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Abstract: We study the problem of detecting the regularity degree deg(f) = max{k :
k < r,f € C*} of functions based on a finite number of function evaluations. Since it is
impossible to find deg(f) for any function f, we analyze this problem from a probabilistic
perspective. We prove that when the class of considered functions is equipped with a Wiener-
type probability measure, one can compute deg(f) exactly with super exponentially small
probability of failure. That is, we propose an algorithm which, given n function values at
equally spaced points, might propose a value different than deg(f) only with probability
O ((n‘1 In n)("")/“). Hence, regularity detection is easy in the probabilistic setting even
though it is unsolvable in the worst case setting.
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1 Introduction

We study the problem of detecting the degree of regularity of a function f based on a finite
number of its values f(z;) (1 <7 < n). That is, for a continuous function f : [0,1] — IR. we
would like to compute the maximal integer k¥ = k(f) such that f € C*¥ = C¥[0,1]. Since to
approximate f(*) (should it exist) at least k£ + 1 function values are needed, deciding whether
f € C* for k > n is impossible. Therefore we study the following modified problem: Given
a positive integer r (r < n); compute deg(f) = max{k : k < r, f € C*}.

Detecting regularity of functions is an important problem from a theoretical point of view.
The theoretical optimality of many algorithms for various problems, such as integration or
function approximation (see, e.g., [5, 6, 9, 10] and papers cited therein), depends on the
regularity of the underlying class of functions, and in general different classes (say C*
and C*?) poses different optimal algorithms. Thus, if the regularity of functions under
considerations is unknown, optimality results that assume known regularity need not be
applicable. The knowledge of the regularity degree is also very helpful from a practical point
of view since, without it, good decisions concerning an appropriate choice of algorithms
as well as termination of an algorithm are difficult to make. To see it, consider briefly
the integration problem where we want to approximate S(f) = [, f(z)dz. Suppose our
algorithm uses a quadrature Qi that relies on the assumption f € C*. If k # deg(f) then
two scenarios could happen. In case of underestimating deg(f), @k is much less efficient
than Qgeg(s). Furthermore, since bounded (small) || f(4&())|| need not imply small ||f*)|],
the error of @ could be very large. In case of overestimating deg(f), the rule @ is, modulo
a multiplicative constant, as good as Queg(s) (see e.g., [11]). However, the constant grows
exponentially with £k —deg(f). Moreover, since the actual error of Q; behaves asymptotically
as the error of Qqe(y), its converges is significantly slower than the anticipated convergence
of @, when applied to k-times differentiable functions. This could result in premature
termination of the algorithm.

Thus, the precise knowledge of deg(f) is of a great deal of interest. However, as it is well
known, without some very restrictive assumptions on the class of functions, computing deg( f)
for all functions in the class is intractable in the worst case setting. This is why we address
this problem from a probabilistic perspective. More precisely, by assuming the existence of
a reasonable probability measure on the underlying class of functions, we give an algorithm
that computes the correct deg(f) with a very high probability. This algorithm makes the
decision based on the behavior of forward differences of function values. Since decisions
on termination of algorithms in numerical quadratures are often based (at least implicitly)
on some form of differences, this result can also be viewed as a theoretical basis for these
numerical techniques. When the regularity of the functions is known, a probabilistic analysis
of numerical integration algorithms that use divided differences as termination criteria has
been pursued in (3, 4].

The main result of the paper states that one can compute deg(f) exactly with super
exponentially small probability of failure. That is, our algorithm might propose a value
different than deg(f) only with probability O ((n'l lnn)(“")/“). (Recall that n stands for
the number of function values and r is the bound on the regularity degree.) Hence the
regularity detection is an easy problem from the probabilistic complexity point of view,
whereas it is unsolvable in the worst case setting.



We stress that functions arising in practice are more complicated than those studied in
this paper. Indeed, in this paper we concentrate on functions that have the same regularity
degree deg(f) in the whole domain [0, 1]. However, in practice we often deal with functions
that are piecewise regular. That is, f consists of a number of regular pieces, f(z) = fi(z)
for ¢ € I; = (zi—1,2). In each subinterval, the degree of regularity deg;, = deg(fi) can be
different. Furthermore, at each singular point z; = z;(f) that is unknown and varies with
f, the function f can have a different (and unknown) degree s; of smoothness. Hence, for
theoretical results to have an impact on practical applications, one needs to consider the
more general regularity detection problem where f is piecewise regular, as described above,
and the task is to approximate the intervals I; = (z;-1,2;) together with computing the
regularity degree deg; of f restricted to I;.

This paper does not address the general problem. It only constitutes another step in this
direction. It is a continuation of our previous paper [12], where the problem of approximat-
ing singular points z(f) of piecewise regular functions has been studied. We proved there
that, with a very high probability, one can approximate singular points very accurately with
relatively low cost. Based on that and the results presented in this paper, in a forthcoming
paper [2] we will show that under some relatively nonrestrictive assumptions (such as uni-
formly bounded and not too large number of pieces f;) the general problem is tractable in
the probabilistic case.

2 Problem formulation and basic definitions

Let F = C° be the class of continuous functions defined on the interval [0,1]. Let r be a
positive integer, and let the regularity degree of f be defined by

deg(f) = max{k: k < r, f € C*}.

Here, C* = {f : [0,1] = IR : ) continuous}. Since F = Uj_,C* and C¥*! C C*, the
space F' can be endowed with the following Borel probability measure Prob:

Prob(C")=a, and  Prob(C*¥\C**)=0ax Vke{0,....r},
and the conditional probability
Prob(f € Aldeg(f) = k) = wx(A) V Borel set A C C*.

Here o are nonnegative numbers such that >°;_j,ar = 1 and wy is the k-fold Wiener
measure. That is, when deg(f) = k, the function f is distributed according to the k-fold
Wiener measure wy, and the probability that deg(f) = k equals o.

The problem studied in this paper is to compute deg(f) for all functions f € F' but a set
of small probability Prob. More specifically, given n >> r and

No(f) = [f(20), ..., f(zn)],

we want an algorithm ¢ : IR® — {0,...,r} for which

Prob({f € F : ¥(Nn(f)) # deg(f)}) is small.
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In this paper, we assume that the points z; are equally spaced in some interval [a, b] C [0, 1],
Tt

b—a

n

Before presenting an algorithm that computes deg(f) with very high probability (see
Section 3), we comment on the choice of the probability Prob. The numbers o) are needed
only for a precise definition of Prob. In this paper, we do not assume that they are known.
Instead, we present an algorithm that works very well regardless of their values. The choice
of k-fold Wiener measures wy is somewhat arbitrary. However, due to their interesting
mathematical properties they are one of the most frequently used measures on function
spaces in a variety of fields (e.g., numerical analysis, operation research, physics, statistics).
Furthermore, their properties provide an adequate model for what deg(f) means. A more
detailed discussion of Wiener measures can be found in e.g., [1, 7, 9]. Here we briefly recall
their basic properties which will be used in this paper.

For k = 0, wo (the classical Wiener measure) is a zero-mean Gaussian measure with the

z;=a+1h with =

covariance kernel

Ko(e,y) = [ £(@)f(y) wol(df) = min{z,y}.

Equivalently, f is a zero-mean Gaussian stochastic process with the autocorrelation Ko(z,y)
given above. For k > 1, f distributed according to wy can be viewed as a k-fold integrated
Wiener process g, i.e., f(z) = 3 9(t)(z — t)k~*/(k — 1)!dt with g is distributed according to
wo. Hence, w, is a zero-mean Gaussian measure with the the covariance kernel

1 (g — k — k&
Kilay) = [, (=) i) wid) = [ Z=0 =05

We end this section by the following remarks

Remark 1 Note that wy concentrates on functions with f()(0) =0 for 0 < j < k. This (a
rather peculiar) property of wy could easily be removed by taking f(z) = fi(z) + f2(1 — z)
with independent f;, f2, both distributed according to wg. It is possible to show, that
our algorithm works as well for such a modified probability distribution; for the modified
distribution, its probability of failure differs from Prob({f : deg(f) # ¥(N,.(f))}) only by
a multiplicative constant of the order of unity. For piecewise regular functions that we will
study in [2], their distribution will be specified by a distribution of pieces f;, which in turn
will be equal to fi(z) = gi(z) or fi(z) = ¢i(1 — z) (for = close to zero) with g; being a
deg;-fold Wiener process. Thus, f will not vanish at 0.

Remark 2 Since our measure concentrates on functions with the same regularity every-
where in [0,1], 7 + 1 function values at points close to one another suffice to detect the
correct deg(f) with a high probability. In fact, when the property that f vanishes at zero
together with its first & derivatives is utilized, we could use only one value f(k) for a small
h. The smaller % is the higher the probability of success. Hence the regularity detection
problem as posed in this paper would be trivial when arbitrary func¢tion values are allowed.
However, as stated in Introduction our eventual goal is to tackle the problem for piecewise
regular functions. For piecewise regular functions, that is no longer the case. Because of



varying regularity in unknown subintervals I;, one needs to use points across the whole in-
terval. This is why we have chosen N,(f) consisting of function values at equally spaced
points. The fact that the points we choose are equally spaced is not very crucial to our
estimates. Similar conclusions can be drawn when values at 0 < z; < ... < z, <1 are used
with min;(z; — z;-1) = max;(z; — zi—1) & h.

3 An algorithm

We propose the following algorithm for deciding the regularity of f.
Fork=1,...,r+1and i <n—k,let Xi; = Xk,i(f) be the kth forward difference of f
at z; = a + th. Obviously,

k
k ; .
Xk‘,; = Z ( ] ) (—I)Jf(il'_H) and Xkﬂ' = Xk—l,i+1 = Xk_l_,‘ Wlth ‘Yo.,; = f(:ll,)
j=0
Fork=1....,r +1, define
X = X(f) == max | Xp:(f)l.

0<i<n—k
The decision algorithm is
Y(Na(f)) = max{j: j <7 and Xj41(f) < b;h’}

if such a k exists, and
P(Nu(f)) =0
otherwise. Here b; = b;(n) are positive reals whose choice will be addressed in Section 4.2.
The error of ¥ is defined by

E(¢) = Prob({f € F : deg(f) # ¥(Na(/))})-

4 Estimating F(v)

Let Aj be the set of functions with deg(f) = & for which ¢ delivers incorrect value. Then

E() < ) anwi(Ax).
k=0
Denoting by A; and A} the subsets of A; on which ¥ underestimates and overestimates the
degree k, respectively, we have wi(Ax) = wi(Ar) + wi(AF). Of course, AY = A5 = 0 and
thus ‘

T r=1
E('l/)) S Z akwk(A;) + Z akwk(AZ). (1)
k=1 k=0
The sets ‘
Ap ={f:deg(f) =k Vi > k: X > bk} for k1.
and

Af={f:deg(f) =k 2 k+1: X1 <bjh)}  for k<r—1.



4.1 Estimating w;(Ag)
In this subsection £ € {0,...,7} and 7 € {k+1,....,7r + 1}. Since wi is a Gaussian

measure, the random variables X;; (0 <! < n — j) restricted to C* are also Gaussian. Take
li,l; £ n— 3. Since

— 1 (g — Dk
L f@rwyuan = [ S Teg,

the expected value of X1, X, (with respect to wy) is
F s (Cm 08 o (=0
Ek(Xj,hXj,lz) =A A‘A ( k| +) ?2 ( k, x dt'r

where A{ is the jth forward difference operator at z;. Thus,

En( X Xjp,) =0 ifj2>k+1and | — L] > (2)

From the well-know properties of B-splines we also conclude that for j = k+1, Ep(Xir10 Xes1y)
does not depend on [ and is bounded by

b - 2k+1
Ex(Xe+10Xk410) = B¥¥|| N |z, < AP = ( - ) ; (3)

where Nf*! is the {th normalized B-spline of degree k + 1.

Proposition 1 For every k € {1,...,r},

wi(Ag) < @ (—“bfﬂ exp (—b%/(2h)) .

Proof: Let By = wi({f € A; : Xps1 > beh*}). Then wi(A;) < By. Since Xipy1(f) > bph*
is equivalent to |Xgy1,4(f)| > beh* for some I € {0,...,n — k — 1}, we get

n—k—1

B, < Z wk({f (= Ck : '4¥k+1.l| > bkhk}).
{=0

Denote o = Ei(Xk4+14Xk+1,). Since X1, has a normal V(0, o) distribution,

2 [too 2 too 2 i
Bi < (n—k)\/;/ﬁm e ‘/2dt§(n—k)\/;ﬂk'}1/ﬁkm te ‘/2dt=(n—k)\/;ﬁk,;e Pinl?

where B, = byh*/\/o. Hence, (3) completes the proof. O

Since Af = Ujsis1 {f ¢ deg(f) = &, Xj41 < bjh7}, we estimate wy(Af) by studying first
the probability of X;;1 < b;h?, separately for each j.
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Proposition 2 For every k€ {0,...,7r—1} and j > k+1,

Wi ({deg( =k Xpg € b }) 1‘(¢+)n’+1 (hJ k— 1/2b " )(n— /2’

where

_|n=2j-1 2 (27 — k= 1)/ ( +12J+U@J—A—U
= | gy ™ B T

To prove this proposition we need the following two Lemmas.

Lemma 1 Let j,m,: be integers satisfying j > k+1, m>0,andl <:<n—-m-—j -1,
Let S = (s1,1,) be an (i x i) matriz with the entries

sy = Ex (X1 Xjery)) m<hb<m4i-1,
which obviously is positive definite. Then

h*=12 p 11SM Pl 2> 171l VH € IR,

where

- (47 —k—DWi(i+5)(i+j—k—1)
Sar k=13 — 1)1vV/2 '

Proof: Due to the equivalence of || - ||oo and || - ||z on IR?, we have
15¥2qlle0 2 172|250 = /2 (S5, 70 2 11F112V/i2A(S), (4)

where (-, ), is the standard inner product on IR' and A(S) is the minimal eigenvalue of S
To estimate A(S), note that

— 1 ._tk
site = Ee(XinXiin) /A:H( )+)AJ+1(( k!)+> it

1 f 3+1 . - — )k J+1 . $+p2_$i
/O (Z(_l)pl (.7+]- )( 11+P;c! )+) (Z(_l)pz(];‘zl )( > 2y ) ) da

P1

p1=0 p2=0
[ - . :
wf j—k=1" ol j—k—1
= rl%:zo(_l) ' ( / r ) (—1) : ( . I~ ) bll+1‘1,12+7‘27 (‘5)

where by, 5, equals

1 [ o F+27 (Bt = m)ﬁ-ﬂ i o B+2 ) (Zsptp — "l’)i-'-l ,
A (Xx"”p( P ) (k+1)! XX—DP( 2 ) (k+1)! 4.

m=0 p2=0

Hence

=B C (V@) (VE()) d (6)
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with N¥+2 being a normalized B-spline of degree k + 2.
From (3) we get

S =VBVT, (7)

where Bisa (i+j—k—1) x (¢4 j — k — 1) matrix whose (s, s2)th entry is given by (6),
—(J—k)+1< 381,52 <m+¢— 1. The matrix V equals

V=W; Wia-... - Witick—2
where W, is the following ! x (I + 1) matrix

-1 I 00 s 8 0 B0
0O -1 10...0 0 00
0 00O0.. .0 =1 10
0 000 . » .0 0 -1 1
Due to (7),
AS) 2 XB)ANVVT), (8)

where A(B) and A(VVT) are the minimal eigenvalues of B and VVT, respectively.
We first estimate

(Bd,a),
a,a)s '

Letting gs(z) = 1L (j_k+2 @ Ny H?(2), (6) implies (B&, &), = h***?||g4|[1,. Since suppgs C

[fcm—j, x'm+t']a
198]|20 < /(24 7)R/2]|9%IL,-

It is well known, see e.g., [8] (Thm. 4.44), that ||ga||z., = ||@|lee(2/7)** 2. Since ||G||o/||@]]2 >
(i47—k—=1)"12 we get

k+1/2 k42

8T S ki N () 9)
VE+)GE+i—k—1)\7

To estimate A(VVT) note that

A(B) = _min
e]I{H-J—k -1

—_

J+i—k=2
Avvhy > II xww)
l=t
Since W;W/T is an [ x [ tri-diagonal matrix with diagonal elements equal to 2 and codiagonal
elements equal to —1, it is well known that A(W,W/T) = 4sin®(x/(20)) > (v/1)?. Hence
k=1

ANVVT) > (10)

I-IJ+1 iti—k—2 7 2

I=1

Hence (4), (8), (9), and (10) imply
ri-k-1,/3
Vil + )G +i— k= DI

11512 G1]e0 2 [[Fllzh*+1/2

This completes the proof. O



Lemma 2 Let j,m,t be as in Lemma 1. Then

Wi ({f € Ck . max .|‘Yj+1,l(f)| < bjhj}) & (hj_k_lﬂbjék_i,j)l ]"(—

m+1<I<m+1

where Cyi5 = Ck,i.j/\/i'

Proof: Let L denotes wy ({f =", maXmii<i<cmti | Xj1(f)| < bjhj}). The random vec-
tor [Xj41,me1y--+s Xjo1,mei)] has a normal M(0,S) distribution with S given in Lemma 1.

Hence :
= _r(27r)idet(5) /EGR‘:IIfllmébth exp (— <S iz "> /’)) dZ.

Changing the variables, 7 := S~!/2%, we get

- (QW)-‘/Z/

e o SPCNITNE/2) 47 < (2m) 720 ({7 € B 115211 < b7}
% =%

where y; is the Lebesgue measure on IR'. Due to Lemma 1, we have
Rirt/? R

L<(@m) ™ u({7e R 17l < B}) = @) mo5—s = s7mgm o

with R = hi=k=1/2p. /¢, . .. This completes the proof. O

Proof of Proposition 2: Recall that for givenkand 5 > k+1,n; = [(n —2j - 1)/(2(j + 1))].
Define
Yo Al = max |.X]+11(f)| for 8 =0,.x. 85

25(54+1)<I<2s(5+1)+

and

Yitn, = X;
j+1n;41(f) ... +14(F)l

with the convention that Y41 0,41 =0ifn —j > 2(n; +1)(j + 1). Lemma 2 withi =j+1

yields
1

Wy ({f € Ck . Yj+1.8 S bjhj}) S (hj—k_l/("bjék'j_i_l'j)ﬂ-l T (%3) (11)
for s =0,...,n;, and with ¢* = (n — 7 — 2(n; + 1)(j + 1))+ yields
Wi ({f e Clc g )/3'+1.nj+1 < thJ}) < (hi—k—1/2bjék,j+l'j)i»' 'IW (12)

since i < j and (&0 ;)" /T(E*/2+1) < (é.j+1.4)" /T((j +3)/2). Finally define

Yoa(f) = 0<ma:~. [Yig1,s(f)]-

Obviously, Y;41 < X4, and therefore '
wi ({f € C*+ Xy Sbh7}) < wy ({F € C* 2 Vi < 1;07}).
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Since X1, are Gaussian, (2) implies that Y, , are independent. and therefore

nj+1

wi ({f €Ct: Xjp < b;hi}) < TT wi ({f € C* : Yierm, S bjh7}).
=0
Hence, due to (11) and (12),
Wi ({f e X, £ bjhj}) < F_(_L_Li_)m (hj—k—1/2bj&k'j+l’j)(j+1)("j+1)+i-.
2

Since (j + 1)(n; + 1) + ¢ > (n — j)/2, this completes the proof. O
From Proposition 2 we immediately get

Proposition 3 For0<k<r -1,

= e . \(n=J)/2
’wk(At) S Z (hJ # 1/2bjck’j) i
J=k+1

4.2 Main Result

Recall that the probability measure Prob depends on the the values aj. Therefore, the
probability of failure depends on ax’s as well, E(¢) = E(y; d) with @ = [aq,...,a,]. Since
from a practical point of view it is unreasonable to assume that these values are known, our
main result provides an estimate of the probability of failure for the worst possible choice of

ai’s. That is, we estimate
= < .
sup E(4; &) < max wi(A)

Using the upper bounds obtained in Propositions 1 and 3 to estimate wy(Ax), we obtain
an upper bound that is minimized (asymptotically for large n) when the values b; satisfy:

B =l (h—d1d2 / (1n(h—d1d2))‘“) (13)

with

_(n—k+2)h B (b—a)d &
= and dz—(k(k+1)(2k+1)v2/7r) :

Then we arrive immediately at the following
Theorem 1 Let b satisfy (13). Then

n—r —a)r(r 2r (n=r)/4
sup B(v; @) <2 (A=A DE D 1)) (140l

The term o(1) tends to zero exponentially fast with n tending to infinity, and is small even
for n close to r.

The theorem shows that the probability of wrong decision is super exponentially small
in the number of function evaluations.
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