Moreover, since the algorithms can work on
implicit representations of decision trees, it is not necessary to expand the compact
representation into a full decision tree. The algorithms can work on the compact
representation directly.

The major problem with this approach is that the resultant decision tree tends
to be large. The depth of the decision tree so obtained from an influence diagram
is equal to the number of variables in the influence diagram. Thus, the size of the

decision tree is exponential in the number of variables in the influence diagram.

6.2 Methods for Evaluating Influence Diagrams
Directly

The idea of evaluating influence diagrams directly was proposed in [64]. The first

complete algorithm for influence diagram evaluation was developed by Shachter [85].

6.2.1 Shachter’s algorithm

Shachter’s algorithm takes a reduction approach. The algorithm evaluates an influ-
ence diagram by applying a series of value-preserving reductions. A value-preserving
reduction is an operation that can transform an influence diagram into another one
with the same optimal expected value.

Shachter identifies four basic value-preserving reductions, namely, barren node
removal, random node removal, decision node removal and arc reversal. The arc
reversal operation has been illustrated in the previous section. The other reductions
are illustrated as follows.

Barren node removal. A node in an influence diagram is called a barren node if
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it has no child in the diagram. The barren node removal reduction states that any
barren node that is not a value node can be removed together with its incoming arcs.

Random node removal. If the value node is the only child of a random node z in
an influence diagram, then the node z can be removed by conditional expectation.
As a result of this operation, the random node z is removed and the old value node is
replaced with a new one that inherits all of the parents of both the old value node and
the random node. The reduction is illustrated in Fig. 6.7 where the value function

g’ of the new value node v’ in the resultant influence diagram is given by:

g'(a,b,c) = Zg(x, b,c) * P{z|a, b}.

Decision node removal. A decision node is called a leaf decision node if it has no
decision node descendant. If a leaf decision node d has the value node v as its only
child and 7(v) C {d}Un(d), then the decision node can be removed by maximization.
The reduction is illustrated in Fig. 6.8 where the value function ¢’ of the new value

node v’ in the resultant influence diagram is given by:
g'(b) = mazg(d,b).

The maximizing operation also results in an optimal decision function é4 for the leaf

decision node through

64(b) = arg maza9(d,b).

Note that the new value node has the same parent as the old value node. Thus, some
of the parents of d may become barren nodes as a result of this reduction. In Fig.
6.8, node a becomes a barren node. The arc from such a node represents information
available to the decision maker, but the information has no effect on either the optimal

expected value or the optimal policy of the influence diagram. This kind of arc (such
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as a — d in Fig. 6.8) is called an irrelevant arc. Irrelevant arcs can be identified and

removed in a pre-processing step [106, 109, 111].

Figure 6.7: An illustration of random node removal: z is removed by expectation

= /@

o () ®

Figure 6.8: An illustration of decision node removal: d is removed by maximization

6.2.2 Other developments

After Shachter’s algorithm, research on influence diagram evaluation has advanced
in two directions: making use of Bayesian net evaluation methods, and ezploiting
separability of the value function. In this section, we discuss the first direction. We
come to the second direction in Chapter 8.

Influence diagrams are closely related to Bayesian nets [69]. Quite a few algorithms
have been developed in the literature [36, 47, 69, 87, 107] for computing marginal
probabilities and posterior probabilities in Bayesian nets. Thus, it is natural to ask
whether we can make use of these Bayesian net algorithms for influence diagram
evaluation. This problem is examined in [11, 61, 86, 88, 90, 91, 108, 109], and the

answer is affirmative.
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Recall that a decision function for decision node d in an influence diagram is a
mapping from Q) to Q4. It is observed in [11, 86, 88, 108] that given a regular,
no-forgetting influence diagram, the optimal policy can be computed by sequentially
computing the optimal decision functions for decision nodes, one at a time, starting
from the last one backwards. The computation of the optimal decision function of a
decision node is independent of those decision nodes that precede the decision node.

Cooper [11] gives a recursive formula for computing the maximal expected values
and optimal policies of influence diagrams. To some extent, the formula serves as a
bridge between the evaluation of Bayesian nets and that of influence diagrams.

Shachter and Peot show in [88] that the problem of influence diagram evaluation
can be reduced to a series of Bayesian net evaluations. To this end, the value node of
an influence diagram is first replaced with an “observed” probabilistic utility node v’
with frame {0,1} and a normalized probability distribution. The optimal decision
function §, for the last decision node d, can be computed as follows: for each

element e € Qyq,) ,
bn(€) = arg maza.eq, P{d. = a,m(d,) = e[v' = 1}.

The optimal decision function é; of the decision node d; is computed after the optimal
decision functions ;41 ..., 6, have been obtained. The decision nodes d;4, ...,
d, are first replaced with their corresponding deterministic random-nodes in the
influence diagram. The decision function ¢; is then computed as follows: for each

element e € Qﬂ-(di X%
6:(e) = arg maxaendiP{di = a,7(d;) = e|bi41, ..y On, v' = 1}.

The problem of influence diagram evaluation is then reduced to a series of problems

of computing posterior probabilities in Bayesian nets. Shachter and Peot [88] also
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point out that an influence diagram can be converted into a cluster tree, which is
similar to the clique trees [47] of Bayesian nets, and that the problem of evaluating
the influence diagram can thus be reduced to evaluating the cluster tree. A similar
approach has also been used by Shenoy for his valuation based systems [90] and by
Ndilikilikesha for evaluating potential influence diagrams [61].

Zhang and Poole [108] propose a divide-and-conquer method for evaluating step-
wise decomposable influence diagrams. This method is further studied in [109, 106].
Like Shachter and Peot’s algorithm, Zhang and Poole’s method also deals with one
decision node at a time. Unlike Shachter and Peot’s algorithm, Zhang and Poole’s
method takes a reduction approach. Suppose node d is a leaf decision node of a
stepwise decomposable influence diagram Z. =w(d) separates the influence diagram
into two parts, namely a body and a tail. The tail is a simple influence diagram with
only one decision node (d). The body’s value node is a new node whose value func-
tion is obtained by evaluating the tail. A reduction step with respect to the decision
node d transforms Z to the body. The main computation involved in a reduction
step, however, is for evaluating the tail.

Since the tail is a simple influence diagram with only one decision node, its eval-
uation can be directly reduced to a problem of computing posterior probabilities
in a Bayesian net, as suggested in [88, 109]. The result of the evaluation consists
of two parts: a value function ¢’ : Qr@e) — R, and an optimal decision function

64 : Qr(a) = Q4. The same reduction is applicable to the resulting body.

6.2.3 Some common weaknesses of the previous algorithms

One common weakness of the influence diagram evaluation algorithms that we have

reviewed is that they fail to provide any explicit mechanism to make use of domain
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dependent information (e.g., a heuristic function estimating the optimal expected
values of influence diagrams), even when it is available for some problems.

Another notable and common shortcoming of these algorithms is inherited from
the disadvantage of conventional influence diagrams for asymmetric decision prob-
lems. This was also observed in [85].

To be represented by an influence diagram, an asymmetric decision problem must
be “symmetrized.” This symmetrization results in many “impossible” information
states (they have zero probability). The optimal choices for these impossible states
need not be computed at all.

Current algorithms for directly evaluating influence diagrams have two weaknesses,
stemming from the symmetrization. The first one is that, for each decision node d,
they will perform a maximization operation conditioned on each information state in
Qr(d) , €ven though the marginal probabilities of some states are zero. This weakness
arises from the fact that these algorithms compute the decision functions in the reverse
order of the decision nodes in the influence diagram. At the time of computing the
decision function for decision d, the marginal probabilities of the information states in
Qr(4) are not computed yet. The second weakness is that optimal choices for a decision
node are chosen from the whole frame §);, instead of from the corresponding effective
frames. Thus, it is evident that these algorithms involve unnecessary computation.
In the next chapter, we develop an influence diagram evaluation method that avoids

such unnecessary computation.



Chapter 7
A Search—Oriented Algorithm

In this chapter, we present our method for influence diagram evaluation. We first
formulate influence diagram evaluation as a stochastic dynamic programming problem
[80]. Then we give a graphical depiction of the computational structure of the optimal
expected value by mapping an influence diagram into a decision graph. Next, we
point out how to avoid unnecessary computation in computing the optimal policy
and propose a search-oriented approach to influence diagram evaluation. Finally, we

analyze how much our method can save in evaluating an influence diagram.

7.1 Preliminaries

A decision node d directly precedes another decision node d' if d precedes d' and
there is no other decision node d” such that d precedes d” and d” precedes d'. Ina
regular influence diagram, a decision node can directly precede at most one decision
node.

A decision node that is preceded by no other decision node is called a root decision
node.

Let T be a regular, stepwise decomposable influence diagram with a single value

102
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node v. Suppose the decision nodes in Z are d;, ..., d, in the regularity order,
then d; is the only root decision node and d, is the only leaf decision node. For
each k£ with 1 < k < n, d; directly precedes di4;. Let Y;, denote the downstream
of dr. Let Z(dx,dr+1) denote the subgraph consisting of di, 7(dk), 7(di41) and
those nodes in Yy, that are not m-separated from diy1 by m(dk41). Procedurally,
Z(dk,dr4+1) can be obtained from Z as follows: (1) remove all nodes that are m-
separated from di by m(d), excluding the nodes in 7(dy); (2) remove all descendants
of di41; (3) remove all barren nodes not in 7(di41); (4) remove all arcs among nodes
in 7(dix)U {dx} and assign uniform distributions to the root nodes’ in 7 (dx)U {di}.

Z(dg,drs1) is called the sector? of Z from di to diy1. The sector I(—,d;)
contains only the nodes in 7(d;) and those nodes that are not m-separated from d;
by n(d1). The sector Z(d,,—) contains those nodes in 7(d,)U{d,} and those nodes
in the downstream Y3, of d,.

Note that the sector Z(~—,d,) is a Bayesian net. Furthermore, because Z is step-
wise decomposable, d; is the only decision node in the sector Z(dk,dk+1) that is not
in w(dy). Similarly, d, is the only decision node in the sector Z(d,,—) that is not in
7(dn).

As an example, consider again the oil wildcatter problem. The sector Z(—,T) is
empty. The sectors Z(T,D) and Z(D,—) are shown in Fig. 7.1.

Let 6 = (61,...,6,) be any policy for Z. We have the following results on Z;.

Lemma 7.1 Forany 7, k withl < j < k <n, the set w(v) is independent of w(d;)

1The assignment of uniform distributions to the root nodes in 7(d;) U {dx} is only to make
Z(dg,dk+1) a Bayesian network. Since we will only be considering probabilities conditioned on
7(dr) U {dr}, the distributions of those nodes are irrelevant.

ZPreviously, such a part of an influence diagram has been called a section [109].
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(a) I(T, D) (b) I(D,-)

Figure 7.1: Two sectors of the influence diagram for the oil wildcatter problem.

and d;, given w(dy). Formally, the following relation holds:
Ps{m(v) = o|n(dx) = y} = Ps{n(v) = ol|r(ds) = y,7(d;) = z,d; = a}

for any 0 € Qa(v), Y € Qn(ay), @ € Qy;, and for any z € Q,,(dj] consistent with y

(i.e., the projections of ¢ and y on the common variable are the same).

Proof Immediately follows from the m—separation property of a stepwise decompos-

able influence diagram.
Lemma 7.2 For any k with 1<k <n, and any 0 € Q) and z € Qg ,
Ps{m(v) = o|r(dx) = z,d) = é(z)} = Ps{w(v) = o|7(di) = z}.

Proof. Recall that, with respect to a policy é§ = (61, ...6,) , the decision node d;,

for : = 1,...,n, is characterized by the following probability distribution:

1 if 6{ =z,
P{d; = z|r(d;) = c} = { 0 Lthe(:v)vise.m

Thus,

Ps{(v) = ofr(ds) = 2}
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= 3 )Pg{?r(v) = o|n(di) = z,dj = a} * Ps{dy = a|r(dx) = z}
a€Qdy
= Pg{‘JT(U) = O|'Ir(dk) == :U,dk = 6;;(:1:)}

0

Lemma 7.3 For any z € Qnq,), the probability Ps{r(d,) = z} depends only on
nodes in the sector Z(—,d;), and is independent of §. Consequently, for any other
policy &',

Ps{n(dy) = 2} = Pp{r(dr) = z}.

Proof. Since all nodes not in Z(—, d;) are non-ancestors of the nodes in 7 (d,), they
are irrelevant to the marginal probabilities of m(d;). Since there is no decision node

in Z(—,dy), then Ps{r(d;) =z} is independent of §. O

Lemma 7.4 (1) For any 0 € Qn), = € Qna,) and a € g, , the conditional
probability Ps{r(v) = o|r(d,) = z,d, = a} depends only on those nodes in the sector

Z(d,,—), and is independent of §. In other words, for any other policy &',
Ps{m(v) = o|7(d,) = z,d, = a} = Pp{n(v) = o|r(d,) = z,dn, = a}.

(2) For any y € Qrayy1)y T € Qrg,) and a € Qg , the conditional probabil-
ity Ps{r(dr+1) = y|m(dx) = z,dr = a} depends on only those nodes in the sector
Z(dk,dk+1) , and is independent of 6. In other words, for any other policy &',

Ps{n(dks1) = ylm(dr) = @, dy = a} = Py {m(dps1) = y|(di) = z,d) = a}.

(3) Suppose &' = (61,...,6;,) is another policy for I such that 8 = é1,...,6,_; =

k-1 for some k, 1 <k <n, then, forany j, 1< j <k, and any = € Qy;),

Pe{n(d;) = 2} = Po{n(d;) = =}.
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Proof. Follows from the definition of sectors and the m-separation property of a
stepwise decomposable influence diagram. O

Lemmas 7.3 and 7.4 indicate that some conditional probabilities in an influence
diagram are independent of policies for the influence diagram, and can be computed
in a sector of the influence diagram. The computation can be carried out by any
well-established algorithms for Bayesian nets. This fact facilitates a clean interface

between influence diagram evaluation and Bayesian net evaluation.

7.2 Influence Diagram Evaluation via Stochastic
Dynamic Programming

In this section, we establish a stochastic dynamic programming formulation for influ-
ence diagram evaluation by studying the relationship among the conditional expected
values of influence diagrams.

Let e be any event in Z; and let Es[v|e] be defined as follows:

Eslv|e] = Z g(0) * Ps{m(v) = o|e}.

0€«x(v)
For each k with 1 < k < n, let Uy be a function defined as follows.

Uk(z,6) = Es[v|r(di) = 7] (7.1)

Informally, Uk(z,d) is the expected value of the influence diagram with respect to

policy 6, conditioned on 7(dy) = z.

Lemma 7.5 The ezxpected value of the influence diagram with respect to policy é can

be expressed in terms of Uy as:

Esv)= Y. Uilz,6)* Ps{n(di) = z}.

TE€Ln(dy)
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Proof By the definition of Es[v], we have:
Eslvl= 3. 9(o) * Ps{m(v) = o}.
OEQ,.-(,,)

Since

P{r(v)=o}= )  Pi{n(v)=olr(di) = v} * Ps{m(d) = 2},

TEQ di)

thus,

Eslvl= 3 g(o)* 3 Ps{m(v)=oln(d) =2} * Ps{r(ds) = z}.
OEQ*(U) a‘»‘Eﬂw(dk)
By changing the order of the two summations, we have:
Es[v] = Z Ps{n(dy) = z} * E g(0) * Ps{n(v) = o|r(ds) = z}.

T€«n(dy) 0€€x(v)

By the definition of Uy, we have:

EJ[‘U]= Z Uk(m,ﬁ)*Pg{W(d;‘) =:1:}.

Z€Qx(ay)

O

Lemma 7.6 The following relation between functions U, and Ug_, holds.

U-1(z,8) = Y Uk(y,6) * Ps{n(dy) = y|r(d-1) = z}

YERn(dy)

for any z € Qp(g,_,) -
Proof By the definition of Uj_;, we have:

Up-1(z,6) = Y g(0) * Ps{m(v) = o|r(dk-1) = z}.
0€Qn(v)
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Since

Ps{w(v) = o|x(dk-1) =z} =

Y Pi{r(v) = ofn(di-1) = &, 7(di) = y} * Ps{m(de) = ylr(dia) = 7},

YEQn(dy)

then by Lemma 7.1, we have:

Ug-1(z,6) = Z g(0)x* Z Ps{m(v) = o|r(dy) = y}*=Ps{n(di) = y|7(dk-1) = z}.
0€SQn(v) YEUn(dy)

By reordering the two summations, we obtain:

Uk-1(2,8) = 3. Ps{m(di) = ylm(dir) = 2} Y g(0)*Ps{m(v) = o|r(ds) = y}.
YEQr(ay) 0€Q ()

By the definition of Uy, we have:

Uer(2,6) = Y Ui(y,6) % Pi{m(de) = ylr(di) = z}.

VEQn(ay)

Lemma 7.7 Let §' = (63,...,6,) be another policy for T such that §; = b,...,6, =
8n , for some k, 1 <k <n. Then, Uj(z,6) = U;(z,8") for each j, k<3 <n and

each z € Qr(a,) -

Proof By induction.
Basis: Consider U, . By the definition of U, , we have:
Un(z,8) = Y. g(0)* Ps{m(v) = o|n(d,) = z}
QEQ,,.(”)

and

Ud(z,8)= 3 g(0) * Pe{r(v) = o|r(dy) = z}.

OEQ“(H)
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By Lemma 7.2, we have:
Py{m(v) = o|r(dn) = z} = Py{m(v) = o|n(ds) = z,dn = 6,(z)}

and

Ps{n(v) = o|7(d,) = z} = Ps{x(v) = o|7(d,) = z,d, = ba(x)}.
Since 6, = 6], then by Lemma 7.4-(1), we have:
Ps{r(v) = o|r(dn) = z,dn = 6a(2)} = Psr{m(v) = o|7(d,) = z,d, = 6,(2)}.

Thus, U,(z,8) = Un(z,8"). Therefore, the basis holds.
Induction: Suppose Ui(z,6) = U,—(x,b") for all ¢, k<i<n. By Lemma 7.6, we
have:

Uia(z,8) = Y Ui(y,8) * Ps{n(di) = ylr(dicy) = =}
v€Qx(a;)

Uiaa(z,8) = > Uiy, 8) * Pe{r(d;) = y|r(di-y) = z}.
VEQR(4))
By the induction hypothesis, we have:
Ui(y,6) = Ui(y, &)

By Lemma 7.2, we have:

Ps{r(d;) = y|m(di-1) = 2} = Po{n(di) = y|n(di-1) = z,di-y = §;-1(2)}
and

Py{m(d:) = y|m(di-1) = 2} = Py {r(d:) = y|r(di-1) = z,di-1 = &;_,()}-

Since 6;—1 = §i_; , then by Lemma 7.4-(2), we obtain:

Po{n(di) = y|n(diz1) = 2,di1 = 6;_4(2)} = Ps{n(di) = y|r(di-1) = 2, diq = bi-1(2) }-
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Thus,
Ps{n(d;) = y|r(di-1) = 2} = Py{n(d:) = y|r(di=1) = z}.
Therefore,
Ui-1(z, 6) = U;-a(z,8").

Therefore, the lemma holds in general. O

So far, we have developed some results on the expected values of an influence
diagram with respect to an arbitrary policy. Let us now examine the properties of
an optimal policy. Let §° = (62, ...,82) be an optimal policy for influence diagram Z

and let V. be a function defined as
Vi(z) = Uk(x,éo).

Intuitively, Vi(z) is the optimal expected value of the influence diagram Z condi-
tioned on m(dx) = =. In other words, Vi(z) is the expected value a decision maker
can obtain if he starts to make optimal decisions in the situation represented by the
event m(dy) = .

Let V){(z,a) be an auxiliary function defined as:

Va(z,a) = %: 9u(y) * Poo{m(v) = y|r(dn) = z,dp = a} (7.2)
Y€la(v)
Vi(z,a) = QZ Vit1(y) * Poo{m(dxs1) = yln(de) = 2,dy = a} (7.3)
YE€ln(ayy)

Intuitively, V)/(z,a) is the optimal expected value of the influence diagram Z condi-
tioned on m(di) = z,dx = a. In other words, V/(z,a) is the expected value a decision
maker can obtain if he starts to make decisions in the situation represented by the
event 7(dy) = =, and first chooses a for di (in this situation) and then follows an
optimal policy for the remaining decisions.

The next two lemmas characterize the relationship between Vi and V.
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Lemma 7.8 Forall k=1,...,n,
Vi(z, 8i(z)) = Vi(2).
Proof

Vi(z, 65(2))
— z Vk+1 (y) * Pgu{?l‘(dk.l.:l) = ylﬂ'(dk) ~ x‘!dk = 62($)}

YEQn(dp 1)

= Y Ven() * Po{n(d) = ylr(di) =<} by Lemma 7.2

YE€Qn(dyyq)

= Y Uk1(y,6°) * Po{m(dis1) = y|n(di) = 2} by the definition of Vi

yEQ,T( dig1 b]

= U(z,8°) by Lemma 7.6

= Vi(z) by the definition of V;.

Lemma 7.9 Forall k=1,...,n,
Vi(z,65(z)) = Vi(z,a) for each = € Qn(q,) and each a € Qq, .

Proof Suppose the inequality does not hold. Thus, there exist zo € Q) and
ao € Qq, such that

Vi(0, a0) > Vi(zo, 6¢(0))-
Construct a policy &' = (8},...,8") such that 8! =60 forall i, 1 <i<n, i#k
and 6;(zo) = ao, and 8i(z) = 63(z), for all z € Qn(4,),z # zo. For any z € Qr(a,),

any a € 04, and any y € Qr(q4,,,), by Lemma 7.7, we have

Us1(2,8") = Upa (2, 6°) = Viga (2);
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by Lemma 7.3, we have
Py{m(di) = 2} = Pp{m(di) = z};
by Lemma 7.4, we have
Py {m(di+1) = ylr(di) = ,di = a} = Po{n(dit1) = y|r(di) = ,dk = a}.
We can prove Eg[v] > Eg by the following derivation:

Es[v]
= Y Ui(,8)* Pp{n(ds) = z}

z€80x(ay)

= > (X Ukn(y&) *Pe{r(den) = yln(de) = 2}) * Prr{n(di) = z}

2€Qn(ay) YERUm(ayyy)

=( Y Ua(y,8) * Po{n(dis1) = ylr(di) = zo}) * Psr{m(ds) = 2o}

VEn(dyyq)

+ Y (Y U8 * Pofr(di) = ylm(d) = 2}) * Po{r(de) = )

2E€Qn(a),) PET0 YEUm(ay 1)

= ( Z Uk+1(%50) * Py {m(drs1) = y|m(dx) = zo}) * Ppo{m(di) = o}

yeﬂ,(dk“)

+ 2 (X Ukn(:8°) * Po{r(drs1) = ylr(di) = z}) * Pro{r(ds) = =}
xEQ.,(dk}.z#xu yeﬂw(d,ﬁ,)

=( 22 Ve () * Po{n(des1) = ylm(di) = zo,d = §'(20)}) * Po{m(di) = 20}

Y€ n(a
+Es('=f;]1)— (yen,.(zd,‘m Vi1 (y) * Pro{m(drs1) = ylm(di) = zo}) * Poo{m(di) = o}
= (yegz Visa(y) * Ps{n(di1) = y|m(di) = 2o, d) = ao}) * Ppo{m(di) = zo}
+Eols]
—(QGQ'(Z‘M) Vi1 (y) * Pro {7 (dis1) = y|m(di) = 2o, dx = bo(20)) * Pso{m(di) = zo}

=( > Vir(¥) * Po{r(drs1) = y|r(dk) = zo,dk = ao}) * Peo{n(di) = o}

YESUx(ay 1)
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+Es[v] - Vi(z0,8%(20)) * Pro{m(dk) = 20}
= V}:(mo,ao) * Pgo {?T(dk) = 3:0} — W(ﬂ:o,éo(mo)) * Pgo {‘N(dk) = xo} + Ego [‘U]
= (Vi(20, a0) — Vi(w0, 8°(20)) * Pro{m(di) = zo} + Epo[v]

> Ego[v]

This contradicts the optimality assumption of §°. O

The results we have obtained so far are summarized by the following theorem.

Theorem 7.10 Let Z be a regular and stepwise decomposable influence diagram, let
functions Vi and V| be defined as before, and let &° = (¢9,...,62) be an optimal
policy for I. For any k with 1 <k <n, and z € Qgq,) and a € Qq, , the following

relations hold:

Vima)= 3 Vin(y)* P{r(din) = ylr(de) = z,dy =a}  (7.4)

VEQn(ay41)
Vi(z) = Vi(=, 6i(x)) = mazaeq,, Vi(z,a) (7.5)
§i(z) = arg maz.eq, {Vi(z,a)} (7.6)
Ep[v]= Y Vo(z)* P{r(d) = z}. (7.7)

a:eﬂdl

where P{r(dy) = z} = Pp{r(dy) = z} can be computed in the sector I(—,d;) and
P{n(drs+1) = y|n(dx) = z,dx = a} = Ppo{n(di+1) = y|7(dx) = z,dx = a} can be

computed in the sector I(dy,dys1), both independently of 6°.

Equations 7.4, 7.5 and 7.6 establish the computational structure of influence diagram
evaluation in the form of finite-stage stochastic dynamic programming [80]. They

essentially describe an expectation-maximization iteration for computing the optimal



CHAPTER 7. A SEARCH-ORIENTED ALGORITHM 114

policy and the optimal expected value. Equations 7.4 and 7.5 collectively form a
variation of Bellman’s optimality equation [5] for stochastic dynamic programming.

Theorem 7.10 shows that functions V4,...,V, and 69, ...,60, as well as Esp[v] can
be computed from V,. The computation process is similar to the one implied in the
recursive formula given in [11]. For an influence diagram, the computation can be
roughly divided into two parts: one for computing conditional probabilities in the
sectors of the influence diagram and one for the summations and maximizations as
specified in Equations 7.4 and 7.5. The definition of V! is given in Equation 7.2. The
computation of V,, can be computed from the sector Z(d,,—).

As shown in the previous example, the sectors of an influence diagram can have
some overlap. Consequently, some redundancy may be involved in computing condi-
tional probabilities in different sectors. This problem does not arise for smooth in-
fluence diagrams [109]. A non-smooth influence diagram can be transformed into an
equivalent smooth influence diagram by a series of arc reversal operations [106, 109].
Therefore, we can either deal with an influence diagram directly or first transform the
influence diagram into a smooth influence diagram and deal with the smooth one.

It is now fairly clear that the amount of computation involved in the above men-
tioned process is comparable to that involved in the other algorithms such as those
in [88, 108].

In the above mentioned process, the value §2(z) will be computed for each d;

and each = € {;(4;) . Thus, unnecessary computation has not been avoided.
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7.3 Representing the Computational Structure by
Decision Graphs

In this section, we use decision graphs to depict the computational structures of the
optimal expected values of influence diagrams. For each influence diagram, we can
construct a decision graph and define a maz—ezp evaluation function for the decision
graph in such a way that the solution graphs of the decision graph correspond to the
policies for the influence diagram, and the optimal solution graphs correspond to the
optimal policies.

Before we discuss how to construct decision graphs for influence diagrams, we
need some terminology.

Let d be a decision variable in an influence diagram. For each z € Q,q), we
call assignments of the form #(d) = = a parent situation for the decision variable d.
For each alternative a € £y, we call assignments of the form 7(d;) = z,d = a an
inclusive situation for the decision variable d. Two situations are consistent if the
variables common to the two situations are assigned the same values.

For an influence diagram, we define a decision graph in terms of situations. In the
graph, a choice node represents a parent situation and a chance node represents an

inclusive situation. The following is a specification of such a decision graph.
e A chance node denoting the empty situation is the root of the decision graph.
e For each information state z € (), there is a choice node, denoting the

parent situation m(d;) = z, as a child of the root in the decision graph. The

arc from the root to the node is labeled with the probability P{x(d;) = z}.

e Let N be a choice node in the decision graph denoting a parent situation 7(d) =

z for some decision variable d and some = € Q.. Let fi(z) be the effective
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frame for the decision variable d in the information state z. Then, N has
|fa(z)| children, each being a chance node corresponding to an alternative® in
fa(z). The node corresponding to alternative a denotes the inclusive situation

m(d)=z,d=a.

e The node denoting an inclusive 7(d,) = z,d, = a is a terminal in the decision

graph, having value V)(z,a).

e Let N be a chance node denoting an inclusive situation n(d;—1) = z,d;—; = a,
and let A be the subset of the parent situations for decision variable d; which
are consistent with 7(d;—;) = z,d;.; = a. Node N has |A| children, each
being a choice node denoting a parent situation in 4. The arc from N to
the child denoting a parent situation 7(d;) = y is labeled with the conditional
probability? P{r(d;) = y|r(di-1) = z,di-1 = a}.

In such a decision graph, a choice node represents a situation of the form 7(d;) = z
for some ¢ and z € Q). In such a situation, the decision agent needs to decide
which alternative among fy,(z) should be selected for d;. Thus, the choice node
has |fs(z)| children, each for an alternative in fy(z). The child corresponding to
alternative a is a chance node, representing the probabilistic state 7 (d;) = z,d; = a.
From this probabilistic state, one of the information states of d;;; may be reached.
The probability of reaching information state y is P{w(di}1) = y|n(d;) = z,d; = a}.

As an example, consider the oil wildcatter problem. The probability distributions
and the value functions are given in Tables 7.1-7.5. A complete decision graph for the

oil wildcatter problem is shown in Fig. 7.2. As we know, a probability is associated

3Note that here we are using the effective frame f;(z) instead of the frame g .

“Note that probabilities of this kind on arcs are not computed unless necessary. This point will
be clear in Section 7.4.1.
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Table 7.1: The function of the value node

T D 0| CD v T D 0D | CD v
no | no ] M 0 yes | no == | == ]"=10
no | yes dry 1| -40 yes | yes dry 1| -50
no | yes dry m | =50 yes | yes dry m | =60
no | yes dry h | -T0 yes | yes dry h | -8B0
no | yes wet 1 80 yes | yes wet 1 70
no | yes wet m 70 yes | yes wet m 60
no | yes wvet h 50 yes | yes wet h 40
no | yes | soaking 1 | 230 yes | yes soak:'mg 1 | 220
no | yes | soaking m | 220 yes | yes | soaking m | 210
no | yes | soaking h | 200 yes | yes soaking_ h | 190

Table 7.2: The conditional probability distribution of R

T S R | prob
no — nobs 1.0
no == | others []
yes | -- nobs 0
yes | ns ns 1.0
yes | cs cs 1.0
yes | os os 1.0

with each arc from a chance node to a choice node. These probabilities can be
computed in the sector Z(T, D) as shown in Fig. 7.1.
In Fig. 7.2, those arcs without labels are associated with zero probability. Non-

zero probabilities are computed as follows.

P{T=yes,R=ns|T=yes}
= P{R=ns|T=yes}

= P{R=ns|T=yes,S=ns} * P{S=ns}

Table 7.3: The conditional probability distribution of CD

CD | prob
n 0.2
m 0.7
h 0.1
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Table 7.4: The prior probability distribution of O

0 prob
dry 0.5
wet 0.3
soak inE 0.2

Table 7.5: The conditional probability distribution of S

0 S | prob
dry ns 0.6
cs 0.1
08 0.3
vet ns 0.3
cs 0.3
os 0.4
soaking | ns 0.1
cs 0.5
os 0.4

+P{R=ns|T=yes,S=o0s} * P{S=os}
+P{R=ns|T=yes,S=cs} * P{S=cs}
= 1 P{S=ns} + 0 x P{S=os} + 0 * P{S=cs}
= P{S=ns}
Similarly, we have:
P{T=yes,R=0s|T=yes} = P{S=os}

and

P{T=yes, R=cs|T=yes} = P{S=cs}.
The marginal probabilities of S are computed as follows.
P{s=ns} = P{S=nsl0=dry}+* P{0=dry}

+ P{S=ns|0=wet} x P{0=wet}

+ P{S=ns|0=soaking} * P{0O=soaking}

118
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= 0.6%x05+03%03+0.1x0.2=0.41

Similarly, we can obtain that P{S=os} = 0.35 and P{S=cs} =0.24.

T=yes
R=nobs|

T=yes
Re=ng

T=yes
R=08

T=yes
R=c8

(:3 1.0

T=n0

x
X

T=no
R=08

T=no
R=cs

T=no
R=nobs

s/\g 8 \4 s/\gs r s/\g s/\; 8 \3 s/\g

Figure 7.2: A complete decision graph for the oil wildcatter problem

Let DG be a decision graph derived from a regular stepwise-decomposable influ-
ence diagram with a single value node. We can define an evaluation function, u;, on

DG as follows:

e If N is a terminal representing a situation 7(d,) = z,d, = a, then

u1(DG,N) = V)(z,a)
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e If N is a chance node with children Ny, ..., N;, then
!
u1(DG,N) = Zp(N, N;) *u1(DG, N;)
=1

where p(N, N;) is the probability on the arc from node N to node N;.
e If N is a choice node with children Ny,..., N;, then

uy (DG, N) = maz!_,{u;(DG, N;)}.

The following lemma can be easily proved by induction on nodes in the decision graph.

Lemma 7.11 (1) If N is a choice node representing a parent situation n(di) = z,
then ui(N) = Vi(z).

(2) If N is a chance node representing an inclusive situation w(dy) = z,d; = a,
then ui(N) = V)(z,a).

(8) If N is the root, then uy(N) is equal to the optimal expected value of the

influence diagram.

The correspondence between the optimal policies of the influence diagrams and the
optimal solution graphs becomes apparent. As a matter of fact, an optimal solution
graph of the decision graph can be viewed as a representation of decision tables in

which all the unreachable situations are removed [111].

7.4 Computing the Optimal Solution Graph

As we discussed in Chapter 3, an optimal solution graph of a decision graph can be
computed either “bottom-up” or “top—down.” If a bottom-up approach is taken, the
values of the leaves are computed first. The max—exp values of interior nodes can

be computed when the max—exp values of all children of the node are available. The
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max—exp value of a choice node denoting a parent situation n(d) = z is computed
by a maximization operation ranging over the children of the choice node, each corre-
sponding to an alternative in the effective frame fj(z). As a result of this operation,
an optimal choice for the decision variable d is also determined for the information
state z. The computational complexity of this process is linear in the size of the
decision graph®. This method cannot avoid computing optimal choices for decision

nodes with respect to impossible states.

7.4.1 Avoiding unnecessary computation

We observe that the asymmetry of an influence diagram is reflected by arcs with zero
probability in the corresponding decision graph. As we know, the value of a chance
node in a decision graph is the weighted sum of the values of its children. If the
probability on the arc to a child is known in advance to be zero, then there is no need
to compute the value of the child (as far as this chance node is concerned). In case
the probabilities on the arcs to a choice node are all zero, the value of the node will
never be required. Thus, we need not compute the max—exp value of, and the optimal
choice for, the node. In this case, the probability of the information state denoted
by the choice node is zero. Thus, it is equivalent to say we need not compute the
optimal choice for the corresponding decision variable for the impossible information
state. One way to avoid such computation for the impossible states is by pruning
those choice nodes corresponding to impossible states. The following procedure for

generating a decision graph for an influence diagram effectively realizes this objective:

(1) generate the root node and put it into set G;

SNote that the size of the decision graph is normally exponential in the size of the decision node’s
parents. See the analysis in the next section.
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(2) if G is empty then stop;
(3) pick a node N from G and set G to G— {N};
(4) if N is a terminal node then go to (2);

(5) generate the child set C(N) of node N;if N is a choice node, set G to GU
C(N), otherwise let C'(N) be the subset of C(NN) such that the probabilities
of the arcs from N to the nodes in C’(N) are non-zero; set G to GUC'(N);

(6) goto (2);

The above procedure will not expand a choice node unless its probability is not zero.
Thus, the procedure effectively ignores subtrees rooted at nodes corresponding to
impossible states. Thus, the computation (for computing optimal choices for choice
nodes and for computing the conditional probabilities) involved in the subtrees is
totally avoided.

Consider again the decision graph for the oil wildcatter problem shown in Fig. 7.2.
In the figure, those arcs without labels have zero probability. If we apply the above
procedure to the influence diagram of the problem, we obtain the simpler decision
graph shown in Fig. 7.3. With this decision graph, we no longer need to compute
optimal choices for decision D with respect to impossible states such as T=no,R=ns.

Values for the other terminals can be computed locally in the sector Z(D,—) (as
shown in Fig. 7.1) as follows. The solution graph in Fig. 7.4 corresponds to the policy
of no test and drill. The expected value of the influence diagram with respect to the
policy is 40, which is the optimal expected value of the influence diagram. Thus, the

solution graph corresponds to an (the) optimal policy of the influence diagram.
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Figure 7.3: A simplified decision graph
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Figure 7.4: The optimal solution graph for the oil wildcatter problem
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7.4.2 Using heuristic algorithms

The method just described effectively exploits asymmetry in decision problems. Bet-
ter performance will be achieved if the algorithms presented in Chapter 3 are used
for computing an optimal solution graph. By using these algorithms, some subgraphs
may not be processed at all.

To use these algorithms, we need a heuristic function that gives admissible es-
timation on wuy(s) for any situation s. Note that the notion of admissibility for a
heuristic function here is different from the traditional one. Because we are maximiz-
ing merit instead of minimizing cost, we define a heuristic function to be admissible
if it never under-estimates for any situation s. Formally, a function A is admissible
if h(s) > uj(s) for any situation s. An obvious admissible heuristic function for an
influence diagram evaluation problem is the one returning +oco for each situation.
Performance can be further enhanced if we can obtain a more informed heuristic

function by using domain-dependent knowledge.

7.4.3 A comparison with Howard and Matheson’s method

The relationship between our method and Howard and Matheson’s should now be
clear. In both methods, an influence diagram is first transformed into a secondary
representation from which an optimal policy is computed. However, there are a few
notable differences between the two methods.

First, Howard and Matheson’s method works only for no-forgetting influence di-
agrams while ours is applicable to regular stepwise decomposable influence diagrams
(we handle influence diagrams with multiple value nodes in the next chapter).

Second, the sizes of the secondary representation generated by the two methods

are different. For a given influence diagram, the depth of the decision tree obtained by
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Howard and Matheson’s method is equal to the number of variables in the influence
diagram, while the depth of the decision graph obtained by our method is 2n , where n
is the number of decision variables in the influence diagram. Typically, there are more
random variables than decision variables in a decision problem, thus the depth of the
decision tree obtained by Howard and Matheson’s method is larger than the depth of
the decision graph obtained by ours for the same influence diagram. Furthermore, the
number of nodes in the decision tree obtained by Howard and Matheson’s method
from an influence diagram is exponential in the depth of the tree, but this is not
necessarily true for the decision graph obtained by our method. In fact, the number

of nodes in a decision graph obtained by our method is:
n—1
Lt [Quam| + 2 (12| + [y * 1Qa;1)-
i=1
Third, our method provides a clean interface to those algorithms developed for

Bayesian net evaluation.

7.5 How Much Can Be Saved?

In this section, we first give a general analysis of how much can be saved by exploit-
ing asymmetry in a typical decision problem and then examine the used car buyer
problem. Since the number of optimal choices to be computed is a relative measure
on the time an algorithm takes for evaluating an influence diagram, we compare the

number of optimal choices to be computed by our method against other methods.

7.5.1 An analysis of a class of problems

In this subsection, we analyze our algorithm against the following generalized buying

problem:
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Suppose we have to decide whether to buy an expensive and complex item.
Before making the decision, we can have n tests, denoted by T3,...,T,,on
the item. Suppose test T; has k; alternatives and j; possible outcomes
for 1 = 1,...,n.. Among the k; alternatives for test T}, one stands for the
option of no-testing. Correspondingly, among the j; possible outcomes
of test T;, one stands for no observation, resulting from the no-testing

alternative.

An influence diagram for this problem is shown in Fig. 7.5. In this influence diagram,
decision variable T; has a frame of size k;, including an alternative nt for not testing,
and random variable R; has a frame of size j;, including an outcome nr for no
observation. Let H; = k;j;. The size of Qng is Hf;iH;. Thus, the decision T;
has IIj_! H, information states, the decision B has II}; H; information states. If we
do not exploit the asymmetry of the problem, we will have to compute an optimal
choice for every decision and each of its information states. The total number is
Z?:ll H;:}Ht-

Let us consider for how many information states our method will compute optimal
choices for each decision variable. To do so, we simply count the number of choice
nodes in the decision graph (actually, decision tree) generated by our method from
the influence diagram.

Before counting, let us first make some notes on the conditional probabilities we
will use in the process of decision graph construction. During the process, we need the
conditional probabilities P{m(d;41)|r(d;),d;}, where d; denotes T; for i = 1,...,n
and d,41 denotes B, the purchase decision. First, because 7 (di41) = 7(d;)U{d;, R},

we have:

P{r(dss)lm(ds), di} = P{n(ds),ds, Ril(di), di} = P{Ril(ds),d:}.
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Second, for any given information state y € Qg with 1 < ¢ < n, the total
number of test—choice/test-result combinations is k;j; . Among these combinations,
some have zero probability, as illustrated by the partial decision tree shown in Fig.
7.6, where shadowed boxes correspond to the zero probability combinations. The
number of zero probability condition/outcome combinations determines the degree
of asymmetry of the problem. Let J;.(y) denote the set of possible outcomes of R;
if the choice for T; in situation 7(d;) = y is a, € Qr,. In terms of probability
distributions, this is equivalent to saying that, for all y € Q) , for all a, € g, and

for all z € Qgr, — Jir(y)
P{R; = z|r(d;) = y,di=a,} =0
and for all y € Qr(g;) and for all a, € §y,
Y P{R;=z|r(d)=y,di =a}=1.
z€Jir(y)

Thus, the total number of non-zero probability combinations of test—choice/test-
result, conditioned on 7(d;) = y, is bounded from above by ¢, |Ji-(y)|. Let hi(y) =
Trea [ir(y)] and ki = max, hi(y).

At the most conservative extreme, we can assume that for any y € Q,;), there

exist some a € §24, and some z € (g, such that
P{R; = z|r(d;) = y,di = a} = 0.

In this case, the total number of non—zero probability combinations of test—choices/test—
results is bounded from above by k;7; — 1.
A reasonable assumption we can make about a practical decision problem is that,

for any decision variable, the choice of do-nothing will always lead to no result while
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a choice other than do—nothing will always lead to some results. We call this assump-
tion the “no action, no result” assumption. For the generalized buying problem, this
assumption means that no-test choice nt for decision node 7; will lead to no obser-
vation nr as the only possible outcome of R;, and other test choices will not lead
to no observation nr. The partial decision tree in Fig. 7.6 depicts this case, where
shaded nodes correspond to the states with zero probability. In terms of probability

distributions, we have:
P{R; = z|r(d;) =y,d; =nt} =0

P{R; =ur|n(d;) =y,d; =nt} =1

for any z € Qg;,z # nr, and any y € Q,q,), and
P{R; = nr|r(d;) =y,di=a} =0

for any a € Qq;,a # nt, and y € Q). In this case, the total number of non-
zero probability combinations of test-choices/test-results is bounded from above by
1+ (k= )G - ).

Now, let us count the number of choice nodes in the decision graph that correspond
to information states with non-zero probabilities. Based on the above analysis of the
probability distributions, we have the following: 7) has one parent situation; T,
has at most h; parent situations with non-zero probabilities; T, has at most hjh,
parent situations with non-zero probabilities; etc., and B has at most II}_,h; parent
situations with non-zero probabilities. Thus, the total number of choice nodes in the
decision graph is bounded from above by Y7 II;-1h;.

Let p; = H;/h;. We call p; the “savings factor” with respect to decision T;.
Since h; < 1+ (ki — 1)j; < H;, we have p; > (kig:)/(1 + (ki — 1)7:) > 1.
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condition

Figure 7.5: An influence diagram for a generalized buying problem

The overall savings factor is given by

1=1
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It is reasonable to assume that h; > 2 for ¢ = 1,...,n. Then we have p > ﬂ%‘ﬂ
For example, suppose k; =4 (each test has three alternatives plus the alternative

of no test) and j; =4 for ¢ = 1,...,n. Then we have p; > 16/15 in the most conser-

vative extreme, and p; > 16/10 under the “no action, no result” assumption. Then,

the overall savings factor is bounded from below by w in the most conservative

extreme, and by 51_6[21_0}3 under the “no action, no result” assumption.

In the above analysis, we assume that test T; has exactly k; alternatives in every
information state. In fact, the set of legitimate alternatives for test decision 7; in
an information state s is fr,(s) and may have fewer than k; elements. Thus, the
actual overall savings factor could be much greater than I}, p;/2.

Finally, let us note that the above analysis is applicable to any decision problem:

as long as it satisfies the “no action, no result” assumption, exploiting asymmetry
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Figure 7.6: An illustration of the asymmetry of a decision variable
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will lead to a savings factor that is exponential in the number of asymmetric decisions
in the decision problem.

It is worth pointing out that an exponential savings factor for an exponential
problem may not change the exponential nature of the problem. More specifically,
suppose that problem P will take algorithm A O(c") time units and take algorithm
B O(c/e)™ time units with @ > 1. We say that algorithm B has an exponential
savings factor in comparison algorithm A because algorithm B runs o times faster
than algorithm A. Although algorithm B is still an exponential algorithm, for a fixed
time resource, algorithm B may be able to handle larger problems than algorithm A.
Let n, and n; be the size of the largest problems algorithms A and B can handle,

respectively. Then n, and n;, satisfy:
= (cfa)™

or
ny logc
n, logc—loga’

For example, let us consider again the generalized buying problem. Suppose that
each decision in the problem has two alternatives and each random node has three
outcomes, i.e., k; = 2 and j; =3 for ¢ = 1,..,n. It takes those algorithms that do not
exploit asymmetry O((2+3)") time units and it takes our algorithm O(3") time units.
In this case, we have ¢ =6 and a = 2. Thus, we have n, = n,log6/log3 = 1.63n, .

Note that for the same «, the bigger the value of ¢, the smaller the ratio ny/n, .

7.5.2 A case analysis of the used car buyer problem

When applying our algorithm to the used car buyer problem, a decision tree as shown

in Fig. 7.7 will be generated. In the tree, the leftmost box represents the only state
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in which the first test decision is to be made. The boxes in the middle column
correspond to the information states in which the second test decision is to be made.
Similarly, the boxes in the right column correspond to the information states in which
the purchase decision is to be made. From the figure we can see that among those
nodes corresponding to the information states of the second test, all but two have only
one child because the second test in the corresponding information states has only
a single legitimate alternative — no-test. Making use of the framing function this
way is equivalent to six prunings, each cutting a subtree under a node corresponding
to an information state of the second test. The shadowed boxes correspond to the
impossible states. Our algorithm effectively detects these impossible states and prunes
them when they are created. Each pruning amounts to cutting a subtree under the
corresponding node. Consequently, our algorithm does not compute optimal choices
for a decision node for those impossible states. For the used car buyer problem, our
algorithm computes optimal choices for the purchase decision for only 12 information
states, and optimal choices for the second test for only 8 information states (among
which six can be computed trivially). These constitute the minimal information state
set one has to consider in order to compute an optimal policy for the used car buyer
problem. This suggests that, as far as decision making is concerned, our method
exploits asymmetry to the maximum extent. In contrast, those algorithms that do
not exploit asymmetry will compute the optimal choices for the purchase decision for
96 (4 x 4 x 2 x 3) information states and will compute the optimal choices for the
second test for 16 information states. The overall savings factor is 5.5.

By applying the analysis results we obtained in the previous section to this prob-
lem, we have: H; =16, Hy =6, hy =8, and hy = 3. Thus, py =2 and p, = 2.
p=(1+16+96)/(1+8+24) = 3.7.
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Figure 7.7: A decision graph (tree) generated for the used car buyer problem



Chapter 8

Handling Influence Diagrams with
Multiple Value Nodes

In the previous chapter, we developed a method for influence diagram evaluation.
We assumed that the influence diagrams were regular and had one value node. As
pointed out in [101], if the value function of an influence diagram is separable, then
the separable nature can be exploited to increase the efficiency of influence diagram
evaluation. The separability of a value function can be represented by multiple value
nodes. Thus, it is desirable to develop algorithms that can be used to evaluate
influence diagrams with multiple value nodes.

A generalization of Shachter’s algorithm [85] has been developed in [101] that can
exploit the separability of value functions. Zhang and Poole’s algorithm [108] and the
later study [109, 106] is developed for influence diagrams with multiple value nodes.
In this chapter, we generalize the method presented in the previous chapter so that

it applies to regular influence diagrams with multiple value nodes as well.

134
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8.1 Separable Value Functions

If the value function of the value node in an influence diagram can be expressed as
the sum of two or more functions with fewer variables, we say the value function is
separable. More precisely, let g(Z) be a value function with variable set Z, let g¢;,
..., §o be functions with variable sets Z; ... Z, respectively, where Z, ... Z, are

all proper subsets of Z. Function ¢ is separable if
q
9(2) = 3_ 9:(Zy).
=1

Consider again the oil wildcatter problem. The value node depends on four variables:
T, D, 0 and CD. The value function can be separated into three parts: a function
g1 on the cost of the seismic structure test, a function g¢,, on the drilling cost, and a

function g3 on the value of the oil. Formally, this can be expressed as
g(T, D, 0, CD) = gI(T) + g2(D, CD) + g3(D, 0).

With this separation of the value function, the value node can be split into three value
nodes, v;, vy and vz, with g;, g2 and g5 as their value functions respectively. This
separation results in a new influence diagram as shown in Fig. 8.1.

The semantics of influence diagrams with multiple value nodes is the same as that
of influence diagrams with a single value node except that, for an influence diagram
with multiple value nodes, we interpret the sum of the values of all individual value
nodes as the value of the influence diagram. Therefore, all the terminology we have

used before can be used here for influence diagrams with multiple value nodes.
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Figure 8.1: A new representation of the oil wildcatter problem by an influence diagram
with multiple value nodes

8.2 Decision graphs for influence diagrams with
multiple value nodes.

As for influence diagrams with a single value node, the computational structure of the
optimal expected value of an influence diagram with multiple value nodes can also be
represented as a decision graph. The difference is that in the case of a single value
node, the values are associated only with the terminals in the decision graph while in
the case for influence diagrams with multiple value nodes, values can be associated
with arcs as well. In order to illustrate this, consider the influence diagram shown in
Fig. 8.1, which is an influence diagram with three value nodes for the oil wildcatter
problem. Since the value node v; depends only on node T, its value can be determined
in any situation where the variable T is instantiated. Thus, at the nodes representing
the situations T=yes and T=no, the value of v; can be determined. In particular, the
value of g; for the situation T=yes is —10 and the value of g; for the situation T=no
is 0. The value —10 can be viewed as the value resulting directly from performing
the test action, while the value 0 can be viewed as the value resulting directly from

performing the no-test action.
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In order to deal with general cases, we introduce a new concept. Let w(di) = z
be a parent situation for di, 7(di) = z,dr = a be an inclusive situation for dj
and let Z(di,dr41) be the sector of Z from di to diyq1. Without loss of generality,
suppose nodes v;,...,v; are the value nodes in Z(dk,dk+1). For ¢ < I < 7, let
Er(d, ap)[vilm(dr) = z,dr = a] denote the expected value of the value node v,
conditioned on 7(dx) = z,dx = a, in sector Z(dk,dir+1). We call the sum

7
gEI(dk;dk-}i)[vI!ﬂ-(dk) = z,dy = a]
the value of the inclusive situation w(di) = z,dr = a. This value can be computed
by a method in [109]. Intuitively the value can be viewed as the utility directly
resulting from selecting a as the choice for decision node di in the parent situation
7(dx) = z. Using the terminology for decision graphs, the value can be associated
with the arc from the choice node representing the parent situation 7(di) = = to the
chance node representing the inclusive situation 7(dx) = z,d; = a. The following is
a new specification of the decision graph of an influence diagram with multiple value

nodes.

e A chance node denoting the empty situation is the root of the decision graph.

e For each information state € (), there is a choice node, denoting the
parent situation 7(d;) = z, as a child of the root in the decision graph. The

arc from the root to the node is labeled with the probability P{n(d;) = z}.

e Let N be a choice node in the decision graph denoting a parent situation
m(d) = = for some decision variable d and some z € Q). Let fi(z) be the
effective frame for the decision variable d in the information state 2. Then, N

has |f4(z)| children, each being a chance node corresponding to an alternative
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in fs(z). The node corresponding to alternative a € fs(z) denotes the inclusive
situation 7(d) = z,d = a. The arc from the choice node to the chance node
denoting the inclusive situation 7(d) = z,d = a is labeled with the value of the

inclusive situation.

e The node denoting an inclusive 7(d,) = z,d, = @ is a terminal in the decision

graph having value 0.

e Let N be a chance node denoting an inclusive situation n(d;—1) = z,d;-1 = a,
and let A be the subset of the parent situations for decision variable d; which
are consistent with n(d;—1) = z,d;i—~; = a. Node N has |A| children, each
being a choice node denoting a parent situation in A. The arc from N to
the child denoting a parent situation m(d;) = y is labeled with the conditional
probability P{w(d;) = y|r(di-1) = x,d;—1 = a}.

As an example, consider again the influence diagram as shown in Fig. 8.1. A decision
graph for the influence diagram is shown in Fig. 8.2.
Let DG be a decision graph derived from an influence diagram with multiple value

nodes, we can define an evaluation function, u,, on it as follows:

e If N is a terminal, then

uz(DG,N) =0
e If NV is a chance node with children Ny, ..., N;, then
I
UQ(DG, N) = EP(N, N,) * ug(DG, N.,‘)

i=1

where p(N, N;) is the probability on the arc from node N to node N;.
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Figure 8.2: A decision graph for the influence diagram shown in Fig. 8.1
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e If N is a choice node with children Ny,..., N;,then
uz(DG, s) = mazi_, {c(N, N;) + ua( DG, N;)}
where ¢(N, N;) is the value on the arc from node N to node N;.

The reader may have noticed that the decision graphs corresponding to the examples
we have considered so far are decision trees. This need not be true in general. Here
we consider another example whose decision graph has shared structure.

Consider the following variation of the oil wildcatter problem. In the previous
examples, we implicitly assumed that the amount of oil the oil wildcatter can obtain
is equal to the amount of the oil underground. Now we replace this assumption by
a more realistic one, namely, the amount of oil the oil wildcatter can obtain depends
also on the equipment status. Thus, the oil wildcatter needs also to decide whether to
upgrade his equipment. Furthermore, suppose the profit by selling oil also depends
on market information and the sale policy. This more elaborate problem can be

represented by the influence diagram shown in Fig. 8.3.

oil-obtained)—>

underground-oil)

upgrade

old-status

Figure 8.3: A variation of the oil wildcatter problem

drill sale-policy|

The amount of obtained oil can be zero, low, medium or high. The decision
graph corresponding to the problem is shown in Fig. 8.4. The decision problem

is asymmetric in the following sense: if the drill decision is yes, then the amount
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of obtained oil must not be zero, and if the drill decision is no, the amount of ob-
tained oil must be zero. Therefore, some of the arcs to the nodes representing the
situations for oil-obtained are labeled with zero probability. After removing these
zero—probability arcs, the decision graph becomes the one in Fig. 8.5, which is indeed

a graph (not a tree).

upgrade=yes

upgrade=no

7| oil-obtained=high

drill=yes

f oil-obtained=mediu4

oil-obtained=low

drill=no

oil-obtained=zero

upgrade=yes ”,u""”

upgradéégo
Figure 8.4: A decision graph for the influence diagram in Fig. 8.3

A possible heuristic function for this problem can be defined as follows: For any
node N, if N represents a situation in which the drill decision is no, return zero,
otherwise, return M where M is a large integer. Obviously, if M is large enough,
this heuristic function is admissible. Suppose we use Algorithm DFS presented in

Chapter 3 with this heuristic function to search the decision graph in Fig. 8.5. If the
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upgrade=yes

upgrade=no

% oil-obtained=high

drill=vyes

M 0il-obtained=mediur

oil-obtained=low

drill=no

oil-obtained=zero

upgrade=yes “,u"""

upgradé=no

Figure 8.5: A decision graph, with zero probability arcs removed, for the influence
diagram in Fig. 8.3
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algorithm searches the branch corresponding to drill=yes first, then the subgraph
under the branch corresponding to drill=no could be pruned altogether, provided
that, according to the actual numerical setting, it is profitable to drill. Furthermore,
if we have a stronger heuristic function asserting that the optimal expected value
for the node representing the situation drill=no equals zero, then the lower half of
the decision graph in Fig. 8.5 need not be expanded at all. As a matter of fact,
when building a decision tree for the decision problem, one will use exactly the same

heuristic information to avoid expanding the branch corresponding to drill=no.

8.3 Summary

We have developed a new method for influence diagram evaluation. The basic idea of
the method is to transform an influence diagram into a decision graph in such a way
that the optimal policies of the influence diagram correspond to the optimal solution
graphs of the decision graphs. In this respect, our method is similar to Howard and
Matheson’s original approach to influence diagram evaluation. However, our method
is more sophisticated and efficient than theirs.

To the best of our knowledge, our method is the only one enjoying all of the
following merits simultaneously.

(1) It is applicable to a class of influence diagrams that is more general than the
class of no—forgetting influence diagrams.

(2) It provides an interface to algorithms for Bayesian net evaluation.

(3) It can make use of heuristic search techniques and domain dependent knowl-
edge.

(4) It exploits asymmetry in decision problems.
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NAVIGATION IN UNCERTAIN
GRAPHS
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This part of the thesis is concerned with the problem of navigation in uncertain
environments. We propose U-graphs (uncertain graphs) as a framework for uncertain
environment representation. A U-graph is a distance-graph in which edge (arc)
weights are not constants, but are random variables. We consider this problem for
two reasons. First, the problem is of importance in its own right and there has been
in the literature a growing interest in it. Second, as we will show, such a navigation
task can be represented by a decision graph whose optimal solution graphs correspond
to the optimal plans for the navigation task. Thus it provides an ideal application
domain for the decision graph search algorithms discussed in Chapter 3.

In the next chapter, we first outline two domains where the problem of navigation
in uncertain graphs arises and show how to represent uncertain environments by U-
graphs, then define the problem of U-graph based navigation, and finally discuss
some related work. In Chapter 10, we develop a decision theoretic formalization for
the problem of U-graph based navigation. In Chapter 11, we discuss two algorithmic
approaches to the problem: the off-line approach and the on-line approach. In the
off-line approach, an agent computes a complete navigation plan for the task and
then follows the plan. The algorithms presented in Chapter 3 are used for computing
complete plans. In the on-line approach, the agent needs to decide where to go next
in each encountered situation. We present a polynomial-time algorithm for on-line
navigation. We also give some experimental data on the performance of some off-line

algorithms and the on-line algorithm.



Chapter 9

U—graph based navigation

In this chapter, we introduce a problem of decision making under uncertainty — nav-
igation in uncertain environments. We first discuss some motivations to the problem,
and then introduce U-graphs as a framework for representing uncertain environments.
Next, we define the problem of U-graph based navigation. Finally, we discuss the

related work in this area.

9.1 Motivation

In this section we outline two major domains where the problem of navigation in
uncertain environments arises. One is autonomous agent navigation and the other is

computer network communication.

9.1.1 High-level navigation for autonomous agents

Robotics has been an active research area in the past decade. One of the ultimate
goals of robotics research is to make robots capable of autonomous navigation in
practical and large environments. A large environment is an environment whose
structure is at a significantly larger scale than the observation range of the agent

[42]. Practical environments often change over time. A central part of the navigation
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system of a robot is a path planning component. The primary goal of the path
planning component is to generate a description of a route which can guide the robot
to the desired destination. However, due to the complexity and the uncertainty of
the environment, it is unreasonable to expect the path planning component to have
a priori knowledge of every relevant detail necessary to generate an executable plan
for a given task. Consequently, the path planning component has to appeal to some
perception components for obtaining information dynamically.

In order to strike a balance between the use of prior knowledge and dynamic
information, various kinds of hierarchical structure are commonly employed in most
navigation systems [2, 13, 55, 58, 89]. In these systems, a distinction is made between
a high-level (global) path planner and a low-level (local) path planner (as shown in
Fig. 9.1).

The basic motivation for making this distinction between the low-level and high~
level path planners is to isolate a component that can make maximum use of infor-
mation known about the environment. Mitchell et al. [58] classifies path planning
techniques into three categories: deterministic, stochastic and servo control, based
on the nature of available information and the way in which a goal is decomposed
into subgoals. A deterministic planning process is one in which the available infor-
mation is relatively static and is assumed to be complete. With complete data, a
deterministic planner can generate a plan which bridges the gap between the initial
state and the goal state. A stochastic planning process is one in which the available
information is not complete, but may be augmented as a result of plan execution. A
stochastic planning process typically consists of an infinite loop of three steps: plan-
ning a primitive subgoal based on available information, achieving the subgoal and

perceiving the environment. A servo control planning process is characterized by its
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Figure 9.1: The block diagram of a typical autonomous navigation system
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inherent use of feedback as a mechanism for control. Servo control processes may be
used to achieve a goal which can be expressed in terms of a measurable state variable.

In most navigation systems, the high-level path planner takes a deterministic
approach while the low-level path planner takes a stochastic approach. For a given
navigation task in an environment, the high-level path planner generates a plan
consisting of an ordered set of subgoals based on a high-level representation, usually
called a global map, of the environment. In order to be relatively static and complete,
the granularity of the global map must be coarse. Consequently, the granularity of
the plan generated by the high-level path planner is also coarse. In order to carry
out these subgoals, the low-level path planner needs to further elaborate them. This
elaboration may involve a stochastic loop as described above.

With this distinction, the low-level path planner, along with the executive, can be
regarded as a highly reactive system with limited reasoning capability [1, 7, 13, 58, 63],
but able to perform local navigation, while the high—level path planner provides the
source of global rationale, but is limited in its ability to react quickly to changes in
the environment [55, 58].

In most navigation systems for autonomous robots, primary attention is focused
on the low-level path planner and the executive, while little attention is paid to
problems related to high-level path planning. This is largely due to the fact that,
based on current technology, the development of a quality agent that can navigate
locally is still a challenge to researchers and practitioners. The problem of high-level
path planning is usually modeled as a variation of computing the shortest distance
path from a distance-graph which serves as a representation of the global map.

However, a major drawback of using dista.nce—graphs. as global maps is that the

uncertainty arising from practical environments cannot be modeled. For example,
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suppose we are in a region where traffic jams may occur along some roads. The
traveling cost (time) along a road in the event of a traffic jam can be different from
that without a traffic jam. Furthermore, we do not know in advance whether there
is a traffic jam along a road, though we can estimate the “probability” that such a
jam may happen. As another example, we know that there is a route between two
places, and that the route may be blocked; we are not sure whether the route is
blocked now, though we know that, according to past experience, the probability for
the route being traversable is about 0.8. Clearly, distance-graphs are not sufficient to
precisely model such situations, and it is highly desirable to take this uncertainty into
consideration when we decide whether to go to a destination via an uncertain route.
Therefore, some natural questions arise: how do we model this kind of uncertainty?
how do we define the path planning problem? how do we characterize the quality of
a navigation plan? how do we compute a “good” plan for a navigation task in an

uncertain environment?

9.1.2 Packet routing in computer networks

In a computer network, a key issue for the network layer is how messages (packets)
are routed from source nodes to destinations. This issue is referred to as the network
routing problem.

A commonly used approach for network routing is called packet switching [97, 100].
In this approach, each packet is routed independently. A packet going from a source
to a destination in a network is analogous to an autonomous agent traveling from the
source to the destination in an environment. Unlike an autonomous agent, a packet is
not able to decide where to go. Instead, whenever a packet arrives at an intermediate

node, the node is responsible for deciding where the packet goes next (which link it
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goes through or which neighbour it reaches next). This approach is used widely in
modern computer networks.

A class of commonly used routing algorithms in the computer network community
is based on the concept of shortest distance paths (e.g., [54]). In these routing algo-
rithms, a distance—graph is used to represent the topology of a network. In such a
graph, nodes represent the computer nodes and arcs represent communication links.
The weight of an arc from node A to node B represents the time that it will take
for a packet to be forwarded from node A to node B through the communication
link represented by the arc. Based on this model, a simple shortest path algorithm
is used to make an optimal decision for every node—packet pair. Furthermore, if the
network is static (i.e., neither the network topology nor the arc weights ever change),
a fixed optimal routing table, indexed by all possible destinations, can be constructed
for each node. When a packet arrives at a node, the node needs only to look up the
destination of the packet in the table in order to decide through which link the packet
should be forwarded.

Despite its simplicity, the routing model described above suffers from an obvious
problem arising from the impracticality of the stasis assumption. In a network, the
time for a packet to go through a link can be roughly divided into three components:
the transmission time, the CPU processing time, and the time the packet has to wait
in a buffer. Although the first two components are comparatively stable, the third
component varies depending on the traffic load in the network.

A standard way to alleviate this problem is “routing-information updating” [100].
That is, each node periodically measures the lengths of the queues of those arcs
emanating from it and broadcasts this information to the whole network. Upon

receiving new routing information, each node updates its graph representation of the
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network and recomputes a new routing table based on the updated graph.
Experience [6, 103] shows that a routing-information updating approach can result
in good network performance when the general traffic load in the network is light.
However, when a network is under heavy traffic load, the solution does not work
well. Since the weight of each arc in the graph is measured at some earlier time, the

” of the network at a particular moment.

distance—graph represents only a “snapsho
As the traffic load becomes heavy, the waiting times for links tend to change quickly.
Thus, the weight information in the graph tends to be out—of-date quickly. Therefore,
the shortest paths based on the representation of a snapshot are likely different from
the real shortest paths.

One way to compensate for this deviation is to increase the frequency of routing—
information updating. Unfortunately, this leads to new problems. First, frequent
routing-information updating requires frequent re-computation of routing tables,
therefore, the requirement on CPU resource is increased. Second, since the routing-
information is distributed across the network by “flooding,” frequent routing updating
consumes an unacceptable portion of network bandwidth. This in turn leads to even
heavier traffic loads. A possible consequence of frequent updating can be a wild
oscillation and performance degradation of the network [6, 103]. In practice, the
frequency of routing information updating is chosen to be quite low to ensure the
stability of the network. For example, in ARPANET, the typical interval between
routing information updating ranges from 10 to 50 seconds.

Another way to ensure that the weight information in the graph remains up-to-
date for a longer time is to use probabilistic information. Since the traffic load in a
computer is dynamic, the lengths of the waiting queues for links change over time.

Therefore, it is no surprise that constant estimates of the link delays will be out—of—
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date quickly. On the other hand, the changes of the queue lengths can often exhibit
some kind of probabilistic pattern (this is supported by queuing theory [37]). It seems
reasonable to use probability distributions to represent the dynamic changes of the
queues.

If computation of the routing tables is based on probabilistic information, then the
optimality of the routing tables can be robust against changes in link delays. Routing
information ui:ada.ting will not be necessary as long as the link delay changes conform
statistically to the corresponding probability distributions. Thus, it can be hoped
that the frequency of routing information updating could be substantially decreased
(say, to a few times per day).

As in the case of autonomous navigation, the immediate questions are: how do
we represent and use probabilistic information for network routing?

In the next section, we propose a framework, called U-graphs, for uncertain envi-
ronment representation. In Section 9.3, we illustrate how to use U-graphs to represent
uncertain environments. The rest of this chapter and the chapters to follow are de-
voted to problems of U-graph based navigation. By U-graph based navigation, we
mean the process of navigating in an uncertain environment represented by a U-
graph. Although this abstract treatment is applicable to both “real” navigation in
natural environments and to packet routing in a computer network alike (see [75]),
we assume in the rest of this thesis that our application context is the former when

we describe the intuitive meanings of various concepts.

9.2 U-graphs

A U-graph is an extension of an ordinary distance—graph. The weights of some edges

(arcs) in a U-graph are not constants, but are random variables. Clearly, probabilistic
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information on the uncertainty with respect to travel costs in a natural environment
or link delays in a computer network can be represented in a U-graph.

A U-graph can be either directed or undirected. In this thesis, we consider undi-
rected U-graphs only, because (1) this makes the presentation less cumbersome; (2)
undirected U-graphs are sufficient in most cases encountered in navigation; and (3)
the techniques and the algorithms developed for undirected U-graphs can easily be
adapted to directed U-graphs.

If the weight of an edge is a random variable, the edge is referred to as an uncertain
edge. Otherwise, the edge is referred to as an ordinary edge, or simply as an edge
if no confusion arises. An uncertain edge between vertices A and B represents the
knowledge that there exists a connection between the locations denoted by the vertices
A and B, and that the weight of the connection is not certain and is given by a random
variable.

A formal definition of a U-graph is as follows.
Definition 9.1 A U-graph is quadruple (V, E,U, P), where:
e V is a finite set of vertices;
o E is a set of ordinary edges over V with constant weights;

o U is a set of uncertain edges over V whose weights are discrete non-negative

random variables;
e P specifies a joint probability distribution over U .

This definition is a generalized version of the one presented in [76]. Let G =

(V,E,U,P) be a U-graph. For each u € U, let 2, denote the set of possible
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weight values of u. We call Q, the frame of u. For each subset U’ C U, let
‘QU’ = Hueuf Qu 5
Since P is a joint distribution over U, for each subset U’ C U, we can talk about

the marginal distribution over U’, which is defined as follows:

P{U}= Y P{U}.

U-u
Suppose U is indexed such that U = (u1,...,un). The distribution P can be

regarded as a mapping from Qu to [0,1]. For any a = (ai,...,am) € Qu, we
let U = a denote the event that each uncertain edge u; takes weight a;, for each
¢t = 1,...,m, and let P{U = a} denote the probability of that event. Let G(a)
be a graph obtained from G by assuming that uncertain edge u; has weight a;,
i=1,...,m. G(a) is called a possible realization of G. The probability that G(a)
is the actual realization is given by P{U = a}.

The joint distribution P can be given in various forms such as a table or a Bayesian
net. In the rest of this thesis, we assume that there are algorithms to compute
marginal distributions P{U’} from a joint distribution for any subset U’ C U, and
to compute a posterior distribution from a joint distribution and a piece of evidence.

As an example, a U-graph is shown in Fig. 9.2. The solid lines are edges and the
dotted lines are uncertain edges. Each edge has a positive weight. The frames of the
uncertain edges are given as follows: Q,, = Q,, = {10,25} and §,, = Q,, = {20,45}.
The joint distribution is given in Table 9.1.

This U-graph of Fig. 9.2 can be viewed as a representation of a set of locations
connected in a ring structure by highways. The uncertain edges model those highways
which may be jammed. The uncertain edges carry the following meaning: It will cost
10 (in some normalized unit) to traverse the highways denoted by s; and s; if they

are not jammed and cost 25 if they are jammed; similarly, it will cost 20 to traverse
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Table 9.1: The weight distribution P

51 | s2 | 83 | sa prob
10 | 10 | 20 | 20 | 0.0096
10 | 10 | 20 | 45 | 0.0864
10 | 10 | 45 | 20 | 0.0024
10 | 10 | 45 | 45 | 0.02186
10 | 25 | 20 | 20 | 0.0144
10 | 25 | 20 | 45 | 0.1296
10 | 25 | 45 | 20 | 0.0036
10 | 25 | 45 | 45 | 0.0324
25 | 10 | 20 | 20 | 0.0224
25 | 10 | 20 | 45 | 0.2016
25 | 10 | 45 | 20 | 0.0056
25 | 10 | 45 | 45 | 0.0504
25 | 25 | 20 | 20 | 0.0336
25 | 25 | 20 | 45 | 0.3024
25 | 25 | 45 | 20 | 0.0084
25 | 25 | 45 | 45 | 0.0756

the highways denoted by s; and s4 if they are not jammed and cost 45 if they are

jammed.

Figure 9.2: An example U-graph

In a navigation process, the actual states of some uncertain edges may be discov-
ered. We distinguish two ways for discovering the states of uncertain edges. One way
is to “buy” the information. The other way is to observe.

A question related to information purchasing is: for which edges is information
available? and at what price, in what situation? The answer to this question depends

on the concrete problem setting. Another related question is: if a piece of information
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Table 9.2: The weight distribution P’ after observing s; = 10

82 | 33 | s4 prob
10 | 20 | 20 | 0.0320
10 | 20 | 45 | 0.2880
10 | 45 | 20 | 0.0080
10 | 45 | 45 | 0.0720
25 | 20 | 20 | 0.0480
25 | 20 | 45 | 0.4320
25 | 45 | 20 | 0.0120
25 | 45 | 45 | 0.1080

on the actual state of an uncertain edge is available at some price in some particu-
lar situations, should an agent buy this information at the price? This problem is
addressed in Section 9.4.3.

If the state of an uncertain edge is observable, the agent can discover the actual
state of the uncertain edge at no cost. A related question is: which uncertain edges
are observable in what situations? It is plausible to assume that an agent can observe
the state of an uncertain edge when it is at a vertex of the uncertain edge’. Of course,
an uncertain edge may also be observable in some other situations. For example, when
an agent is at a location with high altitude, the uncertain edges in the nearby area
may be observable as well. However, this depends on the concrete problem setting
and we treat this case as a special kind of information purchase.

Whenever an agent obtains some information I regarding the actual state of
some uncertain edges, a new U-graph is needed to represent the updated knowledge
about the environment. The difference between the new U-graph and the old one
lies only in their joint probability distributions. Thus, in order to derive the new

U-graph, we only need to compute a posterior probability distribution P’ = P{-|I}

1For the case of directed U—graphs, it is reasonable to assume that an uncertain edge is observable
in the situation when the agent is at the tail of the arc (at the entry of a one way road). This is
also the case for network routing where it is assumed that a computer node knows the buffer state
of the outgoing channel.
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from the joint distribution and the new information I. If the joint distribution is
represented as a Bayesian net [69], then the computation can be carried out by any
well-established Bayesian net evaluation algorithm. The updating would be trivial if
the weight variables are mutually independent.

For example, suppose that we discovered that the actual weight of uncertain arc
s; in the previous example is 10. Let I/ denote this evidence. Then, we need to
compute a posterior probability P’ = P{:|I} such that P'{e} = P{e|l} for any
event e. The joint distribution P’ is given in Table 9.2.

In Definition 9.1, we make an explicit distinction between edges and uncertain
edges. One may immediately argue that this distinction is not necessary because
an edge is a special uncertain edge. This argument is valid. Theoretically, it is not
necessary to make such a distinction. We do this for two reasons. First, the number of
uncertain edges turns out to be a crucial complexity parameter — the time complexity
of some of the algorithms to be developed is exponential in the number. Second, by
making this distinction, we encourage the user to use ordinary edges where they are
sufficient, in order to obtain better computational performance.

In Definition 9.1, we make the following assumption.

Assumption 1: The weight distribution of any uncertain edge in a U-graph is
discrete.

While this assumption facilitates our formulation of U-graph based navigation, it
does not limit much the expressive power of U-graphs, since any continuous distri-

bution can, at least in theory, be approximated by a discrete distribution.
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9.3 Representing Uncertain Environments in U—
graphs

The usefulness of U-graphs can be demonstrated from two aspects. First, as a natural
extension of distance—graphs, U-graphs inherit the expressive power of distance-
graphs, in addition to the capability of expressing a kind of uncertainty. Thus, U-
graphs can be useful in situations where distance-graphs can be used.

Second, we can think of various practical situations where distance-graphs are
insufficient and U-graphs can be useful. We illustrate this below by considering some
examples in high-level navigation.

The essential knowledge that a path planner needs to have about an environment
for high-level path planning is the environment’s topological structure, which can
be represented by a set of “interesting places”, and the connectivity relation among
these places. The places can be abstracted as vertices, and the connectivity relation
abstracted by edges in a U-graph. If it is uncertain how much it costs an agent
to traverse the route between two places, this uncertainty can be represented by an
uncertain edge. Here are some examples.

Example 1: Fords.

Suppose an agent is at place A in an environment as shown in Fig. 9.3-(a) and
wants to reach place F. In this environment there are two fords (BD and CE) along
a river. Suppose that the agent is not sure whether the fords are traversable or not,
though it knows the joint probability for the traversability state of the two fords.
Suppose further that the agent knows the distances between the place pairs (the
numbers in the figure). Based on all this information, we can construct a U-graph

as shown in Fig. 9.3-(b) to model the environment, where the directed graph is a
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Bayesian net representing the joint distribution of the weights of the uncertain edges.

sl

(a)

(b)

Figure 9.3: Modeling an uncertain environment by a U-graph

Example 2: Traffic Jams.

Consider the situation shown in Fig. 9.4. There may be a heavy traffic jam, or a
light traffic jam along segment AB of a highway; and the probabilities for the events
of heavy traffic jam, light traffic jam and no traffic jam along the segment are p,,
p2 and ps (p1 + p2 + ps = 1), respectively. Let ¢;, ¢; and ¢3 be the costs that an
agent needs to spend to go through the segment in light of the events heavy traffic
jam, light traffic jam and no traffic jam, respectively. This segment can be modeled
by an uncertain edge s with weight distribution that takes value ¢;, ¢; or ¢z with

probabilities p;, p; and ps respectively.

Figure 9.4: A segment of road that may have traffic jams

Example 3: Rooms connected by doors
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In a typical indoor environment, doors are a source of uncertainty since they may
be locked from time to time. This kind of environment can be modeled by U-graphs
as well. As an example, a simple map of the LCI lab area in the old building of
the computer science department of UBC is shown in Fig. 9.5. Suppose this map is
constructed for a mobile robot in the lab whose responsibility is to bring coffee from
the coffee machine in Room 300. For each given task, the robot must go to the coffee
machine from the lab and then come back with coffee. To accomplish such a mission,
the robot needs to plan a return route to Room 300. Since the doors shown in the
map are not always open and the robot is unable to go through a locked door, the
robot should take into account the uncertainty arising from these doors.

For high-level path planning, the map can be represented by the U-graph shown
in Fig. 9.6, where each uncertain edge models a door in the map. The frame of each
uncertain edge consists of two values: the small one representing the effort needed to
go through the corresponding door when it is open, and the larger one representing
that a locked door is not traversable.

Example 4: Choke Regions.

Linden and Glicksman [49] partition an environment into three kinds of regions:
passable regions, impassable regions, and choke regions. A region is passable if the
agent concerned can travel through it, and is otherwise impassable. A choke region is
a relatively narrow traversable region between impassable regions, where some kind of
blockage (hard or soft) that cannot easily be detected remotely may happen. Roads
through dense forests and passes through mountains are examples of choke regions.
Clearly, if the probabilities of choke regions being traversable can be estimated in some
way, the uncertainty induced by choke regions can be readily modeled by uncertain

edges.
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Figure 9.5: A simple map of the LCI lab area

Figure 9.6: A U-graph representing the LCI lab area
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An example environment is shown in Fig. 9.7, where the dark areas are impass-
able regions and those narrow areas between the dark areas are choke regions. The

topological structure of the environment can be depicted by a U-graph like the one

embedded in the figure.

Figure 9.7: A map of an environment with choke regions

9.4 U-graph Based Navigation

When we refer to a navigation task, we assume that we are given a U-graph rep-

resentation of an environment. We do not consider the problem of how to obtain
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a U-graph representation. There is a large body of research on map acquisition by

exploring environments (e.g., [14, 22, 41, 57]).

9.4.1 Distance-graph based navigation vs. U-graph based
navigation

There are several differences between distance—graph based navigation and U-graph
based navigation. First, the plan structures are different. Since it is assumed that
no contingent event occurs during distance-graph based navigation, the navigation
plan generated for a distance-graph based navigation task is a simple path in the
distance—graph between the start vertex and the goal vertex. On the other hand, for
U-graph based navigation, since it is impossible to predict the actual weight of an
uncertain edge in advance, some contingent events may occur (e.g., a plan specifies
traversal an uncertain edge only if its weight is less than some constant). A plan for a
U-graph based navigation task specifies what to do in some or all of the contingencies
encountered during the course of a traversal.

Second, the interactions between the executives and the environments are differ-
ent. For distance-graph based navigation, the executive need not interact with the
environment. However, for U-graph based navigation, the executive needs to exam-
ine the status of an uncertain edge when it is at a vertex of the edge. Based on the
examination result, the environment model (i.e., the U-graph) is updated and the
next move is selected.

Third, the interactions between path planners and the executives are different. In
distance-graph based navigation, the path planner computes a shortest path between
the start vertex and the goal vertex and passes the description of the path to the

executive. The executive simply follows the path with no interaction with the path
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planner. But in U-graph based navigation, if the executive encounters a situation for
which no action is specified in the plan, the executive has to appeal to the path planner
for a new plan. The practice of interleaving planning and execution is usually called
reactive planning [27]. For the extreme case where the plans generated by the planner
cover all the contingencies possibly encountered during the course of navigation, no
replanning is ever needed. Schoppers called these plans Universal Plans [84]. In this
thesis, we call these plans “complete plans.” We will discuss the computational issues
of navigation both in the paradigm where a path planner is used to generate complete

plans and in the paradigm where a path planner is used to perform reactive planning.

9.4.2 The optimality issue

As we mentioned in the previous section, the plan generated for a given distance-
graph based navigation task is a simple path between the start vertex and the goal
vertex in the distance graph. Thus the optimality criterion for distance-graph based
navigation is simply to minimize the path distance. On the other hand, for U-graph
based navigation, some contingencies may arise. It is impossible to predict the exact
navigation trace for a given task. Therefore, the optimality criterion for distance-
graph based navigation is not applicable to U-graph based navigation. Actually,
U-graph based navigation can be thought of as a game against nature [65]. At any
moment, the concerned agent faces some uncertainty about the actual weights of
those uncertain edges, and needs to decide where to go next. Thus the actual trace
(and the actual cost) of a navigation cannot be determined based purely on the plan,
but is also dependent on the actual state of the environment.

An important question about U-graph based navigation is what optimality criteria

to use. In the literature, three criteria [4] have been used for this kind of problem:
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minimizing the competitive ratio [94], minimizing the worst—case cost and minimizing
the expected cost.

In this thesis, we use the criterion of minimizing the expected cost for U-graph
based navigation. However, the formalization we will develop is general enough for
other optimality criteria as well. We will discuss this in Section 10.4.

In order to illustrate the optimality criterion of minimizing the expected cost, let
us consider a navigation task in an environment represented by the U-graph shown in
Fig. 9.8-(a) where the weight distribution of the uncertain edge takes values ds and
M with probabilities p and (1 — p) respectively, where M is a very large number.
Intuitively, this uncertain edge denotes a segment of route that may be traversable
with probability p. Suppose that an agent is at vertex A and is asked to go to
vertex B.

There are two plans for the task?. The first one is to go to B through edge AB.
Another one is as follows: go to C first; if the weight of CD is d4, go to D then to
B; otherwise go back to A, then go to B through edge AB. The expected cost for the
first plan is d;, the weight of edge AB. The expected cost for the second plan is given

by the following formula:

d + p* (da +ds) + (1 — p) % (dg + ).
The agent can choose between the two options based on the expected costs.
9.4.3 The possibility of information purchase

In the previous example, we assumed that the status of an uncertain edge can be

determined when an agent reached either vertex of the uncertain edge. In many

2 Actually, there are many “silly” plans such as repeatedly going back and forth between node A
and C for an arbitrary number of times and then to node B. Here, we are not interested in these
silly plans and just ignore them.
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Figure 9.8: A simple path planning case with uncertainty
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situations, the status of an uncertain edge can be determined remotely, possibly at
some cost. For example, there may be a telephone service that can tell an agent
whether or not there is a traffic jam along some road segment.

If we assume that an agent can “buy” information on the actual status of one or
more uncertain edges, a natural problem arises: “at what price should an agent buy
a particular piece of information?” In order to illustrate this problem, consider again
the navigation situation shown in Fig. 9.8-(a). Suppose that the actual status of the
uncertain edge is available to the agent at cost ¢. Then, what is the range of cost ¢
such that the agent would be willing to buy the information?

As we know, if the agent does not buy information about the status of the edge,

the minimal expected cost is:
min{dy,ds + p* (ds + d3) + (1 — p) % (d2 + d1) }.
On the other hand, if the agent buys the information at cost ¢, the expected cost is:
c+p*(dy+da+ds) + (1 — p) % dy.
Thus, the agent should buy the information if and only if:
c+px(dy+ds+ds)+ (1 —p)*dy < min{di,da +p*(ds+d3)+ (1 —p)*(d2+ d1)}

Or
¢ < min{p(dy — dy — dy — d3),2(1 — p)d.}.

For the situation shown in Fig. 9.8-b, the agent should buy the information if and

only if ¢ < 24.
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9.5 Related Work
9.5.1 Related work in path planning

A number of approaches to path planning and navigation in uncertain environments
have been proposed and many navigation systems for mobile robots have been built
(e.g., [2, 13]). However, in most of these systems, attention is focused primarily
on the problem of how to make a robot capable of moving around in relatively small
environments. Some notable exceptions are Kuipers’s TOUR model [41], Kuipers and
Levitt’s COGNITIVE MAP [42] for the representation of spatial knowledge of large
scale environments, and Levitt and Lawton’s qualitative approach [48] to navigation
in large scale environments.

The emphasis of Kuipers’s TOUR model is on its power to express and assimilate
knowledge gradually acquired over time. The emphasis of Levitt and Lawton’s work
on qualitative navigation is on techniques for an agent to locate itself relative to the
goal position and various remote landmarks. The emphasis of our work on U-graph
based navigation is, however, on the precise formulation of optimal navigation in
environments with uncertainty, as well as algorithmic solutions to optimal navigation.

Dean et al [15] describes a navigation system that makes use of utility theory
in navigation planning. They emphasize the coordination of task—-achieving activities
and map-building activities so as to efficiently accomplish a group of navigation tasks
in an uncertain environment. In contrast, our planner is concerned primarily with
finding optimal plans for accomplishing given U-graph based navigation tasks.

Linden and Glicksman’s work on contingency planning [49] is also concerned with
computing optimal plans for navigation in large and uncertain environments. They

use uncertain grids to represent uncertain environments. A cell of an uncertain grid
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has value 0 or 1 or is a binary random variable. A cell with value 1 means the point
is free; a cell with value 0 means the point is occupied. A cell with a binary random
variable means that it is uncertain whether the point is free or not, and the actual
state of the point is determined by the random variable. A grid is partitioned into
three regions: passable regions, impassable regions and choke regions. It is assumed
that all the cells in a passable region have value 1, all the cells in an impassable
region have value 0, and the values of all the cells in a choke region are determined
by random variables. Linden and Glicksman propose a path planning algorithm for
this model. The algorithm is an extension of A*.

Mobasseri has studied the problems of path planning in uncertain environments
from a decision theoretic point of view [59]. He also uses uncertain grids to represent

uncertain environments, and formalizes the problem in a dynamic programming style.

9.5.2 Canadian Traveler Problems

Papadimitriou and Yannakakis [66] first named the problem of traveling with uncer-
tainty the Canadian Traveler Problem (CTP). In their formulation, a traveler is given
an unreliable graph (map); some of the edges of the graph may disappear at certain
times. They also assume that the traveler cannot know whether an edge is actually
there unless he/she reaches an adjacent vertex of the edge, and that the status of an
edge will not change after being revealed. The problem is to devise a travel plan that
results in optimal travel (according to some predefined measure) from one vertex to
another.

Papadimitriou and Yannakakis define their optimality criteria in terms of com-
petitive ratios. Competitive ratios are used in the literature to measure the quality

of on-line algorithms [51, 94]. The competitive ratio of an on-line algorithm with
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respect to a problem can be informally defined as the ratio of the performance of the
on-line algorithm to the best performance that may be achieved for any problem in-
stance consistent with the given problem and with the information discovered during
the operation [4]. Papadimitriou and Yannakakis show that devising an on-line travel
plan with a bounded competitive ratio is PSPACE-complete. They also show that
the problem of devising a plan that minimizes the expected ratio, provided that each
edge in a graph has associated with it a given probability of being present, remains
hard (#P-hard and solvable in polynomial space).

Bar-Noy and Schieber have studied several interesting variations of the CTP [4].
One variation is the k-Canadian Traveler Problem, which is a CTP with k as the
upper bound on the number of blocked roads (disappeared edges). They give a
recursive algorithm to compute a travel plan that guarantees the shortest worst-case
travel time. The complexity of the algorithm is polynomial for any given constant k.
They also prove that the problem is PSPACE-complete when % is non-constant.

Another variation Bar-Noy and Schieber have studied is the Stochastic Recoverable
CTP. In this problem, it is assumed that blocked roads can be reopened in certain
time. They present a polynomial algorithm for devising a travel plan that minimizes
expected travel time, under the assumption that for any edge e in a given graph, the
recover time of e is less than the weight of any edge adjacent to it in the graph. It
is unclear how to relax this assumption.

Polychronopoulos studies in his Ph.D. thesis [71] a problem called Stochastic Short-
est Distance Problem with Recourse (SSDPR). There are two common aspects be-
tween his study on the SSDPR and our study on U-graph based navigation problem.
First, the problem statement is very similar. In a SSDPR, an agent is asked to reach

a goal vertex from a start vertex in an uncertain graph. It is assumed that the actual
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weight of an uncertain edge is determined only when an adjacent vertex is visited for
the first time. The problem is to find a navigation plan minimizing expected cost.
Second, Polychronopoulos also considers off-line and on-line navigation paradigms,
and develops algorithms for both paradigms.

There are four major differences between Polychronopoulos’ study and ours.

First, Polychronopoulos considers two versions of the problem, one with and an-
other without an independence assumption on the weight distributions of uncertain
edges. In the version without the independence assumption, an uncertain graph is
represented by a graph along with the set of possible realizations of the edges in the
graph. In contrast, our formulation treats both cases uniformly. In both cases, a U-
graph is represented by a graph and a joint probability distribution over the uncertain
edge set. The joint probability distribution can be given in various forms such as a
Bayesian net. Within our framework, the case with the independence assumption is
naturally a special case of the one without the independence assumption.

Second, our algorithms are different. His off-line planning algorithm is a dynamic
programming version while ours are search oriented. In the development of our algo-
rithms, we emphasize the possibility of pruning the non-optimal part of the search
space both at problem formulation stage and at plan computing stage. For on-line
planning, our algorithm is more sophisticated than his. In his on-line planning al-
gorithm, the weight of a substituting edge is simply the mean value of the weight
distribution of the corresponding uncertain edge. Thus, only the information local
to an uncertain edge is taken into account in computing the substituting weight for
the uncertain edge. However, in our on-line algorithm, in addition to the local in-
formation, the goal position and the global structure of the U-graph of the given

navigation task are also taken into account in computing the substituting weights for
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uncertain edges. Initial simulation results show that our on-line algorithm results in
better navigation quality.

Third, Polychronopoulos discusses navigation problems with both directed and
undirected graphs, while our attention is focused on problems with undirected graphs,
by noting that algorithms developed for undirected graphs can be adapted to directed
graphs.

Fourth, Polychronopoulos presents some theoretical results about the complexity
of the problem. In particular, he shows that SSDPR is #-P hard and is solvable in
P-SPACE.

9.5.3 Related work in AI and decision theory

In some sense, our study on U-graph based navigation can be viewed as an application
of decision theory to planning. In the literature, much work has been reported on
applications of decision theory to AI problems. A common characteristic of these
applications is that a given problem is viewed as a decision making problem and
one is interested in a “good” or optimal solution, instead of an arbitrary solution to
the problem. These applications include general planning [9, 16, 29, 46], diagnostic
reasoning (72, 73], reactive systems [24, 28] and domain specific problem solving
such as the monkey and bananas problem [23], the blocks world [39] and navigation
problems [15, 59, 60]. Our work on U-graph based navigation belongs to the last

group, i.e., applying decision theory to the domain of autonomous navigation.



Chapter 10

A Formalization of U—-Graph
Based Navigation

In this chapter, we present a decision theoretic formalization for U-graph based nav-
igation. With this formalization, a U-graph based navigation problem is represented
by a decision graph whose optimal solutions represent the optimal plans. This for-
malization reduces the problem of computing optimal plans for navigation tasks to
a decision graph search problem, for which we have developed various algorithms.
Moreover, the formalization is general enough to deal with various variations of U-
graph based navigation.

In the previous chapter, we made an assumption about the weight distributions
of U-graphs. Before starting our formalization, we make two additional assumptions
for U-graph based navigation.

Assumption 2: The agent can determine the status of an uncertain edge of a
U-graph when and only when it is at either vertex of the uncertain edge.

This assumption rules out the possibility of “buying” information on the status
of uncertain edges. The sole motivation for making this assumption is to simplify our

presentation. Our formulation can easily be extended to handle decisions by agents

174
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to buy or decline information. We come to this point in Section 10.2.

Assumption 3: The status of any uncertain edge does not change after being
revealed. |

This assumption is crucial to the formalization and the algorithms to be developed
in this and the next chapters. An immediate consequence of this assumption is that
when the agent determines the actual weight of an uncertain edge, the uncertain edge
can be regarded as an edge with this weight.

With Assumptions 2 and 3, we can precisely specify how an agent updates a
U-graph after observing the states of some uncertain edges. Let G = (V,E,U, P)
be a U-graph. Suppose the agent has just arrived at vertex v € V. Let U(v) =
{uiy, ..., u; } be the set of the uncertain edges adjacent to v. Then, according to
Assumption 2, the agent can observe the weights of these uncertain edges and compute
a new U-graph based on the observation. Suppose the observation is that the actual
weights of uncertain edges u;,, ..., u;, are wi,...,w; respectively. Let a = (wy, ..., w).
We use U(v) = a to denote the observation. The new U-graph G(a) = (V, E,U, P’)
is the same as G except the joint distribution is the posterior distribution P’ obtained
from P based on evidence U(v) = a. More precisely, P’ is a distribution over U
such that P'{X} = P{X|U(v) = a} for any event X about the uncertain edges in
U.

Let Q@ = [Tuev(v) - For each element a € 2, G(a) is one of the possible new
U-graphs that the agent may have after the observation. The probability that G(a)

is the actual one is given by the marginal probability

P{U(v) =a} = P{uy =Wy, 4, =Wk}
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10.1 Preliminaries

Let G = (V,E,U, P) be a U-graph. An uncertain edge v € U is deterministic if
there exists a value w € Q, such that P{u = w} = 1. An uncertain edge is random
if it is not deterministic.

Let U? = {u € Ulu is deterministic} and U” = {u € Ulu is random}. U? and
U" partition U .

For each v € V, let U'(v) = {u € UT|u is adjacent to v}. U"(v) is the set of
random edges adjacent to vertex v. Let V™ = {v € V|U"(v) # ¢} and Ve =V -V".
V" is the set of vertices to which at least one random edge is adjacent and V¢ is the
set of vertices to which no random (uncertain) edge is adjacent.

If the agent comes to a vertex v in V", it can discover the actual weights of the
random edges in U"(v). Thus, the vertices in V7" are called information collecting
vertices.

For each u € U, we say w is a possible realization of u if w € §,. Let u° =
min{w € Q,|P{u = w} > 0} and u? = maz{w € Q,|P{u = w} > 0}. We call u°
the optimistic realization of v and u? the pessimistic realization of u. Notice that
u is deterministic iff u? = u°.

An induced graph of G is a variation of G in which each uncertain edge has a pos-
sible realization as its weight. Note that an induced graph is a distance graph. Each
element a € Oy determines an induced graph, denoted as G(a), of G. The proba-
bility that G(a) is the actual realization of G is given by the marginal probability
P{U = a}.

The pessimistic induced graph GP of G is the induced graph of G in which the

weight of each uncertain edge is equal to the corresponding pessimistic realization.
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The optimistic induced graph G° of G is the induced graph of G' in which the weight
of each uncertain edge is equal to the corresponding optimistic realization.

We use configurations to represent the situations that an agent may encounter
during navigation. A configuration is a quadruple (G,v.,v,,¢), where G is a U-
graph representing the current knowledge that an agent has about the environment;
v, and v, are two vertices of the U-graph representing the current position and the
goal position, respectively; ¢ is a parameter representing the cost that the agent has
incurred so far when it reaches this configuration. For a given navigation task of going
from v, to v, in G, the configuration (G,vs,v,,0) is called the initial configuration.
A terminal is a configuration (G,v,v,,c) such that the shortest distance from v, to
v, in GP? is equal to that in G°. Obviously, (G,v,,v,,c¢) is a terminal.

These concepts about induced graphs can be generalized to configurations. We
simply refer to the pessimistic (or optimistic) induced graph of the U-graph of a
configuration as the pessimistic (or optimistic) induced graph of the configuration.

A configuration C = (G,v.,vy,¢) is called an uncontrolled configuration if v, is
an information collecting vertex (i.e., v. € V™). A configuration C = (G, v.,v,,¢) is
a controlled configuration if v, is not an information collecting vertex (i.e., v. € V).

When an agent is in a non-terminal controlled configuration C = (G, v, vg,c)
with k (k > 0) neighbours v,...,v;, the agent has the freedom to move to any one
of these neighbours. Should the agent decide to move to a particular neighbour, the
agent incurs cost equal to the weight of the edge between the current vertex and the
neighbour’. Such a move leads to a new configuration. In order to model such moves,

we define k controlled transitions, each corresponding to a move to one of the &

In case there are multiple edges between the two vertices, the cost is equal to the minimum of
the weights. In the discussion to follow, we assume that there is at most one edge connecting two
vertices, without loss of generality.
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neighbours. We use trans(C,t) to denote the configuration to which the transition

t can lead from configuration C'. Formally, we have:
trans({G,ve, vy, ¢),t) = (G,v', vy, ¢ + ¢(t))

where t is the transition corresponding to neighbour v, and ¢(t) is the cost of
transition ¢, equal to the weight of edge (v.,v’). Since the agent chooses which
transition will happen, these transitions are called controlled transitions.

When in a non-terminal uncontrolled configuration C = (G, v., vy, ¢) with U"(v,) =
{uiy, .-y ui } (k> 0), the agent can observe the states of the random edges in U"(v.)
and update the U-graph based on the observation. For each a € Quyr(v,), G(a) is
a possible new graph and (G(a),v.,vg,c¢) is a possible next configuration. Depend-
ing on the actual state of the random edges in U"(v.), the current configuration will
change to one of the possible next configurations. Such configuration changes incur no
cost. To model such configuration changes, we define a set of uncontrolled transitions
for configuration C', each corresponding to a configuration change from C to one of
its possible next configurations. We refer to these transitions as uncontrolled tran-
sitions because which transition will actually happen is not controlled by the agent,
but determined by the probability distribution over the possible next configurations
of the uncontrolled configuration. The probability distribution is the same as that of
the new U-graphs. More specifically, the probability that C' = (G(a), v, vy, ¢) is the
actual next configuration is P{U"(v.) = a}. This probability is associated with the
transition from C to C".

With these definitions, we can think of U-graph based navigation as a sequence of
decision making and configuration transitions. When an agent is in a non-terminal
controlled configuration, it can select a controlled transition and then reach a new

configuration. The new configuration can be either a terminal, an uncontrolled con-
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figuration or a controlled configuration. In the case that the new configuration is a
controlled configuration, the agent can repeat this transition selection. If we take
a longer perspective on the transition selection, we observe that, from a controlled
configuration, the agent will eventually either come back to the same configuration or
reach an uncontrolled configuration or reach a terminal by taking a sequence of con-
trolled transitions. The first possibility corresponds to a case where an agent takes a
circular trip without discovering any new information. Obviously, any navigation plan
resulting in this kind of behavior must not be optimal. Thus, we want to exclude such
circular behaviors. To do so, we use composite transitions to model “non-circular”
controlled transition sequences and ignore the “circular” transition sequences.

A sequence of controlled transitions is called a composite transition if it leads
to the destination v, or to an uncontrolled configuration. Formally, a sequence of
controlled transitions T' = t,...,1x with k¥ > 1, is a composite transition from
controlled configuration C = (G, v, ng, ¢) to configuration C’ = (G, v, v,,¢) if C' =
trans(...trans(C,t1),...,tx) and if v = v, or C’ is an uncontrolled configuration.
We use ctrans(C,T') to denote the configuration resulting from taking the composite
transition T in C'. For the above case, we have ctrans(C,T) = C'. The cost for a
composite transition 7', denoted by ¢(T'), is defined as the sum of the costs of the
constituent transitions of T'. Intuitively, starting from any controlled configuration,
the next intermediate vertex the agent will reach is either the goal vertex or an
information collecting vertex. Note that, for a given controlled configuration C' and
a configuration C’, there may exist zero, one or many composite transitions from
C to C'. A composite transition from C to C’ is optimal if it has the least cost.
A configuration C' is called a composite successor of a controlled configuration C

if there is a composite transition from C to C’. From now on, whenever we refer
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to a successor of a controlled configuration we mean a composite successor of the
configuration. Similarly, whenever we refer to the transition set associated with a
controlled configuration, we mean the set of optimal composite transitions of the
configuration.

The composite successor set of a controlled configuration C' = (G, v., vy, ¢) can be
computed as follows. Let V. = V" U {v,}. V. is called the set of candidate vertices
for the next move. If the shortest path from v, to a vertex v € V, in the pessimistic
induced graph GP contains no vertex in V. other than v, then v is a vertex the
agent can reach next by a (composite) transition. Vertex v is called a next vertex
of C. Formally, let V' denote the set of all next vertices of C and let d,(G?,v,v)
denote the shortest distance from v, to v in GP. The successor set of C' is given
by:

{(G,v,vq,c+ ds(GP, v, v))|v € V'}.

The cost of the composite transition from C to (G, v, vy, c+ds(G?, ve, v)) is ds(G?, ve, v).
This successor set can be computed by Dijkstra’s shortest distance algorithm [21].
Configuration C’ is reachable from configuration C if C’ is a successor of C
or if there exists a configuration C” such that C” is a successor of C and C’ is
reachable from C”. The configurations reachable from the initial configuration along
with the successor relationship among them form a directed graph. Such a graph is

called the representing graph, and can be specified as follows.
e The initial configuration is in the representing graph.

¢ If a non-terminal controlled configuration C' is in the graph, so are all of its
(composite) successors, which form its children in the graph. The arc from C' to

each child configuration C’ corresponds to the (optimal composite) transition
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from C to C’ and is labeled with the cost of the transition.

e If a non-terminal uncontrolled configuration C is in the graph, so are all of
its successors, which are the children of C. The arc from C to each child
configuration C’ corresponds to the uncontrolled transition from C to C’ and

is labeled with the probability of C’.

We call such a graph the representing graph of the navigation because it represents

all the possible courses of the navigation.

Lemma 10.1 The representing graph of a U-graph based navigation task is acyclic.
The longest path in the representing graph is bounded by 2k+2 where k = min{m,n},

m 1is the number of uncertain edges and n is the number of vertices in the U-graph.

Proof. The representing graph is acyclic due to the following four facts: (a) a
child of a controlled configuration is either a terminal or an uncontrolled configuration,
a child of an uncontrolled configuration is either a terminal or a controlled configu-
ration; (b) a terminal has no child; (¢) the number of random edges in a controlled
configuration is equal to the number of random edges in any of its successors; (d) the
number of random edges in an uncontrolled configuration is strictly greater than that
in any of its successors. Because of facts (a) and (b), controlled configurations and
uncontrolled configurations must be interleaved along any path Cj,...,C; of length
¢ > 2. Without loss of generality, let us assume that ¢ is even and Cy,C,4,...,C; are
all uncontrolled configurations and Cf,Cs,...,Ci—; are all controlled configurations.
Let u(C) denote the number of random edges in configuration C'. According to facts
(c) and (d), we have u(C;) > u(Cj31) and u(C;) > u(Cjs2), for j = 1,...,1— 2.

Suppose the lemma is false, then there must be a cycle in the graph containing at
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least one uncontrolled configuration C'. Thus, we can find a path Cj,...,C; such
that C;, = Cj, = C, and j; +2 < j» < i. Therefore, we have u(C) = u(Cj;,),
u(C) = u(C},), and u(Cj;) > u(Cj,), a contradiction.

From the above analysis, we can conclude that the longest path in the repre-
senting graph is bounded by 2m + 2. Furthermore, note that any two uncontrolled
configurations along a path must have different current vertices, thus there are at
most n uncontrolled configurations along any path. Therefore, the longest path in
the representing graph is also bounded by 2n +2. O

By the above lemma, we know that the representing graph of a navigation is a
DAG with the initial configuration as the root of the graph.

As an example, let us consider the U-graph shown in Fig. 10.1 in which CD is
the only uncertain edge. The weight of CD is d; with probability p and M with
probability (1—p) where M is a very large number. Suppose an agent is asked to reach
vertex B from vertex A in the U-graph. Note that if d; < dy+d3+d,, then the initial
configuration is a terminal. Suppose dy > d; + d3 + ds. The representing graph of
this task is shown in Fig. 10.2, where solid boxes represent controlled configurations,
dotted circles represent terminals, solid circles represent uncontrolled configurations,
arcs represent transitions, the labels for controlled transitions are their costs and the
labels for uncontrolled transitions represent their probabilities. In the figure, node 1
is the initial configuration, node 2 is the configuration when the agent reaches vertex
B through edge AB, node 3 is the (uncontrolled) configuration when the agent reaches
vertex C through edge AC.

The representing graph of a navigation task represents the possible traces of the
task. In a representing graph, a controlled configuration represents a situation where

the agent can choose the next configuration, while an uncontrolled configuration rep-
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Figure 10.1: A simple U-graph

dl
) d2
{93
Ny
TERE)

Figure 10.2: The representing graph of a navigation task
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resents a situation where “nature” chooses the next configuration during a navigation
process. Thus, a representing graph can be regarded as a decision graph with the con-
trolled configurations as choice nodes and the uncontrolled configurations as chance
nodes. With this analogy, a solution graph of a representing graph can be viewed as
a representation of a navigation plan for the corresponding navigation task. Further-
more, the plan is complete in the sense that it covers all the possible configurations
an agent may encounter if the agent follows the plan. The evaluation function of the
decision graph will be defined in an appropriate way to reflect our optimality criterion
of minimizing the expected cost. Thus, the path planning problem for U-graph based
navigation is, for any given navigation task, to compute an optimal solution graph of

the representing graph of the task.

10.2 Modeling Information Purchase

When information on the status of some random edges is available to the agent at
some cost, the agent must decide in each controlled configuration whether or not to
buy the information. This option can be modeled by a special (controlled) transition.
Taking the transition will incur a cost equal to the price of the information and results
in an uncontrolled configuration whose children can be determined according to the
possible states of the uncertain edges. To illustrate this, consider again the task of
going from vertex A to vertex B in the U-graph shown in Fig. 10.1. Suppose the
agent can determine the state of uncertain edge CD at cost ¢. The representing
graph of this task is shown Fig. 10.3, where the initial configuration has one more
child (node 6 in the figure) than the one in Fig. 10.2. The new child results from the
special transition modeling the option of information purchase. It has two children,

one corresponding to the case where CD has weight ds4 and the other corresponding
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to the case where CD has weight M .

Figure 10.3: The representing graph of a navigation task with the information pur-
chase option

10.3 The Expected Costs of U-graph Based Nav-
igation Plans

In order to define the expected costs of navigation plans, we need to define a cost
function on the solution graphs. The cost function should, for each solution graph,
return the expected cost an agent incurs if the agent follows the plan corresponding
to the solution graph. Let X denote a cost function with two parameters: a solution
graph and a configuration in the solution graph. X can be recursively defined as

follows.

ds(G?, v, vy) if C is a terminal,
X(s9,C) =13 X(sg,C")+¢(C,C") if C is a controlled configuration,
| Z;X(s9,C;) xq(C;) if C is an uncontrolled configuration

where GP? is the pessimistic induced graph of the configuration C, d (G?,v.,v,)
denotes the shortest distance from the current vertex v, to the goal vertex v, in G?,
¢(C;) denotes the probability of the successor C; of the uncontrolled configuration

C, and C' denotes the successor configuration of C in sg. Intuitively, X(sg,C) is
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the expected cost an agent incurs if the agent follows the plan corresponding to the
solution graph starting in configuration C'. The above definition can be understood
as a formal expression of the following intuition. If C is a terminal, the agent can
complete the task by following the shortest path from the current vertex to the goal
vertex in the pessimistic induced graph; if C' is a controlled configuration, X(sg,C)
is equal to the sum of the cost of the transition from C to C’ prescribed by the plan
for configuration C and the expected cost the agent incurs starting in C’; if C is an
uncontrolled configuration, X (sg,C) is the average of the costs that the agent incurs
starting in C’s successor configurations.

The representing graph shown in Fig. 10.2 has two solution graphs as shown in
Fig. 10.4, corresponding to two possible plans for the corresponding navigation task.

Plan (a): go to B through edge AB.

Plan (b): go to C first, if CD’s weight is d4, go to B via D, otherwise, go back to
A then to B through edge AB.

[

d2
dl

2% .

{414 5}

(a) (®)

Figure 10.4: Two solution graphs of a navigation task

The expected costs for Plans (a) and (b) are: dy and da+p(ds+ds)+(1—p)(d; +

dy) , respectively.
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In order to express the optimality criterion, we can define an evaluation function
X' for representing graphs by extending the definition of function X . The definition

of function X’ on a representing graph rg is as follows.

ds(G?,veyvy) : if C is a terminal,
X'(rg,C) = min;{X'(rg,C;) +¢c(C,C;)} if C is a controlled configuration,
¥ X'(rg, C;) * ¢(Cj) if C' is an uncontrolled configuration.

Therefore, the problem of computing an optimal plan for a navigation task is reduced
to computing an optimal solution graph of the representing graph of the task with X’
as the evaluation function. This problem can be solved by applying the algorithms

presented in Chapter 3. We discuss this issue in the next chapter.

10.4 Other Variations

So far we have presented a formalization for U-graph based navigation with respect to
the optimality criterion of minimizing the expected cost. Our formalization is general
enough to deal with other optimality criteria and/or other variations of the problem.

We explore this aspect in this section.

10.4.1 Minimizing the competitive ratio

Papadimitriou and Yannakakis [66] define optimality criteria for the Canadian Trav-
eler Problem (CTP) in terms of competitive ratios. The competitive ratio of a plan
with respect to a problem instance is informally deﬁneld as the ratio of the cost of
the plan to the minimum cost that may be achieved for the problem instance. The
competitive ratio of a plan is the maximum of the ratios of the plan with respect to all
possible problem instances. Intuitively, a plan with competitive ratio » guarantees
that for any problem instance, the cost of the plan is bounded from above by r times

the minimal cost for the same problem instance.
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We define a function r to precisely express the competitive ratio of a plan.

ig&%%ﬁm if C is a terminal,
r(s9,C) = q maz;{r(sg,C;)|q(C;) >0} if C is an uncontrolled configuration,
r(sg,Cj;) if C is a controlled configuration

where d,(G°,v.,vy) denotes the shortest distance from v, to v, in G, the optimistic
induced graph of configuration C'. Note that in the second clause of the above
definition, the maximization is over only those successors with non—zero probabilities.
To express the optimality criterion of minimizing the competitive ratio, we extend the

definition of r into an evaluation function r’ for the representing graphs as follows.

e(C)+da (G2 ue,vg) £ 0 i il
42(G°.vsvg) 1 1S a terminal,
r'(rg,C) = maz;{r'(rg,C;)|q(C;) >0} if C is an uncontrolled configuration,
min;{r'(rg,C;)} if C is a controlled configuration.

Note that the representing graph with this evaluation function is a minimax graph.
An optimal solution graph of a representing graph with r’ as its evaluation function

represents an optimal plan minimizing the competitive ratio.

10.4.2 Minimizing the expected competitive ratio

Similarly, we define a function r. to express the ezpected competitive ratio of a plan.

The function is defined as follows.

e . . -
£(C)+d, (G7,ve,v) if C is a terminal,

d4(G%vs,uy)
re(sg,C) = Y;re(sg,C;) # q(C;) if C is an uncontrolled configuration,
re(sg,C;) if C is a controlled configuration.

To express the optimality criterion of minimizing the expected competitive ratio, we
extend the definition of r. into an evaluation function r. for the representing graphs

as follows.

W if C is a terminal,
re(rg, C) = > ;7e(rg,C;) *q(C;) if C is an uncontrolled configuration,

min;{r.(rg,C;)} if C is a controlled configuration.
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An optimal solution graph of a representing graph with r, as its evaluation function

represents an optimal plan minimizing the expected competitive ratio.

10.4.3 Minimizing the worst case cost

The quality measurement of plans in terms of worst case cost can be given as a

function ¢, defined on solution graphs.

e(C) + ds(G°, ve,vg) if C is a terminal,
cw(sg,C) = { maz;{cu(sg,C;)|q(C;) >0} if C is an uncontrolled configuration,
cw(s9,C;) if C is a controlled configuration.

To express the optimality criterion of minimizing the worst case cost, we extend the

definition of ¢, into an evaluation function ¢, for representing graphs as follows.

c(C) + ds(G°, ve, vg) if C is a terminal,
c,(rg,C) =4 maz;{c,(rg,C;)|q(C;) >0} if C is an uncontrolled configuration,
min;{c,(rg,C;) if C is a controlled configuration.

Again, the representing graph with this evaluation function is a minimax graph.

10.4.4 Reaching one of the goal vertices

Suppose that an agent is given a U-graph G, a start vertex and a set V, of goal
vertices and is asked to reach any one of the goal vertices in V,. The optimality
criterion is to minimize the expected cost.

This variation can be reduced to a problem with a single goal vertex. To do so,
we construct a new U-graph G’ which is the same as G except that all the vertices
in V, are “collapsed” into a single vertex v,. The original problem is equivalent to

the problem of going to vertex v, in G'.

10.4.5 Reaching multiple goal vertices

Suppose an agent is asked to visit all of the goal vertices in V (in any order),

instead of just one of them. In order to deal with this variation, we need to modify
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our formalization.

First, the definition of configurations needs to be changed as follows: a configu-
ration is a quadruple (G,v.,V;,c) where G, v, and ¢ have the same meanings as
before and Vj is a set of goal vertices yet to visit.

Next, the definition of terminals needs to be changed as follows: a terminal is a
configuration (G,v.,{},c¢).

Third, the definitions of the composite successors and the composite transitions
of controlled configurations are redefined as follows: Let C' = (G,v.,V;,¢) be a
controlled configuration. Let V. = V" UV,. V. is called the candidate vertex set
for the next move. If the shortest path from v, to a vertex v € V. in G”? contains
no other vertex in V. than v, then v is a vertex the agent can reach next by a
(composite) transition. Vertex v is called a nezt vertez of C'. Formally, let V'
denote the set of all next vertices of C' and let d,(G?,v.,v) denote the shortest

distance from v, to v in GP. The successor set of C' is given by:
{(G,v,V, — {v},c+ ds(GP,v.,v))|v € V'}.

Finally, the function returning the expected cost of a plan is defined as follows:

0 if C is a terminal,
Y(s9,C) =< ¥,;Y(s9,Cj) xq(C;) if C is an uncontrolled configuration,
Y(sg,C") 4+ ¢(C,C’") if C is a controlled configuration.

Similarly, we can extend Y into an evaluation function Y’ for the representing

graphs.



Chapter 11

Computational Issues of U—graph
Based Navigation

This chapter is concerned with computational issues of U-graph based navigation.
We first discuss off-line and on-line paradigms, and then present algorithms for U-
graph based navigation in both paradigms. Finally, we present some experimental

data obtained for these algorithms.

11.1 Planning Paradigms

A plan for a U-graph based navigation task covers some or all contingencies which
may arise during navigation. If a plan covers all possible contingencies for a navigation
task, it is called a complete plan. The solution graphs of the representing graph of a
navigation task represent complete plans.

U-graph based navigation can be carried out either in an off-line paradigm or in
an on-line paradigm. In the off-line paradigm, the planner computes a complete plan
for each navigation task. After computing such a complete plan, the planner will not
be invoked during the navigation process.

In the on-line paradigm, the planner and the executive can be considered as

191
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co-routines. At any point during a navigation process, the current U-graph and
the current position, together with the goal position and the cost incurred so far,
constitute a configuration. The planner acts as an “oracle,” telling the agent where
to go next. Once the agent reaches an information collecting vertex, the agent can
update the U-graph according to the actual status of the random edges incident from
the vertex. As the result of the updating, a new configuration is reached. Note that a
configuration here is essentially a controlled configuration. The following procedure,

Navigate, captures this kind of interaction between the executive and the planner.

Navigate
Input: G: a U-graph v, and v,: a pair of vertices ~ P: an on-line planner

Output: the amount spent for the task

1. Set v, =v, and ¢=0.

2. If v, =v,, stop with cost c.

3. Call P with arguments G, v., and v, to obtain a plan.

4. Follow the plan until either reaching v, or reaching an information collecting

vertex v.
5. Set v, =v.
6. Increase ¢ by the amount spent on following the plan.

7. Update G' based on the new information on the uncertain edges adjacent to v,

and go to step 2.
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11.2 Computing Complete Plans

In the previous chapter, we showed that a U-graph based navigation can be repre-
sented by a decision graph. A solution graph of the decision graph is a complete
representation of a navigation plan. Computing a complete plan for a navigation
task amounts to computing the corresponding solution graph from the decision graph.
Thus, we can use the algorithms presented in Chapter 3 for off-line planning.

In order to apply those algorithms, we need to define heuristic functions to esti-
mate minimum expected costs for configurations.

For a given navigation task, let 7g denote the representing graph with the function
X' defined in Section 10.3 as its min—exp evaluation function. One possible heuristic

function, denoted f, is defined as follows:
f(C) = ds(G°, ve, vy)

where G° is the optimistic induced graph of configuration C . Intuitively, f(C) is the
shortest distance between the current position and the goal position in the optimistic
induced graph of configuration C'. Thus f(C) < X’(rg,C) for any configuration C .

Therefore, f is admissible.

11.2.1 Some experimental data

In this section, we present some experimental data obtained when applying some of
the algorithms discussed in Chapter 3 to U-graph based navigation. Our primary
objective for carrying out these experiments is to compare the performance of those

algorithms.
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Problem Instances

In our experiments, we consider two classes of U-graphs. The U-graphs in Class 1 are
randomly generated from grids (as shown in Fig.11.1) with parameters d; , dz2, p1,
p; and two reference numbers r; and r,. Here, d; and d; are two positive integers
specifying the numbers of rows and columns of the grids; 0 < p; < 1 specifies the
probability that a connection (either an ordinary edge or an uncertain edge) exists
between any pair of neighbouring vertices on the grids; p, specifies the probability
of a connection, if it exists, being an uncertain edge. The reference numbers r; > 1
and ro > 1 are used to generate uniform distributions from which the weights of a
U-graph are generated. A U-graph of this kind is an abstraction of the road layout
of a city. We assume that the weight distributions of all uncertain edges are binary
and independent of one another.

Given parameters dy , d2, p1, p2, 1 and ry, a random U-graph is generated as
follows. First, d; xd; vertices are generated, arranged in a d; by d; grid. Next, with
probability p; , a connection is generated between each pair of neighbouring vertices.
Third, each connection is marked as an uncertain edge with probability p, and as
an ordinary edge with probability 1 — p,. Finally, the weights for the connections
of the graph are generated as follows. For each edge, we first randomly generate two
numbers @; and a; a; is drawn from a uniform distribution between 1 and ry,
and a, from a uniform distribution between 1 and r,. Then we construct a uniform
distribution D with a lower bound a; and an upper bound a; * a;. The weight
of the edge is a random number generated from the uniform distribution D. For
each uncertain edge, we first generate a probability p from a uniform distribution
between 0.01 and 0.99 and construct two uniform distributions D; and D, in the

same way as described above, and then generate two numbers ¢; and ¢; from the
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uniform distributions D; and D, respectively. The weight of the uncertain edge is a
binary random variable having value ¢; with probability p and ¢, with probability
1 —p. For each randomly generated U-graph, we assume the navigation task is to go
from the upper-left corner to the lower-right corner on the grid. We discard those
U-graphs whose optimistic induced graphs are disconnected with respect to the two

COorners.

Figure 11.1: A U-graph in Class 1 — a representation of city roads

The U-graphs in Class 2 are randomly generated from a structure as shown in
Fig.11.2, which is a mode] of two parallel-highway systems joined by a bipartite graph.
The U-graphs are generated with four parameters: n, p;, r1 and r,. Here r; and
ry are used in the same way as in Class 1, n is the number of parallel highways,
and p; is the probability that an ordinary edge exists between a pair of vertices, one
in each half of the bipartite graph. Again, we assume the weight distributions of all

uncertain edges are binary and are independent of one another.
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Figure 11.2: A U-graph in Class 2 — an abstraction of a parallel highway system

Given parameters n, p;, 73 and rp, a random U-graph is generated as follows.
First, two partial graphs as shown in the boxes of Fig.11.2 are generated. Each partial
graph has 3n + 1 vertices, 2n edges and n uncertain edges. Next, with probability
p1, an edge is generated between each pair of vertices, one on the right boundary of
the left partial graph and one on the left boundary of the right partial graph. Finally,
the weights of the ordinary edges and the weight distributions of the uncertain edges
are generated in the same way as for the U-graphs in Class 1. For each randomly
generated U-graph, we assume that the navigation task is to go from vertex s to
vertex t. Again, we discard those U-graphs whose optimistic induced graphs are
disconnected with respect to vertices s and t.

Note that in the process of generating a random U-graph, the weights are gener-
ated from uniform distributions that are also randomly constructed. We expect that
this treatment reduces the correlation among the connection weights in a U-graph.
The Lisp functions that are used in our experiments for generating random graphs

are included in Appendix A.
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Experiment 1

Our first experiment compares the performance of algorithms AO* and DFS. AO*is a
best-first heuristic search algorithm. DFS is a depth-first heuristic search algorithm.
We mentioned in Chapter 3 that the primary advantage of DFS over AO* is that
it needs only linear space (if the solution graph need not be explicitly constructed).
We want to test if DFS examines fewer nodes than AO* does for randomly gener-
ated problems. Because structure sharing in a decision graph of a U-graph based
navigation task is not substantial, we did not make use of structure sharing in our
implementation of AO*. Thus, a decision graph is essentially treated as an unfolded
tree, and we avoid high overhead for checking whether a node is already in the graph.
The algorithms are implemented in Common Lisp.

In our first experiment, we made two hundred successful trials. A trial consists of
generating a problem instance and applying DFS and AO* to the problem instance.
A trial is aborted if it cannot be finished in a reasonable period of time (typically an
hour on a Sparc-2 machine).

Of the two hundred successful trials, one hundred are generated from Class 1. The

parameters used for generating U-graphs are set up in the following way:

with probability 0.5, d; and d; are both set to 5; with probability 0.5,
d; is set to 4 and d; to 6;

p; is a random number generated from the uniform distribution between
0.6 and 0.9; p, is a random number generated from the uniform distribu-

tion between 0.2 and 0.5;

r1 is a random number generated from the uniform distribution between

100 and 200; r, is a random number generated from the uniform distri-
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bution between 10 and 20;

Another hundred problem instances are generated from Class 2. The parameters

used for generating U-graphs are set up in the following way:

n=0;

p; is a random number generated from the uniform distribution between

0.5 and 0.8;

r1 is a random number generated from the uniform distribution between
100 and 200; r, is a random number generated from the uniform distri-

bution between 10 and 20.

We measured for each (successful) trial the number of nodes examined by DFS and
by AO*. For seventy-seven problems out of one hundred in Class 1, DF'S examined
fewer nodes than AO* did. For fifty—two problems out of one hundred in Class 2,
DFS examined fewer nodes than AO* did.
" Moreover, our experiments showed that, for most of the problems, DFS spent less
time, even when it examined more nodes than AO* did. This is due to the fact that
DFS is a depth first algorithm, involving less overhead, and suggests that DFS is

better suited for U-graph based navigation.

Experiment 2

If the admissibility of a heuristic function for a given problem cannot be assured,
the solution computed by DFS may not be optimal. An algorithm with a particu-
lar heuristic function can be evaluated by two factors: its speed and the expected

navigation cost it induces.
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Our second experiment is for testing the effect of heuristic functions on DFS. This
experiment casts some light on the tradeoff between computational time and solution
quality. DFS is tested with four different heuristic functions: ko, hy, he and hs,
defined as follows.

ho(C) = f(C),

h(C) = ho(C)/(1 =€),

hao(C) = ho(C)/(1 — €)? and

hs(C) = ho(C)/(1 — €)?
where € = 0.2. Heuristic functions h;, hy and h3 are not admissible. Theorems 3.4
and 3.5 give quality bounds for DFS with these heuristic functions.

For this experiment, we also made two hundred successful trials using the same
approach to trial construction as in the first experiment. For each successful trial,
we measured the cost of the solution graph and the number of nodes visited by the
algorithm for each heuristic function. More specifically, for each problem instance,

we measured the following data (for ¢ = 0,1,2 and 3):
e ¢;: the cost of the solution graph returned by DFS with heuristic function ;.
e 7n;: the number of nodes examined by DFS with heuristic function A;.

From the measured data, we computed the following data:

ory = &jfeyy  8rj =mngfn;, for 7=1,2,3
Intuitively, cr; means the cost ratio of the solution returned by DFS with heuristic
function h; to the cost of the optimal solution; sr; means the speedup ratio of DFS
with heuristic function h; to DFS with heuristic function ho. We use the cost ratios

to measure the quality of the algorithm with inadmissible heuristic functions, and
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Table 11.1: The average speedup ratios of Algorithm DFS

hy ha hs
Class 1 1.54 | 2.07 2.41
Class 2 | 2.77 | 9.71 | 23.04

Table 11.2: The average cost ratios of Algorithm DFS

ki1 ha ha
Class 1 | 1.011 | 1.031 | 1.041
Class 2 | 1.012 | 1.064 | 1.131

use the speedup ratios to measure the performance of the algorithm with inadmissi-
ble heuristic functions. Table 11.1 contains the average speedup ratios. Table 11.2
contains the corresponding average cost ratios.

From these tables, we observe that the average cost ratios of DFS with heuristic
functions ki, h, and hs are all quite close to one. This implies that, even though
these heuristic functions are not admissible, they usually give very conservative es-
timates. Therefore, there is a great potential to obtain more informed heuristic

functions.

Experiment 3

This experiment tests the effect of another heuristic function, A’, on DFS. Like
heuristic functions Ay, hy and hz, R’ is not admissible. Unlike those functions, we
do not have a bound on the admissibility of heuristic function A’.

Heuristic function A’ is defined as follows:
R'(C) = ds(G*, v, vy)

where G® is an induced graph of the U-graph G of C in which each uncertain edge

is replaced with an edge whose weight is the mean value of the weight distribution of
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the uncertain edge.

This experiment showed that, with heuristic function &', the average cost ratio
and the average speedup ratio of DFS for the problems in Class 1 were 1.006 and
39.49, respectively; the average cost ratio and the average speedup ratio of DFS for
the problems in Class 2 were 1.074 and 23.18, respectively. From these data, we made

the following observation:

For the U-graphs in both classes, DFS with heuristic function A’ outperformed
DFS with heuristic functions hy, h, and hs. This was especially true for the
U-graphs in Class 1. For the U-graphs in this class, the average cost ratio of
DFS with the heuristic function A’ was 1.006, less than the cost ratio of DFS
with the heuristic function k;; the average speedup ratio was almost 40, far

greater than the speedup ratios of DFS with the heuristic function Ag.

The good performance of DFS with the heuristic function A’ can be attributed to the
fact that more domain-dependent knowledge is encoded in A’ than in h; or hy or
hs. This is another illustration of the importance of domain-dependent knowledge

for decision graph search in particular and for heuristic search in general.

11.3 On-Line Planning

In this section, we first discuss the issue of characterizing the quality of an on-line
planner and then develop a polynomial algorithm for on-line planning. Finally, we
present some experimental data. In our experiments, we compare the navigation qual-
ity of our algorithm with the navigation quality of another simple on-line algorithm
given by Polychronopoulos [71]. The experimental data show that our algorithm

results in good navigation quality and is better than Polychronopoulos’s on-line al-
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gorithm in terms of navigation quality.

11.3.1 The optimality characterization of on—line planners

The navigation quality of an on-line planner can be measured in terms of the expected
cost for given navigation tasks.

Let J = (G, vs,v,) be the navigation task of going from v, to v, in U-graph G,
let P be an on-line planner the agent uses for the navigation task and let Co(P,J)
denote the expected cost of J induced by planner P. Cost C,(P,J) can be deter-
mined by simulating the navigation process under the guidance of P against all of
the possible realizations of the U-graph G.

Suppose C7(J) is the minimal expected cost of J. The cost ratio of P with
respect to task J is defined as Co(P,J)/C;(J). We say that the planner P will
result in an optimal navigation for task J if the cost ratio is unity. We say the

planner is optimal if Co(P,J)/C;(J) =1 for any navigation task J.

11.3.2 A graph transformation based algorithm

The basic idea behind this algorithm is to substitute for the uncertain edges in a U~
graph by edges with “appropriate weights”. In so doing, we hope that the “net effect”
of the uncertain edges in a U-graph can be approximated by a set of substituting
edges. Suppose we are given the task of navigating from vertex v. to vertex v,
in U-graph G. Assume that the uncertain edges of U-graph G can be ordered
as Uy, Uz,...,u;. Let W = (wy,ws,..,w;) be a vector of weights. We call W a
substituting weight vector. Let G(W) denote the graph obtained by replacing the
uncertain edges, uj, 42, ..., u;, in U-graph G respectively by edges e, e, ..., ¢, where

e; and u; have the same incident vertices and e; has weight w;, for 1 <¢ <[. The
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central problem here is to compute an “appropriate” substituting weight vector W
for a given configuration. We first define ideal substituting weight vectors.
A vector W = (wy,...,w;) is an ideal substituting weight vector for U-graph G

and the goal vertex v, , if the following two conditions are met:

1. for any vertex v in G, the shortest distance from v to vertex v, in graph

G(W) is equal to the minimal expected cost for the configuration (G,v,v,,¢);

2. the initial segment of the shortest path from v to v, is consistent with the

optimal next move for the configuration (G,v,vy,c).

Note that, in the above definition, the second condition is sufficient for optimal navi-
gation. However, as we will see, the above definition facilitates a way to compute an
“appropriate” substituting weight vector.

It should also be noted that, if we have an algorithm to compute an ideal sub-
stituting weight vector for any configuration, we in effect have an on-line navigation
algorithm that always results in optimal navigation. However, since the problem of
optimal navigation is #-P hard [71], it should not be surprising if the substituting
weight vectors computed by a polynomial algorithm are not ideal.

Suppose we have magically obtained an ideal substituting vector W = (ws, ..., wy)
and the corresponding substituting graph G(W); and suppose we happen to forget
the value of w; for some ¢, 1 <:i < [. We want to make a good guess at the value
of w; on the basis of the known information.

Suppose u; = (v1,v;). Let u? denote the optimistic realization and let u? denote
the pessimistic realization of u;. For each a € Qy;, let W(a,?) = (w],...,w}) be a
weight vector such that w; = ¢ and w; = w; forall j with 1 <7 <1 and j # i; let

D(G,W,,a) denote the absolute difference between the shortest distances from v,
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to v, and from v, to v, in graph G(W(a,?)). Intuitively, D(G, W, ¢, a) reflects the
difference between the expected costs for an agent to go to vertex v, from vertices
v; and vy in the U-graph under the condition that uncertain edge u; has weight a.
We define e(G, W, 1) as follows:
e(G,W,i) = maz{uf, Y P{u;=a}x* D(G,W,i,a)}.
a€fly,

Intuitively, e(G, W, i) is the weighted sum of D(W,1,a) for each a € Q,; .

Lemma 11.1 For any 1, e(G,W,?) < c,(u;) where c.(u;) is the ezpected value of

the weight distribution of the uncertain edge u;.

Proof. We simply note that D(G,W,%,a) < a in the above definition of e(G, W,1).

O

Function e can be extended to a vector function é such that é(G,W) is a new
vector W' = (wf,...,w;) satisfying w} = e(G,W,t). We use é(G,W) as an estimate

of W. We say a weight vector W is appropriate if it is a fix-point of €, i.e.,
&G, W) =W.

The above condition imposes ! equations with [ variables. Since these equations are
not linear, it is hard to obtain an analytic solution. However, we can approximate
their solution by iteration.

Practically, for any initial vector Wy, we compute a sequence Wy, ..., W, Wiy, ...
satisfying Wjy, = é(G,W;), ¢ > 0. Vector W; can be regarded as a good estimate
to the solution if W;_; and W; are close enough. An iteration algorithm based on

this idea for computing appropriate substituting weight vectors is given as follows.
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Algorithm AA
Input: a U-graph G, a current vertex v, and a goal vertex v, .

Output: A substituting vector.
1. Set j =0, Wy = (ca(t1), ..., caur)).
2. Set W;y1 = é(G,W;).
3. Set y=35+1.

4. If W;_, and W, are close enough, return W;, otherwise, go back to step 2.

The condition for termination at step 4 in the above algorithm can be tailored to
different situations. For example, if an agent is in an urgent situation, it may adopt
a very loose condition; otherwise it can choose a more restricted one. One candidate
condition could be that the sum of the absolute differences between the element pairs
from W; and W;_; is less than a given threshold. Our experimental data show that
a small number of iterations is good enough for the two classes of randomly generated
problems. We will see this later in this section.

The time complexity of this algorithm can be roughly estimated as follows. In
each iteration, we need to compute a new weight for each uncertain edge u. This
computation involves |Q,| calls of a shortest distance algorithm. Therefore, the time
complexity of AA is O(k * [l * b s) where k is the number of iterations, [ is the
number of uncertain edges, b is the average size of the frames of the uncertain edges

and s is the time complexity of the shortest distance algorithm used in AA. The size
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of the space required by the algorithm is O(E + b [), which is of the same order as
the size of the U-graph.
With the help of algorithm AA, an on-line planning algorithm is defined as follows.

Algorithm AAl
Input: G, v. and v,

Output:* A plan specifying where to go next

1. If (G,vc,vg,—) is a terminal, return a shortest path from v. to v, in GP, the

pessimistic induced graph of G.
2. Use algorithm AA to compute a substituting vector W.
3. Compute the substituting graph G(W).
4. Compute a shortest path from v, to v, in G(W).

5. Output the initial segment (up to the first uncertain edge) of the path.

The next issue is the size of our algorithm’s average cost ratio. Unfortunately, we
do not have theoretical results for general cases. In the next subsection, we present

some experimental results which suggest that the cost ratio is quite low.

11.3.3 Experimental results

In this section, we present some experimental results on our on-line planning algo-
rithm AA1l and another simple on-line planning algorithm AA2, which is given by
Polychronopoulos [71].
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AA2
Input: G, v, and v,

Output: A plan specifying where to go next

1. Compute a shortest path between v, and v, in G*, where G is obtained
from G by replacing each uncertain edge with an ordinary edge whose weight

is equal to the mean value of the weight distribution of the uncertain edge.

2. Output the initial segment of the path.

A A2 has the same time complexity as that of the shortest distance path algorithm
it uses.

This experiment was conducted in the same way as were the previous experiments.
The difference was that for each trial, we measured the cost ratios of AAl and AA2
for the problem instance of the trial as follows. We first generated a problem instance
for each trial, then computed the optimal expected cost of the problem by calling
DFS. To determine the expected cost that AA1 (AA2) will incur for the problem, we
simulated AA1 (AA2) against all of the possible realizations of the U-graph of the
problem instance. Fach simulation may involve up to [ calls of AA1 (AA2) where
[ is the number of uncertain edges of the U-graph. Thus, up to [ *2' calls of AA1
(AA2) may be needed in order to determine the expected cost that AA1 (AA2) will
incur for the problem.

The experimental results are summarized in Table 11.3. The two rows of the table
correspond to the two problem classes. The data in column AA2 are the average cost

ratios of AA2 for the problems in the two classes. The data in the AA1/: columns
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are the average cost ratios of AA1 with iteration time ¢ for the problems in the two
classes. From these tables we observe that the average cost ratios of both algorithms
are all close to one and that the average cost ratio of AA1l is lower than that of AA2.

It is not hard to explain why AAl is better on average than AA2. In both
algorithms, the initial segment of the shortest path between the current position and
the goal position in a substituting graph is computed as the plan. The difference,
however, lies in the ways that the weights of the substituting edges are computed. In
AA2, the weight of an edge substituting for an uncertain edge is the mean value of
the weight distribution of the uncertain edge, thus no information on other uncertain
edges is integrated in the computation. On the other hand, in AA1l, the weight
of an edge substituting for an uncertain edge is computed with the following kinds
of information being taken into account: the goal vertex; the weight distribution
of the uncertain edge; the structure of the entire U-graph; and the information on
the other uncertain edges. Although yet to be verified through real applications, the
initial experimental results suggest that AA1 exhibits good quality for U-graph based
navigation.

Finally, we would like to make a note on the (lack of) convergence property of the
algorithm AA1l. The main component of AAl is AA, which is an iterative algorithm
taking a set of non-linear equations as its input and computing an approximation of
a “fix-point” of the equations. However, there is no guarantee that the outputs of AA
can converge to a “fix-point” as iteration time increases. It is not known whether
the equations have a fix-point. The quality of AAl is not guaranteed to improve
monotonically as the the number of iterations increases. This is also reflected in
the results in Table 11.3. The average cost ratios of AA1 fluctuate as iteration time

increases.
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Table 11.3: The average cost ratios of the on-line algorithms

AA2 | AA1/1 | AA1/2 | AA1/3 | AA1J4 | AA1/5 | AAL/6
class 1 | 1.060 | 1.044 | 1.042 | 1.042 | 1.041 | 1.032| 1.042
class 2 | 1.082 | 1.014 | 1.011 | 1.008 | 1.010 | 1.009 | 1.010

209



Chapter 12

Conclusions

In this thesis, we took a uniform approach to computational issues of the problems
with decision making with uncertainty. We proposed decision graphs as a simple
intermediate representation, for the decision making problems, and developed some
algorithms based on this representation.

These algorithms can be readily applied to decision problems given in the form
of decision trees, since decision graphs are a generalization of decision trees. It is
also straightforward to apply these algorithms to decision problems given in the form
of finite stage Markov decision processes, since a problem in such form can be rep-
resented as a decision graph. In order to make use of these algorithms for solving
decision making problems in influence diagrams, we developed a stochastic dynamic
programming formulation of the problem of influence diagram evaluation and pre-
sented a method to systematically transform a decision making problem in influence
diagram representation into a decision graph representation. In effect, we obtained a
two—phase method for influence diagram evaluation. In comparison with other algo-
rithms in the literature for influence diagram evaluation, our method has a few notable
merits. First, it exploits asymmetry of decision problems in influence diagram evalua-

tion, which leads to exponential savings in computation for typical decision problems.
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Second, by using heuristic search techniques, it provides an explicit mechanism for
making use of heuristic information that may be available in a domain-specific form.
Third, because it provides a clean interface between influence diagram evaluation and
Bayesian net evaluation, various well-established algorithms for Bayesian net evalua-
tion can be used in influence diagram evaluation. Finally, by using decision graphs as
an intermediate representation, the value of perfect information [53] can be computed
more efficiently [110].

High-level navigation in uncertain environments can be viewed as a decision prob-
lem with uncertainty, but is given neither in the form of Markov decision processes,
nor in the form of influence diagrams. We developed a decision theoretic formulation
of the problem and showed how to represent such a problem in a decision graph. As
a result, we can use the decision search algorithms for off-line path planning.

Since the problem is of importance in its own right, we also developed an on-
line path planning algorithm with polynomial time complexity. Experimental results

show that the on-line algorithm results in satisfactory navigation quality.

12.1 Contribution Summary
The contributions of this thesis are summarized as follows.

e A number of algorithms for decision graph search.
e A new method for influence diagram evaluation.

e A decision theoretic formalization of the problem of U-graph based navigation,
and a general approach to the computation of optimal plans for U-graph based

navigation tasks.
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e A polynomial time heuristic on-line algorithm for U-graph based navigation.

12.2 Future Research

Future research can be carried out in several directions. For decision graph search, we
would like to have a more thorough examination of the (absolute and/or comparative)
performances of the decision graph search algorithms presented in Chapter 3. A
theoretical examination, as has been taken for minimax tree search [38, 68], would be
very interesting, but is likely to be challenging. An experimental examination may
also be valuable for a better understanding on the performances of the algorithms.
Another possible research direction is, as for other search problems [43], to investigate
parallel algorithms for decision graph (tree) search.

Our work on influence diagram evaluation can be extended in at least two aspects.
First, our method can be generalized to handle irregular stepwise decomposable in-
fluence diagrams as well. To do so, we need to introduce a new kind of node to our
decision graphs: sum nodes to capture parallel decision threads. Second, an influ-
ence diagram evaluation system using our method is yet to be built. With such a
system, we can experimentally compare the performance of our method with other
algorithms. This would also provide a platform for experimentally comparing various
decision graph search algorithms.

The analysis we performed in Section 7.5.1 on potential savings by exploiting
asymmetry of decision problems is quite conservative. We expect that an average
case based analysis would reveal greater potential of savings.

Some interesting future work related to U-graph based navigation would be to
apply the approach to a practical autonomous navigation system. By experimenting

with such a practical system, we could realistically evaluate the value of taking un-
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certainty into consideration at high level planning stages in general, and assess the

practical value of U-graphs and U-graph based navigation theory in particular.
Some theoretical questions about U-graph based navigation remain open. For

example, can we find an interesting class of navigation problems for which optimal

polynomial algorithms exist? Can we find a good bound on the cost ratio of AA1?
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Appendix A

Functions for U—graph Generation

In this appendix, the Lisp functions used in our experiments for generating random
graphs are included for reference. The functions random-grid and random-parallel-graph
are for generating random grids and random parallel graphs respectively. To generate

a random graph, we first generate a list of connections and then generate appropriate
weights for those connections by calling function weight-generation.

(defun random-grid (di d2 pi p2 ri r2)
(weight-generation (random-grid-comnections d1 d2 pi p2) ril r2))

(defun random-parallel-graph (n pl rl r2)
(weight-generation (parallel-connections n pl) ril r2))

(defun random-from-uniform-distribution (a b)
(+ (min a b) (x (abs (- a b)) (random 1.0))))

(defun random-switch-prob ()
(/ (round (* 100 (random-from-uniform-distribution 0.01 0.99))) 100.0))

(defun random-weight (ri r2)
(let ((al (random-from-uniform-distribution 1 ri1))
(a2 (random-from-uniform-distribution 1 r2)))
(round (random-from-uniform-distribution al (* al a2)))))

(defun weight-generation(connection-list ri r2)
(let* ((switch-list (cadr connection-list))
(edge-1list (caddr connection-list))
(edge-inform nil)
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)
(dolist (e edge-list)
(let ((weight (random-weight ri r2)))
(push ‘(,(car e) ,(cadr e) (,weight) (1.0)) edge-inform)
))
(dolist (e switch-list)
(let ((weightl (random-weight ri r2))
(weight2 (random-weight ri r2))
(p (random-switch-prob))
)
(push ‘(,(car e) ,(cadr e) (,weightl ,weight2) (,p ,(- 1 p)))
edge-inform)))
(cons (car connection-list) edge-inform)

))

(defun random-grid-connections (d1 d2 pi p2)
(let ((switch-list nil)
(edge-list nil)
(ran-testl 0)
(ran-test2 0)
)
(dotimes (j d1) ;; generating "vertical connections"
(dotimes (i (- d2 1))
(setf ran-testl (random 1.0))
(setf ran-test2 (random 1.0))
(cond ((> ran-testi pi) nil)
((> ran-test2 p2)
(push “(,(+ (* i d1) j) ,(+ (* (+ i 1) d1) j)) edge-list))
(T (push “(,(+ (* i d1) j) ,(+ (* (+ i 1) d1) j)) switch-list))
)))
(dotimes (i d2) ;; generating "horizontal connections"
(dotimes (j (- d1 1))
(setf ran-testl (random 1.0))
(setf ran-test2 (random 1.0))
(cond ((> ran-testi p1) nil)
((> ran-test2 p2)
(push “(,(+ (¥ i d1) j) ,(+ (* i d1l) j 1)) edge-list))
(T (push ‘(,(+ (* i d1) j) ,(+ (* i d1) j 1)) switch-list))
)))
(1ist (* di d2) switch-list edge-list)
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))

(defun parallel-connections (n pi)
(let* ((edge-list nil)

(switch-list nil)

(m (+ (* 6n) 1))

)

(dotimes (i n)
(push (1list 0 (+ 1 i)) edge-list)
(push (list (+ 1 i n) (+ i1 (¥ 2 n))) edge-list)
(push (list (+ 1 i) (+ i 1 n)) switch-list)

(push (list (+ i 1 (* 5 n)) m) edge-list)
(push (list (+ 1 1 (* 3 n)) (+1i 1 (* 4 n))) edge-list)
(push (list (+ 1 i (* 4 n)) (+ i1 (* 5 n))) switch-list)
(dotimes (j n)
(cond ((>= p1 (random 1.0))
(push (list (+ i 1 (* 21n)) (+1 j (* 3 n)) edge-list)))
(T nil)
)))
(list (+ m 1) switch-list edge-list)
))





