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Abstract

The three rotational degrees of freedom between the coordinate system of a sensed
object and that of a viewer define the attitude of the object. Orientation-based rep-
resentations record 3-D surface properties as a function of position on the unit sphere.
All orientation-based representations considered share a desirable property: the repre-
sentation of a rotated object is equal to the rotated representation of the object before

rotation. This makes the orientation-based representations well-suited to the task of

attitude determination.

The mathematical background for orientation-based representations of shape is pre-
sented in a consistent framework. Among the orientation-based representations consid-
ered, the support function is one-to-one for convex bodies, the curvature functions are

one-to-one for convex bodies up to a translation and the radial function is one-to-one for

starshaped sets.

Using combinations of the support function and the curvature functions for convex
bodies, the problem of attitude determination is transformed into an optimization prob-
lem. Previous mathematical results on the radial function for convex objects are extended
to starshaped objects and the problem of attitude determination by the radial function
also is transformed into an optimization problem. Solutions to the optimization problems

exist and can be effectively computed using standard numerical methods.

A proof-of-concept system has been implemented and experiments conducted both on
synthesized data and on real objects using surface data derived from photometric stereo.

Experimental results verify the theoretical solutions.

Novel contributions of the thesis include: the representation of smooth convex objects
by the support function and curvature functions; the definition of a new orientation-based
representation for starshaped sets using the 3-D radial function; and solutions to the 3-D
attitude determination problem using the aforementioned representations. In particular,
the scope of orientation-based representations has been extended, both in theory and in

practice, from convexity to starshapedness.

1i






Table of Contents

Abstract

List of Tables

List of Figures

Acknowledgment

1 Introduction

2 Mathematical Background

21 Repreachtalions o s oo e s e 5a e end 5@ i ke e €5 3
211 The Support PUnction + v w oo n o 5w wedw s 6
2.1.2 The Normal Representation . . ... .........
2.1.3 The Curvature Function® ; « « s s 5 4 s s s e s a & 55
214 ‘The Digtance Funetion . s s iv s s s hvm s s ¥ 5
218 "The Badial Finctioh s« v s v sow s s ws wwe s »ais

2.1.6 Cross Sectional Measure and Breadth . . . ... . ..

217 The AreaPunctibn: o : ¢ s i oo mad 608 55w

-------

.......

il

vii

XV



2.2

2.3

2.4

2.6

Spherical BIvagen . . o wow s s o 56 w6 s 5 8 5 o moe awa ww e 31

Numbers Associated with ASet . . . .. .. ... .. 32
23] THE Valumie o o vosome vt #5055 & 8 8 b5 6 5 06 60 0 %0@ ¥ e @ i 8 33
2:0.2 "Thie Surfars AYeS. ;v w o wst 5 % 0@ § 6w o 5w %o W 750 34
2.3.3 The Diameterand the Width . . . ¢ o0 0 v o mswo ss 0w a0 34
TratiaTOrBaIONg o o 3 wio 2o S0 Boww B F W e p O R e R R 35
2.4.1 Minkowski Vector Addition . . . « o v v v v i v v s v v n o s ow s 35
242 BlaschkeAdditioh « «oavsvsmiman sawnm es o8 % w s 38
243 PolatMeafit . o v cuwmae o560 0o 5w g Lw 6 AE S 65 w8 a0 39
244 'The Prajection Body o o v v 06 690 ¢ 500 0 « 50w 500 9w 9w @@ 40
2.4.5 Polar Set, Conjugate, and Legendre Transform . . . . .. .. ... 41
Misced MesSvraimenl . « cx v vow e m e mes o w e @R 5@ wE Y TR 43
2:0.1 '"The Mixed Volumies owwva o5 wé maamy mamsen ws s w0 44
252 Thei-th Area Funetion : « v« o w s w o4 va svmpn o5 @ s s s 49
2.5:3 'The Mixed Area Funetions . « w s s s v s a s cmane owm o ¢ 5 8 54
254 The Mixed Curvaturé Fusiction: . « v« v w5 v ww s w o s v 5 w5 56
260 The Miked Bodied & vov s v was vw s wmes o0 5w o5 5 57
266 The Dual Mixed Voliifnes . .o w5 u s o v v wumai s o4 58
PURIBIN o s mpon @@ e @ @ vk y 5% 8 sy oS T B 06 G 60

v



3 Previous Research 63

3.1 The Extended (atssiat Diae . « « s cvwowonavwe s omi b o p e 64
32 Ceneralization ol e Bl suwior v au v nea 95 0w aE 6 #8055 68
3.5 Related REpresefitations « o oo 5 % 5 w v o @ 505 & sow % o 2% 3 %@ 5 & @0 70
Sk (BUBREEY wopss o 0w @S0 e B W8 S a5 71
4 Solutions to the Attitude Determination Problem 73

4.1 Attitude Determination by the Support Function and Curvature Functions 74

4.2 Attitude Determination by the Radial Function . . . ... ... .. ... 80
4.5 SUNREDE wows ve 8% 5 G5 0% 85 B S5 e o 6 6% e & &6 eas 87
5 Experiments 90
3:1 Experitiental Shapes .. iz cu e as um s § 85 S0 85 00w ha s b5 91
B2 Software I9sues .« 55 95 s v @38 9 0B 2 6 8w a G0 0 bk b 95
520 OpLiiEalion 59 <363 m 20 %995 5% Va4 09 50 36w N5k 96
5.2.2 Integration and Differentiation . . . . . .. .. .. ... ...... 97
523 Sphere Tessellalion 5 w2 a5 45 Ram ok S0 ool Bh e yws 97
T T ) T A A e R P 99

5.3 Experimentson Synthesized Data. ¢ o v & o 8 o s % Yo w m e s & ax e s 100
9:3.1 Experimental Settings .. 4 row e vmrnmswon o b s 102
902 Experimental Besullsin io cq vl @@ e 0ot i mis 56 %5 107



D003  Variationa] TEst « o w B8 s o w0 s s e % e S e T 120

64 Expermmentzon Real Data . . v ¢ v s siva wn poams v ww done & x:s 130
54.1 Experimental Setlings ... . v2vvwes vomomaons su s 130

542 Experimental Resulfe . w c v ci wowswsnmamsmun vu bun 135

Dol BUBUSEIY ww ww s 5 3 W R w8 s e cen s s BB R B G 142

6 Conclusions 144
6.1 Contrbubiong « « o v w s ph 366 w9 95w 0% 6 @ wism @ W @ 5§ &80 144
62 Pulare DIeckiong « & o6 65 5 by o s o ow e 5 @ oo se ® % F 655 &0 147
Bibliography 149
Appendices 155
A Symbols Used in the Thesis 155
B Glossary 156
C Spherical Harmonics 159

Vi



2.1

3.1

List of Tables

Properties of orientation-based representations. . . . . ... ... .. .. 62
Use of orientation-based representations. . . . . ... .. ... ... ... 72
Root-mean square gradient estimation errors. . . . . . . . ... ... .. 100
Interpolation error for the 20-frequency geodesic dome. . . . . . ... .. 101
Interpolation error for the 40-frequency geodesic dome. . . . . . . . . .. 101
The objective functions for group-1, group-2 and group-3 experiments. . 103
The objective functions for set-1 experiments. . . . . .. .. ... .... 104
The objective functions for set-2 experiments. . . . . .. .. .. .. ... 105
The objective functions for set-3 experiments. . . . . .. ... ... ... 106

Results of set-1 experiments: the number of initial guesses out of the 4096

initial guesses converging to the optimal pomnt. . . . . . . ... ... ... 110

Results of set-2 experiments: the number of initial guesses out of the 4096

initial guesses converging to the optimal point. . . . . . . ... ... ... 111

Results of set-3 experiments: the number of initial guesses out of the 4096

initial guesses converging to the optimal point. . . . . .. . ... .. ... 112

Vil



'5"21

The comparisons between Ry and the estimated rotations from initial guess

(0.1,0.2,0.9) by set-1/group-0 experiments. . . . . .. ... ... .....

2 The comparisons between Rp and the estimated rotations from initial guess

(0.1,0.2,0.9) by set-1/group-1 experiments. . . . . . .. ... .. .....

The comparisons between Ry and the estimated rotations from initial guess

(0.1,0.2,0.9) by set-1/group-2 experiments. . . . . . . .. ...

The comparisons between Ry and the estimated rotations from initial guess

(0.1,0.2,0.9) by set-3/group-0 experiments. . . . . . ... .. .......

The comparisons between Ry and the estimated rotations from initial guess

(0.1,0.2,0.9) by set-3/group-1 experiments.. . . . . ... ... ......

The comparisons between Ry and the estimated rotations from initial guess

(0.1,0.2,0.9) by set-3/group-2 experiments. . . . . . . . ... ... .. ..

Results of testing different sampling rates and hemisphere sampling: the
number of initial guesses out of the 4096 initial guesses converging to the

OPLIHRl POME: v s vs e e v s e W I RIBE P EE BE I B ET B &8
Different choices of origin used in the experiments.. . . . . ... ... ..

Results of testing the different choice of origin: the number of initial

guesses out of the 4096 initial guesses converging to the optimal point.

The comparisons between Ry and the estimated rotations from initial guess

(0.1,0.2,0.9) by experiments using variational testing data. . . . .. ...

The comparison between the estimated a priori rotation for the ellipsoid

and the rotations found by optimizations on real data. . ... ... ...

viii

123



5.22 The comparison between the estimated a priori rotation for the pillow and

the rotations found by optimizations on real data. . . . . .. .. .. ...

C.1 The Legendre polynomials of degreesup to 10. . . . . . . . ... .. ...

X



11

2.1

2.2

2.3

3.1

4.1

4.2

4.3

4.4

List of Figures

Mappings between surface points and points on the sphere, illustrated in
L e L L s T R T I Y I I YT I LY
Interdependence of the subsections in Chapter 2. . . . . ... ... ...
The support function of a convex polygon. . . ... .. ... .. ....
Two polygons with the same support function. . . ... .. .. .. ...
The distance function of a starshaped set. . . . ... .. .. .... ...

Conjneale Hetions: « o s-s 2 & 0o & 08 B © @ v e @ B 0@ e 7o
An open surface patch with positive Gaussian curvature. . . .. ... ..
Using the data on a hemisphere in optimization when the object is viewed

from a single viewpoint. . . . .. ... L

Two 2-D convex objects that do match when viewed in the positive z di-

rection but that do not match over the whole unit circle. . . . . . . . ..

A 2-D starshaped set and its radial function, defined for points, (u,v), on

EHEETIE TIPS « v o o m g i 0o 8 v B B G E S B R AR A G

Two 2-D sets with the same radial function. . . . . ... ... ... ...

11

16

24

82



Two 2-D starshaped sets that match when viewed in the positive z direc-

tion but that do not match over the whole unit circle. . . . . . . . .. .. 87
Experimental shape: the ellipsoid. . . . . . . ... .. ... ... ..... 93
The spherical coordipatesystem. . o a5 ss sivmss od ow @ s 508 s @ 94
Experimental shape: the peanut. It is a solid of revolution. . . . . . . .. 95
Experimental shape: thepillow. . . v s« v s wsw s vawo s ow 2z ws 95
An B-frequenicy geodesic dome. . v v vs G0 s in mw ww s 4o s s s 98

Experimental shapes and their rotated images under rotation (7 /6, 7/9,7/4),

projected onto a plane with normal direction (1,1,1). . . .. .. .. ... 108

Example of the results of set-1 experiments: Minimizing ¢(R) for Es5

with initial guess (0.1,1.4,1.3) under Boundl. . . .. ... ... ... .. 116

Example of the results of set-1 experiments: Minimizing ¥(R) for E;359

with initial guess (0.1,1.4,1.3) under Boundl. . ... .. ... ...... 116

Example of the results of set-1 experiments: Maximizing x(R) for the

peanut with initial guess (0.1, 1.4,1.3) under Boundl. . . . ... .. ... LT

Example of the results of set-1 experiments: Maximizing x(R) for the

pillow with initial guess (0.1, 1.4,1.3) under Boundl. . ... ... .. .. 117

Example of the results of set-3 experiments: Minimizing ¢(R) for Es54

with initial guess (0.1,4.2,1.7) under Bound3. . . . ... ... ...... 118

Example of the results of set-3 experiments: Minimizing 9(R) for Essg

with initial guess (0.1,4.2,1.7) under Bound3. . . .. ... ... ..... 118

X1



5.20

5.21

Example of the results of set-3 experiments: Maximizing x(R) for the

peanut with initial guess (0.1,4.2,1.7) under Bound3. . . . . . ... ...

Example of the results of set-3 experiments: Maximizing x(R) for the

pillow with initial guess (0.1,4.2,1.7) under Bound3. . .. ... ... ..

Example of the results of variational tests: Minimizing ¢(R) for Es3 59 with

initial guess (0.1,4.2,1.7) using data sampled at different sampling rates.

Example of the results of variational tests: Minimizing 1(R) for E3 59 with

initial guess (0.1,4.2,1.7) using data sampled at different sampling rates.

Example of the results of variational tests: Maximizing x(R) for the peanut
with initial guess (0.1,4.2,1.7) using data sampled at different sampling

PALES i BT G PR T RE S D hER R R DEEERIE RS N

Example of the results of variational tests: Maximizing x( R) for the pillow
with initial guess (0.1,4.2,1.7) using data sampled at different sampling

TATEEL o s e B 6 od o % ol o owd 6 8 v & il B B 0B F ket o o BE  we e w e  & R

Example of the results of variational tests: Minimizing ¢(R) for Ej3 59 with

initial guess (0.1,4.2,1.7) using data sampled on half sphere. . . . . . ..

Example of the results of variational tests: Minimizing 1)( R) for Ej 5 ¢ with

initial guess (0.1,4.2,1.7) using data sampled on half sphere. . . . . . . .

Example of the results of variational tests: Maximizing x( R) for the peanut

with initial guess (0.1,4.2,1.7) using data sampled on half sphere.

Example of the results of variational tests: Maximizing x(R) for the pillow

with initial guess (0.1,4.2,1.7) using data sampled on half sphere.

Xii

119

124

124

125

125

126

126

127

127



5.23

Example of the results of variational tests: Maximizing y(R) for the peanut

with initial guess (0.1,4.2,1.7) using data sampled with new origin 7. . .

Example of the results of variational tests: Maximizing x( R) for the peanut

with initial guess (0.1,4.2,1.7) using data sampled with new origin 7. . .

Example of the results of variational tests: Maximizing x(R) for the pillow

with initial guess (0.1,4.2,1.7) using data sampled with new origin 7. . .

3 Example of the results of variational tests: Maximizing y(R) for the pillow

with initial guess (0.1,4.2,1.7) using data sampled with new origin T5. . .

Example of the results of variational tests: Maximizing x(R) for the pillow

with initial guess (0.1,4.2,1.7) using data sampled with new origin T5. . .
Images of the ellipsoid under three light sources. . . . . . . ... ... ..
Images of the peanut under three light sources. . . . .. ... ... ...
Images of the pillow under three light sources. . . . . .. ... ... ...

Example of the results of real data experiments: Minimizing (R) for the

ellipsoid imaged in Figure 5.28 with initial guess (0.1,0.2,0.1). . . . . . .

Example of the results of real data experiments: Minimizing 1 (R) for the

ellipsoid imaged in Figure 5.28 with initial guess (0.1,0.2,0.1). . . . . ..

Example of the results of real data experiments: Maximizing X(R) for the

peanut imaged in Figure 5.29 with initial guess (0.1,0.2,0.1). . . . . . ..

Example of the results of real data experiments: Maximizing X¥(R) for the

pillow imaged in Figure 5.30 with initial guess (0.1,0.2,0.1). ... .. ..

Xiii

128

128

129

129

131

133

139



C.1 Projections of | U,,..(¢,0) | and | Vi n(¢,6) |, 0 < n <m,m =0,1,2,3,

unto a plane that is perpendicular to (1,1,1). . ... .. ... ... ...

X1V



Acknowledgment

I sincerely thank my supervisor Dr. Robert Woodham. I am very grateful for the
supervision Dr. Woodham gave me over the whole period of my PhD program including
taking courses, writing the thesis proposal, solving the proposed problem theoretically,
doing experiments and proofreading this dissertation. I thank him for being a exemplary
researcher and a considerate mentor. I also thank him for the constant encouragement I
receive from him.

[ am grateful to the members of my supervisory committee, Dr. Andrew Adler, Dr. Uri
Ascher, Dr. David Kirkpatrick and Dr. Jim Little for their supervision and contributions
in discussions of my research.

Many people helped to make this work possible. Richard Froese introduced the
Legendre transformation to me. Felix Jaggi, Norman Goldstein and Herbert Kreyszig
helped me to understand the paper by R. Schneider in German. Dr. Marilyn Breen
provided papers on starshaped sets. Tom Nicol suggested using the optimization routine
NLPQL and also helped to convert it for local use. Dr. Robert Renka provided the
spherical interpolation routine and converted it to double precision for our use. lan
Cavers provided the integration routine QBO1AD from Harwell. Rod Barman assisted
in the preparation and mounting of the test objects. Stewart Kingdon provided essential
software for image acquisition. Christopher Healey helped in formatting this thesis in
Latex. I also thank Branislav Klco of Studio Apropos!, Vancouver, BC, for machining

the test objects.

I thank the following faculty and staff members at the Laboratory of Computational
Intelligence: Rod Barman, Stewart Kingdon, Jim Little, David Lowe, Alan Mackworth,
Valerie McRae, David Poole, Dan Razzell, Richard Rosenberg and Bob Woodham. The
Lab has been a productive and comfortable working environment.

[ thank the staff members at the Department of Computer Science, particularly, Gale
Arndt, Carlin Chao, Moyra Ditchfield, Evelyn Fong, George Phillips, Peter Phillips,
Deborah Wilson, Carol Whitehead and Grace Wolkosky for their great help with various
aspects of my being a graduate student in the department.

[ thank Jadranka Alilovic-Curgus, Carl Alphonce, Heinz Breu, John Buchanan, At-
jeng Gunawan, Alex Kean, Yggy King, Geng Lin, Dan M(‘Reynuid% Jane Mulligan, Art
Pope, Pierre Pouim Runplng Qi, Lianwen 7;ha.ug and Ying Zhang for their fellowship
with me. Pd.rtlcu]arly, [ thank Pierre Poulin for proofreading this dissertation.

[ thank Tracy Urban, Grace Wolkosky, Valerie McRae, Carly Wong, and Ellen Ho
for being my dear frlends in these years. I thank Carly Wong for helping formatting and
proofreading this dissertation.

[ thank my husband, Chong-Jian Zhu, for loving me and respecting my academic
pursuit.

This thesis is affectionately dedicated to my mother Wu Zhi-Yong and my father Li
Zhi-Chun whose love I can never repay.

Xv



*

—TE———T



Chapter 1

Introduction

Tasks that a robot vision system performs include recognition, localization and inspec-
tion. These tasks are carried out based on data about objects collected by a robot
vision system through various sensing devices. Recognition identifies the object. Local-
ization determines the three translational and the three rotational degrees of freedom
of a sensed object in space. Inspection verifies the suitability of the object for a par-
ticular task. Attitude determination solves for the three rotational degrees of freedom
between the coordinate system of a sensed object and that of a viewer. Thus, attitude

determination is a sub-problem of localization.

If the shape of an object is invariant with respect to a class of rotations then each
rotation in the equivalence class thus determined is considered to define the same attitude.
A 3-D object may have additional rotational invariances when viewed from a particular
viewpoint. In this case, it is understood that attitude determination solves for the three
rotational degrees of freedom up to an equivalence class of rotations that can not be

further distinguished given the viewpoint provided.

Attitude determination is required for many robot vision tasks including directing a
robot arm to grasp an object, navigation and camera calibration. Suppose a robot is
placed, in a factory, beside a bin of machine parts all of the same type. The robot is
instructed to grasp a machine part in a specified way. Each part has a 3-D shape that
is known to the robot, i.e., the robot has a model of the part in a standard coordinate

|



Chapter 1. Introduction 2

system. The parts the robot sees in the bin are instances of the model subject to unknown
rotation, scaling and translation. The attitude determination problem for the robot is to
determine the unknown rotation so that the robot can be directed to grasp a machine

part in the specified way.

Shape representations are required to support object recognition, localization and
inspection. An object is a connected compact set in R*. The shape of an object concerns
the geometry of the surface of the object modulo translation, scaling and rotation. A
representation of shape is a language for encoding a general class of shapes [75], together

with rules that specify how it is applied to any particular shape [53].

Orientation-based representations of shape are shape representations with particu-
lar properties. The term “orientation-based representation” was introduced by Wood-
ham [76]. An orientation-based representation records 3-D surface properties as a func-
tion of position on the unit sphere. These representations are termed orientation-based
because one associates each point on the sphere with the unit vector from the center of

the sphere to that point.

This dissertation studies various orientation-based representations and solves the at-
titude determination problem by making use of the dependence of the orientation-based

representations of shape on rotations.

In order for an orientation-based representation to effectively represent the shape of
an object, a correspondence between the surface point of an object and a point on the
unit sphere is required. Two ways to establish such a correspondence are employed in this
dissertation. They are called Gauss map and dilation map and are shown in Figure 1.1a

and Figure 1.1b respectively.

The Gauss map takes each surface point to the point on the sphere corresponding to

the unit normal to the tangent plane at that point. Figure 1.1a illustrates the Gauss map.
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(a) Gauss map (b) dilation map

Figure 1.1: Mappings between surface points and points on the sphere, illustrated in 2-D.

Many representations based on the Gauss map have been defined. Representations of
this type used in computer vision include: the Extended Gaussian Image (EGI), defined
as the reciprocal of the Gaussian curvature [35], and the support function, defined as
the distance from the origin to the tangent plane [57]. For polyhedra, the EGI specifies
the area of each face as a function of face orientation. The EGI has been used for both
recognition and attitude determination of convex polyhedra [12, 37, 47]. The support

function appears explicitly in one of the methods described [47].

Other representations of 3-D shape based on the Gauss map have been defined. For
example, the first and second curvature functions are defined, respectively, as the sum of
the principal radii of curvature and the product of the principal radii of curvature. Thus,
for smooth objects, the EGI and the second curvature function are equivalent. These
curvature functions possess desirable mathematical properties when combined with the
support function. The first and second area functions also are defined (see Section 2.5.2).

For polyhedra, the EGI is equivalent to the second area function.

The Gauss map is one-to-one for smooth (i.e., C?), strictly convex objects. It has

proven difficult to extend representations based on the Gauss map beyond the convex
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case since, in general, the Gauss map is many-to-one. Approaches have been described to
decompose non-convex surfaces into regions for which the Gauss map is one-to-one and
to augment the information recorded to handle the many-to-one nature of the mapping

(40, 46).

One can go beyond convexity by choosing a different way to establish the correspon-
dence between surface point and point on the sphere. Let the origin be in the interior of
the object. Without loss of generality, assume that the size of the object is large enough
so that the unit sphere fits entirely within the object. A surface point p is mapped the
point on the sphere that is the intersection of the sphere with the ray from the origin to p.
Call this map the dilation map. Figure 1.1b illustrates the dilation map. Unfortunately,
in general, the dilation map is not one-to-one either. However, for. a suitable choice of

origin, it is one-to-one when the object is a st.a.rshape({ set [10, 72].

Representations of 3-D shape based on the dilation map can also be defined. The
radial function records the distance from the origin to the boundary point. The distance

function is the reciprocal of the radial function.

The two aforementioned mappings between the surface point and point on the sphere
both lead to a desirable property that all the orientation-based representations considered
share: the representation of a rotated object is equal to the rotated representation of the
object before rotation. This facilitates the construction of the representation of a rotated
object from that of the original object. This property also makes orientation-based repre-
sentations suitable for attitude determination. Using inequalities involving two objects,
one for the model and the other for the sensed surface data, one can define functions
of rotation that achieve extrema when the rotation is such that the rotated model and
the sensed object differ only by scaling and translation. Thus, attitude determination is
transformed into the problem of determining the extremum of a known function. This,

in turn, can be expressed as an optimization problem for which standard solutions exist.
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Chapter 2 establishes a consistent framework for orientation-based representations
of shape. A mathematical definition of orientation-based representation and the math-
ematical background for orientation-based representations are provided. Definitions of
various orientation-based representations are given and their properties are studied. The

emphasis of the study is on:

1. The conditions under which the representation is one-to-one;

2. The conditions under which a given function is a valid instantiation of an orientation-

based representation;

3. The conditions under which an object can be reconstructed from its representation.

Results concerning these aspects are summarized in Table 2.1 (page 62). The representa-
tions introduced in Chapter 2 have been studied in the mathematics literature. However,
the source material is diverse both in time and in language. The coherent presentation
in Chapter 2 of the mathematical background for orientation-based representations is
a contribution of this dissertation. In addition to being the theoretical foundation of
this dissertation, these results are relevant to research in other areas. For example, the
Minkowski sum (Section 2.4.1) is used both in geometric object modeling [17] and in
robotics [48]. On first reading of the thesis Chapter 2 might well be skipped. Results
are presented in general d-dimensional space R to preserve the original generality of
the mathematics and to connect the special case d = 3 to the generic meaning of the

representations.

As mentioned, a few orientation-based representations have already been proposed
and utilized in computational vision. Overall, however, little of the material presented in
Chapter 2 has been utilized. Objects represented typically are limited to polytopes and
to some special non-convex objects [35]. The state of the art is presented in Chapter 3

and highlighted in Table 3.1 (page 72).
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Chapter 4 provides theoretical solutions to the problem of attitude determination
using orientation-based representations. The results in Chapter 2 on inequalities involv-
ing orientation-based representations are utilized. By combining the representation of
a model and that of an object in the inequalities, thg attitude determination problem
is transformed into optimization problems for which standard numerical methods can
be applied. Indeed, optimization itself i1s not an intended contribution of the thesis
research. Instead, existing optimization tools are employed throughout. The orientation-
based representations used are the first curvature function, the second curvature function,
the support function and the radial function. The use of the first curvature function is
new. The use of the support function on smooth, strictly convex objects also is new.
The curvature functions are directly related to the area functions which are well defined
for any convex object. Thus, the use of the curvature functions can be regarded as an
application of a theory of general convex objects to a specific type of convex objects
(smooth, strictly convex objects) rather than as a simple substitute for Gaussian and
mean curvatures. Since the support function is one-to-one only for convex bodies and
the curvature functions are only defined for convex bodies, attitude determination using
them is, in general, not necessarily valid for non-convex bodies. A major contribution of
this dissertation is to demonstrate that the radial function is an effective representation
for starshaped objects! and that the attitude of starshaped objects can be determined
using the radial function. Thus the class of objects handled is extended to starshaped

objects (which strictly includes convex objects as a special case).
A proof-of-concept system has been implemented and experiments conducted to test

numerical solutions for three cases:

1. Attitude determination when both the model and sensed surface are given in known

analytic form;

ISee Appendix B for definition of starshaped objects.
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2. Attitude determination when the sensed surface, then the model and then both are

discretized versions of a known analytic form;

3. Attitude determination with sensed data obtained, via photometric stereo, from

real objects and model data given in known analytic form.

Cases 1 and 2 represent simulation studies that were essential to software development,
error analysis and tests of robustness. Case 3 tests the performance of the system on
real objects machined from data derived from analytic forms. Experimental results show
that attitude determination can be solved by the aforementioned orientation-based rep-

resentations of shape. The system and the experiments are described in Chapter 5.

Chapter 6 summarizes the contributions of this dissertation and points out future

directions for research.

Appendix A and Appendix B describe notational conventions and basic definitions
used. Appendix C provides a brief introduction to spherical harmonics which are used

in Chapter 5 to define the experimental shapes.



Chapter 2

Mathematical Background

Orientation-based representations are functions defined on the unit sphere or set functions
defined on sets of the unit sphere. The representations considered in this dissertation are
based on the two mappings from an object to the unit sphere described in Figure 1.1 of
Chapter 1. Some representations can be defined using the mappings and basic calculus.
To build a theory of orientation-based representations and to solve the attitude deter-
mination problem, deeper mathematical background is needed. The orientation-based
representations considered in this dissertation are described in the mathematics litera-
ture. However, the source material is diverse both in time and in language. This chapter
gives a coherent presentation of the mathematical background for orientation-based rep-
resentations. Results are presented in general d-dimensional space R® to preserve the
original generality of the mathematics and to connect the special case d = 3 to the

generic meaning of the representations.

There are six sections in this chapter. The first five sections present definitions,
properties and relationships among, respectively, five types of mathematical objects that
establish the background for orientation-based representations of shape. Each of these
sections is further divided into subsections where one mathematical object of the type of
the section is presented. Figure 2.1 depicts the interdependence between the subsections
of this chapter, where subsections directly related to attitude determination in this dis-

sertation are emphasized. The last section of this chapter, Section 2.6, summarizes the
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properties of the orientation-based representations of shape.

To further describe the first five sections, let R* denote the d-dimensional real space,
541 denote the unit sphere in RY, B denote the unit ball in R? and B(S%!) the o-

d=1

algebra of Borel subsets of S The five types of mathematical objects considered

are;

1. Functions that are associated with one set and whose domains are RY,

§4-1 or B(S9-1) (Section 2.1).

Functions in this category are the support function, the normal representation, the
curvature functions, the distance function, the radial function, the cross sectional
measure and the breadth and the area functions. These functions define orientation-
based representations of shape. Among them, the support function (Section 2.1.1),
the curvature functions (Section 2.1.3) and the radial function (Section 2.1.5) are
the orientation-based representations used in attitude determination (Chapter 4

and Chapter 5) in this dissertation. All the functions are defined on S¢-1

except
the area function which is defined on B(S%"). The introduction of the o-algebra
of Borel subsets of S*=', B(S!), provides a way of stating the properties of the

area function since the area function is a set function.

To give an example of orientation-based representations, consider the support func-
tion of a 2-D polygon, P. For a point u on the unit circle, the value of the support
function of P at w i1s the maximal signed distance between the origin and the
support plane of P with outer normal u. Figure 2.2 shows the 2-I) example of a
convex polygon and its support function defined for vectors u € S'. The value of
the support function is the distance between the origin and the dashed arc along

the direction determined by wu.

2. Mappings from one hypersurface to sets on S9! (Section 2.2).
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Figure 2.2: The support function of a convex polygon.

The spherical image is in this category. Although it is not an orientation-based

representation, it is included because of its close relation to Gauss map.

3. Mappings from one or more sets to scalar values (Section 2.3).

Scalar values are volume, surface area, diameter and width. These numbers can be

calculated from the orientation-based representations introduced in Section 2.1.

4. Mappings from one or more sets to a new set (Section 2.4).

These mappings are called transformations. The transformations are achieved
by constructing the representation of a new set from the orientation-based rep-
resentations of some given sets. The constructions make use of the properties of
orientation-based representations defined in Section 2.1. Typically, the properties
of the transformed set are of more interest than the transformation itself. Trans-
formed sets are the (Minkowski) vector sum, the Blaschke sum, the polar mean,
the polar reciprocal set, the Legendre transform, the projection body, the parallel

body and the central body.

5. Functions and mappings obtained via combinations of a set with the unit

ball BY or combinations of several sets (Section 2.5).
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Their names are usually prefixed with “i-th” or “mixed” depending on whether
the unit ball is involved in the combination. They are called mixed measurements.
The mixed measurements included are the mixed volume, the i-th area function, the
mixed area function, the :-th curvature function, the mixed curvature function, the
mixed body and the dual mixed volume. Among them, the :-th curvature function
and the mixed curvature function are orientation-based representations, the mixed
volume and the dual mixed volume are scalar values, the i-th area function and
the mixed area function are set functions, and the mixed body is a set. The
theorems concerning the mixed volumes (Section 2.5.1) and the dual mixed volumes
(Section 2.5.6) are directly used in the solutions to the attitude determination

problem (Chapter 4).

The mathematical constructions have been studied intensively in the context of convex
bodies. Some of them are only meaningful when applied on convex bodies. Possibilities
to extend functions and mappings to non-convex sets are discussed. References to the
mathematical results are provided but the original proofs are not repeated. General
references are Bonnesen and Fenchel 7], Busemann [15], Griiubaum [32], Pogorelov [60]
and Schneider [69]. Notation, definitions and facts used but not defined in this chapter

are given in Appendix A and Appendix B.

2.1 Representations

Definition 2.1 An orientation-based representation of shape is a map from connected
compact sets in R to functions defined on the unit sphere S in R? or set functions

defined on B(S%1).

An example of an orientation-based representation of shape is the support function.

The support function is defined for any set in RY. Its value at point u on the unit
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sphere is the maximal signed distance (from an origin) to the tangent plane with outer
normal u. This mapping from objects to functions defined on the unit sphere conforms
to Definition 2.1 and thus is an orientation-based representation of shape. The name of

the mapped function, the support function, also is used to name the representation.

An orientation-based representation represents the shape of an object via a correspon-
dence between points on the unit sphere and points on the object surface. Two ways of
establishing such a correspondence, the Gauss map and the dilation map, are depicted
in Figure 1.1. The Gauss map takes each surface point to the point on the sphere corre-
sponding to the unit normal to the tangent plane at that point. The dilation map takes a
surface point p to the point on the unit sphere that is the intersection of the sphere with
the ray from the origin to p. Representations based on the Gauss map come with useful
mathematical properties. However, many of these properties require the correspondence
to be one-to-one. This restricts the representation to strictly convex objects since the

one-to-one correspondence then is guaranteed, as by the following theorem:

Theorem 2.1 (Bonnesen-Fenchel [7] page 15.) If a convex body has only regular bound-
ary points, then its boundary can be mapped one-to-one and continuously onto S by

means of equally directed support planes.

By the definition of starshaped set, correspondence via the dilation map is one-to-one
for starshaped objects when the origin is inside the kernel of the object. The class of
starshaped objects strictly includes the class of convex bodies. The mathematical study

of starshaped objects is not as extensive as that of convex bodies.

Representations studied in the following subsections are the support function, the
normal representation, the curvature functions, the distance function, the radial function,
the cross sectional measure, the breadth and the area functions. Definitions are given

and the relations between the representations are described once sufficient background is
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established. For each representation, the following aspects are of main concern:

1. Conditions undér which a representation is one-to-one;
2. Necessary conditions for a function to be the representation of an object;
3. Sufficient conditions for a function to be the representation of an object;

4. Methods by which an object can be reconstructed from its representation.

2.1.1 The Support Function

Definition 2.2 (Lay [42] 29.1 page 206.) Let C C R? be a nonempty set. The support
function H(C;v) of C is the real-valued function defined by

H(C;v) = sup {{z,v) | z € C'},

for all v € R for which the supremum is finite.

It is obvious that the support function of a set depends on the choice of the origin of
the coordinate system. If a set ' is translated into C’ by a vector a, the support function
of " is

H(C'v) = H(C;v) + (a,v) . (2.1)

If C is rotated by a rotation R, its support function is rotated by the same rotation, i.e.,

H(R(C);v) = H(C; R™'(v)).. (2.2)

If (' is a convex body, the support hyperplane of C' with outer normal v € R*\ {0}
is (x,v) = H(C;v). If v € S%1, the value H(C';v) is the signed distance from the origin

to the support plane of " with outer normal v. If ' is non-convex, then (z,v) = H(C;v)
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is the support plane of C' with outer normal v that is of maximum signed distance from

the origin.

Examples of support functions are:

1. The support function of a point is a linear function. The support function of a

polytope is a piecewise linear function.
2. The support function of the unit ball with center at the origin is ||v]].
3. The support function of the d-dimensional cube that has edges parallel to the axes

with edge length two and centered at the origin is 3% |vil.

Theorem 2.2 (Bonnesen-Fenchel [7] page 26.) The support function H(C;v) of a

nonempty set ' is positively homogeneous and convex. That is, it satisfies
1. H(C; ) = AH(C;v) for all A > 0, v € RY,
2. HCiv+w) < H(C;v)+ H(C;w) for all v,w € RY.

Positive homogeneity and convexity are also sufficient for a function to be the support

function of a convex set.

Theorem 2.3 (Bonnesen-Fenchel [7] page 29.) If H(v) is any function defined on R?

such that

1. H(Av) = AH(v) for all A > 0, v € RY,

2. Hv+w) < H(v)+ H(w) for all v,w € RY,

then there exists a nonempty closed convex set ' such that H(v) is the support function

H(C;v) of C.
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Figure 2.3: Two polygons with the same support function.

Support functions are defined for any nonempty set. However, only for convex sets is

the support function one-to-one.

Theorem 2.4 (Griinbaum [32] page 14.) If Cy,C, are nonempty closed convex sets in
R? such that H(Cy;v) = H(Cy;v) for every v € RY, then Cy = (.

In general, the support function is not one-to-one for non-convex bodies. For example,
in Figure 2.3, the two polygons have the same support function. The left one is convex
while the right one is not. The support functions are the same because the convex hulls

of the two polygons are the same.

Theorem 2.5 (Lay [42] page 209.) Let C' be a nonempty closed convex set and H(C';v)
its support function with a nonempty domain D). Then C can be characterized by the

condition

C ={z|(z,v) < H(C;v) for all v € D},

or, equivalently

Y= ({z| (x,v) < H(C;v)}.

vel)
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Theorem 2.6 (Bonnesen-Fenchel [7] page 27.) Let C; and (U, be two convex bodies.

Then H(Ch;v) < H(Cy;v) holds for all v € R if and only if Cy C C,.

The next theorem gives the coordinates of the boundary points of a convex body via

the support function of the convex body.

Theorem 2.7 (Bonnesen-Fenchel [7] page 29.) If a convex body C has only regular
support planes, then its support function H(C;v) has continuous partial derivatives of

the first order, and
e OH(C;u)
T O

holds for the coordinates z; of its boundary points whose outer normal is w.

3 ue'-c"d_la :“::la"'}da

2.1.2 The Normal Representation

Definition 2.3 (Firey [21] page 1.) Let ' be a convex body having only regular support
hyperplanes, u € S%1, and let z(C;u) be the point on the boundary of ' at which the
unit outer normal is u. Function z is called the normal representation of the boundary

of C.

Because of the one-to-one correspondence between the sphere and the surface of a
regular convex body via directions of support planes, as stated in Theorem 2.1, the

normal representation of a convex body rotates with the convex body, i.e.,

2(R(C);u) = 2(C; B (u)) . (2.3)

The normal representation z(C;u) can be extended to be defined on R*\{O} by
z(C5v) = 2(Cyv/||v|]), v € R*\{O}. The necessary and sufficient conditions for a con-
tinuously differentiable function to be the normal representation of the boundary of a

convex body is given by Firey [21].
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Theorem 2.8 (Firey [21] page 3.) In order that z(v), assumed to be continuously
differentiable, be the normal representation of the boundary of a non-degenerate convex
body with regular support planes, it is necessary and sufficient that, when extended to

be defined over R*\{0}, its Jacobi matrix

8:1?;1) 2 s
(X‘J) ’ X"J' = -—C?_’{_E-__)- e e lv2!--'1d1
7

does not vanish identically and is symmetric and non-negative definite on $¢~1,

Let C' be a convex body with regular support planes, then

H(C;v) = (v,z(C;v)) , (2.4)

and by Theorem 2.7
wes _i)H((f;v) e
#(Cu) = B (2.5)

If 2(C;v) is continuously differentiable, then H(C';v) is twice continuously differentiable,

and
O*H(C;v)  0zi(C;v)  0z;(C;v)
8‘0{3?}_{ n ij- - Bv; '

Thus the Hessian matrix of the support function H(C;v)

PH(C;v)
Ovdv;

is the Jacobi matrix of the normal representation, z(C;v),

Oz:(C;v)
( dv; )

The normal representation of a convex body helps to establish relations between the

radii of principal curvature and the support function of a convex body. To show this,

introduce parameters ay, oy, . . ., @q—1 on the unit sphere S*1 such that the coordinates of
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the points u of the unit sphere are analytic functions u(ay,. .., @4_1), and the parameters

are such indexed that

30:1 60.’2 50:4-1

Let C be a convex body with regular support planes. Then z(C;v) can be obtained as a

detlu o au]>[}.

function z(ey,...,qq-1) of the parameters. If the origin is assumed to be in int €', then

ot [ 28, B % | o
. 6(21 Bﬂ‘z o (‘3(\!‘{_1 ’
Differentiating (2.5) gives
O0z; &, v d*H
—_—= i—— , where H;; = :
Do ; Hii g » "0 M= iy

If dz and v are parallel to the directions of principal curvature and r is the associated

radius of principal curvature, then dz = rdv. Thus,

d
ZH{dej:T‘dvg, = 112,...,(1.

=1

Therefore the radii of principal curvature must satisfy the equation

Hp —F == Hyq
=, (2.6)
Hy  »«o Hyg—=r

which can be expanded into!
v — Dy (H)r ' 4 Dy(H)r 2 4 oo (=1 Dysy (H)r + (= 1)*Dy(H) = 0,

where D;(H) is the sum of all ¢-rowed principal minor determinants of the matrix (H;;).

1. . . AaH (0 .
Since H(C';v) is homogeneous of degree 1 in v, and H;(v) = —“:—,f”—"l 1s homogeneous of
- _

'By Theorem 27.1 in Browne [14] (page 68), for a n-square matrix A with elements in a field F,
| A=A |= 30 —o(=A)""™0p, , where oy, is the sum of all the m-rowed principal minor determinants

of A,og=1,0,=|A]| .
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degree 0 in v, then by Euler’s Theorem,
d .
Y Hyws=0,8=12.,..4d, (2.7)
j=1

Thus the determinant Dy(H) of (H;;) vanishes. Then equation (2.6) results in a

(d — 1)-th degree equation for the radii of principal curvature rq,...,r4-1:
r=1 — Dy (H)r?=2 4+ Dy(H)r* 3 4 - + (=1)*'Dyy (H) = 0. (2.8)

Therefore the radii of principal curvature ri(u),z = 1,...,d — 1, at z(u), are the so-
lutions to equation (2.8). Thus the radii of principal curvature together with zero are
the eigenvalues of the Hessian matrix of H. From (2.8), D;(H) is also the i-th elemen-
tary symmetric function {ry---7;} of r1,...,74-1. In particular, the sum of the radii of

principal curvature at z(u) is the trace of the Hessian matrix of H, i.e.,
AH(u) = ry(u) + ro(u) + -+ +rq-1(u), ue 1. (2.9)
Furthermore
Dy_y(H) = ri(u)ra(u) -+ ra_q(u), u € ge= (2.10)

is the product of the radii of principal curvature and is therefore the reciprocal of the

Gaussian curvature.

2.1.3 The Curvature Functions

Definition 2.4 (Bonnesen-Fenchel [7] page 121.) Let C be a convex body, H(C;v) be
its support function. Let D;(H) be the sum of all i-rowed principal minor determinants

. o2
of the matrix (H;;), where H;; = ,,J‘: ,‘;: . Define
L) "‘\ ’J

F(Ciu) 2 Dy(H),i=1,2,...,d—1, (2.11)

as the 2-th curvature function of the convex body C'.
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Since the normal representation and the support function rotate with the convex body

(see (2.2) and (2.3)), the curvature functions rotate with the convex body too, i.e.,
F(R(C);u) = F(C; B\ (w)) (2.12)
Of particular interest are the first and the (d — 1)-th curvature functions:
Fy(Ciu) = ri(Ciu)+ -+ +1r4-1(Ciu),
Fy1(Ciu) = r(Ciu)ray(Ciu) - rea(Chu) .

When d = 3, a convex body has two curvature functions, Fy and F,, which are the sum of

the radii of principal curvature and the reciprocal of the Gaussian curvature, respectively.

Theorem 2.9 (Bonnesen-Fenchel [7] page 121.)

/d wF(Ciw)dw = 0. (2.13)
et

This theorem says that a necessary condition for a function defined on $%1 to be the
curvature function of a convex body is that the centroid of the surface on the unit sphere
covered with mass density F; is the center of the sphere. This also is a sufficient condition

for a function defined on S*! to be the (d — 1)-th curvature function of a convex body.

Theorem 2.10 (Bonnesen-Fenchel [7] pages 127-128.) Let F'(u) be a positive continuous

function on the unit sphere that satisfies the relation

/,_,-4-: wF(w)dw =10.

Then there exists a convex body uniquely determined up to translation for which F is

the curvature function Fy_;.

Theorem 2.9 and Theorem 2.10 together give a necessary and sufficient condition for

a positive continuous function Fy_; on S*' to be the curvature function Fy_1(C;u) of
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a convex body C. The existence problem of a closed convex surface ' such that the
sum of the radii of principal curvature at a point with unit outward normal vector u 1s a
given function ¢(u) defined on S is called Christoffel’s problem. The problem has been
studied by quite a few mathematicians, including Christoffel himself. A recent solution to
the existence problem is the constructive proof by Firey [21], which Firey claims corrects

and complements the incomplete treatment to the problem by earlier researchers.

Theorem 2.11 (Firey [21] page 9.) Let ¢ be a continuously differentiable function over
541 There exists a non-degenerate convex body C with regular support hyperplanes
such that ¢(u) is the sum of the principal radii of curvature at that boundary point of

(7 at which u is the outer normal if and only if ¢ satisfies the following conditions. Let

sin®~%t dt ,

O( / U.) []- - (ura u)z]%(ldd} /a'rc COs(u' u)
O(u', s

W

then

/S‘i'l ugp(u)dw(u) =0,
[ 0O, 0) (Vo) w)do(u) 2 0,

for all w’ on S%! and u” for which (v, u") = 0 with strict inequality for some such choices.

The (d — 1)-th and the first curvature function are one-to-one for convex bodies up

to a translation.

Theorem 2.12 (Bonnesen-Fenchel [7] page 122.) Two convex bodies with interior points

and continuous curvature function Fj,_; can be carried into one another by a translation.

Theorem 2.13 (Bonnesen-Fenchel [7] page 122.) A convex body is uniquely determined,

up to a translation, by its first curvature function F;.
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The definition and the theorems of this section assume that the support function of the
convex body has second derivatives. This is only necessary when the curvature functions
are defined via D;(H). The assumption can be dropped if the curvature functions are

defined by mixed volumes as will be described in Section 2.5.1.

2.1.4 The Distance Function

Definition 2.5 (Bonnesen-Fenchel [7] page 23.) Let C be a convex body with interior
points. Suppose the origin O is chosen in the interior of (. For any x € R*\{O}, let
& be the (unique) intersection point of the ray Oz with bd . The distance function

g(C;z), z € RY, of C is defined as
1. g(C;0) =0, and
2. 9(Csz) = ||z|l/l|él, = € R\ {O}.
The distance function of a set depends on the choice of the origin of the coordinate

system. If a set C is rotated by a rotation R, its distance function is also rotated by the

same rotation, i.e.,

9(R(C);v) = g(C; R7'(v)) - (2.14)

The general relation between the distance function of a set and that of its translation is

unknown.

Examples of distance functions are:

1. The distance function of the unit ball with center at the origin is ||z||;

2. The distance function of the cube having edges parallel to the axes with edge length

two and centered at the origin is max{|z;| | 1 <7 < d};
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’

Figure 2.4: The distance function of a starshaped set.

3. The distance function of the d-dimensional analogue of the regular octahedron is

f:l |‘I’.1|!

4. The distance function of a starshaped polygon is shown in Figure 2.4. The analytic
expressions between the dashed lines define the distance function for points on the

unit circle, u® 4+ v? = 1, in the corresponding region.
The following observations regarding the distance function follow from its definition:

1. The points that satisfy the inequality g(C;z) < 1 are precisely the points of C;

2. If two convex sets with O as their common interior point have the same distance

function, the two must be the same;

3. If the distance function of " is g(C; ), that of AC' is ¢(C; z);
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4. (Firey [19] page 444.) For convex sets C; and Cy, ¢(Cy;z) > g(Cy;2),Va € R* if
and only if C; C C,.

Theorem 2.14 (Bonnesen-Fenchel (7] page 23.) The distance function, ¢(C;z), of a

convex set (' has the following properties :

1. g(C;2) >0 with equality if and only if z = O,
2. g(C;px) = pg(C;z) for all 4 > 0, x € RY,
3. 9(Cs24+y) < g(Cs2) + g(Cs y) for all 2,y € R%.

Theorem 2.15 (Bonnesen-Fenchel [7] page 24.) If (i) is any function defined on R?

such that

1. g(z) >0 with equality if and only if 2 = O,
2. g(uz) = ug(x) for all > 0, z € RY,
3. gz +y) <g(z)+ 9(y) for all x,y € RY,

then there exists a nonempty closed convex set C such that g(z) is the distance function
of C.

&

Sometimes the distance function is called gauge. In topology d(z,y) = g(C;y — ) is

a gauge. It is used in Minkowski geometry ([7] page 25).
It is important to note that Definition 2.5 can be applied, without any change, to
compact starshaped sets with origin in the interior of the kernel, since any ray Ox in-

tersects a compact starshaped set only once. Properties 1 to 4 still hold for starshaped

sets. Of particular interest is the one-to-one property. Recall that the support function
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is one-to-one only for convex sets. The distance function is one-to-one for starshaped
sets. This is significant because the class of starshaped objects strictly includes that of

convex objects.

A more general definition of the distance function has been used by Valentine [72],

Lay [42] and Beer [4] for starshaped sets that are not necessarily compact.

Definition 2.6 (Valentine [72] page 33.) Let S be a set in a linear space £, starshaped
with respect to the origin O. The generalized distance function of S is the function

g: L — [0,00] defined by

glz)=mf{\| X > 0,2 €S}, (2.15)

From this definition of the distance function, a result that is stronger than both

Theorem 2.14 and Theorem 2.15 follows.

Theorem 2.16 (Valentine [72] page 32.) Suppose S C L is starshaped with respect to
O and each line through O intersects S in a relatively closed set. Then S is convex if and

only if the distance function g of S is subadditive and positively homogeneous, that is,

1. g(S;z+y) < g(S;x)+9(S;y) for all 2,y € L.

2. g8 Am) = Agl9;) forall A >0, z € L,

The distance function, g, of the polygon shown in Figure 2.4 is not subadditive,
since g((=2,-3)) = 1.5, g((1,-2)) = 1, 9((-2,-3)) + 9((1,-2)) = 2.5 < g((-2,-3) +
(1,—=2)) = g((—=1,—=5)) = 4. Thus, by Theorem 2.16, the polygon is not convex.

Beer [4] established a selection theorem for starshaped sets by considering the dis-

tance function of starshaped sets. He believed that the distance function is intrinsically
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related to starshaped set. It is stated in his paper that if ¢ is the distance function of
a nontrivial closed set starshaped with respect to an origin, O, then ¢ is a nonnegative
extended valued positively homogeneous lower-semicontinuous function and there exists
ro # O satisfying g(zo) # co. Conversely, any function g with these properties is the
distance function of such a set, namely, S = {z : g(z) < 1}. If O € int ker .S, then the

distance function is continuous. Moreover, it is Lipschitz (see Appendix B).

Beer studied the distance function of parallel bodies of starshaped sets. One of his

theorems is as follows.

Theorem 2.17 (Beer [4] page 24.) Let {S¢} be a sequence of compact starshaped sets
each contained in {z € R*: ||z|| < M}. Then {Sc} has a subsequence convergent in the

Hausdorff metric to a compact starshaped set.

In the study of classes of starshaped sets in R®, Melzak [55] asserted that the class of
starshaped sets is identifiable with the class of all real valued positive functions on the
sphere 5% which satisfy a Lipschitz condition. Define H as follows: S € H if and only if
S is a bounded closed set in B* and O € int ker S. Let g(.S;v) be the distance function of
S. The following theorems were obtained where Theorem 2.18 was mentioned similarly

in Beer [4].

Theorem 2.18 (Melzak [55] pages 175-176.) If S € H then g(S;u;) > 0 and [g(S;uy) —
(S5 uy)| < ys|urua],0 < vs < oo, where uy,uy € S? and |ujuy| is the length of the line

segment between u; and u,. Conversely, any such function ¢ defines a set in H.

Theorem 2.19 (Melzak [55] pages 175-176.) Given any convex set ' € H, any

A > 0 such that ' C AB?, and any € > 0, there exists S € H such that

L, ker.S = (-
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2. Cc mt S;

3.ABPCc Sc(A+¢)B>

2.1.5 The Radial Function

The definition of the radial function parallels Definition 2.6 of the distance function.

Definition 2.7 (Lutwak [49] page 531.) The radial function of a convex body C' is
defined as
p(C;u) £ sup{A >0 | u € C}, forue S+, (2.16)

From 2.15 and 2.16 it can be seen that

p(Ciu) =

9(Ciu)
Thus, by (2.14),
p(R(C);u) = p(C; R (u)) . (2.17)

For compact convex sets, the properties of the distance function that are derived from
Definition 2.5 can be transformed into properties of the radial function:
1. The points that satisfy the inequality p(C;z) > 1 are precisely the points of C;

2. If two convex sets with O as their common interior point have the same radial

function, the two must be the same;
3. If the radial function of € is p(C;z), that of AC is Ap(C;z), A > 0;

4. For convex sets C; and Cy, p(Cy;2) < p(Cy;z),Vz € R* if and only if Cy C C,.
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2.1.6 Cross Sectional Measure and Breadth

Definition 2.8 (Bonnesen-Fenchel [7] page 49.) Let C be a convex body and v an
arbitrary direction. The (d — 1)-dimensional volume of the orthogonal projection of
¢ onto.a, hyperplane with normal direction v is called the (d — 1)-dimensional cross
sectional measure of C' in the direction v, denoted as o(C;v). For d = 3, o(C;v) is called
the brightness function of (U, i.e., the area of the orthogonal projection of ” onto a plane

with normal direction v. (Firey [20] page 96.)

Theorem 2.20 (Firey [20] page 96.) If two centrally symmetric convex bodies have the

same brightness function, then they differ at most by a translation.

Definition 2.9 (Bonnesen-Fenchel [7] page 56.) Let ' be a convex body and v an
arbitrary direction. The distance between the two support planes of a convex body
with normal direction v is called the breadth of C' in the direction v, and is denoted as
B(C';v), for all directions v. A convex body is called a body of constant breadth if it has

the same breadth in all directions.

For any convex body C', B(C';v) = H(C;v) + H(C; —v).

It follows that spheres are the only central bodies of constant brightness.

2.1.7 The Area Function

Definition 2.10 (Firey [24] page 205.) Let C' be a convex body in RY, Q € B(S% ).
Denote, by S(';$2), the (d— 1)-content (area when d = 3) of the set of all those boundary
points of (', each of which has a support hyperplane with outward normal in §2. Set

function S(C;Q) is called the area function (or primary area function by Firey) of (.
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Theorem 2.21 (Schneider [69] page 47.) For convex body C,

ﬂ wdS(Ciw) =0 .

Theorem 2.22 (Schueider [69] page 47.) Let u be a.positive measure on B(.S41) not

concentrated on a great circle, and suppose that

./Sd—l wdp(w) =0 .

Then there exists a convex body C, unique up to translation, with S(C; Q) = u(Q).

Obviously, the area function of a polytope P is a discrete system of vectors A(P) =
{a; | 1 <@ < f(P)}, where f(P) is the number of facets of P. For each facet F; of P,
the direction of a; is that of the outward normal of F; and the length of a; is equal to the

(d — 1)-content of F;.

Definition 2.11 (Grinbaum [32] page 332.) A system V = {v; | 1 <¢ < n} of non-zero
vectors in R? is called equilibrated if 3%, v; = 0 and no two of the vectors in V are
positively proportional. V is called fully equilibrated in R* when it is equilibrated and

spans R%.

Theorem 2.23 (Minkowski’s Fundamental Theorem, Griinbaum [32] page 332.)

(1) If P is a polytope in R, then A(P) is equilibrated. If P is a
k-polytope, then A(P) is fully equilibrated in the subspace RF parallel to the affine
space spanned by P.

(2) f V is a fully equilibrated system in R¥ k > 2, there exists a polytope P, unique

within a translation, such that V = A(P).
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The brightness function (Section 2.1.6) o(C;v) of C can be expressed in terms of the

area function S(C;Q) of C (Firey [20]):

sk %fb | (v,4) | dS(C; ). (2.18)

2.2 Spherical Images

Definition 2.12 (Busemann [15] page 25.) Consider a convex hypersurface C'. The
spherical image v'(p) of a point p € C consists of the points of S~ which, as vectors, are
the outward normals of the support hyperplanes of C at p. The spherical image v'(M)
of aset M CCis
o'(M)= | v(p).
peEM
Note that spherical images are not defined for non-convex hypersurfaces, because the

support hyperplanes at a concave point are not defined.
Theorem 2.24 (Busemann [15] page 25.) For a convex hypersurface C, v'(C) is convex.

Definition 2.13 (Busemann [15] page 26.) For any set M C (C for which v'(M) is

measurable, the integral curvature of M is defined as
v(M) = measure of v'(M) .

Theorem 2.25 (Alexandrov, Busemann [15] page 26.) Given a convex hypersurface (7,
v'(M) is measurable for any M € B(C) and the integral curvature v(M) is completely
additive on B(C).
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Theorem 2.26 (Alexandrov, Busemann [15] page 29.) For a given completely additive
non-negative set function o(M’) defined for all M’ € B(S*") there exists a closed convex
hypersurface (' containing origin O in its interior such that a(M’) = v(M) for the

projection M of M’ from O on C, if and only if

1. oS4 1) = wy (wq is the area of SY1, see Appendix A.)

-4

2. a¢(C)<wy—p for every convex set C on , where /3 is the measure of the

spherical image of the cone projecting C' from O .

Theorem 2.27 (Busemann [15] page 30.) Let C; and C; be two closed convex hyper-
surfaces containing O in the interior. If v(M;) = v(M;) for any M; € B(C;),t = 1,2,
which are projections of each other from O, then C; is obtained from C; by a dilation

with center O .

2.3 Numbers Associated with A Set

The numbers associated with a set examined in this section are volume, surface area,
diameter and width. The emphasis is on how they can be calculated from the represen-

tations defined in Section 2.1.

Throughout this section, ' is a convex body, « is the normal representation of the
boundary of C, ay,as,..., a4 are the parameters introduced on S9! in Section 2.1.2,
u is a point on S%7!, and dw is the area element on S* ! at u. We have (Bonnesen-
Fenchel [7] page 64)

Ju du
u - )
60‘1 Had_l

dw:det[ ]dal—--dad_l ;
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2.3.1 The Volume

Let V(C') denote the volume of €. Then V(C') = 0 if and only if C is at most (d — 1)-

dimensional. It is known that V(C') depends continuously on C.

Consider a non-degenerate polytope P. Denote by p',i = 1,.

., N, the facets of P,

by A(p') the area of p', by u' the unit outer normal of the support plane of P containing

p'. It can be proved (Busemann [15] page 44) that

N
Z (P;ub)A(p").

:L.I'—'

A limit process of (2.19) gives

V(C) ==

- . H(C;w)dS(Cjw) .

When H(C;v) has continuous second derivatives,

dS(Ciu) = Fy1(Ciu)dw .
Thus
Y 1 3
Vi) = 7 Jsas H(Ciw)Fyy (Cw)dw

Representing V(C) in terms of the chosen coordinate system gives

1 [ Oz or |
V(C) o det | 5, e s doyg - dog_q
1 [ Oz ox | .
o s det |u 3a By H(C;u)dey -+ devg—q
1 du Ou | }
&' i det [u ('?_Ce: . aad_l- H((;,H)Dd_1(H)(U)d&1 i

(2.19)

deg-q .
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2.3.2 The Surface Area

Let S(C) denote the surface area of a convex body‘C and S(C;Q) denote the area

function of C. By Definition 2.10,

$(0)=5(C; 8% = [ dS(Ciw).

Sd—1

By the relation between the area function and the curvature function,

S(C) = ] Fyq(w)dw .

Sa=

Representing the surface area in terins of the chosen coordinate system gives

)i TR
.5’(C):Ld_]detl e s i Jdal-——dad_l.

u "5
oy Jovg_q

Given the (d — 1)-dimensional cross sectional measure o(C;v) of convex body C, the
surface area S(C; 9%) of C can be computed via Cauchy’s formula (Bonnesen-Fenchel [7]
page 53)

1
- L  0(Ciw)dw .

Td—1

S(C; S’d—l) =

2.3.3 The Diameter and the Width

Definition 2.14 The maximum of B(C;v) over all v is called the diameter of C, denoted
as D(C). The minimum of B(C;v) over v is called the width of C, and is denoted as

A(C).

Obviously, the diameter of a convex body of constant breadth is equal to its width.
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2.4 Transformations

There are two types of transformations described in this section. Transformations of
the first type combine two sets into a new one. The new sets are determined by their
orientation-based representations which are the sum of the orientation-based representa-

tions of the two given sets, 1.e.,
R(T (S1,52)) = R(S1) + R(S:)

where R is an orientation-based representation of shape, 7(.51,.5;) is the transformed
set. Minkowski vector addition, Blaschke addition and polar mean are of this type.

Combinations naturally lead to questions of decomposition.
Transformations of the second type transform a set into a new one such that
Ri(7(95)) = Ra(5)

where R, R, are two orientation-based representations of shape and 7(S) is the trans-

formed set. Projection body and polar reciprocal set are of this type.

2.4.1 Minkowski Vector Addition

Definition 2.15 (Griinbaum [32] page 316.) For two sets @ and R in RY, the vector
sum ) + R of ) and R is defined as

Q+R={r+y|zeQ,y€eR}.

If P=@+ R, then () and R are called summands of P. The process is called wector
addition. Associated with the vector addition is a scalar multiplication AQ defined as
AQ = {Xz | € Q}. The set {a} + AQ,a € R, is said to be homothetic to (), and
positively homothetic to Q if X > 0.
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Theorem 2.28 (Grinbaum [32] page 316.)

(1) A set P is the vector sum of @ and R if and only if
H(P;v) = H(Q;v) + H(R;v), for all v € R".

(2) Let @ and R be two polytopes, ¢;,2 = 1,...,nand r;,7 = 1,...,m, be the vertices
of @ and R, respectively. A set P is the vector sum of ) and R if and only if P is the

convex hull of the set

{q,-+rj|z'= Fowwaidind = Baws ik

Assertions (1) and (2) can be regarded as equivalent ways to define vector sum.
Assertion (1) says that H(Q + R;v) = H(Q;v) + H(R;v). Assertion (2) implies that the

vector sum of two polytopes is again a polytope.

In the same manner as the vector sum of two convex bodies is defined, the linear
combinations of convex bodies can be defined. Let A\; > 0,2 = 1,...,r, be arbitrary

constants. The linear combination of convex bodies C;, 1 = 1,...,r, is defined as
C= {’\1‘31 + ""{'Armf | T € sz} 3

and is denoted as

i=1

The position of (' generally depends on the choice of origin O. If O is replaced by another
point O', C will be translated by (Xi_; Ai — 1) OO’, where 00’ is the vector from O
to O'. Hence, if }>7_; A\; = 1, linear combinations will be independent of the coordinate

system. Of particular interest 1s the linear combination

of two convex bodies C; and C,.
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Similar to the argument of Theorem 2.28, the support function H(C';v) of the linear
combination C' of the convex bodies CC;, 2 = 1,...,r, is the linear combination of the

support functions H(C;;v) of C;, i.e.,

H(MCy 4 -+ A Cryv) = MH(Crzv) 4+ -+ + M H(Cr5v).

Recall the definitions and properties of the normal representation and the first curva-
ture function. The normal representation and the first curvature function of the vector
sum of convex bodies are the sum of the normal representations and the first curvature
function of the convex bodies, respectively. There is, however, no study done about the
distance function of the vector sum of convex bodies. The area function of the vector
sum of convex bodies will be used to define the mixed area function of convex bodies.

The volume of the vector sum will be used to define the mixed volumes.

In the plane, every polygon is the vector sum of finitely many summands of a simple
type (segments and triangles), and every convex set is the limit of finite vector sums of

triangles. Both assertions fail to have analogues i higher dimensions.

Since B(C;v) = H(C;v) 4+ H(C;—v) for all direction v, for any convex body C,
it follows that the breadth, in any given direction, of a vector sum is the sum of the

corresponding breadth of the summands.

Let ('’ be the reflection of ' about the origin. Then ("4 (" is called the vector domain
of €. A convex body C is a body of constant breadth if and only if its vector domain is

a sphere (Firey [20] page 97).

Let B¢ be the unit ball in R having origin as the center. If ' is a convex body, then

C 4+ pB* (> 0) is called the parallel body of C' at distance p.

The area functions of parallel bodies will be used to define the i-th area function of

a convex body (Section 2.5.2).
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2.4.2 Blaschke Addition

Definition 2.16 (Firey [20] pages 94-95.) Let C; and C; be two convex bodies with
area functions S(Cy; Q) and S(Cy; Q), respectively. The Blaschke sum of €y and C; is
defined as the convex body C whose area function equals to S(Cy; Q) + S(C2;12), and is
represented as ' = C1#C;. The process is called Blaschke addition. The notion of scalar
multiplication associated with Blaschke addition is defined as the convex body with area

function AS(C; ), and is denoted as A x C.

The Blaschke sum is well defined, as is seen from Theorem 2.22 in Section 2.1.7. Since
the area functions S(Cy; ) and S(Cy; Q) satisfy the conditions of the theorem, so does
their sum. Thus a convex body is uniquely determined, up to translation, as having the

sum of the two area functions as its area function. By definition,

S(Ci#C Q) = S(Cr; Q) + 5(Ca3 Q) .

Similar to the vector sum, the weighted Blaschke sum of a family of convex bodies

can be defined. Let C;, 2 = 1,...,r, be convex bodies, \; > 0,2 = 1,...,r. Define
C =M xXCiF##A& xCr = #i X X C;

to be the convex body having function S(C; Q) = A S(C1;Q) + -+ + A.S(Cr; Q) as its
area function. Similarly, Cp = (1 —0) x C; # 6 x Cy, 0 < § < 1, is of particular interest

under certain circumstances.

By equation (2.18), the brightness of a Blaschke sum, in any given direction, is the

sum of the corresponding brightness of the summands.

The decomposition of d-polytopes with respect to Blaschke addition is well behaved,

as the following theorems show.
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Theorem 2.29 (Firey-Griinbaum, Firey [26] page 94.) Every polytope P is expressible
in the form

P =#L,P,
where each P; is a simplex. Further, if P is d-dimensional and the number of facets of P

is f(P)=n > d+ 1, then there is a representation with m <n —d.

Theorem 2.30 (Firey-Griinbaum, Firey [26] page 96.) Every d-polytope P is repre-
sentable in the form P = #I, P; where each P; is a d-polytope with the number of facets

i=1
of P: is f(P) < 2d.

Let C’ be the reflection of C', C#C" is defined as the arecal domain of C. Since C#C’
is central, and C, C" have the same brightness function, by Theorem 2.20, C' has constant

brightness function if and only if C#C" is a sphere.

2.4.3 Polar Means

Another combination of convex bodies can be defined by a combination of distance func-
tions. The definition and the theorem (of Brunn-Minkowski type, according to Firey) in

this subsection are from Firey [19].

Definition 2.17 (Firey [19] page 444.) Let ('} and C; be two convex bodies containing

O as a common interior point. Define function gé”) as follows:

aP(x) = Y1 -0)(g(Criz))P +0(g(Criz))r, 1<p<oco,
g5 () 2 lim gép](a‘:) = max(g(Ch;z),g(Cy;2)) , for0 < 0 < 1,

p—0

o™ z) £ ¢(Csz), fori=1,2.

Function gép) (z) satisfies
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1. g (z) >0, for z # 0, g{P(0) = 0
2 gép)()\x) = )\ggp)(:c);
3. 9P (2 +y) < P () + 0P ).

By Theorem 2.15, there is a unique convex body C{EPJ whose distance function is gj(x).

Call this body the p-th dot-mean of Cy and C;. The convex body with distance function
m(C’g; z))? + (g(Ch;z))?P 1s called the p-th dot-sum of Cy and C;.

Theorem 2.31 (Firey [19] page 453.)

VI4(Con Cr) < VIHCP) < 1/3/(1 — )V —14(Co) + 8V -2/4(Cy)

for 1 < p < oo. There is equality on the left if and only if Co = C; and on the right if

and only if Cy = ACy with center of homothety at O. Further
VG N Ch) = VVCE) < min(VVY(C,), VIVHCY))

with equality on the right if and only if Cy = C.

2.4.4 The Projection Body

Definition 2.18 (Petty [59] page 234.) Let C be a non-degenerate convex body and
let o(C;v) be its cross sectional measure. The convex body with center at origin and

support function o(C;v) is called the projection body of C, denoted as P(C).

By definition, H(P(C);v) = o(C;v), for all v. That is to say the distance of the
support hyperplane of P(C') with normal direction v from the origin is equal to the (d—1)-

dimensional content (area, if d = 3) of the projection of C onto the same hyperplane.
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2.4.5 Polar Set, Conjugate, and Legendre Transform

Definition 2.19 (Lay [42] page 140.) Let S be any nonempty subset of RY. The polar
set S* of S is defined by

S*2{yeR: (z,y) <1forallz€S}.

Theorem 2.32 (Lay [42] page 142.) Let S be nonempty set. Then 5* is a closed convex

set containing O.

Theorem 2.33 (Minkowski, Lay [42] page 140.) Let C be a compact convex body in R
with O € int C. Let C* be the polar set of /. Then the support function of ' is equal
to the distance function of C*, and the distance function of C' is equal to the support

function of C*.

Definition 2.20 (Rockafellar [64] page 201.) Let f be a proper convex function on R,
i.e., an everywhere-defined convex function with values in (—o0, +00], not identically +oo.
Suppose also that f is lower semi-continuous (l.s.c.), in other words that {x | f(z) < u}

is closed in R® for every u € R. The function f* on R defined by
* * & * L
(@) 2 sup {(2,2%) = f() | 2 € BY)

is called the conjugate of f.

Fenchel [18] proved that f* is again a l.s.c. proper convex function on R* and that
the conjugate of f* is in turn f. Fenchel also mentioned that the distance function and

the support function of a convex body are conjugate functions of each other.

Given a convex function f defined on A C RY let A* be the point set in R

bounded by {(z, f(z)) € R™ | € A}. A% is convex because f is convex. Let
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A o A
f*(p) - . £(p)
®.-1) (p.-1)

Figure 2.5: Conjugate functions.

v € R, vt = (v,—1) € R*!, then
H(AY;v%) = maz{(z*,v?) |zt € AT} = f*(v) .

This means that f*(v) is the value of the support function of A% in the orientation v™.
Figure 2.5 demonstrates the relation between f and f*, and gives a visual explanation

of the above statement.

The Legendre transform is a very useful mathematical tool. It establishes a duality
between objects. 1t is also used in the theory of partial differential equations to reduce
the order of a partial differential equation. (By means of a Legendre transformation, a
Lagrangian system of second-order differential equations is converted into a symmetrical

system of first-order equations, called a Hamiltonian system. See Arnold [2].)

Definition 2.21 (Rockafellar [64] page 200.) Let h be a differentiable real-valued func-
tion given on a non-empty open set X in RY. Let X* be the image of X under the

gradient map VA : 2z — Vh(z). If VA is one-to-one, the function
wf_wy D * = * < *
p(") 2 (@, (V) (")) = h(Vh) (o))

is well-defined on X™*. The pair (X*, h*) is called the Legendre transform of (X, h).
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Theorem 2.34 (Rockafellar [64] page 201.) Let (X, k) be a convex function of Legendre
type on RY. The Legendre transform (X*, h*) is then well-defined. It is another convex
function of Legendre type on RY, and VA* = (Vh)~! on X*. The Legendre transform of
(X*, h*) is (X, h) again.

Theorem 2.35 (Rockafellar [64] page 202.) Let h be a (real-valued) differentiable con-
vex function defined on all of R?. Then V& is a continuous one-to-one mapping of R?

onto itself, if and only if A is strictly convex and

lim A(Az)/A = 400 for everyx # 0.

A=—roxi

The conjugate of h is the same as its Legendre transform.

2.5 Mixed Measurements

Let Cy,C,,...,C, be convex bodies. The vector sum C = Y7_, \;C; is defined (Sec-
tion 2.1.1) and the support function of C is the corresponding linear sum of the support
functions of ;7 = 1,2,...,r. The volume of C is a polynomial in X;,i = 1,2,...,r,
the coefficients of which define the mixed volumes (Section 2.5.1). Similarly, the area
function of €' + AB? is a polynomial in A, the coefficients of which define the i-th area
function of €' (Section 2.5.2). The area function and the curvature functions of €' lead
to the definition of the mixed area functions (Section 2.5.2) and the mixed curvature
functions (Section 2.5.4). From mixed area functions, the mixed body is defined (Sec-
tion 2.5.5). Finally, the dual mixed volume is defined using the radial function of convex

bodies (Section 2.5.6).
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2.5.1 The Mixed Volumes

Definition 2.22 (Busemann [15] page 43.) The d-dimensional measure (or volume ) of
C is denoted by V(C'). For variable A; > 0 the volume of C = }_7_; A\;C; is a form

(*)_ZZ ZV;I gy - Aig

t]——] 12-1 td—
of degree d in the \;, where the coefficients V;, ;, are uniquely determined by requiring
that they are symmetric in their subscripts. Then V;, i, depends only on the bodies
Ciyy- -+, Ci, and not on the remaining bodies C;. Write V(C,,...,C;,) for V;, ., and

call it the mized volume of C;,,...,C;,.

The most important mixed volumes are the ones that involve only two distinct convex

bodies. The notation V;(Ch,C;) was introduced as follows (Busemann [15] page 43):

Vi(C1,Ca) EV(Cy. ., Oy Oy ., Co) = VaeiCoy ) -

d—a'

Then
d [ d s
VMG 4+ XC) =3[ | AT NG Cr) .

=0 1

When d=3, A\ = A =1,
V(Ci 4+ Cy) = V(C1) + V(Ca) + 3VA(Ch, C2) + 3VA(Cy, Cy) .
Since V(Z MiC) = (2 X)V(C), then VO, ;. C)= V{G) :

The mixed volumes can be computed from the support functions and the area func-
tions of the convex bodies involved. Recall equation (2.19)
V(P)= E H(P;u .A(p )
t—l
where p',i = 1,..., N, are the facets of a non-degenerate polytope P, A(p') the areas of

p' and u' the unit outer normals of the support planes of P containing p*. This can be
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generalized to the mixed volumes of a polytope P and an arbitrary convex body C as
(Busemann [15] page 44)
Vi(P,Ch) ZH Ci;uh)A(p') . (2.20)
1_1
A limit process of the above equation yields

1

3 H(C?l;w)dS(C';w) ; (2.21)

(C,0) =
where C is an arbitrary convex body.

Let Cy,C,, ..., Cq be convex bodies, (1), (), ... 29 their normal representations of
the boundary, e, @z, ..., a4 the parameters introduced on S in Section 2.1.2, then

[ @ 92 dalle)

(451 Ocvg—s

1
V(_?,,---,Cd)=2i P /_det

..... baea)

df\'l il dﬂ.’d.._‘l 3

where the sum is taken over all permutations of (1,---,d — 1).

If BY is substituted for C* in equality (2.21), then

Vi(C,BY) = é [ H(BYw)dS(C5w)

1 _—
= d "d_ dS(Ct,W)
= 50 2.
1s(0) (2.22)
because H(B%w) =1 on S*!. In fact, Bonnesen and Fenchel [7] define the surface area

S(C) of an arbitrary convex body C as d- V;(C, BY).

Let u denote the segment of length 1 that joins origin and the point w € S*1. It is

not hard to see that (Bonnesen-Fenchel [7] page 50)
V(C+ A1) =V(C)+ Ao(C;u) .
Thus, by the definition of the mixed volume,

o(Ciu)=d- Vl(C,H) "
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Theorem 2.36 (Petty [59] page 234.) The non-degenerate convex bodies C; and C

have the same projection body if and only if
Wi(Cr, L) = Va(Ch, L)
for any convex body L that has a center.

Define

Wi(C) 2 V(C,...,C, B%,..., BY) = Vi(C, BY).
d—1 i
Then the volume of the parallel body of C at distance p can be expressed as

V(C + uB*) = Wo(C) + ( f ) Wi(C)p+ -+ ( : ) Wa(C)p .

The quantity W;(C) is called the i-th cross sectional measure integral: Wo(C') is the

volume of (', W;(C) is the surface area of C', and Wy(C') is always the volume of the unit

ball.

Some inequalities between the mixed volumes are of fundamental importance to the

use of orientation-based representations to solve the attitude determination problem.

They follow from the next theorem.

Theorem 2.37 (Brunn-Minkowski Theorem, Busemann [15] page 48.) If Cy and C; are

convex bodies in R?, then

7(0) = VY1 - 60)C, +6C,), 0<6<1,

is a concave function of @, which is linear if and only if C; and C; are homothetic or lie

in parallel hyperplanes.

Corollary 2.38 (Minkowski’s Inequality, Busemann [15] page 48.)

Vi{(Ch, Co) 2 VEHCV(C) -



Chapter 2. Mathematical Background 47

If Cy and C, do not lie in parallel hypersurfaces the equality sign holds only when €

and (', are homothetic.

Corollary 2.39 (Quadratic Inequality of Minkowski, Busemann [15] page 48.)

Vi(Cy, C3) = V(C1)Va(Ch, C2) .

These inequalities are used to solve many extremal and uniqueness problems.

The above inequalities involve only two convex bodies. Extensions of those results to

other mixed volumes were proven by Fenchel and Alexandrov independently.

Theorem 2.40 (General Brunn-Minkowski Theorem, Busemann [15] page 49.) If C;

and C, are convex bodies in R%, Cp = (1 — 0)Cy + 6C,, then
7(9) = VU""(C{_I’ D -’ti’—m'! Coy - ) 09) y2sm< d ’

where Cf,...,C}_,, are convex bodies, is for 0 < # < 1 a concave function of 6.

Theorem 2.41 (Busemann [15] page 51.) If C; and C, are convex bodies in R of
dimeunsion at least m, and if Cy, ..., C}_,, are regular convex bodies, Cy = (1—0)C;+0C,,

then

HOY = VI 03B Ciiinn s Go) s 2E MR,

is linear if and only if C; and C; are homothetic.

With the aid of the above two theorems, in the same way as Minkowski’s inequality
was obtained, the following more general inequalities involving the mixed volumes are

obtained.
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Theorem 2.42 (Busemann [15] page 50.) If C; and C; are convex bodies in R® of

dimension at least m, and if Cy,...,C}_,, are regular convex bodies, then for 2 < m < d,

m

0<z<m,

1 Yd—m2

~

V(o s Oy oty Gl -, G} 2

e
=1 ]

V=0 vos Ok s B Cy) ~ V0 8Os @) 5
with equality if and only if C; and C; are homothetic.
A special case of the above inequality occurs when m = 2,¢ = 1 yielding the following
imequality:
Corollary 2.43 (Busemann [15] page 49.)
V.z(c‘:! oy -:f:;-‘h Ch, CZ‘) 2 V(Cia s owy -?3—2: jla Cl) E V( ’{a SR ?:i—z: 021 CZ) )

with equality if and only if C; and C; are homothetic.

Alexandrov extended these inequalities further to the following more general inequal-

ity:

Theorem 2.44 (Busemann [15] page 50.) If Cy,...,Cy are convex bodies, then for

2<m<d,

m—1
vm((‘:h i aiey (:'d) ...>_ H V((?], anlviy Cd—'nn Cd—i) ey Cr!-—i) .

1=0

A special case of the above inequality occurs when m = d.

Corollary 2.45 (Busemann [15] page 50.)

VYCy,...,Cq) = V(C)V(CL), ..., V(Cy) . (2.23)
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2.5.2 The i-th Area Function

Definition 2.23 Let C be a convex body, B be the unit ball, Q € B(S*'). Then for
A >0,5(C + AB% Q) is the polynomial in A (Firey [24] page 205)

-1 g1 |
ST | Semni(C )X

1=0 1

This defines the measure S;(C; Q) over B(S%"!) for i = 0,1,...,d—1. Call S;(C;Q) the

7-th area function of C.

Let A equal to zero in the definition, then Sy_1(C; Q) is the (primary) area function

of C' defined in Section 2.1.7.

If C' is a regular convex body and ry,ry,...,74-1 are the radii of principal curvature
of the surface of C, then (Firey [23] page 346)
1

-1
=1
Si(C; Q) = (‘ ) /Q{?-,,...,n}dw, Q € B(S%), (2.24)

where {ry,...,r;} is the i-th elementary symmetric function of r{,73,...,74—1. Thus,

the i-th area function of a convex body is the integral of its i-th curvature function. In

particular,
Si(C59) = : /(’*"1 + 0+ rger )dw
d—1Ja
= d—il* js;(Hn +oo+ Hyg)dw , Q€ B(S*), (2.25)
.S}-](C; _Q) — L(?.l - T'd—l)dw ; e B(Sd_]) )

Because the support function of a vector sum is the sum of the support functions of the

summands, by (2.25),

51(C1 4 €2 QY) = 5i(Cr; Q) + 5:(Cx Q) -
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By the definition of the area function,

Sd—l (Cj]#(?z, ﬂ) = Sd_g (C?], Q) + Sd_l(c‘z; \Q) .

Theorem 2.46 (Schneider [69] page 47.) For convex body C,:=10,1,...,d — 1,

] wdSi(Ciw) = 0.
§d=1

Theorem 2.47 (Alexandrov-Fenchel-Jessen Theorem, Schneider [69] Theorem (9.1) page
43.) If C; and C, are convex bodies in R¢, ¢ € {1,.. .yd—1}, dim Cy, dim C; > i + 1,

then S;(Cy;-) = Si(Cy; ) if and only if 'y and C, are translations of each other.

Theorem 2.48 (Alexandrov 1961, Schueider [69] Theorem (9.6) page 44.) Suppose
and C, are convex bodies in R* for which S;(Cy; Q) < S;(Cy; Q) for all Q € B(S%!) and
Six1(Cr; S971) > Si4q(Cy; 8471, for some 7 € {1,...,d — 1} (where for i = d — 1 the
second condition lLias to be replaced by V(C1) > V(C3)). Then C1,C; are translations of

each other.

The above theorems are about the uniqueness of convex bodies with respect to
i-th area functions. Results about the existence of a convex body, for which i-th area
function is given, are stated in terms of the necessary and sufficient conditions for a
measure defined over B(.5!) to be i-th area function of a convex body. The problem is
called Minkowski-Christoffel problem (Firey [25]). For ¢ = d— 1, the solution is presented

in Section 2.1.7. Firey [22] solved this problem for the case of i = 1.

Theorem 2.49 (Firey [22] page 21.) A completely additive set function ® over B(S%"!)

is the first area function of a convex body if and only if it satisfies

[, uddu) =0,
gd-1
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/ lgl(u;’,L;)‘I)(a‘."u:) < 400,
gd—

where ¢; is the fundamental singularity

+In arc cos((u',u)/||ull||l']) if d =3,
91(UE,U)==

_m[zxrc cos((u',u) /||u|l|l'[D]>~ if d > 3,

and
/ A(u', v, u)®(du) > 0,
sd—1

where

A, v u) = (v, u) + D(v',u) — D(u + ', u),
(v, u) = (d = 2)(u,u)G(u',u) — (v, VG(u', u)),

G(u',u) = y(s(v, U‘)) )
8 i
v(s) = cop cosect2t (/ sin‘“%'dt') dt ,
Wy Jmf2 T

s(u',u) = arc cos ((u',u)/||u||||«']]) ,

1 (u',u)
G(u',u) = —In [1 - J ford=3.
e N I
Thus for d = 3, the Minkowski-Christoffel problems are solved, although the problems
are still open for d > 3. The quantity So(C;) is the area of Q. For S;(C;), the
problem can be thought of as a generalization of Christoffel’s problem, which is discussed
in Section 2.1.3. For S,(C;Q), the problem can be thought of as a generalization of

Minkowski’s problem which is also discussed in Section 2.1.3.

If P is a polytope, the i-th area function is (Goodey and Schneider [31] and Firey [23])

i feF(P)

a-1Y
s,(P;Q):( ‘ ) > Aami-i(o (P, f) NQ)voli(f)
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where F*(P) is the set of i-dimensional faces of P, vol;(f) is the i-dimensional volume
of the i-face f, o(P, f) denotes the spherical image of f, that is, the set of all outer unit
normal vectors to P at the points of f and Ay_y_; is the (d — 1 — ¢)-dimensional spherical

Lebesgue measure on the (d — 1 — i)-dimensional great sphere of 541

The converse of the above also is true.

Theorem 2.50 (Goodey and Schneider [31] page 187.) Let €' be a convex body in R*
with dim C' > 74+ 1, 1 < ¢ < d— 1. Suppose that the support of the area function
Si(C; Q) can be covered by finitely many (d — 1 — 7)-dimensional great spheres. Then €'

is a polytope.

A necessary and sufficient condition for a Borel measure on $¢~! to be the area func-
tion Sq—1(P; Q) of a polytope P is given by Theorem 2.23 in Section 2.1.7. Schneider [68]
determined necessary and sufficient conditions for a Borel measure ¢ on S to be the
first area function of a convex polytope. The notion of spherical complex is used in the

conditions.

Definition 2.24 (McMullen and Shephard [54] page 153.) A spherical polytope in S¢~' is
the intersection of a finite number of closed hemispheres which is not empty and contains
no pair of antipodal points of S¢~'. A spherical complez C is a finite set C = {¢y,..., ¢, } of

distinct spherical polytopes (cells) ¢; on S9! which satisfies the following two conditions:

— Qd-1
]- U::_'___] Ct — JS 3

2. For each 1, j, the intersection ¢; N ¢; is a face (proper or improper) of both ¢; and

(_?J' .

Note 1 Spherical images of all non-empty faces of a polytope determine a spherical

complex on S,
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Note 2 Each d-polytope P corresponds to a spherical complex by the mapping,
® : bdP — S%! which maps z to the intersection of the ray, (TL, from O
passing = with the sphere S4'. The mapping ® maps proper faces to spherical
polytopes. It has been shown that the reverse is not necessarily correct, 1.e., there

are spherical complexes that are not radial projections of any polytopes.

The first area function S;(P, ) of a polytope P can be represented as (Firey [23]
page 351)
1
Si(PQ) = - > AMe)pa-2(2 N wle))
for any Q) € B(5%1), where the summation goes over all edges e of P, A(e) is the length
of edge e, v(e) is the spherical image of e, and pq—3(2 N wv(e)) is the (d — 2)-dimensional

content of Q2 Nv(e) on 41,

Theorem 2.51 (Schneider [68] page 81.) For a Borel measure ¢ on S there exists a

d-polytope P such that ¢(Q) = S1(P, ) if and only if ¢ satisfies the following conditions:
1. The support of ¢ is the union of the (d — 2)-dimensional elements of a spherical
complex S.

2. For each (d-2)-element ( of S, there exists a positive number A({) such that ¢(Q) =
M) pa—2(82) for each Q C (.

3. For each (d-3)-element n € S,
2 MQu(n, ¢) =0,
¢

where the summation goes over all (d-2)-elements { € S for which 7 is a side, and
u(n,¢) = ve/||ve|| such that v is the orthogonal projection of ¢ on the 2-dimensional

linear subspace orthogonal to 5.
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Let &,...,& be the (d-1)-elements of S. For any j,1 < j < k, an ordered sequence
(&) 6i,) of (d-1)-elements of S can be constructed such that & N & ., is a (d-2)-
element,r =1,...,m—1,3; = 1,3,, = j. Define z; as

m—1

= Z /\(Eir n Eir-}l )U(ér:ir-ﬂ) )

where v(2,,2,41) is the unit vector which is orthogonal to the linear hull of & N¢; ., and
pointing into the interior of the halfspace containing &; ,,. The convex hull of the points

Z1,...,2k is the polytope whose first area function is the given measure.

2.5.3 The Mixed Area Functions

Definition 2.25 (Schneider [69] page 31.) The area function of C = Sr—1 AiCj 1s a form

1=1

SO ACHR) = Z Z Z Xiy oo e Xig S(Ciyy ooy Cig i 9) (2.26)
i=1

t]"l 12-'1 !d_l-—l

of degree d — 1 in the \;, where the coefficients S(Cj,,...,Ci,; ) are uniquely deter-
mined by requiring that they are symmetric in their subscripts. Then S(Ci,,...,Ci ;)

depends only on the bodies C;,,...,C;,_, and not on the remaining bodies C;. Call

tde1

S(Ciyye oy Ciy; Q) the mized area function of C;y,...,Ci,_,.
By definition,
Si(Ci ) = S(C; i 0, B . BE Q) (2.27)
e
1 1=
The mixed area function was originally defined by Alexandrov and Fenchel-Jessen via
mixed volume. It can be proven that, for given convex bodies Cy,...,Cy_1, there exists

a unique measure S(Cq,...,Cy_1;+) on B(,S"‘“l) such that

I
VAL e i) = 2

d Jga-

H(C;w)dS(Cy,...,C41;w) (2.28)
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for any convex body C. This measure was defined as the mixed area function of

Ci,...,Cq-1. Using this definition, equality (2.26) was then proven.

Since

1
V(Cy + L1, 05, .., Cacy, C) = E/b H(Cy + Ly;w)dS(Cs, ..., Cacy, Csw)
1

= - H(Cy;w)dS(Cy,. .., Cy, Chw)
d Jgd—

T H(L]}Ld)ds((?g, s :()d-—la(?;w)
d Jgd=1

L H(C0)dS(Ch, G, ..., Cari )

d Jsd-

1
B

d Jsa-

H(C;w)dS(L1,Cay. .., Cor;w) ,
then

B0k By Gl v Gt = 8(Chs Gy vy sty W +- 5 by Cpyvnss Caai W) (229)

Recall (2.22) that d - V(B C,...,C) is the surface area of (’, the quantity

d-V(B% Cy,...,Cq4_1) is defined as the mixed surface area of convex bodies Cy, Cy, ..., Cq_y.

Of particular interest is the mixed area function of two convex bodies. By definition,

|

-1 4—1 oy
S(MC1 + 2,05 0) = ’ S(CiyevryCiyCay. oo, Cs AT, . (2.30)

1

I
=]

E d—1—i i

One fact about the mixed area function is that the measure is not concentrated on
any great sphere of S9! and has the origin as the centroid (when viewed as mass loading
on ‘S‘!‘t—l)’ i.e.,

/Sd_l wdS(Cy,...,Ci-1;w) =0. (2.31)
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2.5.4 The Mixed Curvature Function

Recall from Section 2.1.3 that the curvature functions of a convex body is defined by the
elementary symmetric functions of the radii of principal curvature, which must assume
the continuity of the second derivatives of the support function of the convex body. A
more general definition of the curvature functions employs the mixed volumes and does

not make smoothness assumptions.

Definition 2.26 (Bonnesen-Fenchel [7] page 121.) Let C be a convex body. If a function
F;(C;u) is continuous and non-negative on S41, and if for an arbitrary convex body L

with support function H(L;u),

-1
d—1 |
V(L,C,...,C,B% ... BY) = = / H(L;w)F(Ciw)dw ,  (2.32)
N e gd—1

d ;

o

1 d—1—1

it is called the i-th curvature function of C.

The ¢-th curvature function F;(C;u) of a convex body C has the following properties:

1. A convex body can have at most one continuous z-th curvature function Fj;

2. f_.;‘g_[ LU‘F;((:',L&J)dLU = 0|

3. When H(C; u) has continuous second derivatives, F;(C;u) = {r1...7:} = D;(H(C)).
Definition 2.27 The i-th curvature function of A;C; + A2C; is a homogeneous polyno-

mial of degree 7 in A\; and A;. Its coefficients are called the mixed curvature functions of

C; and C,.
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2.5.5 The Mixed Bodies

Firey [20] initiated the study of the mixed bodies with d = 3. The area function of
Cy = (1 — 0)Cy + 6C,, where C; and (7, are convex bodies, is given by the generalized

Steiner formula (Firey [20] page 95) as
S(Co; ) = (1 —0)25(Cy; Q) + 20(1 — 0)S12(2) + 60°5(C; Q) .
There is a unique convex body which has Sy, as its area function. Firey called this convex

body the mized convex body vesulting from ) and C,, and denoted it as C'(Cy, Cy). Then

(1-0)Cy +0C; = (1 —0)* x Cy #20(1 —8) x C(C,C3) # 6* x C; .
In general, the mixed body of d — 1 convex bodies in R can be defined.

Definition 2.28 Let Uy, ..., (4_; be convex bodies. By Theorem 2.22 and equality (2.26),
there is a convex body, unique up to translation, whose area function is
S(Cqy ..., Cyz1; ). This convex body is called the mized body of Cy,...,Cy_y, denoted

as [("'h PR ,(.;‘d_]].

By definition,
SO0 2 Caa]i) = SCs 0005 Cacis )
From the properties of area function it follows that [C4,...,C4_q] is symmetric in its
arguments, and that if the (’; are replaced by homothetic copies, the resulting mixed
body will be homothetic to the original. It also follows that [C,...,C] = (', where

equality is assumed to mean up to translation. By (2.29),

[(jl o L‘l ) (?21 R Cd—‘l] = [C"la 0‘2: RN Cd-l]#[L‘h (-?2: < xy (-:Yd—]] .

The following notation is introduced:

FaN e A o
Oy Ooi= [C o4 1C1 L0+ < Ca] 5 [O £ €4 B
[1 z] [1 19402 . 2 [] [1 ]

d—1-—1 1
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Then by definition,
: d— 1
h+ Cy = #5) ( _ ) x [C1, Coi -

2

When d = 3,
Cr-l - C‘g = (?1#2 X [01, C),I#C’Q F

Also by definition,
S([Cl Q) = Sa-1-4(C; D) -
When d = 3,
S((C, BY; Q) = $:1(C; Q) .

Lutwak [50] studied the volume of mixed bodies. The following two theorems are of

special interest to us.

Theorem 2.52 (Lutwak [50] page 492.) If Ci,...,Cy_y are convex bodies in R?, then
V(C’l) o V(Cd—l) < Vd_.l([cl'l SR C'd—l]) 3

with equality if and only if C; are homothetic.

Theorem 2.53 (Lutwak [50] page 492.) If Cy and C; are convex bodies in R?, then
1/(d-1)

LV, +Cy),

=1

wﬁwg+kumg{z(dfl)W“WMQAHJ

=0

with equality, in either of these inequalities, if and only if C; and €, are homothetic.

2.5.6 The Dual Mixed Volumes

Definition 2.29 (Lutwak [49] page 532.) Let C},...,Cy4 be convex bodies. The dual
mized volume of Cy,...,Cy is defined as

A 1
- E qd=1

Vi) p(Cr;w) -+ p(Coyw)dw .
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The dual mixed volume has the following properties (Lutwak [49] page 532):

1. V is continuous, 17((3'1, ooy Ca) > 0;
2. V(MCryeeyAaCa) = A+ AV (Chy.. ., Ca), Xi > 0;

3. If A; C B; for all 7 then V(Ay,...,Aq) < V(By,..., By) with equality if and only
if A; = B; forallz;

4. V(C,...,C)=V(C).

The notation V,-(Cl, () is introduced:

Vi(C1, Ca) & V(G ..., C1yCi, ... Ca) -

~
d—1 1

Theorem 2.54 (Lutwak [49] page 533.)

m=—1
Vm( :1: ariiedy Cri) < ]_—_[ V(Ch whiiy Crd--m: Cd-—ia vy (.?d—i] (] I <m < d )
1=0 —

m

with equality if and only if Cy_ps1, Ci—ms2,...,Cq are all dilations of each other (with

the origin as the center of dilation).
A special case of Theorem 2.54 occurs when m = d.

Corollary 2.55 (Lutwak [49] page 534.)
VYChy...,Ca) SV(C) - V(Cy),

with equality if and only if Cy,C5,. .., Cy are all dilations of each other (with the origin

as the center of dilation).

Combining this corollary with the Alexandrov inequality (2.23) yields:
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Corollary 2.56 (Lutwak [49] page 534.)

V(C,...,Cd) < V(C,...,Cd),
with equality if and only if C;,C,,. ., Cy are all dilations of each other (with the origin
as the center of dilation).

A special case occurs when only two convex bodies are involved.

Corollary 2.57 (Lutwak [49] page 534.)

Vi(Ch, Cy) < Vi(C1, Cy)

with equality if and only if Cy is a dilation of C, (with the origin as the center of dilation).

2.6 Summary

Various orientation-based representations of shape have been defined. Foundation for
studying the orientation-based representations have been surveyed and presented coher-
ently. The characteristic properties of the orientation-based representations of shape

include:

1. One-to-one property;

2. Necessary and sufficient conditions for a function to be a valid orientation-based

representation;

3. Reconstructability.

The common property of all the orientation-based representations is that they rotate in

the same way as the object rotates.



Chapter 2. Mathematical Background 61

The support function plays a very important role in the analysis. It links the results
together. Most other representations can be computed from the support function. The
support function also is related to the Legendre transformation used in applied mathe-

maftics.

The distance function and the radial function deserve special attention because in

addition to convex bodies they are well defined for compact starshaped sets.

When d = 3 there are two curvature functions and two area functions. The first
curvature function is the sum of the radii of principal curvature and the second curvature
function is the reciprocal of the Gaussian Curvature. The area functions may seem
inappropriate for any practical use because their domains are B(S*"!) instead of S*'.
But, when the objects are polytopes, the support of their area functions can be covered
by finitely many points (for the (d — 1)-th area function) or line segments (for the first

area function) on S4-1.

Table 2.1 summarizes the properties of the representations, where S is an arbitrary
set in R® and (@ is an arbitrary polyhedron in R®. Results about the one-to-one property
of the representation, necessary conditions for a function to be the representation of a
shape and sufficient conditions for a function to be the representation of a shape are
known for all the representations listed. Except for the second curvature function and

the second area function, all representations can be inverted to reconstruct the object.

The rest of this dissertation is concerned with attitude determination. Previous re-
search is surveyed in Chapter 3 and new results are presented in Chapter 4. The theorems
of this chapter provide the necessary and sufficient conditions for two bodies to be homo-
thetic. In particular, conditions on the extrema of inequalities involving orientation-based

representations are used.
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a translation

Theorem 2.23

Theorem 2.23

Defined  One-to-one Necessary Sufficient Reconstructable
Extent Extent Conditions Conditions
H(S;u) arbitrary convex known known yes
Theorem 2.2  Theorem 2.3 Theorem 2.5
z(S;u)  convex convex known known yes
Theorem 2.8  Theorem 2.8 trivial
g(S;u)  arbitrary  starshaped known known yes
Theorem 2.14 Theorem 2.15 Page 24
p(S;u)  arbitrary  starshaped known known yes
via g(S;u) via g(.5; u) via g(S;u)
Fi(S;u) convex convex, up to known known yes
a translation  Theorem 2.9 Theorem 2.11  Theorem 2.11
F5(S;u) convex  convex, up to known known unknown
a translation  Theorem 2.9 Theorem 2.10
S1(9;9Q2)  convex  convex, up to known known yes
a translation Theorem 2.46 Theorem 2.49  Theorem 2.49
S2(S;§))  convex  convex, up to known known unknown
a translation Theorem 2.21 Theorem 2.22
S1(Q;82)  convex  convex, up to known known yes
a translation Theorem 2.51 Theorem 2.51  Theorem 2.51
S2(Q;€))  convex  convex, up to known known yes

Little [47]

Table 2.1: Properties of orientation-based representations.




Chapter 3

Previous Research

In machine vision, previously used orientation-based representations of shape, as defined
by Definition 2.1, include the Extended Gaussian Image (EGI) and generalizations de-
fined by Liang and Todhunter [45] and by Kang and Ikeuchi [40]. Representations not
previously described as orientation-based but which easily fit the framework defined in

Section 2.1 are the Gaussian and mean curvatures, as used, for example, by Bes] [5].

The Extended Gaussian Image and its discrete version are the second curvature func-
tion and the second area function respectively. It is known from Chapter 2 that these
orientation-based representations are one-to-one only for convex bodies. There has been

some effort to apply the Extended Gaussian Image to non-convex shapes [35, 47].

A different point of view is taken here. Instead of extending the definitions of existing
orientation-based representations, new orientation-based representations are sought that
are well defined and well behaved when applied to non-convex sets. In particular, the
distance function and the radial function are of interest since they are well defined and
one-to-one for compact starshaped sets. The radial function for two dimensional sets
has been used to represent the 2-D contours of objects [28, 29]. Schudy and Ballard [70]
used the radial function to model the 3-D shape of hearts. As far as is known, the radial

function has not previously been used in 3-D attitude determination.

Nalwa [57] argued that differential geometric representations are, in general, inade-

63
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quate and suggested that global geometric information be incorporated. He proposed to
use the support function because of its locality, unambiguity and additiveness. However,
no suggestion was made about how the representation could be used in surface matching.
In fact, Little [47] had already used the support f1111c£i011 in object reconstruction and
attitude determination. The use of the support function by Little [47], however, is for
polytopes only. One novel contribution of this thesis is to use the support function in

attitude determination for smooth, strictly convex objects, as described in Section 4.1.

The remainder of this chapter is organized as follows. Section 3.1 reviews the devel-
opment of the EGI and its use in recognition and attitude determination. Section 3.2
looks at efforts to extend the EGI to handle more complicated objects and to solve other
related problems. Section 3.3 surveys the use of these representations in computational
vision. Finally, Section 3.4 summarizes the current state of the art by enumerating what
has been done and what has not been done using these orientation-based representations.

Throughout this chapter, only three dimensional space, R?, is considered (i.e., d = 3).

3.1 The Extended Gaussian Image

The idea of the Extended Gaussian Image originated with Smith [71]. Smith called
the representation the Enhanced Spherical Image (ESI) because of its connection to
the spherical image (Section 2.2). “An ESI model for a convex object consists of a
set of vectors. An individual vector’s direction component represents the direction of a
surface normal of the object, and the vector’s magnitude signifies the object’s surface

n

area corresponding to the particular normal direction.” This is equivalent to the EGI
for a polytope as discussed later in this section. The ESI model could not represent
smooth objects since the spherical image of a smooth object includes finite area patches

on the sphere. A theorem of adjacency proposed by Smith [71], which claimed that
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adjacent points in an ESI were the mappings of adjacent faces in the corresponding

convex polyhedron, was later shown to be false by a counter example due to Moni [56].

The formal definition of the EGI was given by Horn [35].

Definition 3.1 (Horn [35] page 1675.) The Extended Gaussian Image is defined, for
a surface C, as a map, G : S%! — R!, which associates the inverse of Gaussian
curvature at a boundary point of a surface to the orientation v € S of the surface at

the point:
1

~ Ke(z(w)’

where z(u) is the point on C with unit outward normal u, and K¢ (z(u)) is the Gauss

Ge(u)

curvature of C at point x(u). Such a map G¢ is called the EGI of C.

Clearly, the EGI is exactly the second curvature function of a surface. Thus, Theo-
rem 2.10 guarantees the existence of a unique, up to a translation, closed convex surface

whose second curvature function is a given function satisfying the necessary condition.

This definition of the EGI requires that the surface is smooth. A definition of the EGI
that captures the geometric description of a surface without requiring differentiability is
needed when polytopes are encountered. A discretized version of EGI also is needed
when the EGI is represented numerically. Since the Gaussian curvature at the faces of
a polytope vanishes, Definition 3.1 can no longer be used directly. In this situation,
the area function of a polytope (Section 2.1.7) is used, i.e., a discrete system of vectors
A(P) ={a; | 1 <i < f(P)}, where f(P) is the number of facets of P, the direction of
a; is the same as that of the outward normal of face F; and the length of a; is equal to

the (d — 1)-content of F;.

The justification for using the area function for polytopes is twofold:
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|. The curvature function and the area function are associated by equality (2.24),

S(Csw) = f Py T dw ,

w

where r,73,...,74-1 are the radii of principal curvature;

2. The Gaussian curvature can be defined as

. |G(E
K= i, L2,

where E is a compact portion of the surface containing p, G(E) is the spherical

image of F, and |- | is the surface area measure.
The EGI has the following properties:

1. It is insensitive to the translational position of an object;
2. It is one-to-oue for convex bodies (cf. Theorems 2.22, 2.23);

3. It can be computed easily from needle diagrams obtained using photometric stereo,

or depth maps obtained using laser range finders or binocular stereo (cf. [36]).

The EGI has been used in recognition and attitude determination. Brou [12, 13]
defines matching error, M(y) = [¢ | Ko(7(w)) — Ki(w) | dw, as a function of the rotation,
v, where K, and K; are the Gaussian curvatures of the model] and the object, respectively.
The solution lies in the minimum of the error function and is found by enumerating the
discrete rotation space. In Horn and Ikeuchi [37], the EGI of a prototype is rotated to
match the EGI of a sensed object until the sum of the square of the differences between
the two EGI’s is a minimum. The prototype that achieves the minimum difference among
all prototype identifies the sensed object. lkeuchi [38] viewed the problem of matching as

the determination of the line of sight and the rotation angle with respect to an internal
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model. The EGI mass center constrains the line of sight, and the EGI inertia direction

constrains the rotation around the line of sight.

Little [47] made use of Brunn-Minkowski’s Theorem (Theorem 2.37) to reconstruct
a polytope from its EGI and to determine the attitude of a polytope with respect to a
model. Let P and @ be two convex bodies, R = AP+ (1—A)Q. By the Brunn-Minkowski
Theorem,

VE(AP 4 (1= N)Q) 2 AVI(P) + (1 - \)V3(Q) .
If the left hand side is replaced by its representation in terms of mixed volumes, one
obtains
VQ, P) 2 V(P)VH(Q) -

The Brunn-Minkowski Theorem states that the polytope P, having unit volume, that
minimizes V;(Q, P) is homothetic to . Now suppose @ has area function
AQ) = {A(g:) | 1 £ 7 < N}, where ¢; are faces of () with outward unit normal w;.

Recall, from equality (2.20), that
| N

Vi@, P) = (3 20 H(Piwi)Ag) -

=1

Using this relation, Little developed an iterative method which combines the tech-
niques of constructing a polytope from its support vector (values of support function
at the facet orientations of the polytope) and minimization techniques to construct the
support function of P such that A(P) = A(Q). This is to say that given a sensed EGI
A(Q), its corresponding polytope can be reconstructed.

In attitude determination, a sensed EGI, A(Q), is given and the task is to find the
attitude which rotates the sensed EGI into correspondence with the prototype EGI.
Consider the P in the above inequalities as the prototype. Then to determine object

attitude, Little minimized

N
> H(P; R(wi))A(g:)

i=1
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over all rotations R. When only the portion of a surface corresponding to a single visible
hemisphere is sensed, the EGI of the object is not complete. Little used

Y. H(P;R(wi)A(g:)

wiES52(v)

where the S?(v) is the hemisphere visible from viewing direction v. Good performance of

the method using the mixed volume with both complete and partial EGI was reported.

3.2 Generalization of the EGI

There have been several attempts to generalize the EGI so that a larger class of ob-
jects can be represented and more problems can be solved. The generalizations still are
orientation-based representations. Among the representations are the surface shape rep-

resentation by Liang and Todhunter [45] and the complex EGI by Kang and Ikeuchi [40].

The surface shape representation defined by Liang and Todhunter [45] is an extension
to the EGI in that smooth surfaces are considered and principal curvatures/directions
are recorded rather than Gaussian curvature alone. A vector function on the unit sphere
is defined for each surface patch. The function value is the vector composed of the
maximum principal curvature, the minimum principal curvature and the two components
of the unit maximum principal curvature direction. An algorithm was proposed for
matching surface shapes with strictly positive and strictly negative Gaussian curvatures.
For general surface shapes, it was suggested that the surface shapes be partitioned into
regions with positive, negative and zero Gaussian curvature. Matching algorithms are
intended. Problems arise, however, when surfaces contain holes even if the Gaussian
curvature is strictly positive. For example, in Figure 3.1, the representation of Liang and
Todhunter is not well defined for the surface patch in the figure because there are points on

the surface patch whose normal directions are the same. The one-to-one correspondence
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Figure 3.1: An open surface patch with positive Gaussian curvature.

between the sphere and the surface via normal vector is only guaranteed for regular closed

convex surfaces.

The Complex Extended Gaussian Image (CEGI) defined by Kang and Ikeuchi [40]
associates a complex number to each normal vector. The magnitude of the complex
number is the area of the face corresponding to the normal, and the phase of the complex
number is the normal distance of that face to the origin. Thus, the CEGI is equivalent
to the EGI augmented with the value of the support function at each normal. The idea
came from the observation that the EGI is translation invariant. The CEGI was used to
determine the translation parameters using a least-square technique. Suppose the object

is translated by (éz, 8y, éz). The method requires that

V(82) + (6y)2 + (82)2 < 7.

This requirement can be eliminated by making use of the properties of the support
function. Recall equality (2.1). If a set ' is translated into C’ by a vector @, the support
function of (' is

H(C';v) = H(C;v) + {(a,v) .

Let vy, vy, and vz be three normal directions, d; and d! be the corresponding support
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function values before and after the translation. Then
d;=di+ {a,v5) ,1=1,2,3.

Thus a is the solution of the equation

dy — d,
al « (v1 vav3) = dy — dy
dy — ds

3.3 Related Representations

Examples of related representations are Gaussian curvature and mean curvature repre-
sented as functions defined on the image plane. The distinction between these functions
and the curvature functions studied in this dissertation is a technical one. Properties of

these representations follow from differential geometry.

Besl [5] proposed using Gaussian and mean curvature as “visible-invariant surface
characteristics” and used the signs of Gaussian curvature and mean curvature to define
eight visible-invariant HK-sign surface types. From this, a theory of image segmentation
was built. A wide variety of range images and intensity images were tested. This “sign-
of-curvature” paradigm has been very influential in computational vision, particularly in

the area of viewpoint invariant surface segmentation (see, for example, Li [43]).

There are many other representations that involve the use of surface curvature prop-

erties. For a more thorough survey, see Besl [5, 6].
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3.4 Summary

Among the orientation-based representations, only the second area function for polytopes
has been utilized in computational vision [37, 47]. At the same time, a comprehensive

collection of mathematical results exists about all the representations described.
Table 3.1 summarizes the current state of the art.

Chapter 4 extends the state of art by solving the attitude determination problem in
new ways using combinations of the support function, with the first curvature function

and the second curvature function and the radial function.
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Orientation-Based Used Reconstruction Attitude
Representations Before Determination
H{P;€) yes trivial done
Little [47] Theorem 2.5 Little [47]
H(C;¢) no trivial done in Section 4.1
Theorem 2.5
g(C; &) 1o trivial
Page 24
p(C; €) yes trivial done in Section 4.2
Schudy et al [70]  via g(C;¢)
Fi(C;¢) no possible done in Section 4.1
Theorem 2.11
F>(C;€) no unknown done in Section 4.1
S1(P;w) 1no possible
Theorem 2.51
S2(P5w) yes done done
Little [47] Little [47] Little [47]
S1(Chw) no possible
Theorem 2.49
S2(Cw) 1o unknown

Table 3.1: Use of orientation-based representations.



Chapter 4

Solutions to the Attitude Determination Problem

In this chapter, the problem of attitude determination is defined and theoretical solutions
to attitude determination using orientation-based representations are provided. The
following orientation-based representations are used:

1. The support function;

2. The first curvature function;

3. The second curvature function;

4. The radial function.

For attitude determination, only objects in R® are considered.
Definition 4.1 Attitude determination is the problem of finding a rotation, R, such that
R(Cy) and C; are homothetic, where C; is a known 3-D model and (7, is an instance of

C'y under an unknown rotation, translation and scaling.

Section 4.1 uses the support function and the curvature functions to solve the attitude

determination problem. Section 4.2 uses the radial function in attitude determination.

73
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4.1 Attitude Determination by the Support Function and Cur-

vature Functions

Throughout, assume that CCy is a given object model defined in a standard coordinate
system and that ) is a measured instance of Cy subject to unknown rotation, translation

and scaling. Let R denote an arbitrary rotation. By Corollary 2.43,

V(R(Cy),Ca, B®) > \[V(R(Cy), R(Cy), B?) V(C, Ca, B?) (4.1)

with equality if and only if R(C;) and C, are homothetic. Further, it is known that
V(C,C, B?) is equal to 1/3 the surface area of a convex body C. Surface area is in-
variant under rotation. Therefore, V(R(C1), R(Cy), B®) = V(C;,Cy, B?) and the min-
imum value of (4.1) is \/V((}‘l,(?l,33)V((.?2,C-;,,BS), independent of R. Accordingly,

V(R(C1),C,, B?) achieves this minimum if and only if R(C;) and C, are homothetic.

Similarly, by Corollary 2.38,

V(R(Ch),Cay Ca) = {JV(R(Ch)) VA(Cy) (4.2)

with equality if and only if R(C;) and C; are homothetic. Volume is invariant under rota-
tion. Therefore, V(R(C1)) = V(C}) and the minimum value of (4.2) is \yV(Cl) V2(Cy,),
independent of R. The left-hand side of inequality (4.2), V(R(C}), Cs, C;), achieves this

minimum if and only if R(C;) and C; are homothetic. Now, define functions of R as

follows:

>

¢(R)
P(R)

V(R(Cl)!GJaBS) ’ (43)
V(R(C‘[),CQ,C;Z) ! (44)

4

Functions ¢(R) and 1 (R) depend on C; and C,. They attain their known minima at R, if
and only if Ro(Cy) and (' are homothetic. Therefore, by Definition 4.1, the 3-D attitude

determination problem can be solved if the minima of ¢(R) or 1»(R) can be found. Either
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of these minima is an equivalent solution to the 3-D attitude determination problem. The

global minimum of ¢(R) is 31/5(C1)S(Cy) and that of 9 (R) is \‘VV(C';) V2(Cy), both of

which are known independent of R. By the conditions of Corollary 2.43 and 2.38, these

global minima are unique, modulo any rotational symmetries that C; possesses.

Thus the attitude determination problem can be expressed as one of the following

optimization problems:

minimize: (R)

subject to: R is a rotation ,

minimize: ¥(R) (4.6)

subject to: R is a rotation .

A rotation, R, can be represented as a triple (¢, 6, ) interpreted to mean a counter-
clockwise rotation by angle © around unit vector (singcos, singsind, cos¢p). When R is
represented in this way, ¢(R) and 1(R) are functions of the three variables ¢,0,0 €
R? and are written as o(4,0,9) and (¢,0,82). Thus, the problem of 3-D attitude

determination is transformed into two equivalent optimization problems:

minimize: ©(4,0,9), (4,0,9Q) € R*,
subject to: 0<¢p<7,0<0<27r,0<0 <.

(4.7)

minimize: ¥(¢,0,Q), (4,0,9) € R*,

subject to: 0 < <7m,0<50<2r,0<0Q< 7,

(4.8)

Since the feasible regions of the above optimization problems are closed and bounded,
solutions to the optimization problems necessarily exist. Thus solutions to the attitude

determination problem formulated in this way necessarily exist.

Since any triple (¢,6,) in R? corresponds to a rotation, it is not necessary to set the

bounds on (¢,0,8) to [0,7] x [0, 27] x [0, 7], which only ensures that the representation
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is unique within the bounds. Thus, the problem of attitude determination can again be

transformed into the following equivalent optimization problems:

minimize:  ¢(¢,6,9), (4,0,9) € R, (4.9)
minimize:  1(¢,0,Q), (4,0,Q) € R*. (4.10)

Since the objective functions are periodic and bounded, solutions to both of these opti-

mization problems also necessarily exist.

It is important to note that the required mixed volumes are well defined as long as
(’; and Cy are 3-D convex bodies. Thus, optimization problems (4.9) and (4.10), derived
from Corollary 2.43 and 2.38, apply to polybedra too. If 7y and (' are smooth and
strictly convex, then the objective functions ¢(R) and ¥(R) can be written explicitly,

according to Equation (2.32), as

QO(R) (31) w) F](Cg, )dt.d., (4]1)

P(R)

R(C1); ) Fy(Cow) do (4.12)

When the support function of €, has continuous second derivatives, Fi(Cy;w) and
F3(Cy;w) are the sum of the radii of principal curvature and the reciprocal of the Gaussian

curvature of the surface of (y, respectively.

The interpreted roles of Cy, C, as the model and the sensed object can be exchanged
depending on what measurement can be made about the object. Suppose the support
function of an object can be measured instead of the curvature functions. Then the roles
of Cy and C, in the derivations of this section can be exchanged. Then the curvature

functions, instead of the support function, of the model are needed in order to minimize

@(R) and 1 (R).

Because of the symmetry between R and R™! and between Cy and (7, the attitude

determination problem may also be expressed as an optimization involving one of the
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following functions:

¢i(R) = V(RT(C),C1, B%),
hi(R) & V(R™G),0h,Ch),
©2(R) = V(Cy,R(C1),B%),

$a(R) = V(Ca,R(Ch), R(Ch)) .

Again, using Equation (2.32), these functions can be calculated as follows when C; is

smooth and strictly convex:

e(R) = g H(R(Cy); w)Fy(Cr;w)dew (4.13)
BilR] = 1} o Bl | (4.14)
e2(R) = ! f H(C;w) Fy(R(Ch )i w)dw | (4.15)
ha(R) = = / (Ca; ) Fa(R(C1); w)duw . (4.16)

In practice, sensed surface data typically is obtained from a single viewpoint. Thus,
the points at which the curvature functions of C, are known span only a hemisphere.
Therefore, the objective functions can not be computed over the whole unit sphere as in
Equation (4.11) and (4.12). To proceed, it is necessary to “complete” the visible surface,

to convert it into a convex body.

Suppose the viewpoint is in the positive z direction. Further, suppose that the oc-
cluding boundaries of C; and R(C;) each lie in a plane'. Assume coordinate systems are
assigned so that the plane for C; is z = 0. Let R(C;)" be the convex body bounded by
points of R(C}) that are visible in the positive z direction and by the plane containing
the occluding boundary. Let Cy' be the convex body bounded by points of (', that are

visible in the positive z direction and by the plane z = 0. Figure 4.1 provides a 2-D

'Marr [52] provides if and only if conditions for an occluding contour to be planar, independent of

viewpoint. Here, this is equivalent to assuming the surface is quadratic.
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(a) R(Cy) (b) €'

Figure 4.1: Using the data on a hemisphere in optimization when the object is viewed

from a single viewpoint.

example where C; and (; are ellipses and where R(C7)" and C;' are the shaded regions
shown. Of course, Corollary 2.43 and 2.38 still apply to R(C;)" and C,’. Therefore,
V(R(Cl )’: C‘Z’a Bs)
VV(R(Cy), R(CyY, BY)

>/V(Cd,Co, BY), (4.17)

and

V(R(CI),, -?‘2!: 62;) > 3 V2 C_-' 4,18
ey SV o

with equality if and only if R(C;) and Cy' are homothetic. The minimum values of

(4.17) and (4.18) still are known independent of R. Thus functions of rotation, R, can

be defined as follows:

sp & _VIRG).CY\ B , .
e VV(R(C), R(Cy), B?) o
dp & VIRGY,G\CY) (4.20)

VR
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However, neither R(C;)" nor C,' is smooth and strictly convex so that the mixed
volumes involved in G(R) and 1)(R) can not be computed using Equation (2.32). Instead,

they can be computed using Equation (2.28).

Let u. denote the vector (0,0,1), ur denote the normal of the plane that contains
the occluding boundary of R(C;), S*~ and S** denote the hemispheres corresponding to

2 < 0 and z > 0, respectively. The mixed volumes in functions ¢(R) and )(R) are
1

V(R(CY, Gy, B) = -ﬂjﬁm())ﬂﬂh)d
+ 6] R(C1); w)dS: (Cy'sw)

V(R(C\Y, R(Cy), B) = 69_((0))(ma))d
¥ 1¢+(m0))ﬁwm0))

V(R(G,Y, Gy, Cy!) = 3 / H(R(C); ) Fa( G ) dw

+ H(R(C)'5u.) - $:(Ci5us)
V(R(C)) :éspﬂmwmwamwmww

+ H(R(Cy)';ur) - So(R(C1); ur) -

§ Js2- H(R(C1);w) Fi(Cyyw)dw + § [s24 H(R(Ch)';w)d51 (Ch;w)
[§ Jso- H(R(C1);w) Fy(R(C1);w)dw + § [sor H(R(C1);w)dS1(R(C);0)]2
7 3 Jsi- H(R(Ch);w) Fy(Cyyw)dw + H(R(Ch)s us) - Sa(Cy; u:)
[ Je- H(R(Cy);0) Fa(R(Ch)jw)dw + H(R(C1 )3 ur) - $2(R(Ch)'5 up))3
The value of S3(Cy';u,) does not depend on R. In fact, by Equation (2.24) and Theo-

¥

rem 2.46,
(Cru) = = [ w:F(Criw)de,
52=

where w, denotes the z component of w. The value of H(R(C;)';u;) is non-negative.

When R(C;)" and C," are homothetic, H(R(C,)'; u.) is zero and

L., HOR(CY;0)d$:(Cyw)
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/ . H(R(C:);w)dSi(R(C:);w) and H(R(Ch)';ur) - So(R(Cy)';ur)
SZ
are equal to a constant times the area of the region of C' on the occluding plane.

The planar regions of R(C1) and €' introduce new area and mixed area terms into
the mixed volumes that, while slowly varying, do depend on R. Ignoring these terms
affects the accuracy of the mixed volumes V(R(Cy)', CY', B®), V(R(C:1), R(C1)', B?) and
V(R(Ch),Cy,Cy'). When these terms are ignored, the objective functions @(R) and
(R) become the following functions:

bl HR(C))i) Fi(Coiw)dw i
[§ Js2- H(R(C1);0) Fi(R(C1);w) duw]

! o H(R(Cr);w) Fy(Cojw)

(5 Jsa- H(R(C1)sw) Fa R(Ch);w) dw]

(4.22)

Minimizing $(R) and ¢(R) only approximates the minimizing solutions to optimization
problems (4.9) and (4.10). Even if perfect, minimizing (R) and %(R) does not solve the
attitude determination problem, as defined in Definition 4.1, since part of the object is
never seen and therefore may not be matched correctly. It does solve the attitude deter-
mination problem correctly to the extent possible, given the data available. Figure 4.2
depicts two 2-D convex objects that match when viewed in the positive z direction but

that do not match over the whole unit circle.

4.2 Attitude Determination by the Radial Function

The motivation to propose the use of the radial function in attitude determination is
that the radial function can be defined for starshaped sets. The radial function and
the distance function are one-to-one for compact starshaped sets, not just convex sets.
Thus a class of shapes larger than the class of convex shapes considered in Section 4.1

can be dealt with. Starshapedness is a natural step from convexity to non-convexity.
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Figure 4.2: Two 2-D convex objects that do match when viewed in the positive z direction

but that do not match over the whole unit circle.

Some existing mathematical results, see Breen [8, 9, 11] for example, can be exploited.
This section provides solutions to the attitude determination problem using the radial

function.

Theorem 2.16 says that a compact starshaped set that has the origin in its kernel
is convex if and only if its distance function is convex. This means that the distance
function captures the starshapedness property. From Definition 2.6 and Definition 2.7,
the radial function, p(C;¢), for a convex set (' is the inverse of the distance function of
(. To make the radial function a good representation for starshaped sets, it must first
be defined for starshaped sets. It is noted that Definition 2.7 of the radial function in
Section 2.1.5 can be directly applied on any compact starshaped set without any change.

The domain of the radial function can be extended to R? from 5%.

Definition 4.2 The radial function of a starshaped set S in R? is defined as

p(S;x) = sup{)A > 0| Az € S}, forz € R*\ {0} . (4.23)
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Figure 4.3: A 2-D starshaped set and its radial function, defined for points, (u,v), on the

unit circle.

The radial function of a starshaped set depends on the choice of origin in the coor-
dinate system. If the origiu is not interior to the set, S, then the radial function is not
defined for every point € R®. Suppose S is a compact starshaped set in R* with origin,

(), in the interior of its kernel, the radial function is
p(S5) = ll&all/lizll , for = € R?, = #0 (4.24)
where £, is the (unique) point of intersection of the ray Oz with the boundary of 5.

The radial function is positively homogeneous of degree minus one with respect to .
That is, p(S; Az) = +p(S;z), A > 0. Thus, representing the radial function over the unit
sphere is sufficient to determine the function over the whole space, R*. Figure 4.3 shows
a 2-D) starshaped set and its radial function defined for points, (u,v), on the unit circle.
The analytic expressions between the dashed lines define the radial function for points

on the unit circle, u? + v? = 1, in the corresponding region.

The properties of the radial function listed on page 28 also hold for starshaped sets.
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1 A/

(a) non-starshaped (b) starshaped

Figure 4.4: Two 2-D sets with the same radial function.

In particular, the radial function is one-to-one for starshaped sets. The one-to-one prop-
erty is no longer guaranteed for non-starshaped sets. Figure 4.4(a) shows a 2-D non-
starshaped set that has the same radial function as the 2-D starshaped set shown in

Figure 4.4(b).

The dual mixed volume was defined in Section 2.5.6 using the radial function (Defi-
nition 2.29) for convex bodies. Since the definition of the radial function is extended to
starshaped sets, Definition 2.29 of the dual mixed volume can be directly applied to any

compact starshaped set whose kernel contains the origin.

Definition 4.3 Let 57,5, 55 be compact starshaped sets in R* with the origin in the
interior of their kernels. Let p(.S;; ) denote the radial function of S;,7 = 1,2,3. The dual

mized volume of Sq,S5,, .53 is defined as

~ 1
Vs, 5,8) & 2 [‘ p(S1;0)p(S25 ) p(S; w) e (4.25)

[l

The condition of Theorem 2.54 and hence Corollary 2.55 in Section 2.5.6 is that the
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objects involved in the dual mixed volumes be convex. Lutwak’s proof of the theorem
uses Holder’s inequality for integrals (see Hardy [33] page 140). The essential requirement
is that p(S1;x), p(S9;2), p(S3; 2) be non-negative, measurable on 5% and not identically
zero. The radial function p(S;z) of a compact starshaped set S with the origin in the
interior of its kernel satisfies these conditions. Thus Lutwak’s result extends to starshaped

sets:

Theorem 4.1

m—1
Vm(‘_c;*l,Sz,Sg H V b S 3_m, 3_,'.,....,5'3_{ s l<m <3,

=0

m

with equality if and only if S5_,,41,...,53 are all dilations of each other (with the origin

as the center of dilation).
Corollary 4.2
V3(S1, S2,53) < V(S1, 51, 51)V (52, Sa, S2)V (S3, 53, 53)
with equality if and only if Sy, S;, .53 are all dilations of each other (with the origin as

the center of dilation).

Let 57 and S, be two starshaped sets with origin in the interior of their kernels.
Suppose S7 is the model defined in a standard coordinate system, .S, the sensed instance
of 57 subject to unknown rotation, translation and scaling. Let R denote a rotation. By

Corollary 4.2,

V(R(S1), Sz, 82) < VV(R 1), B(S1))V2(Sy, S, Ss) (4.26)

with equality if and only if R(S;),.5, are dilations of each other (with the origin as the
center of dilation). Note that the dual mixed volume V(R(S;), R(S1), R(S1)) is equal

to V(51,51,5) due to the rotation property (2.17) of the radial function. Therefore
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the maximum value of (4.26) is known independent of R. Accordingly, V(R(S1),52,5,)
achieves this maximum if and only if R(S1) and S; are homothetic. Now define x(R), a

function of rotation R, by

>

xX(R) 2 V(R(51), 52, 52) = %L p(R™1(51);w)p* (S w)dw (4.27)

Function y(R) depends on S and S;. It reaches the known maximum if and only if R(S;)
and 5, are homothetic. By Definition 4.1, the attitude determination problem can be
solved if the global maximal point of x(R) can be found. The global maximal points are
solutions to the attitude determination problem. In fact, the global maximum of x(R)

is known to be \717(51,5'1,.9'1)172(5'2,.5'2,52). By the conditions of Corollary 4.2, the

global maximum of x(R) is unique, modulo any rotational symmetries that S; possesses.
Thus the attitude determination problem can be expressed as the following optimization

problem:
maximize: y(R -
(R) (4.28)
subject to: R is a rotation .
Representing a rotation by a triple (¢, 6,) where this is taken to mean a counter-
clockwise rotation by angle ) around unit vector (singcosf, singsind, cos¢), the function
Xx(R) becomes x(¢,0,2), a function of three variables that has domain R*. The problem

of attitude determination is then equivalent to the following constrained optimization

problem:
maximize: x(¢,6,92), (4,60,9) € R*,

subject to: 0<Pp<7m,0<0<27r,0<Q< 7.

(4.29)

Since any triple (¢,6,) in R? corresponds to a rotation, it is not necessary to set the
bounds on (¢,6,9) to [0, 7] x [0,27] x [0, 7], which only ensures that the representation
is unique within the bounds. Thus, the problem of attitude determination again is

transformed into the following equivalent optimization problem:

maximize: x(4,60,9Q), (¢,6,Q) € R®. (4.30)
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Since the objective function is periodic and bounded, solutions to the optimization prob-

lem necessarily exist.

Because of the one-to-one onto correspondence between R and R™!, and because
of the symmetry between S; and S,, the attitude determination problem may also be

expressed as maximizing the following two functions:

aB) & 2 [ (R (Se)(Sw)ds (4.31)
il & 1} ﬂ p(Sa; )P (R(S));w)dw . (4.32)

The approach described so far assumes that the radial functions of both the object
and the model are known over the whole unit sphere. When p(.S;; 2) is known only at
points clustered in one region of the unit sphere, the objective function, y(R), defined in
Equation (4.27), may not be appropriate. For example, when p(.S;; z) is obtained from
sensed data from a single viewpoint, the points at which the radial function is known
will never cover the whole unit sphere. An altered objective function is needed to solve
the attitude determination problem when the radial function is known only on a portion

of the sphere.

Let V denote the smallest union of spherical polytopes (see Definition 2.24) in S? that

contains all the points = on 5% where p(S;; ) is available. Again, by Holder’s inequality,

memwﬂ&mwsuﬂmmmmfuﬂ&mﬂé, (4.33)

with equality if and only if p(R(S1);x) and p(Sy;z) are proportional to each other over
V. Simply substituting V for S in Equation (4.27), however, is not sufficient since the
right side of (4.33) depends on R when V is not equal to S%. Define a new objective

function as

L Jy p(R(S1)w)p(Saiw)de

%B) = |
T PR ) w) el

(4.34)
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NZN72
ST S

Figure 4.5: Two 2-D starshaped sets that match when viewed in the positive z direction

but that do not match over the whole unit circle.

Hélder’s inequality implies that Y(R) achieves a maximum if and only if R(S}) and S; are
dilations of each other over V. The maximal value is § [y pB(S-),;w)dw]%. Thus, the part

of the object where the radial function is sensed is matched to the model by maximizing
X(R).

Strictly speaking, this does not solve the attitude determination problem, as defined
in Definition 4.1, since part of the object is not seen and therefore may not be matched
correctly. It does solve the attitude determination problem correctly to the extent possi-
ble, given the data available. Figure 4.5 depicts two 2-D starshaped figures that match

when viewed in the positive z direction but that do not match over the whole unit circle.

4.3 Summary

The attitude determination problem is solved using the support function and the curva-
ture functions for convex objects. It has been shown to be equivalent to the optimization

problem:

minimize: f(R)

subject to: R is a rotation ,
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where f(R) is one of the following functions:

oB) = 5 [ HRC) ) F(Chw)do
W(R) = 3 [ H(R(C);w0)F(Cr0)de

(B) = ¢ [ HE(Coo)r(Criw)d
(k) = ‘, [, HE(Cs0) P Griwo)d

eiR) = < / H(Co;w) Fi (R(Ch); w)dw

PaR) = 5 [ H(Csw)Fy(R(C))w)do

When the curvature functions are available only over a hemisphere, for example, when
computed with sensed data from a single viewpoint, only approximate solutions to the
attitude determination problem have been obtained. The objective functions considered
are:

§ Jso- H(R(C1);w) F1(Cy;w) dw

[§ Jor- H(R(C1);w) Fi(R(C1);w) dw]?
== ” %j:gg.h H(R(C]),L{J)FQ(CQ, )dw

(5 Js2- H(R(Ch);w) F2(R(Ch);w) dw]:"t '

]

The attitude determination problem also has been solved using the radial function

for starshaped sets. It is shown to be equivalent to the following optimization problem:

maximize: f(R)

subject to: R is a rotation ,

where f(R) is one of the following functions:

X(R) = ; 3 [ RS0 (525 )
xiB) = 3 [ RSt (Siw)do,

xa(B) = 5 [ p(S5w)(R(S:)sw)d

Lo — | —
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When the radial function of the sensed object is available only over a region, V, on the
unit sphere, the objective function is
Jy P(R(S1); )9 (S5 ) dw
; el
[y PP(R(51); w)dw]?

Maximizing ¥(R) solves the attitude determination problem correctly to the extent pos-

X(R)= 3

sible, given the data available.



Chapter 5

Experiments

Experiments have been carried out on test shapes to solve the attitude determination
problem using combinations of the support function, the first curvature function and the
second curvature function for convex bodies and the radial function for starshaped sets.
The convex body is an ellipsoid, and the starshaped surfaces are two surfaces constructed

using spherical harmonics as base functions.

Experiments have been conducted using synthesized data, where the orientation-
based representations involved are given either analytically or by data sampled from an
analytical representation. Let the model be a shape in a standard attitude, either a
convex body or a starshaped surface. Rotate the model by a fixed but unknown rotation,
Ro, and let the rotated shape be the object that is sensed. The goal is to find Ro.
Experimental results described here show that the rotation, Ry, can be found when the
orientation-based representation is given either analytically or by sampled data. The

rotation, Ko, also can be found from discrete data sampled at different scales.

Experiments also have been conducted with sensed data obtained, via photometric
stereo, from real objects. The orientation-based representations of the model still are
in known analytical form, while the orientation-based representations of the object are
computed from the output of photometric stereo. Experimental results described here
show that the unknown rotation, Ry, really can be determined based on the theory of

Chapter 4.
90



Chapter 5. Experiments 91

This chapter is organized as follows. Section 5.1 introduces the test shapes and
their orientation-based representations used in the experiments. Section 5.2 discusses
the software issues that arose during the experiments. Section 5.3 describes experiments
on synthesized data and the results. Section 5.4 describes experiments on real data and

the results.

5.1 Experimental Shapes

The shapes used in the experiments are an ellipsoid and two starshaped surfaces con-
structed using spherical harmonics. These shapes are used both m the experiments ou
synthesized data (Section 5.3) and in the experiments on real data (Section 5.4). In this
section, the support function and the curvature functions of the ellipsoid are derived.
The radial functions of the starshaped surfaces are readily obtained from the spherical
harmounics from which they are constructed. Spherical harmonics have been used before
in computational vision [3]. In particular, Schudy and Ballard [70] used spherical har-
monics to model the 3-D shape of hearts. Appendix C provides a brief introduction to
spherical harmonics.

Let E, ;. denote the ellipsoid determined by

g2 y? 2
R;+E.;+;§:l.

Lemma 5.1 (O’Neill [58] page 148.) If M : g = ¢ is a surface in R?, then the gradient
vector field Vg = 3(0g/0x;)U; (considered only at points of M) is a nonvanishing normal
vector field on the entire surface M, where U; is the i-th unit vector in the coordinate

system.

Theorem 5.2 The support function of the ellipsoid E, . is

H(E, p,5v) = \/(.s'*’-vf + b%v3 + 203 | for v = (vy,vy,v3) € R . (5:1)
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Proof  The gradient vector of Eq4 is Vg = 2(5,%,5). Given v = (v5,v;,v3) € R?,

let
|

w= (a*vy, b*vy, Pvs) .
\/a2v§ + b%v2 + c*v?

Substituting w into Vg gives

2

vg lw:"'
\/azv'f + b2vi + cvi

(v]:UZ-}US) .

By Lemma 5.1, the normal direction of E, ;. at w is Vg |, which is the same direction

as determined by (vq,v,v3). Obviously w is on E, ..

By Definition 2.3, w is the normal representation, z(Eqp,q;v), of the ellipsoid Eqp .
Since the support function H(C;v) of a convex body C' can be obtained from its normal
representation z(C;v) by (2.4) as (v, z(C;v)), the support function of the ellipsoid E,

is

H{E, 0) = (v, 2{Bypin)) = \/&21)12 + b2 + 23 .
Q.E.D.

Recall (2.11) that when the support function H(C;v) of a d-dimensional convex body

(' has continuous second derivatives, the curvature function F;(C;v) of C is
F{Csv) = DA H(C;9)) 54= 1,2,

where D;(H) is the sum of all i-rowed principal minors of the Hessian matrix (H;;) of H.

Thus the curvature functions of E, ;. are obtained.

Corollary 5.3

F(E _atbl 4 a*c*ol 4 a?bPoi + bPcPul 4 aPctof 4 bPtol
1(Bapeiv) = (a?v? + b?v3 + cv3)3/? !

a’b c(vi + vi +v2)

(@*vf + b?v] + c2v3)?

Fy(Eope;v)
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(a) front view (b) top view (¢) side view

Figure 5.1: Experimental shape: the ellipsoid.

The convex surface for the experiments is the ellipsoid Ej59. Three side views of the

ellipsoid are drawn in Figure 5.1. Its support function and curvature functions are

H(E3s9;v) = \/Qv'f + 25v3 + 81v? |
95407 + 225003 + 275403

Fi(FEss0; = ; — T -
1(Es,5,95v) (5}-;:;3+25v§+81‘0§)'3’!2
18225(v? + v + v3
Fz(Es,s,s;U) ( : 2 3)

(9v? + 25v3 + 81v2)2

The spherical coordinate system drawn in Figure 5.2 is used to construct starshaped

surfaces. The transformations between Cartesian coordinates and spherical coordinates

are
z = psingcost , p=(2® +y*+ 20?2,
y = psingsing , 6 = tan™! (-‘xé) ’
2= pcose , ¢ = cos™! (ﬁ) ,

The base spherical harmonics used here are U, ..(#,0) and V,, .,(¢,8) for integers m
and n, 0 < n < m. They are defined in Appendix C and are the same as used in [3].

Two starshaped surfaces, SH; and SH,, are constructed for experiments. The surfaces
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Figure 5.2: The spherical coordinate system.

are nicknamed “peanut” and “pillow”. Their radial functions are:

peanut : p(SHi;¢,0) = | 2Up0(#,0) + 2U0(0,0) | = 1 + 3cos?(4) ,
pillow : p(SHy;¢,0) = | 4Uop(¢,0) + 2Va2(,0) | = 4 + 3sin(26)sin?(¢) .

The parametric equations of the object surface, given in terms of the radial function,

p(SH;; ¢,6), and parameters ¢ and 0 are

r = p(SH;; ¢,0)singcosh |
y = p(SH;; ¢, 0)singsing ,

Q
|

= p(SH;;¢,0)cos¢, ¢ =1,2.

The peanut is a solid of revolution. A side view sketch is shown in Figure 5.3. Three

side views of the pillow are shown in Figure 5.4. The pillow is not a solid of revolution.
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Figure 5.3: Experimental shape: the peanut. It is a solid of revolution.

L T . }

(a) top view (b) front view (c) side view

Figure 5.4: Experimental shape: the pillow.

5.2 Software Issues

Recall from Chapter 4 that the problem of attitude determination is equivalent to the
optimization problems (4.9), (4.10), and (4.30). Also recall (4.11), (4.12) and (4.27). The
objective functions (R), 1(R) and x(R) are integrals over the unit sphere. Further recall
(4.21), (4.22) and (4.34). The objective functions B(R), 1»( R) and Y(R) are integrals over
a region on the unit sphere. Thus an optimization routine and an integration routine

are needed. Depending on the optimization scheme, a differentiation routine also may be
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needed. A tessellation of the sphere is needed when discretized data are to be represented
at points on the sphere. An interpolation routine is needed to determine function values
at points other than sample points. Thus the following types of routines are needed for

the experiments:

1. Optimization;

b

. Integration;

o

. Differentiation;
4. Tessellation of the sphere;

. Interpolation.

ot

5.2.1 Optimization

. The subroutine NLPQL [67] was chosen because of its recommended good performance.
It 1s an implementation of a sequential quadratic programming method for solving non-
linearly constrained optimization problems with differentiable objective and constraint
functions [65, 66]. It handles bounds separately from constraints. It can be used to solve
qpt.imization problems with constraints, optimization problems with simple bounds, or
unconstrained optimization problems. It requires the gradients of the objective functions
or an estimate thereof. An accuracy can be specified to the routine. Convergence is con-
sidered to have been achieved if the Kuhn-Tucker conditions (Fletcher [27] page 51) are
satisfied to within the specified accuracy or if the objective function can not be improved

significantly when the constraints are satisfied to within the specified accuracy.
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5.2.2 Integration and Differentiation

The ideal integration routine would calculate surface integrals directly on the sphere.
Here the integration routines used are QBO1AD from Harwell [1] and DBLINT taken
from Gerald [30] (pages 238-239), both of which calculate 2D integrals. The surface
integrals that define the objective functions are transformed into volume integrals as

follows:

/qz flw)dw = /; /:W f(singcosb, singsind, cosg)singdfdé
f flw)dw = fﬁ fzﬂ f(singcosf, singsind, cos¢)singdfde .
§2- z Jo

The differentiation routine does simple forward differencing.

5.2.3 Sphere Tessellation

There are various ways to tessellate a sphere. Geodesic domes are the most often used in
computational vision [3, 36]. The sphere tessellations implemented are based on geodesic
domes built from the icosahedron. The following implementation of geodesic domes is

from [16]. A more theoretical study is found in [41] and the references therein.

Let
1+V5 VT 1
T =

3 = 5= (i

The icosahedron is oriented in a three dimensional rectangular coordinate system so that

the vertices of the icosahedron are
( 0, = b ),
I &6 0. £ 7,
( ta, b, 0 ).
For any triangular facet of the icosahedron, let its vertices be (Xy,Y1, Z)), (X, Y3, Z,),

and (X3, Ys, Z3). Divide the triangle into equilateral triangles whose vertices are
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Figure 5.5: An 8-frequency geodesic dome.

(Xl_*_]Xz;er +JX3;!X21YT1 +IXZ§IJ~+JX.37;I1,Z1 +122K!Zl +JZ.‘3KFZ_2) ,

where N is the desired frequency of the geodesic dome and / and .J are integers such
that 0 < J < I < N. Each of these vertices is then projected onto the unit sphere along

the direction from the origin to the vertex.

The frequency of the geodesic dome can be chosen based on the need for accuracy.

The number of vertices, arcs and facets of a N-frequency geodesic dome are as follows:

vertices(N) 10N? + 2,
arcs(NV) 30N?,
facets(V) 20N? .

Figure 5.5 shows the 8-frequency geodesic dome. It has 642 vertices, 1920 arcs, and 1280

facets.
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5.2.4 Interpolation

An interpolation routine is used to interpolate function values when the function is given
only on a fixed set of sample points. The interpolation package TOMS ALGORITHM
623 [62, 63] by R.J. Renka is chosen because it is designed to interpolate points on the
unit sphere. It constructs a C' function defined on the unit sphere that interpolates the

data values associated with arbitrarily distributed nodes on the sphere.

The interpolation process consists of three steps (Renka [63]):

1. Constructing a spherical triangulation of the nodes’;
2. Estimating a gradient vector using either a local method or a global method;
3. Computing the interpolated value at the desired point P using the data values and

gradient estimates at each of the points of the triangle that contains P.

The accuracy of the gradient estimation is tested on the support function and the
curvature functions of the ellipsoid E;59. The sets of nodes are the sets of vertices of
the geodesic domes generated in Section 5.2.3. For a point P on the sphere, the gradient
G(P) is assumed to be an element in R? that is orthogonal to P. Given a function f,

the true gradient was obtained by projecting V f onto the tangent plane at P, i.e.,
G(P)=Vf—-(Vf,P)P.

Let E; be the difference between the true and the estimated gradient vector at node 1.

{Zﬁ] | E; |2
N ]

(i.e., the root-mean square of the Euclidean norms of gradient estimation errors) for both

Table 5.1 displays

the local method and the global method.

"The geodesic dome in Figure 5.5 is drawn based on the triangulation generated by the routine.
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method | H(Ess90;u) | Fi(Esso;u) | Fa(Essg;u)

on 20-frequency dome, N=4002
global 0.0029066 | 0.0382040 0.2251672
local 0.0112057 | 0.4334782 4.2150756

on 40-frequency dome, N=16002
global 0.0010251 0.0132873 0.0756826
local 0.0028079 | 0.1096620 1.0701663

Table 5.1: Root-mean square gradient estimation errors.

The accuracy of the interpolation is tested on all the functions involved in the exper-

iments. The set of interpolation points is

T 2m
— = g =0 Y580 § 5
30, J 3012’,.} 01 ! ] }O}

{(singcos, singsinb, cosg) : ¢ =1
Table 5.2 and Table 5.3 display the root-mean square and maximum interpolation errors
over the interpolation point set for the 20-frequency and 40-frequency geodesic domes
respectively. The interpolations use the true gradient, the locally estimated gradient and
the globally estimated gradient for H(Es359;u), F1(Es50;u) and Fy(FEs59;u). Since the

true gradients of p(SH;;u),7 = 1,2, can not be calculated easily, interpolations of the

two functions use only the estimated gradients.

5.3 Experiments on Synthesized Data

When the orientation-based representations appearing in the objective function are given
either by analytical expressions or by the values of analytical expressions on a fixed set

of sample points, the experiments are said to be based on synthesized data.
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method | H(Esso;u) | Fi(Esseiu) | Fa(Essoiu) | p(SHi;u) | p(SHa;u)
root-mean-square error

true 0.0000044 0.0001283 0.0011730

global 0.0000116 0.0001500 0.0012980 | 0.0003007 | 0.0004388
local 0.0000355 0.0009455 0.0094281 | 0.0000137 | 0.0000189
maxIimuin error

true 0.0000224 0.0009821 0.0078369

global 0.0000855 0.0009900 0.0077944 | 0.0011137 | 0.0018455
local 0.0002023 0.0054026 0.0678233 | 0.0000362 | 0.0000726

Table 5.2: Interpolation error for the 20-frequency geodesic dome.

method | H(Ezs0;u) | Fi(Eassgiu) | Fa(Esse;u) | p(SHyu) | p(SHy;u)
root-mean-square error

true 0.0000006 | 0.0000217 0.0002347

global 0.0000021 0.0000277 0.0002711 | 0.0001472 | 0.0002093
local 0.0000043 | 0.0001226 0.0012059 | 0.0000017 | 0.0000024
maximum error

true 0.0000034 | 0.0001350 0.0015285

global 0.0000143 | 0.0001496 0.0015457 | 0.0004824 | 0.0008584
local 0.0000263 0.0008814 0.0082720 | 0.0000052 | 0.0000074

Table 5.3: Interpolation error for the 40-frequency geodesic dome.
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5.3.1 Experimental Settings

Let the model be a shape in a standard attitude, either a convex body or a starshaped
surface. Rotate the model by a fixed rotation, Ry, and let the rotated shape be the
object. The goal is to find Ry using the orientation-based representations of the model
and the object. By the theory in Chapter 4, the rotation, Ro, can be found by optimizing
functions @(R), P(R), ¢1(R), P1(R), @2(R), P2 R), x(R), x1(R) and x2(R) as defined
in (4.11), (4.12), (4.13), (4.14), (4.15), (4.16), (4.27), (4.31) and (4.32). The orientation-
based representation of the object can be obtained from that of the model and the rotation

Ro.

Experiments are divided into three sets, set-1, set-2 and set-3, according to how the
representations are given. For set-1 experiments, the orientation-based representations
of both the model and the object are given analytically. Thus, function evaluations in
optimization are done by directly evaluating the corresponding analytical expressions.
For set-2 experiments, the orientation-based representation of one of the model or object
is given in analytical form and that of the other is given by discrete samples. Function
evaluations are done by interpolating the corresponding discrete functions. For set-3
experiments, representations of both the model and the object are given by discrete

samples.

Each set of experiments is divided into three groups, group-0, group-1 and group-2,
according to which forms of the objective functions are used. Group-0 experiments use
functions ¢(R), (R) and x(R) as objective functions. Group-1 experiments use ¢q(R),
11 (R) and x;(R), and group-2 experiments use @,( R), 2(R) and x2(R). For the special

cases of E359, SHy and SH, and rotation Ry, these functions are listed in Table 5.4.

Recall the properties of the orientation-based representations, (2.2), (2.12) and (2.17),

H(R(C);§) = H(C; RTY(E)) , Fi(R(C);€) = F(C; RT(E))
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(p(R) = %fsz H(H(E;;Is.g);L(J)F]([{U(E;g,'s'g);w)(fw 5
group-0 4 (R) = 3 [s2 H(R(Esps9);w)Fa(Ro(Fsps9);w)dw ,
X(B) = fa p(BSH)w)p (Ro(SHi)sw)do , i = 1,2,

©1 (R) = %f.‘}z H(R_I(RQ(E3‘5|9));w)Fl(Eg‘s‘g;w)ds’.d 5
group-1 1 1 (R) = %j:g’z H(R™ ' (Ro(E359));w) Fo( Es5.9;w)dw
Xi(R) = 5[ p(R7N(Ro(SH));w)p*(SHiw)dw o = 1,2,

@2(R) = 3 [oo H(Ro(E359);w)Fi(R(Ess9);w)dw ,
group-2 ¢ Pa(R) = % Jo2 H(Ro(E3s,9);w)Fa( R(Es59);w)dw ,
xa(R) = 1 [ p(Ro(SH);w)p?(R(SH:)sw)dw , i = 1,2.

Table 5.4: The objective functions for group-1, group-2 and group-3 experiments.

p(R(S);€) = p(S; R7(€)) -

Thus the functions listed in Table 5.4 can be computed from the support function and
the curvature functions of E35¢ and Ro(FEs59), and from the radial functions of SH;,
SHy, Ro(SHy), and Ro(SH:). The objective functions for set-1 experiments are listed in

Table 5.5.

For set-2 experiments, one orientation-based representation involved in 1(R), ¢(R),
and x(R) is given by discrete samples. Suppose H(FE3359;u) is given by a set of discrete
samples, i.e., the function value of H(E3s49;€) is given only at a finite set of points in
S2%. Using interpolation, an estimate of H(Essg9;u) at any point u € S? is obtained.
Denote the interpolated function by H*(E;59;u). Similarly, denote the interpolated
Fi(Es59;u) and p(SHi;u) by F?(Esse;u) and p*(SH;;u), respectively, 1 = 1,2. Bach

group of experiments in set-2 is divided into two subgroups, group-a and group-b, with
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s
&
I

%fﬂ_rz H(E359; R (w)) Fi(Ro(Ess,0); w)dw
group-0{ (R) = 3 [ H(Ess9; R (w))Fy(Ro(E3s59);w)dw ,
5 Js2 p(SHis R71(w))p* (Ro(S Hi)sw)dw , 0= 1,2,

P
=
I

e1(R) = %fsz H (Ro( 35,9)1 R(w))F1(E359;w)dw ,
set-1 ¢ group-1{ ¢,(R) = %fqz H(Ro(Ess9); R(w))Fy(Eas9;w)dw ,
| x1(R) = 3 [z p(Ro(SH:); R(w))p?(SHiw)dw ,i= 1,2,

Pa(R) = 1 [o H(Ro(Ess9);w)Fa(Ess9; R (w))dw ,
group-2{ @y(R) = ¢ [s2 H(Ro(Ess);w)Fi(Ess9 R (w))dw ,
x2(R) 1 [s2 p(Ro(SH;);w)p*(SHi; R (w))dw , i = 1,2,

Il

Table 5.5: The objective functions for set-1 experiments.

experiments in each subgroup optimizing the corresponding objective functions when
the representations of either the object or the model are given by discrete samples.
The objective functions for set-2 experiments are listed in Table 5.6. Using the same
notation, the objective functions for set-3 experiments are listed in Table 5.7, where the

representations of both the object and the model are given by discrete samples.

There are three clusters of optimization problems defined in Chapter 4. The first
cluster, (4.5), (4.6) and (4.28), are, in general, constrained optimization problems. If the
rotation is represented by quaternions, the number of constraints is one, i.e., the length
of the quaternion is equal to one. Representing the rotation by the axis-angle triple
(¢4,0,9) gives the second cluster of optimization problems, (4.7), (4.8) and (4.29), which
are optimization problems with bounds. The third cluster, (4.9), (4.10) and (4.30),
are unconstrained optimization problems. Since optimization routine NLPQL handles

bounds separately from constraints, the axis-angle triple (¢, 6, Q) is chosen to represent
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I

set-2 4

group-0a ¢

group-0b ¢

group-la

group-1b <

group-2a {

group-2b 4

Table 5

o(R) = §Js H(Ess.9; RY(w))Fi(Ro(Es5);w)dw ,
P(R) = 1 [e H(Ess9 R7(w))Fa(Ro(Ess);w)dw
X(R) = 1[ep’(SHi; R (w))p*(Ro(SH:)jw)dw , ¢ = 1,2,

©(R) = % [oH(Bss9; R (w))F}(Ro(Ess9);w)dw
P(R) = 1 [eH(Ess9; R (w))F3(Ro(Ess,9);w)dw
X(R) = 1 [ep(SHi; R (w))(p°(Ro(SH:);w))’dw , i=1,2,

¢1(R) = % Je H(Ro(Es50); R(w))Fi(Ess9w)dw ,
Pi(R) = %f:gz S(Ro(Ess9); R(w))Fy(E3s.9;w)dw ,
x1(R) = /s p°(Ro(SHi); R(w))p*(SHiw)dw ,i = 1,2,

e1(R) = 3§ [oo H(Ro(E3s9); R(w))FY(Eas9 w)dw ,
Pi(R) = 1[5 H(Ro(Esp9); R(w))F3(Ess,9w)dw
) = 3 [ p(Ro(SH;); R(w))(p*(SHizw))?dw ,i = 1,2,

X

Xl(

=

@2(R) = & [s2 H*(Ro(Ess9);w)Fi(Ess9 R (w))dw ,
?f)g(R) == § fsg H (HU(E:;‘S‘Q);&J)FQ(E,';,5!9; , (u) )dw
x2(R) = %fsz p"’(Rg(.S'H;);w}pQ(SH,-; R"(w))dw , 1=1,2,

w2(R) = §Js2 H(Ro(Es5,9);w)Fi(Esp9 R (w))dw ,
P(R) = %fgz H(RU(E:LS,E'-): V5 (Es 5.0 R (w))dw

x2(R) = §[s p(Ro(SH:);w)(p*(SHi; R (w)))*dw , 2 =1,2.

.6: The objective functions for set-2 experiments.
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o(R) = Ll H*(Ess9; RB™(w))F{(Ro(Bss9)iw)dw ,
group-0 P(R) = %ﬂ;z HE(E:s.s,Q;R_l(w))Ff(Ro(Ea,s,s);w)dWa
X(R) = §[ep’(SHy; R (w))(p°(Ro(SH:)jw))?dw , 2= 1,2,

e1(R) = %[ H*(Ro(Es59); (w))F' (Es,5,9; w)dw
set-3 ¢ group-1{ 1(R) = 1 [o H*(Ro(Ess9); R(w))F5(Espew)dw ,
x1(R) = 3 [0’ (Ro(SH;); R(w))(p*(SHi;w))dw ,i=1,2,

Pa(R) = 3 [o H*(Ro(Ess);w)F5(Ess0 R (w))dw ,
group-2\ @y(R) = § [ H*(Ro(E3,59);w)Fy(Eas,0; B (w))dw
GlB) = 1 ool SHY) (P (SHY, R (@) s i = 1,2

Table 5.7: The objective functions for set-3 experiments.

rotations in the experiments.

The representation of a rotation by a triple (¢, 8, ) is unique within bound [0, 7] x
[0,27] x [0,7]. If the bound is extended, the objective functions become periodic but
are still well defined. Thus for each experiment, the following three different bounds are

given to routine NLPQL:

Bound! : [0,7] x [0,27] x [0,7] ,
Bound2 : [—40m,807] x [—407,1607] x [—407,807] ,
Bound3 : [-B,B]x[-B,B]x[-B,B],B =3.5x 10™.
Boundl and Bound3 correspond to the second and third clusters of the 0pti1‘niéati0n

problems. Bound3 effectively indicates to NLPQL that the variables are unbounded.

Bound?2 is used to investigate the convergence pattern of the rotation space.
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When R is represented by a triple (¢,6,), the rotation matrix corresponding to
R(¢,0,Q) can be obtained by the following theorem. Thus the values of R(w) and

R~!(w) in the objective functions can be computed via the rotation matrix of R.

Theorem 5.4 (Kanatani [39] page 203.) The matrix representing a 3-D rotation by

angle ) around unit vector n = (ny,ny,ng) is

cosf) +ni(l —cosft)  myny(l — cosQ) — ngsin@) nyng(l — cosQ) + nysing
nang (1 — cosQ) + nasinfl cosf) + ni(1 — cosf) ngng(l — cosd) — nysinfd

nang (1 — cosfl) — nysingd  nans(l — cosf)) + nysin® cos + ni(1 — cosfd)

5.3.2 Experimental Results

For each experiment, three different bounds, Boundl, Bound2 and Bound3, are given
to routine NLPQL, where Bound3 effectively indicates to NLPQL that the variables
are unbounded. For each given bound, each optimization process was tried with 4096

different initial guesses as starting point. These input points are
% 01,7 0.2,k x01) , 1,4,k = 1,8.5,.--.81,
The rotation, Ry, for the experiments is
(o, 0o, Qo) = (7 /6,7/9,7/4) = (0.5235987758, 0.3490658504, 0.7853981635) .

Figure 5.6 shows the rotated surfaces for Es 59, SHq, and SH;. In the figure, the shapes
in thick gray are the models in standard attitude and the shapes in solid black are the

models rotated by Rp.

One way to evaluate the optimization results is to check the number of the initial
guesses from which the global optimal point, Ry, is found by the optimization process,
under a given bound. Table 5.8, Table 5.9 and Table 5.10 list these numbers for set-1,

set-2 and set-3 experiments, respectively, under the three bounds.
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(a) the ellipsoid (b) the peanut (c) the pillow

Figure 5.6: Experimental shapes and their rotated images under rotation (7 /6,7 /9, 7/4),

projected onto a plane with normal direction (1,1, 1).

The results of the optimization fall into three categories:

1. The rotation Ry is found;

2. A boundary point of the feasible region is reached before the rotation Ry is found,;

3. The number of line searches in NLPQL exceeds the specified limit.
The distribution of the first two categories over the initial guesses suggests connected
regions within the feasible region, which may assist selecting favorable initial guesses to
obtain Ry. The second category does not apply to optimization under Bound3. When

the third category happens to an initial guess, the result 1s often very close to the optimal

point. This category can be reduced by adjusting the parameters given to NLPQL.

Another way to evaluate the optimization results is to measure how close the rotation

found by optimization is to the rotation Ky. However, there are three difficulties:

1. No metric in rotation space is commonly agreed upon in computational vision to
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measure how close two rotations are to each other;
2. Two very different triples may represent the same rotation due to periodicity;

3. Two triples that represent different rotations may correspond to the same attitude

for an object that possesses symmetries.

To evaluate how close a rotation R = (¢,0,Q) is to another rotation Ry = (¢o, 6o, o),

the difference,

(Ido—=&1,160—01],| 2 —Q])

between the two triples representing the two rotations can be considered as a measure-
ment. The rotation angle, 0%, of RoR™' can also be used to measure the closeness be-
tween R and Ry. Tables 5.11-5.16 list the differences between (¢q, 8o, {2o) and the triples,
(¢,6,9), found by optimizations with initial guess (0.1,0.2,0.9). The corresponding val-
ues of Q* are also listed. The choice of (0.1,0.2,0.9) is based on no particular consideration
except that the optimization results then all are within the bound, [0, 7] x [0, 27] x [0, 7],
thus avoiding the issue of periodicity. The results listed under the heading of x(R),
x1(R) and x2(R) are from the experiments on the pillow. The results on the peanut are
not listed because the peanut has rotational symmetries with infinitely many rotations

representing the same attitude.

A way to visualize the optimization result is to superimpose the rotated model onto
the object. As examples of the results of set-1 experiments, the results of minimizing
e(R) and (R) on Es59 with initial guess (0.1,1.4,1.3) under Boundl are shown in
Figure 5.7 and Figure 5.8, respectively. The results of maximizing yx(R) on the peanut
and the pillow with the same initial guess, (0.1, 1.4,1.3), under the same bound, Bound1,
are shown in Figure 5.9 and Figure 5.10, respectively. As examples of the results of
set-3 experiments, the results of minimizing ¢(R) and (R) on E359 with initial guess

(0.1,4.2,1.7) under Bound3 are shown in Figure 5.11 and Figure 5.12, respectively. The
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E;, SH, SH,

set-1 p(R) P(R) X(R) X(R)

group-0 1178 860 1814 1485

Boundl group-1 1180 1070 1814 1588
group-2 1163 982 1814 1589

group-0 3910 3052 3882 3756

Bound?2 group-1 3909 3234 3879 3795
group-2 3905 3069 3884 3777

group-0 4096 3918 4096 4087

Bound3 group-1 4096 4065 4096 4064
group-2 4095 4070 4096 4064

Table 5.8: Results of set-1 experiments: the number of initial guesses out of the 4096

initial guesses céxlvergillg to the optimal point.

results of maximizing x(R) on SH; and SH; with the same initial guess under the same

bound are shown in Figure 5.13 and Figure 5.14, respectively. In the figures, the shapes

in thick gray are the models and the shapes in solid black are the shapes obtained at

different iterations.
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Ess.9 SHy SH;

set-2 WR) | wR) | x(B | xR
group-0a 1181 863 1818 1482

group-0b 1178 860 1814 1487

group-la 1175 1070 1816 1590

Bound1 group-1b 1179 1071 1813 1588
group-2a 1163 981 1814 1588

group-2b 1162 963 1821 1589

group-0a 3897 3092 3879 3775

group-0b 3894 3074 3475 3751

group-la 3881 3236 3878 3794

Bound?2 group-1b 3908 3226 3886 3805
group-2a 3904 3069 3875 3795

group-2b 3901 3058 3887 3786

group-0a 4091 4041 4095 4095

group-0b 4096 4078 4096 4094

group-la 4075 4067 4096 4095

Bound3 group-1b 4095 4034 4096 4069
group-2a 4095 4046 4096 4095

group-2b 4094 3925 4095 4096

Table 5.9: Results of set-2 experiments: the number of initial guesses out of the 4096

initial guesses converging to the optimal point.
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Ess9 S Hy SH,

set-3 o(R) P (R) x(R) x(R)

group-0 1184 863 1819 1481

Bound1 group-1 1177 1068 1815 1591
group-2 1162 971 1821 1590

group-0 3889 3096 3874 3775

Bound2 group-1 3905 3229 3876 3799
group-2 3901 3058 3890 3792

group-0 4092 4096 4095 4096

Bound3 group-1 4096 4028 4096 4094
group-2 4096 4094 4095 4096

Table 5.10: Results of set-3 experiments: the number of initial guesses out of the 4096

initial guesses converging to the optimal point.
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set | group | bound | function ||¢go—¢| [6o—6| |Qo— | 0
e(R) | 0.001292 0.000331 0.000496 | 0.001114
Boundl | (R) | 0.002772 0.000969 0.002783 | 0.003521
x(R) | 0.000006 0.000120 0.000003 | 0.000045
e(R) | 0.001041 0.000697 0.000804 | 0.001163
set-1 | group-0 | Bound2 | #(R) | 0.002793 0.000987 0.002765 | 0.003518
x(R) | 0.000032 0.000019 0.000007 0
e(R) | 0.001041 0.000697 0.000804 | 0.001163
Bound3 | #(R) | 0.002793 0.000987 0.002765 | 0.003518
X(R) | 0.000032 0.000019 0.000007 0

Table 5.11: The comparisons between Ry and the estimated rotations from initial guess

(0.1,0.2,0.9) by set-1/group-0 experiments.

set | group | bound | function | |do—¢| |[6o—0| | —N| 0

v1(R) | 0.000035 0.000003 0.000034 | 0.000045

Boundl | #¢(R) | 0.000000 0.000001 0.000002 0

xi(R) | 0.000004 0.000041 0.000022 0

e1(R) | 0.000147 0.000305 0.000264 | 0.000310

set-1 | group-1 | Bound2 | 4, (R) | 0.000002 0.000008 0.000005 0
x1(R) | 0.000057 0.000095 0.000028 | 0.000063

¢1(R) | 0.000147 0.000305 0.000264 | 0.000310

Bound3 | ;(R) | 0.000002 0.000008 0.000005 0

x1(R) | 0.000057 0.000095 0.000028 | 0.000063

Table 5.12: The comparisons between Ry and the estimated rotations from initial guess

(0.1,0.2,0.9) by set-1/group-1 experiments.
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set | group | bound | function | |do—¢| [6o—6]| |Qo— Q| a*
w2(R) | 0.003893 0.001203 0.001635 | 0.003427
Boundl | (&) | 0.018105 0.001630 0.009633 | 0.016324
xz2(R) | 0.000042 0.000082 0.000005 | 0.000045
w,(R) | 0.003915 0.001185 0.001622 | 0.003435
set-1 | group-2 | Bound2 | 1,(R) | 0.018106 0.001641 0.009647 | 0.016830
x2(R) | 0.000019 0.000054 0.000011 0
wo(R) | 0.003915 0.001185 0.001622 0.003435—
Bound3 | ,(R) | 0.018106 0.001641 0.009647 | 0.016830
x2(R) | 0.000019 0.000054 0.000011 0

Table 5.13: The comparisons between Ry and the estimated rotations from initial guess

(0.1,0.2,0.9) by set-1/group-2 experiments.

set

group

bound

| do— 4|

| 00— 0 |

| Qo —Q |

Q!‘

set-3

group-0

Bound!l

0.001034

0.000657

0.000998

0.001298

0.002665

0.001086

0.002973

0.003632

0.000084

0.000468

0.000107

0.000219

Bound?2

0.000718

0.000997

0.001358

0.001514

0.002678

0.001104

0.002956

0.003624

0.000051

0.000384

0.000109

0.000190

Bound3

0.000718

0.000997

0.001358

0.001514

0.002678

0.001104

0.002956

0.003624

0.000051

0.000384

0.000109

0.000190

(0.1,0.2,0.9) by set-3/group-0 experiments.

Table 5.14: The comparisons between Ry and the estimated rotations from initial guess
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set | group | bound | function ||¢o—¢| |[Oo—0] |2 — | (44

w1(R) | 0.000258 0.000213 0.000227 | 0.000313

Boundl | ;(R) | 0.000155 0.000138 0.000098 | 0.000161

x1(R) | 0.000106 0.000583 0.000081 | 0.000249

e1(R) | 0.000273 0.000192 0.000231 | 0.000319

set-3 | group-1 | Bound2 | 4(R) | 0.000149 0.000125 0.000087 | 0.000155
x1(R) | 0.000139 0.000581 0.000085 | 0.000261

o1(R) | 0.000273 0.000192 0.000231 | 0.000319

Bound3 | #:(R) | 0.000149 0.000125 0.000087 | 0.000155

x1(R) | 0.000139 0.000581 0.785313 | 0.000261

Table 5.15: The comparisons between Ry and the estimated rotations from initial guess

(0.1,0.2,0.9) by set-3/group-1 experiments.

set | group | bound | function ||do—¢¢| [6o—8] |0 —N| o

w2(R) | 0.002839 0.002202 0.002389 | 0.003335

Boundl | ,(R) | 0.017779 0.002051 0.008529 | 0.016018

x2(R) | 0.000116 0.000764 0.000206 | 0.000369

w2(R) | 0.002977 0.002078 0.002389 | 0.003393

set-3 | group-2 | Bound2 | (R) | 0.017857 0.002041 0.008536 | 0.016072
x2(R) | 0.000077 0.000774 0.000199 | 0.000361

w2(R) | 0.002977 0.002078 0.002389 | 0.003393

Bound3 | ,(R) | 0.017857 0.002041 0.008536 | 0.016072

x2(R) | 0.000077 0.000774 0.000199 | 0.000361

Table 5.16: The comparisons between Ry and the estimated rotations from initial guess

(0.1,0.2,0.9) by set-3/group-2 experiments.
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(a) Initial guess (b) 2nd iteration (¢) 3rd iteration (d) final result

Figure 5.7: Example of the results of set-1 experiments: Minimizing ¢(R) for E3 59 with

initial guess (0.1,1.4,1.3) under Boundl.

(a) Initial guess (b) 2nd iteration (¢) 3rd iteration (d) final result

Figure 5.8: Example of the results of set-1 experiments: Minimizing 1(R) for E3 59 with

initial guess (0.1,1.4,1.3) under Boundl.
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(a) Initial guess (b) 2nd iteration (c) 3rd iteration (d) final result

Figure 5.9: Example of the results of set-1 experiments: Maximizing x(R) for the peanut

with initial guess (0.1,1.4,1.3) under Boundl.

(a) Initial guess (b) 2nd iteration (¢) 3rd iteration (d) final result

Figure 5.10: Example of the results of set-1 experiments: Maximizing x(R) for the pillow

with initial guess (0.1, 1.4,1.3) under Boundl.
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(a) Initial guess (b) 2nd iteration (¢) 3rd iteration (d) final result

Figure 5.11: Example of the results of set-3 experiments: Minimizing ¢(R) for E35¢ with

initial guess (0.1,4.2,1.7) under Bound3.

(a) Initial guess (b) 2nd iteration (¢) 3rd iteration (d) final result

Figure 5.12: Example of the results of set-3 experiments: Minimizing 1 (R) for E3 59 with

initial guess (0.1,4.2,1.7) under Bound3.
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“"'3?.1‘*.’“-’?"’""5:-

(b) 2nd iteration (¢) 3rd iteration (d) final result

(a) Initial guess

Figure 5.13: Example of the results of set-3 experiments: Maximizing x(R) for the peanut

with initial guess (0.1,4.2,1.7) under Bound3.

(d) final result

(a) Initial guess (b) 2nd iteration (c) 3rd iteration

Figure 5.14: Example of the results of set-3 experiments: Maximizing x(R) for the pillow

with initial guess (0.1,4.2,1.7) under Bound3.
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5.3.3 Variational Test

Experiments have been conducted on the synthesized models and objects to test the
methods in the situations where the orientation-based representatioﬁs of the synthesized

models and objects are given by sampled data with one of the following variations:

1. The sampling rates for the model and the object are different;
2. The sampling data of the object are only given on a hemisphere;

3. For the starshaped surfaces, the choices of origin for the model and the object are

different.

The objective functions for group-0 of the set-3 experiments are used accordingly.

Let H*/(E;59;w) denote the interpolated function from the value of H(Es359;w) at
the vertices of the geodesic dome of frequency f. Similar notation applies to F;(E359;w)
and p(SH;;w), i = 1,2. The objective functions for experiments using the data sampled

at different rates are:

1 :
QO(R) = g s H&ZD(ES,&,Q; R—l (W))Fls'u(Ro(Ea,s,g);w)dw ;

WR) = 3 [, HP(Byses B () P (Ro( Byslie)do

X(B) = [ o (SH B @) (p " (Ro(SHi)sw) o , i = 1,2

Let S?~ denote the hemisphere with z < 0. Let F?*~(Ej359;w) denote the interpolated
function from the value of H(Es359;w) at the vertices of the geodesic dome that belong
to S?~. Similar notation applies to p(SH;;w), ¢ = 1,2. The objective functions for

experiments using the data sampled on the hemisphere are:

oR) = 3 [, H(Brssi B @) Fy* (RolBoso)iw)de
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1 =
W(R) = 3 [,  HY(Bs 9 R (@)™ (Ro( Bas);w)dew

x(R) = = [ p*(SH: B (w))(p" (Ro(SH:);w))Pdw , i = 1,2

3 Jse-

Each optimization process proceeded with 4096 initial guesses under Bound3. Ta-
ble 5.17 presents the number of the initial guesses from which the optimal point Rg is

found.

Suppose the origin of the coordinate system for the object is located at position 7' in
the coordinate system for the model, where T' is a 3-D vector. Let p*7 (S H;;w) denote the
interpolated function from the value of p(T'(SH;);w), where p(T'(SH;);w) is the radial
function of S H; with respect to T'. The objective functions for experiments with different
choices of origin are:

1

3 Js2

x(R) p°(SHy; R (w))(p*(T(Ro(S Hy))sw))Pdw , i = 1,2,

The vectors used in the experiments are listed in Table 5.18 along with indications about
whether they are inside the objects. With each choice of the origin, the optimization
process was tried with the 4096 initial guesses under Bound3. Table 5.19 lists the number
of initial guesses that lead the optimization converge to the optimal point Ry. The
optimizations fail to converge to Ry for the peanut when T3 and T, are chosen and
for the pillow when Ty is chosen. This is because T3 is outside the peanut, Ty outside
the kernel of the peanut? and Ty outside the pillow. With the 4096 initial guesses, the
optimizations converge to the same point for the same choice of vector T' and the same

object.

Like in Section 5.3.2, differences between (o, 6o, ) and the triples, (4,8, 0), found

by the optimizations with initial guess (0.1,0.2,0.9) are listed in Table 5.20. The corre-

’Let ¢ = 1.058436335 and 6 = 5.3 The point on the surface of the peanut determined by

(¢,6) is T" = (0,1.499999999,0.8436918116). The line segment T"Ty intersects the ry-plane at
(.0569588428, 1.272164628, 0), which is outside the peanut.



Chapter 5. Experiments 122

Ess9 SH, SH,
Experiments oB) | BB | xB) | x(B)
different sampling rates 4085 4070 4095 4095
sampling on half sphere 4095 3985 4096 4095

Table 5.17: Results of testing different sampling rates and hemisphere sampling: the

number of initial guesses out of the 4096 initial guesses converging to the optimal point.

vectors inside the peanut | inside the pillow
Ty = (0.3,0.3,0.7) yes yes
T, = (0.5,—0.7,0.4) yes yes
T5 = (0.7,1.0,0.3) no yes
Ty = (0.3,0.3, —3.6) yes no

Table 5.18: Different choices of origin used in the experiments.

sponding rotation angles, 0*, of the rotation RgR~! are also listed. The results on the
peanut are not presented because the peanut has rotational symmetries with infinitely
many rotations representing the same attitude. To visualize the optimization result,
matchings at different iterations from initial guess (0.1,4.2,1.7) are drawn. Figures 5.15-
5.18 show the results for experiments using data sampled at different sampling rates.
Figures 5.19-5.22 show the results for experiments using data sampled over half sphere.
Figures 5.23-5.27 show the results for experiments using data sampled with different
choices of origin. In the figures, the shapes in thick gray are the models and the shapes

in solid black are the shapes obtained at different iterations.
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x(R)
Choice of origin S Hy SH,
T: =(0.3,0.3,0.7) 4096 4096
T, = (0.5,—0.7,0.4) | 4096 4096
T5 = (0.7,1.0,0.3) 0 4096
T, =(0.3,0.3,-3.6) 0 0
Table 5.19: Results of testing the different choice of origin: the number of initial guesses

out of the 4096 initial guesses converging to the optimal point.

experiment function | [¢o—¢| [6o—0| |Qo—| Qo
¢(R) | 0.000746 0.000914 0.001287 | 0.001451
different sampling rate | %(R) | 0.002660 0.000996 0.002903 | 0.003568
x(R) 0.000051 0.000375 0.000114 | 0.000190
o(R) 0.011209 0.003319 0.015578 | 0.017868
sampling on half sphere | ¥(R) | 0.013292 0.005738 0.012407 | 0.016240
x(R) | 0.000115 0.000314 0.000073 | 0.000167
origin is at Ty for SH, x(R) 0.041500 0.106776 0.027117 | 0.056632
origin is at T, for S H, x(R) 0.020306  0.082305  0.022585 | 0.042571
origin is at T3 for SH, x(R) | 0.050782 0.044203 0.033828 | 0.053769

Table 5.20: The comparisons between Ry and the estimated rotations from initial guess

(0.1,0.2,0.9) by experiments using variational testing data.
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(a) Initial guess (b) 2nd iteration (¢) 4th iteration (d) final result

Figure 5.15: Example of the results of variational tests: Minimizing ¢(R) for Esz59 with

initial guess (0.1,4.2,1.7) using data sampled at different sampling rates.
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(a) Initial guess (b) 2nd iteration (¢) 5th iteration (d) final result

Figure 5.16: Example of the results of variational tests: Minimizing ¥ (R) for E3 59 with

initial guess (0.1,4.2,1.7) using data sampled at different sampling rates.
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(a) Initial guess (b) 1st iteration (¢) 2nd iteration (d) final result

Figure 5.17: Example of the results of variational tests: Maximizing x(R) for the peanut

with initial guess (0.1,4.2,1.7) using data sampled at different sampling rates.

(a) Initial guess (b) 4th iteration (c) 8th iteration (d) final result

Figure 5.18: Example of the results of variational tests: Maximizing x(R) for the pillow

with initial guess (0.1,4.2,1.7) using data sampled at different sampling rates.
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(a) Initial guess (b) 2nd iteration (¢) 4th iteration (d) final result

Figure 5.19: Example of the results of variational tests: Minimizing ¢(R) for E559 with

initial guess (0.1,4.2;1.7) using data sampled on half sphere.

(a) Initial guess (b) 3rd iteration (c) 6th iteration (d) final result

Figure 5.20: Example of the results of variational tests: Minimizing 1(R) for E3 59 with

initial guess (0.1,4.2,1.7) using data sampled on half sphere.
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(a) Initial guess (b) 1st iteration (¢) 2nd iteration (d) final result

Figure 5.21: Example of the results of variational tests: Maximizing x(£) for the peanut

with initial guess (0.1,4.2,1.7) using data sampled on half sphere.

(a) Initial guess (b) 3rd iteration (c) 6th iteration (d) final result

Figure 5.22: Example of the results of variational tests: Maximizing x(R) for the pillow

with initial guess (0.1,4.2,1.7) using data sampled on half sphere.
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(a) Initial guess (b) Ist iteration (¢) 2nd iteration (d) final result

Figure 5.23: Example of the results of variational tests: Maximizing x(R) for the peanut

with initial guess (0.1,4.2,1.7) using data sampled with new origin 7.

(a) Initial guess (b) st iteration (¢) 2nd iteration (d) final result

Figure 5.24: Example of the results of variational tests: Maximizing x(R) for the peanut

with initial guess (0.1,4.2,1.7) using data sampled with new origin 7.
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(a) Initial guess (b) 2nd iteration (¢) 3rd iteration (d) final result

Figure 5.25: Example of the results of variational tests: Maximizing x(R) for the pillow

with initial guess (0.1,4.2,1.7) using data sampled with new origin T;.

(a) Initial guess (b) 2dn iteration (c) 4th iteration (d) final result

Figure 5.26: Example of the results of variational tests: Maximizing x(R) for the pillow

with initial guess (0.1,4.2,1.7) using data sampled with new origin T5.

(a) Initial guess (b) 2nd iteration (c) 4th iteration (d) final result

Figure 5.27: Example of the results of variational tests: Maximizing x(R) for the pillow

with initial guess (0.1,4.2,1.7) using data sampled with new origin Ts.
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5.4 Experiments on Real Data

5.4.1 Experimental Settings

The three experimental shapes defined in Section 5.1 and used in experiments described
in Section 5.3 were custom fabricated as real solid objects of polyvinyl-chloride using
automated, numerically controlled milling machine. The ellipsoid was machined from
numerical data derived from its three axis lengths. The starshaped objects were machined
from numerical data sampled from their radial [unctions. A fourth object, a sphere, was

machined from the same material to serve as a calibration object for photometric stereo.

Photometric stereo was used to obtain surface gradients [74] and the principal curva-
tures [77]. Photometric stereo uses reflectance data obtained from the calibration sphere
to determine surface gradient, (p, ¢), at each visible point. At the same time, the partial
derivatives of the reflectance map are determined. Photometric stereo then combines the
partial derivatives of the intensity with the partial derivatives of the reflectance map to
estimate the surface Hessian matrix. Combining the Hessian and the gradient determines

the principal curvatures, ky and k;.

Three images of each object are taken under three different lighting conditions with
the same imaging geometry. The visible hemisphere is the half sphere with z < 0, denoted
as 5%, The attitude of the objects with respect to the camera is set manually. The object
is homothetic to its model in the standard attitude, subject to an unknown rotation Ry, an
unknown translation and an unknown scaling. The goal of the experimentsis to determine
the rotation, Ry. Images of the ellipsoid for attitude determination using the combination
of the support function and the curvature functions are shown in Figure 5.28. Images of
the peanut and the pillow for attitude determination using the the radial function are

shown in Figure 5.29 and Figure 5.30, respectively.
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(a) first light source (b) second light source

(c) third light source

Figure 5.28: Images of the ellipsoid under three light sources.
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(a) first light source (b) second light source

(c) third light source

Figure 5.29: Images of the peanut under three light sources.
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(a) first light source (bb) second light source

(c) third light source

Figure 5.30: Images of the pillow under three light sources.
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In the experiments, the gradient, (p, q), determines the mapping from sensed surface
point to the point on the sphere as:

I

7 = x )1—16I92_-
Fra T el

(;‘taya‘:) €EC—u=

The principal curvatures, ky and k;, determine values for the first and second curvature

functions as:

1 1
Fl(C,U) Il" + '},—c: FQ(C u) T X 1—; .

The coupled depth/slope method by Harris [34] was used to reconstruct depth from
gradient and obtain the relative height z of each surface point (z,y,z). Then the radial
function was computed as the distance from a fixed point inside the kernel of the object
to each visible surface point. The radial function does depend on the choice of this fixed
point. By convention, the origin of the object coordinate system is taken to be the center

of gravity of the object, whenever possible.

Since surface data are acquired from a single viewpoint, the curvature functions and
the radial function are not known over the entire sphere. Thus the objective functions
@(R), $(R) and X(R) defined in Equation (4.19), (4.20) and (4.34) are used. The objects
were arranged in such a way that the region over which the orientation-based represen-
tations are available is the hemisphere 5?~. Since the ellipsoid satisfies the conditions
set in Chapter 4 the objective functions @(R) and J(R) can be approximated by B(R)
and (R).

Thus the objective functions for the real data experiments are:

_ § Js2- H(R(E359);0) F (Ro(Ea.ss);w)dw
o(R) T

[§ Joo- H(R(E359);w) Fi(R(Es59);w) dw]?
E(R) ‘3152- ]‘]( (5559),0.’) Fz(R (E’;sg) )dw

(3 Jse- H(R(Es3s59);w) Fo( R(E350);w) dw]s
X(R) = 1,[1;2*,0(3(511':'): )p*(Ro(S él)aif)dx i=1,2.

; o PA(R(SH:); 2)dz]*
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5.4.2 Experimental Results

In the experiments, the optimization process was executed 4096 times, each time cor-
responding to a different initial guess for object rotation. The bound given to NLPQL
is Bound3 (of Section 5.3.2), which effectively makes a constrained optimization into an
unconstrained optimization. All the initial guesses converged to points with the same
function values of B(R), ¥(R) or X(R) and with the same object attitude. Thus, for the

objects tested, the method is robust with respect to the initial guess.

The attitude of the sensed object is established manually for each experiment. The
true rotations of the objects with respect to their standard attitudes also are estimated
manually. These estimated rotations are used as rough measures of accuracy to evaluate

the rotations found by the optimization process.

Oune way to evaluate the optimization results is to compare the rotation found by
optimization with the estimated a priori rotation matrices. This approach is feasible
for objects that have few symmetries. The ellipsoid, E559, has few symmetries since
its three axes all are different. The pillow also has few symmetries. When an object is
highly symmetric, like the peanut, it is difficult to evaluate the optimization results by
comparing rotation because different rotations correspond to the identical object atti-
tude. Table 5.21 presents the estimated a priori rotation, Ry, for the ellipsoid imaged
in Figure 5.28 and the rotations, R; and R;, found by minimizing, respectively, B(R)
and (R). Also presented in the table are the matrices RoR;',7 = 1,2, and their rota-
tion angles. Table 5.22 presents the same material for the pillow imaged in Figure 5.30.
The rotations found by the optimizations are either the corresponding matrix in the two
tables or that matrix multiplied on the right by a matrix corresponding to a reflection
about one or more symmetry axis the object possesses. These matrices all define the

same attitude for the given objects.
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The estimated a prior: 0. —0.4975121 —0.8674570
rotation for the ellipsoid 0 0.8674570 —0.4975121
in Figures 5.28: | 0 0
) 0.1771714 —0.4824572 —0.8578143

The rotation found by
L —0.1338156 -~ 0.8516999 —0.5066563

minimizing B(R):

0.9750404  0.2045539  0.0863366

. 0.0555034 —0.5356140
The rotation found by
N E— 0.0083401  0.8441571 —0.5360310
minimizing 1 (R):
0.9984237  0.0227239  0.0513206
0.9841453  0.0157715 —0.1766613
0.0082621  0.9908807  0.1344883
0.1771714 —0.1338156  0.9750404
0.9974258  0.0450055 —0.0558238
—0.0454001  0.9989519 —0.0058206
0.0555034  0.0083401

—0.8426369

0.9984237

the angle of RoR7' = 0.2239258
the angle of RoR;' = 0.0721171

Table 5.21: The comparison between the estimated a priori rotation for the ellipsoid and

the rotations found by optimizations on real data.
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The estimated a prior:
rotation for pillow in

Figure 5.30:

The rotation, R;, found

by maximizing Y(R):

Rl_

RoR;’

—0.5074230
0.5418145
—0.6700440

—0.5364304
0.5150653

—0.6685434

0.9994210
—0.0222971
0.0257003

the angle of RoR;' = 0.0409629

—0.5061200
0.4419271
0.7406369

—0.4966460
0.4478123
0.7435098

0.0217053
0.9994980
0.0230782

0.6973934
0.7149388
0.0499792
0.6823380
0.7308707
0.0155850
—0.0262020
—0.0225070

0.9994033

Table 5.22: The comparison between the estimated a priori rotation for the pillow and

the rotations found by optimizations on real data.

A way to visualize the optimization result is to superimpose the rotated model onto

the image of the object. As examples, the results of minimizing B(R) and (R) with

initial guess (0.1,0.2,0.1) are shown in Figure 5.31 and Figure 5.32, respectively. The

results of maximizing ¥(R) for the peanut and the pillow with the same initial guess are

shown in Figure 5.33 and Figure 5.34, respectively. In the figures, the black and white

shows the silhouette of the object and the wire frame shape in gray is the rotated model.
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(a) initial guess. (b) 1st iteration.

(e) 8th iteration. (f) 12th (the last) iteration.

Figure 5.31: Example of the results of real data experiments: Minimizing B(R) for the

ellipsoid imaged in Figure 5.28 with initial guess (0.1,0.2,0.1).



Chapter 5. Experiments 139

(a) initial guess. (b) 2nd iteration.

¥ g
A
b
R

k3

(¢) 3rd iteration. (d) 4th iteration.

(e) 8th iteration. (f) 13th (the last) iteration.

Figure 5.32: Example of the results of real data experiments: Minimizing 9)(R) for the

ellipsoid imaged in Figure 5.28 with initial guess (0.1,0.2,0.1).
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(a) initial guess. (b) lst iteration.

(¢) 2nd iteration. (d) 5th iteration.

(e) Tth iteration. (f) 9th (the last) iteration.

Figure 5.33: Example of the results of real data experiments: Maximizing Y(£R) for the

peanut imaged in Figure 5.29 with initial guess (0.1,0.2,0.1).
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(a) initial guess. (b) 2nd iteration.

(e) 10th iteration. (f) 14th (the last) iteration.

Figure 5.34: Example of the results of real data experiments: Maximizing Y(R) for the

pillow imaged in Figure 5.30 with initial guess (0.1,0.2,0.1).
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5.5 Summary

Experiments have been conducted on three experimental shapes. Both synthetic data and
data obtained from images of the real objects of the three experimental shapes have been
used to test the feasibility of the approaches developed in Chapter 4. Existing numerical
routines, the optimization routine NLPQL, the interpolation routine by Robert Renka

and the integration routine QB01AD, are utilized.

Experimental results have been presented in three ways:

1. Listing the numbers of the initial guesses, out of the 4096 initial guesses, that lead

to the optimal point when the objective function is optimized;

2. Listing both the difference between the triples found by optimization and the opti-
mal points and the rotation angle of RoR™", where Ry denotes the optimal rotation

and R denotes the rotation found by optimization;

3. Superimposing the rotated model onto the image of the object at different iterations

of the optimization process.

From the results shown in Tables 5.8-5.10 it can be concluded that slightly more
initial guesses converge to the optimal point when using the first curvature function than
the second curvature function. It is noted, from Tables 5.11-5.16, that optimizing ¢(R)
and @, ( R) estimates the optimal point slightly better than ¢ (R) and 2(R), whereas op-
timizing 11 (R) estimates the optimal poiut slightly better than ¢,(R). From Figure 5.31
and Figure 5.32, it can be seen that the combination of the support function and the first
curvature function gives a closer estimation of the true attitude of the real object than
does the combination of the support function and the second curvature function. Thus
the first curvature function performs slightly better than the second curvature function.

This may be related to nothing more than the observation that, all else being equal, there
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is less uncertainty in the sum of two numbers than there is in their product. This obser-
vation is merely anecdotal since, of course, one also needs to take into account properties

of the particular numerical optimization routines used.

As expected, larger bounds allow more initial guesses converge to the optimal points.

This is confirmed by the results shown in Tables 5.8-5.10.

The methods are also tested with variations in data: data sampled at different rates
for the model and for the objects, data sampled only over a half sphere and, for starshaped
objects, data sampled with different choices of origin. The variations do not alter the

performance of the methods, i.e., optimization converges to the correct attitude.
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Conclusions

Orientation-based representations are a compact description of 3-D object shape. A de-
sirable property that all orientation-based representations share is that the object and
the representation rotate together. This makes an orientation-based representation well-
suited to the task of attitude determination. This dissertation studies orientation-based
representations and solves the attitude determination problem using some of the repre-
sentations. To conclude, Section 6.1 highlights the major contributions of this research

and Section 6.2 points out future research directions.

6.1 Contributions

The following orientation-based representations are surveyed: the support function, the
normal representation, curvature functions, the distance function, the radial function,
the cross sectional measure and the breadth and area functions. The coherent presen-
tation of the mathematical background for these orientation-based representations is a

contribution of this thesis.

The support function, the first curvature function, the second curvature function and
the radial function are used to solve the attitude determination problem. Inequalities
that relate the orientation-based representations of more than two sets are used to trans-

form the attitude determination problem into optimization problems for which standard

144
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numerical methods exist. The transformations are theoretically justified. An important
additional property of the optimizations is the fact that the value of the extremum is
known a priori. Thus, one can always assess the validity of the solution found by the

optimization.

The use of the support function on smooth objects and the use of the first curvature
function are novel. The first curvature function and the second curvature function are
orientation-based representations based on the Gauss map. The Gauss map is one-to-one
for smooth strictly convex objects. The support function does not treat smooth objects
and polytopes differently. The support function is defined for all points on the unit sphere
regardless whether the object is smooth, a polytope or a combination. This is one of the
reasons conjectured for its success in polyhedral shape matching [47]. The theorems on
mixed volumes that have been used to transform the attitude determination problem
into optimization problems apply to all convex bodies. When the objects are strictly
convex and smooth, the mixed volumes can be computed via the support function of one
object and the curvature functions of another object. A (technically) different treatment

is required to develop algorithms for convex objects with developable or planar surfaces.

The radial function is one-to-one for starshaped sets. It is defined based on the
dilation map. Starshaped objects appear here as a useful generalization of convexity that
extends, in a principled way, previous work on shape matching. The radial function also
does not treat smooth objects and polytopes differently. The radial function is defined
for all points on the unit sphere regardless whether the object is smooth, a polytope or
a combination. The theorems on ‘dual mixed volumes that have been used to transform
the attitude determination problem into optimization problems apply to all compact

starshaped objects.

Photometric stereo provides dense, local estimates of both surface orientation and

surface curvature. Imaging from an unknown viewpoint determines a visible hemisphere
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of the representation. For smooth, strictly convex objects, matching the visible hemi-
sphere to the full spherical model can be formulated as a single, uniform optimization
process. Within this framework, depth need not be represented explicitly. In particular,

one does not need multiple viewpoint dependent representations of a modeled object.

For starshaped objects, the radial function sensed from a single viewpoint may de-
termine a portion of the representation that is bigger or smaller than a hemisphere. It is
proven that the method matches the sensed portion of the representation to the complete

representation of the model.

The methods are empirically demonstrated for smooth strictly convex objects and
(compact) starshaped sets. Good matching results have been obtained. In the imple-
mentation described, optimization proceeds using a large number of initial guesses. The
correct attitude is found even when there is no a priori knowledge of object attitude. At
the same time, optimization benefits from a good initial guess. This suggests that the
approach also is well-suited to motion tracking and navigation tasks where the solution

at time ¢ can be used as the initial guess at time t + Af.

The method is robust because it is a true 3-D method that employs dense surface
data, not just data from 2-D contours or other sparse sets of features. Indeed, for the

ellipsoid, the 2-D occluding contour alone does not determine 3-D attitude.

The radial function does, of course, depend on the choice of coordinate system origin.
For most object shapes, the radial function will not change significantly for (slight)
changes in the location of the origin. Intuitively, this suggests that the method is stable
with respect to choice of origin, provided the origin is within the kernel of the starshaped

set. Experiments on synthetic data support this intuition.
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6.2 Future Directions

Precise determination of accuracy and robustness on real data requires more quanti-
tative work. Accuracy assessment must take into account sensor calibration, a priori
determination of the “correct” attitude of the presented object and uncertainty in the
“shape-from” method used to acquire the raw orientation and curvature data. It would
be helpful to agree upon a metric for rotation space to quantify differences between the

correct and the estimated object attitude.

The approach is intended for recognition, localization and inspection tasks using dense
surface data that can be obtained from laser ranging, shape-from-shading or photometric
stereo. The work here used data obtained from photometric stereo. It would be useful

to experiment with other sources of dense surface data.

Because of its flexibility in handling bounds and constraints, the optimization package
NLPQL was chosen. Experiments were conducted under different conditions. Now, it
is clear that the system can be implemented using unconstrained optimization, in which
case significant speed up would be expected. Special hardware may improve efficiency,
including that of numerical interpolation. Other possible practical enhancements include
one shot uniform resampling of the non-uniformly sampled measured data on the sphere

and calculating the required integrations directly on the sphere.

Attempts to generalize representations based on convexity to handle more complex
shapes have been of limited success. Attempts to generalize based on the theory of star-
shaped sets may be more successful. One reason is because there is a direct connection
between visibility and starshaped set. The object surface visible from a particular view-
point naturally defines a set starshaped with respect to the robot. One can define the
star hull of a non starshaped set analogous to the convex hull of a non convex set [44].

Star hulls are, by definition, starshaped. Matching of the star hull of the visible surface to
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the star hull of the modeled objects fits within the framework of the methods developed

in this thesis and thus is a generalization that merits exploration.
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Appendix A

Symbols Used in the Thesis

The left side is defined by the right side

The d-dimensional real space

The set of points in R except the origin

set A is a subset of set B

The interior of a set A

The boundary of a set A

The (convex) kernel of a set A

The dimension of a set A

The convex hull of a set A

The unit circle in R?, also called the Gaussian circle
The unit sphere in R*, also called the Gaussian sphere
The unit sphere in R?

The unit ball in R?

The volume of B¢, 7y = 7/?/T(d/2 + 1)

The area of S*!, wy = dmy = 2142 /T(d/2)

The d-rowed determinant whose i-th column consists of

the coordinates of d-dimensional vectors a; in R?
The o-algebra of Borel subsets of a set A



Appendix B

Glossary

algebra (Rao [61] page 14.) Let S be a nonempty point set. A class, A, of subsets of S
is an algebraif 1. 0 € A,S5€ A4;2. {A,B}C A= AUBe Aand A— B € A.

center Let S be a compact set. A point p in S is called a center of S if each chord of .5
through p is bisected by p.

chord Let S be a compact set. A chord of S is a line segment between two boundary
points of S.

completely additive set function A set function f() on B(A) is said to be completely
additive if for any two set E;,Ey, € B(A) with E; N E; = 0 then
J(Er + Eg) = [(Er) + [(E2).

convex body (Busemann [15] page 41.) A convex body is a bounded closed convex set
not necessarily with iuterior points.

convex hull (Griinbaum [32] page 14.) The convex hull of a set A C R? is defined as
the intersection of all the convex sets in R? which contain A.

convex hypersurface (Busemann [15] page 3.) A convex hypersurface in R? is the
boundary of a d-dimensional convex set €' in R* provided it is non-empty and
connected.

convex set (Griinbaum [32] page 8.) A set (" C R is said to be convex if for each pair
of distinct points @,y € C the closed segment with endpoints = and y is contained
in C.

convex set on S9! (Grinbaum [32] page 10.) A set M on S is (spherical) convex if
for every u,v € M,u # £v, M contains the shorter arc of the great circle determined
on S h) u and v.

elementary symmetric function (van der Waerden [73] page 78.) Let z1,...,, be
variables. Define

o = T+t T+ 2,
g; = Iytgtaixsdees + Tely A ceo 18y
O3 = Z1Tax3+ T182T4 + - + Tp2Tn-1Ln ,
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Appendix B. Glossary 1

The function o; is called the i-th elementary symmetric function of z4, ..., z,.

kernel of a set (Lay [42] page 11.) The (convex) kernel of a set S C R? is the set of
all points x € S such that every point of .S is visible from z via 5.

Lipschitz condition A function is f(z) is said to satisfy a Lipschitz condition (with
constant «) at a point zo if

| f(z) = f(2o) [ |z — o |
for all  in some neighbourhood of z.

polytope (Griinbaum [32] page 31.) A compact convex set ' C R% is called a polytope
provided it is the convex hull of a finite set. A d-polytope is a polytope of dimension
d.

principal minor determinant (Browne [14] page 21 - 22.) Let A be an m x n matrix
and let s and ¢ be two positive integers such that s < m,t < n. Let the symbol
$3ige-siy
A s
denote the s xt matrix lying in the 71,3, ..., 2, rows and in the 7, 72,. .., J; columns
of A. This matrix 1s called a minor matrix of A. If { = s, so that the minor matrix
is square, the determinant
| A‘{liw'"i: I

J1iz-dt

is called a minor determinant of A. The minor matrix A2 is called a principal

minor matrix and its determinant a principal minor determinant of A.

regular boundary point (Bonnesen-Fenchel [7] page 15.) If ¢ has only one support
hyperplane at a boundary point p, p is called regular.

regular support plane (Bonnesen-Fenchel [7] page 15.) A support hyperplane of ( is
said to be regular if it intersects C at only one point.

o-algebra (Rao [61] page 15.) Let S be a nonempty point set. An algebra, A, of subsets
of S'is called a o-algebra if A, € A,n=1,2,... = U2, A, € A also.

n=

simplex (Grinbaum [32] page 53.) A d-simplex is defined as the convex hull of some
d + 1 affinely independent points.

singular boundary point (Bonnesen-Fenchel [7] page 15.) A boundary point p of a
convex body ' is said to be singular if ' has more than one support hyperplane
at p.
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starshaped set (Lay [42] page 11.) Let § C R%. For points @,y € 5, we say T sees y
via S (y is VI\II)IP from @ via S) if the line segment Ty hes in 5. A set S C R'is
starshaped if there exists a point # € S such that z sees every point of S via S.
We say that S is starshaped with respect to z.

strictly convex set A set ¢ C R?is said to be strictly convex if for each pair of distinct
points z,y € C the open segment with endpoints z and ¥ is contained in the interior
of C

support of a measure (Rao [61] page 80.) The support of a measure p defined in
space (1 is defined as the closed set

spt(p) = Q@ — | J{G: p(G) =0 ,G open } .

support‘. plane (Grinbanm [¥2] page 10.) Let v € R A hyperplane
= {z € R!| (z,v) = a} is said to cut a subset A of R* if there exist z;,2, € A
smh that (@),v) < o and (@3,v) > a. A hyperplane H is said to support A if H
does not cut A and the distance between H and A is 0. When a hyperplane H that
supports A is represented as H = {z € R!| (z,v) = o} such that (z,v) < « for all

x € A, H is referred to as the support hyperplane of A with outward normal v.
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Spherical Harmonics

This appendix briefly introduces spherical harmonics. More on spherical harmonics can

be found in [51].

Definition C.1 (MacRobert [51] page 69.) Any solution ®,, of Laplace’s Equation

o, O 00 0% _
Ve dix? & y? T e .

which is homogeneous, of degree m, in z,y,z' is called a solid spherical harmonic of
degree m.

Definition C.2 (MacRobert [51] page 70.) Let z = psingcost, y = psingsind, z =
pcosg. Let ®,, = p™W¥,, be a solid spherical harmonic of tlt'gree m, where ¥,, is a
function of ¢ and 8 alone. The functions ¥,, obtained by dividing ®,, by p™ is called a
surface spherical harmonic of degree m.

A function V,, of ¢ and 0 is a surface spherical harmonic of degree m if and only if
it satisfies the following equation ([51], page 70):

; ) "
m(m+1)¥,, + L—d— ( md)r;:;m) _ ]‘ - ,q{”‘ =0.
5 he

sing ¢ c.m"r/; 00?2

Let P,.(p) be the Legendre polynomial of degree m. (See [51], page 67, for definitions.)
It is known that P, (cos@) is a surface spherical harmonic of degree m. Exp;mdmg Po(1)
in powers of g, the Legendre polynomials of degrees up to 10 are listed in Table C.1 ([51],
page 80).

Let m and n be positive integers, n < m. Let

mol) = Pulp),

d" Pm L)
Rn,n(#) _rdﬂ%

1>

I 30 ;

'A function such that if each of the variables is replaced by A times the variable, A can be completely
factored out of the function, is said to be homogeneous. The power of A which can be factored out of
the function is called the degree of homogeneity of the function.

159
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Polp) = 1,

Pi(p) = p,

Ps) = 50 =1),

Pw) = (5 = 30),
Py(p) = %35;1“—30#%3),

1
Py(p) = Z(63p° 704" 4 15p) ,

8
Ps(p) = %(231”6 — 315u* 4 10542 - 5) ,
P(p) = %(429;;7 — 693u° + 3154% — 35p) ,
Ps(p) = %(6435#8 — 120124° + 6930u* — 1260u* + 35) ,
w(p) = ?%(12155;;9 — 2574047 + 180184° — 46204° + 3154) ,
2l = 21 <(4618974"° ~ 1093952° +900904° — 30030 + 3465* ~ 63) .

Table C.1: The Legendre polynomials of degrees up to 10.

Let " .
Tona() = (=1)"(1 = )" Pruju(pe) -
It is known ([51], page 121) that for arbitrary constants A and B,
(Acos(nd) + Bsin(n))T,, . (cose)
is a surface spherical harmonic of degree m. It is also known ([51], page 125) that any
surface spherical harmonic ¥,, (¢, 0) of degree m can be expressed in the form

m

U, (¢,0) = AoP(cosg) + Z[A,,cos(né') + Bysin(n8)]T,, »(cosg) ,

n=1
where the A’s and B’s are constants.

Let f(¢,0) be a continuons function of ¢ and # defined on the sphere. It is known
([51], page 131) that f(¢,8) can be expanded in a series

f(qf), 9) = i {Am -P;n(("os‘;b) + i[Am,ncos(ne) + Bm.-.-tSin(ng}]ﬂn.n(cosﬁb)}

m=0 n=]
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for0 < ¢ <7,0<8 < 2.
For integers m and n, 0 < n < m, let

Unn($,0) = cos(nd)sin™(¢)P,, .(cose) ,
v:“:"(qs’ 9) = Sin(ng)Sinn(q")Pﬂ;,n(cos‘ﬁ) "

Figure C.1 shows all | U,,,(4,0) | and | Viunu(4,0) | for m = 0,1,2,3. For any given
integer M > 0, and arbitrary constants A,, ,, Bun,0 < n < m < M, a surface in three

dimensional space can be constructed as

= p(e,0)singcosd ,
p(¢,0)singsing ,
2 = p(9,0)cos,

w 8
I

where e
P(é?g) = z Z(Anl,1LUﬂl,?L(¢1 9) 8 Bm,n]/m.n(qf?a 9))

m=0 n=0
The reason for absolute value being taken is to guarantee the constructed surface is

starshaped.
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