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Abstract

For any prime power ¢, we give explicit constructions for many
infinite linear families of g+1 regular Ramanujan graphs. This partially
solves a problem that was raised by A. Lubotzky, R. Phillips and P.
Sarnak [LPS]. They gave the same results as here, but only for ¢ being
prime and not equal to 2, and raised the question of the existence and
explicit construction of such graphs for other degrees of regularity.

Our graphs are given as Cayley graphs of PGL, or PSL, over
finite fields, with respect to very simple generators. They also satisfy
all other extremal combinatorial properties that those of [LPS] do.

1 Introduction

An (n,r,d) - ezpanderis a finite r regular undirected graph I' = (V, E), with
[Vl=mn (|I| = |0O| = nin case of a bipartite graph, V = I U O ), such that
for any set S C V (5 C I when I is bipartite), the set of neighbors of §
I'(S)={v eV |(v,u) € E for some u € S} satisfies

IT($)| 2 5] +d(1 - |S|/n)]S] -

Over the last decade, expanding graphs have became one of the most use-
ful tools in computational complexity. For example, expanding graphs play
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a crucial role in many lower bounds, asymptotically optimal algorithms,
and designs of communication networks. (References for these and more,
can be found in [Kl] for example). While it is generally easy to prove that
expanders with various properties exist through probabilistic methods, ex-
plicit constructions have been much more difficult to obtain, though many
applications require an explicit construction.

Let I' be a connected undirected r-regular graph with n vertices (n inputs
and n outputs in case of a bipartite graph), and A its adjacency matrix.
Clearly r is the largest eigenvalue of A, and has multiplicity one. Denote
the second largest eigenvalue by A, It has been proved that:

Theorem [Al, AM]
a. I'is an (n,7,1— A%/r?)-expander.
b. If T is an (n,r,d)-expander then A < r — d?/8r.

c. Let {I; = (V;, E;)}%2, be an infinite family of r regular graphs. If
lim;_o0 |Vi] = 00 then liminf; o A(Ts) > 24/» - 1.

We see that every r regular graph is an expander for some d. But what
we are looking for is a linear family of r regular expanders, i.e. a family
{Ti = (V;, B}, , s.t. every T is a (|Vi], r,d)-expander, for fixed r and d,
|V;i] = oo linearly.

The first explicit construction for linear families of expanders was given
by Margulis [Ma], and was improved by Gaber and Galil [GG]. It was known
that much better families exist [Pin, Pip], but for a long time they were
not found explicitly, until the Ramanujan graphs were built by Lubotzky-
Phillips-Sarnak [LPS] (and independently by Margulis [Ma 1] at the same
time). The theorem above says that looking for a family of expanders with
a good common d, is almost the same as looking for a family with a good
common bound for A, but for this the best we can expect is A < 24/7 — 1.

Definition 1.1 A Ramanujan Graph is a connected finite r regular graph
I', its second largest eigenvalue A(T') is smaller or equal to 2y/r — 1.

In [LPS], by use of representation theory of PGLy(Q,) and Deligne’s the-
orem (known as Ramanujan’s conjecture), for every prime p # 2 a linear
family of p + 1 regular Ramanujan graphs is explicitly constructed. They
raised the question of the existence and explicit construction of 7 regular
Ramanujan graphs for other r’s. Here we solve this partially, by working
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over function fields, and using Drinfeld’s theorem [Dr] (instead of Deligne’s).
For every prime power ¢ (including even ¢’s) we explicitly construct many
linear families of ¢ + 1 regular Ramanujan graphs.

Moreover, the graphs are given as Cayley graphs of PGL; or PSL,
over finite fields, with respect to very simple generators, and also have all
other combinatorial properties that those of [LPS] do. Our main results are
summarized in theorems 4.13 and 5.13.

In section 2 we present the background about the discrete valuations
of Fy(z), the local tree of PGL; , and quaternion algebras over Fy(z). In
section 3 the abstract construction is given, and we prove that the results are
Ramanujan graphs. Then in sections 4 -5 we derive explicit constructions
from this abstract one. Section 4 deals with odd prime powers ¢, and section
5 with even ¢’s. Sections 4 -5 can be read without reading section 3.

2 Background

Let g be a prime power, and F, the field with ¢ elements, F,[z] the polynomi-
als over Fy and k = F,y(2) its quotient field. For every irreducible f € F[z],
the discrete valuation vy on k is defined by vy(g/h) = ordy(g) — ords(h),
where ords(g) is the maximal power n s.t. f" divides g. The valuation
at 1/z (also called the valuation at infinity) is defined by vy/-(g/h) =
degree(h) — degree(g). These are all discrete valuations of k, they are called
the places of k. For a place p let k, be the completion of k with respect
to the metric |a| = ¢~*(¢), and O, its integers. k, = F,((p)) is the field of
Laurent series in p over Fg, and O, = F,[[p]] is the ring of Taylor series in p
over Fg.

For an algebraic group H defined over k, we will always denote by H,
its points over *, e.g. Hi, Hp, Ho, (the only exception for these notations is
Op). Our notations will be:

G =PGL;, G={6€A|N(£)#0}/Z, G*={E€ A|N(E§)=1} (1)

where PG L, is the group of 2 X 2 invertible matrices divided by its center,
A is a fixed quaternion algebra, and ‘/Z’ means ‘divided by its center’.
The Adele ring of H is defined by:

Hp={(-"*19p ") € HHp | 9 € Ho, almost everywhere }
P



where by ‘almost everywhere’ we mean: except for a finite number of places.
Addition and multiplication are componentwise. A topology on Hp is de-
fined by declaring the subring [], Ho, with the usual Tychonof product
topology to be open. With this topology, Hp is a locally compact ring. Hy
is embedded naturally into Hp by ¢ — (g,9,:++,9,-*) (see [GGPS] e.g. for
more details).

In [Se, §II 1] the structure of the gdesee(r) 4 1 regular tree is put on
G;,/Gbp (where degree(1/z) = 1). The tree T), = G;/Gbp is completely
described by saying that the neighbors of gG:Dp are the ¢9°8(P) 4 1 matrices
gs,-G'op i=1,...,q9%0) 4 1, where

b beF,[z 10
{815+« Sgaetpr41} = {(ﬁ 1) deg(b)<([le]g(P) }U{(° P)}'
(2

From this point of view it is clear that G, acts on T}, (from the left) as
a group of automorphisms.

A quaternion algebra over k = Fq(z) is a skewfield A with center k, that
has degree 4 as a vector space over k. By [Alb, Th. 26) there is a basis of the
form 1, i, j, ij, for A over k. The minimal polynomial of i over k has degree
2 , and let i be its algebraic conjugate, the same is true for j and ij. For a
quaternion § = a+bi-+¢j+dij, this defines its conjugate £ = a+bi+cj+dij, the
trace tr(€) = £ + €, and the norm N(¢) = £€. By definition tr((;‘) N(€) €k,
and f is invertible iff ff N(€) # 0. Since (ij)? — (ij + J1)ij + ij1 = 0 we see
that ij = ji. Hence §& = & & and N(£6) = N(&)N(&).

An orderin A, is a subring of .A which is finitely generated as an Fy[z]
submodule, and contains a basis for A (over k), its first element being 1.
A mazimal order is an order which is not included in any other order. An
integral set is a maximal order which contains i, j, ij . Let S be an integral
set, £ is a unit in § if £~! € §. We say that A has class number 1 if § (and
hence every other maximal order) is a principle ideal ring. By a result of
Eichler [Ei] every quaternion algebra over F,(z) has class number 1, but for
the simple algebras we use for our explicit construction this result is easily
proved directly.

The following is a key theorem for the explicit constructions:

Theorem 2.1 [To, Th. 10] Let A have class number 1, § be a.n integra.l set,
and £ € S be indivisible by a polynomial in F,,[:c] If N (&)= f1+++ fn where
the f; are irreducible in Fg[z], then £ = 7y ---7, where N(m) = fis T 16
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unique except for multiplication by a unit of S on the right, m3,...,m1
are unique but for multiplication by units on the right or left , and 7, is
unique except for left unit factors.

We say that A is ramified at a place p , if Ay is still a skewfield. By
well known structure theorems of central simple algebras, (see [Di, Alb, Re]
e.g.), the only other possibility is that .4, = My(k,), then we say that A
splits at p. In this case, for any maximal order M of A, it is possible to have
[/ :Ap = Mz(kp) s.t.

tr(§) = tr(0(£)), N(§) = det(6(€)),  6(Ao,) = M2(0p) .  (3)

By theorems of Eichler and Hasse ([Re, Th. 32.11, 32.13] e.g.) there are
only a finite number of places in which A is ramified, this number is even
and not zero.

One of the basic tools we will use to prove the abstract construction,
but also to recover things about the explicit construction, is the Strong
Approzimation Theorem. Let H = SL; or H = G1.

Theorem 2.2 [Pr] [Vi, Th. 4.3] Let S be a set of places of k such that
[T,es Hyp is not compact, then Hy [],cs Hp is dense in Hp.

3 Abstract Construction

Let A = k1 + ki+ kj + kij be a quaternion algebra over k = Fy(z), which is
ramified at 1/z, and p is a finite place (i.e. p # 1/z) in which A splits. Let
R = Fy[z,1/p] be the minimal subring of k which contains F,, z and 1/p,
and I'(1) = Gr (see (1) for the notations). (Since an element §{ € Ag is
invertible in Ax iff N(§) is so in R, the group A% of all invertible elements
in Ag is:

Ar={6€Ar|N({¢)=ap", a€F;,neZ},

80

I(1) = AR/Z(AR) = AR/{ap" |a €Fy, n€ Z} . (4)

Understanding this makes clear how the explicit constructions we will later
give, result from this abstract construction).

Let g(z) € F,[z] be any polynomial prime to p, and to any other finite
place in which A is ramified. Since after multiplying by a suitable power



of p, every £ € I'(1) can be represented by a quaternion with coefficients in
Fqlz], and (p,g) = 1, we may define

I'(g) = { a+bi+cj+dije (1) |b=c=d =0 mod g(z), (a,9)= 1 }. (5)
I'(g) € G, & PGLy(ky) = G, (since A splits at p).

Lemma 8.1 I'(g) is a co-compact lattice in Gy (i.e. I'(g) is discrete in G,
and I'(g)\G, is compact).

Proof: Since |I'(1) : I'(g)| < oo it is enough to prove it for I'(1). Let
K = [ly#pa/= Gb,, cleatly G}, G, K" is a nonempty open subset of Gj.
Since A is ramified at 1/z and splits at p, G}, is compact but G}, & §Ly(k,)
and hence G}, G} are not. By theorem 2.2 G}G},,Gj, is dense in G}, so

Gh = GiG1/,G K" . (6)
But G} N K! = G, therefor
GRr\G1/.G} = G}\GR/K* . (7

By [We, ch. IV, th. 2.2, 3.4] G}c\G}? is compact, and from (7) so is G%\Gj}.
But |G, : G}| < oo (since |0 : 03| < 00), so G \Gj and hence Gr\G, =
I'(1)\G, are compact.

Assume that {y,} C I'(1) is a sequence which proves that I'(1) is not
discrete in G). Since A is ramified at 1/z, so G,/, is compact, we may
assume that {y,} C G/, converges. Hence, {y,} — Gy/.G, diagonally,
proves that the diagonal embedding of T'(1) into Gy,.Gp is not discrete.
This obviously is not true, since the valuations at 1/z and p are opposite to
one another, O

Look at the action of I'(g) (from the left) on the ¢4¢8() 4 1 regular tree
Ty, = G,/Gp, = Gp/Go,. Since T, is discrete, the quotient I'(¢)\G,/Go,
of T, by the discrete subgroup I'(1), is discrete. By lemma 3.1 it is also
compact, i.e. it is a finite graph.

Theorem 3.2 If p # +(g4°8() 4 1) is an eigenvalue of the adjacency matrix

of T(9)\Gp/Go,, then |p| < 2y/¢ds(). In particular I'(g)\G,/Go, is a
Ramanujan graph. :



Proof: We are not going to give much detail, since the proof is almost the
same as that one which is given in [Lu] for the global field Q. A detailed
proof for our case when the global field is F,(z), can be found in [Mo].

Let p be a continuous irreducible unitary representation of G;, in(H,<,>

). Assume p is of class one, i.e. thereis a v € H s.t ||v|| = 1, and G'op-v = 9

fo(9) =< gv,v > is called the spherical function of p (f, : G, — C). Since
at most one such v can exist, f, is well defined.

Let U = G::),, ( 10 G'OP, 1y its characteristic function, and define

0

the convolution (f * h)(z) = [o f(zy~')h(y)dy. There is a p € C s.t.
P

fo * lu = uf,, and then p is denoted by p#. For more details see [La, ch.

IV].

Lemma: p is an eigenvalue of the adjacency matrix A of I‘(g)\Gp/Go

iff the representation p# appears in the (rlght) regular representation RG;

of G, in Ly(T(9)\G,). Moreover, if p # £(q%8() + 1) then p* is not one
d:mensnonal
Proof: Assume there is an e € Lg(I‘(g)\Gp/Gop) s.t [le]| = 1 and Ae = pe ,

in particular e € LQ(F(Q)\G,) and RGf (G'o )-e = e. Let p be the irreducible
sub representation (sub module) of RGr wluch contains e, clearly f,(g) =<

ge,e >. A sxmple calculation shows that fo*1lu = pf,, 80 p = p* appears

in Ly(T(g)\Gy).
Assume p# appears in Lg(I‘(g)\G;), and let f be its G'o’ fixed vector,

so f € Lg(I‘(g)\G;/G’bP). A simple calculation shows that Af = uf and u
is an eigenvalue of A.

Assume p* is one dimensional, then H =< f > with G'op -f=f,and p*
is trivial on G:'Jr' It must also be trivial on PSL;(k,) which is simple. But
|G, : PS Lg(kP)GbJ = 2, so the only possibilities for the spherical function
are to be trivial, i.e. p# = 1 and p = ¢3&(®) 4 1, or to give the values {£1}
which is easily seen to be the spherical function of p—(¢***P+1), 0O

Let g(2) = [T'=; gi(z)™, where g; € Fy[z] are irreducible, and g; # g; for
i# j. Let .

K, ={ Ker{Go, & G(0./r0,)} r=g; 1<ig!
K, = Go, T # g
where:

a(a+bi+cj+dij) = (@ mod 7™ )+(b mod r™)i+(c mod r™)j+(d mod r™)ij .
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Let K = [[y#p1/e Ky and H = GG,/:GpK. Since |[s4,1/: Go, : K| <
o0, and by (6) G} = G}G]/,G,K', and since by theorem 2.2 kj =
k*k3y ), ky [1; O}, it is clear that H contains a finite index subgroup of G}‘kh.
But since G, = PSLy(k,)k; for any place r, we know that |Gp : GRkj| <
00, and hence |Gp : H| < o0, and also |Gx\Gp/K : Gk\H/K| < co. Since
GNnK =1I(g),
Gi\H/K 2 T(9)\G1/2G)p
as Gy/;Gp modules (by multiplication from the right), and
' IGK\GA/K : T(g)\Gr/2Gyl < o0

Therefore, for every irreducible representation 73/, ® 7, of the (right) regular
representation of Gy/,G, in L3(I'(9)\G1/:Gp), there is an irreducible sub
representation § = ® 76y of the regular representation of Gp in L2(Gk\Gp),
8.4, 81y = Ty and 6 = 7.

Assume now that p # Z(q98(P)+1) is an eigenvalue of the adjacency
matrix of I'(¢)\Gp/Go, = I‘(g)\G';,/Gbp. By the lemma, p# (which is not
one dimensional) appears in the regular representation of G, in Ly(T'(9)\Gp),
so p = 1 ® p* appears in La(I'(9)\G;/.G,), and hence § = @6y with
6, = p* appears in the regular representation of Gp in L2(Gx\Gp).- By
the Jacquet Langlands correspondence [Ge, th. 10.5] there is a cuspidal sub
representation x = ®/xy of G'h in Lg(G'k\G':q) s.t. xp = bp = p*. By the
theorem of Drinfeld [Dr], p* = X, is a principle series representation, i.e.
Wl <23 ©

4 Explicit Construction for Odd g¢’s

Let us choose the quaternion algebra

A = k1 + ki + kj + kij i=z¢, P=z2-1 ij=~ji

where € is not a square in Fy, and k=F,(z). Here,i=—i, j=-j, 1= —ij
soforé =a+bi+cj+dij, E=a—bi—cj—dij, tr(f) =2a,and
N(€)=a® — b+ (d*e-c*)(z-1). (8)

If N(€) = 0 it happens also for a ¢ with coefficients in Fy[z], which is
impossible for £ # 0 by lemma 4.2, so A is a skewfield. Computing the
discriminant of A we see that the only finite place in which A is ramified is
z — 1, so in order to have an even number of such places, 1/z must also be
ramified.



Lemma 4.1 The class number of A is 1.

Proof: Immediate from [To, Th. 8]. O
S = Fy[z]1 + Fy[z]i + Fylz]j + Fq[z]ij
is an integral set in A ([To, Th. 1]). Let
N:={€eS|NE) ==z}
Lemma 4.2 |
a. No={0}, |Ni|=¢+1.
b, [No| = (g +17% .

c. Let N; act (by multiplication) from the left on N,. In every one of the
g + 1 cosets of N1\ N there is a unique representative 1 + vj + 6ij,
where 7,8 € F, is one of the ¢ + 1 solutions in F, for §2¢ — 4% = 1.

Proof: a. Assume é = a+bi+cj+dij € NoUN,;. Let 7,8 be the leading co-
efficients of ¢, d, and d; = max{deg(a), deg(b)}, d2 = max{deg(c), deg(d)}.
If d; > dy, then in order to have in (8) deg(N(€)) < 0, 6%¢ — 42 must be
zero which is impossible, so d; > d;. Since a? — %¢ # 0, we have

0 > deg(N(€)) = deg(a® — b%) > deg((d’¢ - ¢*)(z — 1))

and conclude that d = ¢ =0, and a,b € F,;. Clearly £ € Np is impossible
for £ # 0, since then a? — b% = 0, but £ € N; can happen when a2 — b% = 1.
As we will see right away, this last equation has exactly ¢ + 1 solutions, so
[Ni| = q+ 1.

For u, v, w € Fg, the number of solutions of uX?+ vY; = w with X,Y €
Fg,is ¢—nif w # 0 and g(n+ 1) for w = 0, where n = 1 if —uv is a square
in Fg, and n = —1 if it is not. See e.g. [Co, Corollary 1 to Th. 10].

b. Assume N(£) = z. If di > dj, since deg(a® — b%) is even, in order to
have N(§) = z in (8) a? — B% must be zero, which can not happen, so
d; > dy. But since 6%¢ — 92 # 0, d,c € F, and d% — ¢? = 1, which causes
that a,b € Fy and a? — b%e = 1. This again gives (¢ + 1)? solutions.

c. The ¢ + 1 quaternions of S

& =147i+6ij s.t. 6?6-71'2:1 t=1y.00,0+1 (9)



are as needed. Because u € N is of the form u = 7+ pi (see the proof of part
a), we have u§; = n+pi+- ... Soif uf; is also one of the ¢+ 1 quaternions of
(9), we get n =1, p=0and uf{ = £ This shows that no two quaternions
of (9) appear in the same class of N;\N,. But [N1\N;| = ¢ + 1 s0 every
class has exactly one representative. O

Definition 4.3 §,...,§;+1 of (9) are called the basic norm z. Since £ is a
basic norm z iff £ is so, we can assume that &;,...,& aft are inconjugate to

one another, and & = Eg;l-'_‘--

Lemma 4.4 A quaternion t € § with N(t) = z" for some integer n, has
the unique factorization
t=2"uby O (10)

where 2r+m =n, N(u)=1, 6; are basic norm z, and z does not divide
0y 0.

Proof: Let z" be the maximal power of z dividing ¢. By theorem 2.1
and lemma 4.1 we get a unique factorization (up to units) /2" = 71+ 7y
with N(m;) = 2. For a unique unit v of § o7, = 6,, is a basic norm
z, and of course N(v) = N(6,)/N(wm) = 1. Looking at my:++my, =
Ty +++Tm-10~ 10, and doing the same for m,_; v~ etc. we finally get /2" =
uby - - -0, uniquely. O ‘

Theorem 4.5 A quaternion ¢ = a + bi + ¢j + dij € & with N(t) = z" for
some integer n is a multiple of basic norm z iff

a-1,b=0mod (z-1) . (11)

Proof: A basic norm z satisfies (11), and it is easily seen that (11) is
preserved under multiplication of quaternions. On the other hand £ has
the factorization (10), in which z76;---6,, is a multiple of basic norm z
(z = €€), and hence satisfies (11). In this factorization of ¢, v must be 1,
since after multiplying z"6y « - -0,, by any other u, (11) will not hold. O

Definition 4.8

a—-1,b=0mod (z - 1),
AMz—-1)=<St=a+bi+cj+dije S | N(t)is a power of z,
z doesn’t divide ¢

10



Corollary 4.7 A(z — 1) is a free group, and &, . ..,Ea;-_l of definition 4.3
are free generators.

Proof: Follows immediately from lemma 4.4 and theorem 4.5. O
Since our algebra A splits at z, there is an isomorphism

0: Az & My(ks)

which satisfies (3), and clearly 6 : A(a: — 1) <= PGLy(k;) = G,. We shall
identify A(z — 1) and its image in G,. Let A(:r: - 1) act by multipllca.tlon
form the left on the ¢ + 1 regular tree T, = G, /Go,

Lemma 4.8 The action of A(z~1) on T} is simply transitive (i.e. transitive
and without stabilizers). Moreover, T; can be viewed as the Cayley graph
of A(z — 1) w.r.t. the basic norm z as generators.

Proof: Since A(z-1) C I'(1) of (4) (for p = z), it is discrete in G by lemma
3.1. A subgroup of G; which stabilizes a vertex is compact, ([Se, Exercises
to Ch. II §1.1]). So if ¥ € A(z — 1) stabilizes a vertex, then {y"|n € Z} is
discrete and compact and hence finite. This is impossible since A(z — 1) is
a free group.

From the description of T; in (2) we see that the distance of gG,_ from
lG':g.= (the root of the tree) is v-(det(g)). So the basic norm z take IG:Ds to
its immediate neighbors, and if .f;Gb, = E;;Gb:, then €&, stabilizes 16::),
which is impossible for & # &2. Therefore, the ¢ + 1 neighbors of lG:g,
are given exactly by the g + 1 basic norm z. Continuing this, we see that
fgij'b‘ j=1,...,q+ 1 are all the ¢ + 1 neighbors of E,-Gb‘, etc. Hence,
every vertex of T}, is reachable with element of A(z —1). O

Let g(z) € Fy[z] be prime to z(z — 1), and d = degree(g(z)).
Definition 4.9

Alg)={¢&=a+bi+cj+dij € A(z-1) | b,¢,d=0mod g(z), (a,9)=1}.
I, = AG\T: (= A(9)\G4/Go, = A(9)\A(z - 1)).

Theorem 4.10 T is a finite g+ 1 regular graph. Moreover, I'y is the Cayley
graph of the group A(¢)\A(z — 1) w.r.t. ¢+ 1 basic norm z as generators.

Proof: Since A(g(z)) 2 I'((z — 1)g(z)) (see (5)), and by lemma 4.8 T is
identified with A(z — 1), our graph I'y = A(g)\A(z — 1) is covered by

Ty = T((z - 1)g(2)\G2/Go, - (12)
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f; is finite, since by lemma 3.1 it is compact and discrete , so I'y is also
finite. By lemma 4.8 T, is the Cayley graph of A(z — 1) w.r.t. the basic
norm z as generators, but no two basic norm z are equivalent modulo A(g),
so the quotient A(g)\A(z — 1) is as claimed. O

Theorem 4.11 Let u be any eigenvalue of the adjacency matrix of T'y, if
p # (g + 1), then || < 2,/g. In particular I'y is a Ramanujan graph.

Proof: Asin (12), T, is covered by f; which by theorem 3.2 is as needed.
Every function f € Ly(Ty) can be lifted to a function f € Ly(T,) s.t. as
operators, the adjacency matrices A and A give the same results. If # lies
above v, then by definition f(4) = f(v), and we have A(f)(%) = A(f)(v).
(Recall that as an operator A(f)(v) = Y. aneighborof v f(2) ). So every
eigenvalue of Ty is also an eigenvalue of 'y, and hence T, is as needed. O

For the sake of simplicity, let us assume from now on that g(z) is ir-
reducible of even degree d. (Since A splits at every factor of g(z), similar
results can be achieved with much weaker assumptions on g(z)). By our as-
sumption there is an i € Fp« s.t. i* = ¢. Define p : A(z — 1) » PGLy(Fq)
by

1)(c+di) a+bi

The kernel of u is Ay, so the range of u which is isomorphic to Iy is the
Cayley graph of u(A(z — 1)) with respect to the ¢ + 1 generators:

“(E*)=(m+aki)(x-1) Tkhlm) Sl 8

Yk, 0k € Fg are all the ¢ + 1 solutions in Fy for 6fe -y =1 .

p(a+bi+cj+dﬁ)=((m_a_bi c'di). (13)

In the same way as in [Lu] we use the strong approximation theorem to
prove:

Lemma 4.12 p(A(z — 1)) 2 PSLy(F,a).

proof: Since A splits at z, GL = §Ly(k,) is not compact, and by theorem
2.2 G}G}, is dense in Gy (see (1) for the notations). Therefore, G}, is dense
in G} /G} and for any open set K of G} /G}, G} N K is dense in K. Hence,
for any continuous function f: K + {a finite set} f(K)= f(GLNK).In
particular, this is true for

K=Gl,{at+bi+cj+dijeGh,_ |la-1,b=0modz-1} ] Gb.

p#z,z-1
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Let i : K +— SL3(Fga) = §L2(Fy[z]/9(z)Fq[2]) be as follows:
For £ = (§1/zy+-+» &5 = a + bi+ ¢j + dij,...)

2(€) = (a mod g) — i(b mod g) (¢ mod g) — i(d mod g)
&)= (z = 1)((¢ mod g) + i(d mod g)) (a mod g) + i(b mod g)

(i.e. looking only on the g-s component, reducing its coefficients modulo g,

and then sending it to §La(F,a) by (13) ). Since £, € G¢ oo 1 is well defined.

Clearly, /1 is continuous and A(K) = SLy(Fa), so (G N K) = §Ly(Fa).
By the definition of K

GinK = {a+bi+cj+dij € H(F[z,1/z])| e —1,b=0mod z — 1}. (15)

Considering /i as a function to PG Ly(Fyq), we may multiply every element
of G} N K by powers of z. Multiplying by a suitable power of z, will force
it to be in A(z — 1), 50 i(A(z — 1)) 2 PSLy(Fa). But p = fon A(z - 1),
hence u(A(z — 1)) 2 PSLy(Fpa). O

As the [LPS] Ramanujan graphs, our graphs satisfy ‘a few extremal com-
binatorial properties.

Definition Let I be a finite connected graph. The girth of T, is the minimal
length of a cycle in 4. The diameter of I', is the maximal distance between
any two vertices of I'. The chromatic number of I', denoted by x(T), is
the minimal number of colors one needs, in order to color the vertices of I'
s.t. adjacent vertices have different colors. The independence number of T,
denoted by ¢(T'), is the maximal number of vertices of I, s.t. no two vertices
are adjacent.

Recall also the Legendre symbol:

z ) _ 1 =z is a square modulo y
y/ | =1 otherwise

Theorem 4.13 Let ¢ be an odd prime power, € a non square in F,. Let
9(z) € F,[z] be irreducible of even degree d, and F4 is represented as

Fqlz)/g(z)F,[z). Let i € Fya bes.t. i = ¢, and

1 Yk — Okl B
((7k+6ki)($‘—l) 1 ) k=1,...,g+1 (16)

Yk, Ok € Fq are all the ¢ + 1 solutions in Fy for éZe—7y%=1.

13



a, If (g—f;j) 25 3o
Let Q, be the Cayley graph of PSLy(F,a) w.r.t. the generators (16).

Q, is a ¢ + 1 regular Ramanujan graph.
|| = 33—‘,‘—93, and §; is not bipartite.
Girth(€,) > 2/3log, || + 1.
Diameter(£2,) < 2log, |2,] + 2.

The chromatic number x of , satisfies x(Q,) > g% + 1.

&R M

6. The independence number ¢ of {}, satisfies +(£,) < 2 |Q].

g+1
bt If (;f‘-‘z-)-) = ‘-'1-
Let T'y be the Cayley graph of PGLy(Fja) w.r.t. the generators (16).

1. Q, is a ¢ + 1 regular Ramanujan graph.

2. || = ¢® — ¢%, and Q, is bipartite.

3. Girth(Qg) > 4/31og, |Q].

4. Diameter(Q,) < 2log, |Q| + 2.
Proof: a, (&éﬁ(.ﬁ.ﬁ))) = 1, so p(€k) € PSLy(F,a). By lemma 4.12
#(I'g) = Q, and by theorems 4.10 and 4.11 it is a ¢ + 1 regular Ramanujan
graph.

Qg = PSLy(F,a) and |PSLy(Fa)| = £59°. Assume Q is bipartite i.e.
PSLy(Fga) = TU O, and the identity e is in 7, then

IT=<p()u()|1<i,j<qg+1>
is a subgroup of PSL3(Fya). For any g € I and any generator u(£x)
P(ER)gnER)™" = p(ER)IA(E ot 21 )mod(qt)) € T -
So I is anormal subgroup of PSL3(F ), which is impossible since P§ L(F 1)
is simple. :
In order to bound the girth, it is enough to consider only cycles that

begin and end at e. Such a cycle of length ¢ is created by an element
E=a+bitcj+dij=§&, &, € A(g). Clearly

N(€) =a? - b+ (z—1)(d%c—c?) =zt

14



Since u? —n%e = 0 for pu,n € Fyiff p = n =0, ¢ is odd iff ¢ = deg(d?e~c?)+
1 = deg(c?) + 1 = deg(d?) + 1. But g divides ¢ and d, so t > 2deg(g) +1 >
2/3log, || + 1. If t = 2r is even, N(€) = a® = 2% mod ¢? and g? divides
(a = z")(a + 2"). But (a,g) = 1, and hence g? divides (@ — z") or g°
divides (a + z"). Hence, r > 2deg(g) (since r > deg(a)), and ¢ > 4deg(g) >
4/3log, ||

The proof for the diameter is similar to that in [LPS], using theorem
4.11 to bound the eigenvalues. A weaker version can be found in [AM].

For the chromatic number see [Ho], and for the independence number a
proof due to Alon can be found in [LPS].

b. For any s generators u(&;,),. .., u(&,),

(det(,p!(&1 ~--E;,))) _ )1 siseven
g(z) ] -1 sisodd

So u(&,)+u(&i,) € PSLy(Fya) iff s is even, and €, is bipartite. Since
p(A(z-1)) 2 PSL;(F,q)and |PGL2(F i) PSLg(an)I =2, p(A(z-1))=
PGLy(Fga) and |PGLy(Fye)| = g% - ¢4
The bound for the girth is obtained as in part a, using the fact that now
t must be even since N(£) = a? = z* mod g, and hence ('_('I) 1. The
bound for the diameter is again obtained as in part a. O

Corollary 4.14 When degree(g(z)) — oo we get an infinite linear family
of ¢ + 1 regular Ramanujan graphs.

5 Explicit Construction for Even ¢’s

Since much is similar to the case of odd ¢’s, we will give proof only when
the difference is fundamental. i.e. when the proof does not appear, it means
that it is similar to that of the analogue claim in section 4 (which is denoted
by the same number).

Let ¢ be an even prime power, and f(z) = 22+ z +¢ irreducible over F.
(It is easy to find such f(z), since e is a root of any irreducible 22 + az + b
iff @/a is a root of 22 + z + b/a?). Let us choose the quaternion algebra:

A = k1 + Fki+ kj + kij i2=i+e, =z, i=ji+].

Here i=i41, j=j, 1J=1j soforé = a+bi+cj+dij, £ =€+,
tr(§) = b, and .

N()=a®+b*e+ba+ (c* +d*e+cd)z. (17)

15



By lemma 5.2 N(¢) = 0iff £ = 0, so A is a quaternion algebra. Com-
puting the discriminant of ,A we see that the only finite place in which A is
ramified is z, so 1/z is also ramified.

Lemma 5.1 The class number of A is 1.

Proof: Immediate from [To, Th. 9]. a

S = Fy[z]1 + Fy[z]i 4+ Fy[z]j + Fo[z]ij
is an integral set in A ( [To, Th. 6]). Let N, ={ (€ S|N(£) =2 }.
Lemma 5.2
a. [N|=¢+1.
b. |Noia| = (¢ +1)%

c. In every coset of N7\ N;4+1 we can choose a unique representative of the
form

E=1+7j+6ij . 71,6€F,, Y +76+6%=1. (18)
which has exactly ¢ + 1 solutions in Fy.

Proof: For o,8 € Fy, o?+ aff + f% = 0 iff a = B = 0 (since if not,
f(a/B) = 0). Using this as in the proof of lemma 4.2, we see that

E=a+bi+cj+dije NoUNyUNy; = a,bc,deF,.

Everything results now from (17), since there are exactly ¢g+1 solutions (c, )
in F, for a? + af + % = 1. This is true since for (1,0) # (a,8) € F; X F,

Q?+af+fle=1 iff f(a/B)=(a/B)+(a/B)+e=1/p".

But any s € F, gives a solution (a,f) = (7;"(—’),7)-}?3) for f(a/B) = 1/6%
(since f(s) # 0). This of course leads to ¢ different solutions, and (1,0) is
one more. 0O

Definition 5.3 £;,...,£.4+1 of (18) are called the basic norm z + 1. Again
we assume that §; = §ipaprs
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Lemma 5.4 A quaternion t € § with N(t) = (z + 1)" for some integer n,
has the unique factorization

t=(z+1)uby: 0y, (19)

where 2r+m =n, N(u)=1, 6; are basic norm z + 1, and z + 1 does
not divide 6y - -8y,.

Theorem 5.5 A quaternion ¢ = a + bi+ ¢j + dij € § with N(¢) = (z +1)*
for some integer n is a multiple of basic norm z + 1 iff

a—-1,b=0mod z . _ (20)
Definition 5.6

a—1,b=0mod z,
Al@)=St=a+bi+cj+dijeS | N(t)isapowerofz+1, .
z + 1 doesn’t divide ¢

Corollary 5.7 A(z) is a free group, and &,...,¢ a1 of definition 5.3 are
free generators.

A splits at z + 1, so we have
g: Ax+1 & Mg(kx.ﬂ)

and 0 : A(z) < PGLy(kz41) = Gopq. A(z) or more precisely #(A(z)) acts
on the tree Tp4; = G;+1/Gb,+1-

Lemma 5.8 The action of A(z) on T4, is simply transitive . So Tp4y can
be identified with the Cayley graph of A(z) w.r.t. the basic norm z 4+ 1 as
generators. '

Let g(z) € Fy[z] be any polynomial which is prime to z(z + 1), and
d = degree(g(z)).

Definition 5.9
A(g) = { € =a+bi+cj+dije A(z) | byc,d=0mod g(z), (a,g)=1}.

Ty = A@\Tes1 (= A@\Cas1/Go,., = A(9)\Az)).
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Theorem 5.10 Ty is a finite g+1 regular graph. Moreover, Ty is the Cayley
graph of the group A(g)\A(z) w.r.t. the g+ 1 basic norm z +1 as generators.

Theorem 5.11 Let u be any eigenvalue of the adjacency matrix of Ty, if
. 4 # (g + 1) then |u| < 2,/g. In particular, I'y is a Ramanujan graph.

For the sake of simplicity, assume that g(z) is irreducible of even degree.
Therefore there is an i € Fya & Fy[z]/g(2)F,[z] s.t. f(i) =i*+i+e=0and
define y : A(z) — PGLy(Fa) = PSLy(Fa) by

a + bi c+di
z(c+di+d) a+bi+bd | °

Clearly N (&) = det(u(€)). The kernel of u is A(g), so T is the Cayley graph
of u(A(z)) with respect to the g + 1 generators:

= 1 Yk + bkl -
#(fk)—(('fk‘i'éki'f‘ak)x 3 ) k=1,...,g+1 (21)
Yk, 6k € Fq are all the ¢ + 1 solutions in Fy for 77 + yex + 6fe = 1.
Lemma 5.12 u(A(z)) = PSLy(F,a) = PGLy(Fya).

Theorem 5.13 Let ¢ be a power of 2, f(z) = 2?+x+ € irreducible in Fy[z].
Let g(z) € Fy[z] be irreducible of even degree d, and F 4 is represented as
Folz]/g(z)F,[z]. Let i € Fa be a root of f(z), and

1 Vi + ki _
((n+éki+ak)m 1 ) B=1.0+1 (22)

Yk, 6k € Fy are all the ¢ + 1 solutions in Fy for 42 4 Y6k + 6Ze =1.

Let Ty be the Cayley graph of PSLy(F,e) w.r.t. the generators (22). Then:

,u(a+bi+cj+dij)=(

1. T'y is a ¢ + 1 regular Ramanujan graph. -
2. |Ty| = ¢® — ¢%, and Ty is not bipartite.
3. Girth(Ty) > 2/3log, |T,|.

4. Diameter(T'y) < 2log, |Tg| + 2.

5

. The chromatic number x of T, satisfies x(Ty) > %‘% + 1.

6. The independence number ¢ of I'y satisfies 4(T'y) < -:—‘g|1‘g|.

Corollary 5.14 When degree(g(z)) — oo we get an infinite linear family
of ¢ + 1 regular Ramanujan graphs.
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