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Abstract

The scale space image of a signal f(z) is constructed by extracting the zero-
crossings of the second derivative of a Gaussian of variable size ¢ convolved with
the signal, and recording them in the z—o map.

Likewise, the curvature scale space smage of a planar curve is computed by
extracting the curvature zero-crossings of a parametric representation of the curve
convolved with a Gaussian of variable size. The curvature level-crossings and torsion
zero-crossings are used to compute the curvature and torsion scale space smages of a
space curve respectively.

It has been shown [Yuille and Poggio 1983] that the scale space image of a sig-
nal determines that signal uniquely up to constant scaling and a harmonic function.
This paper presents a generalization of the proof given in [Yuille and Poggio 1983].
It is shown that the curvature scale space image of a planar curve determines the
curve uniquely, up to constant scaling and a rigid motion. Furthermore, it is shown
that the torsion scale space of a space curve determines the function 7(u)x?(u)
modulus a scale factor where 7(u) and k(u) represent the torsion and curvature
functions of the curve respectively. Our results show that a 1-D signal can be recon-
structed using only one point from its scale space image. This is an improvement of
the result obtained by Yuille and Poggio.

The proofs are constructive and assume that the parametrizations of the curves
can be represented by polynomials of finite order. The scale maps of planar and
space curves have been proposed as representations for those curves [Mokhtarian
and Mackworth 1986, Mokhtarian 1988|. The result that such maps determine the
curves they are computed from uniquely, shows that they satisfy an important cri-
terion for any shape representation technique.

I. Introduction

Witkin [1983] and Stansfield [1980] introduced a scale space description of sig-
nals which shows the location of the zero-crossings of the second derivative of the
signal convolved with a Gaussian filter of varying size. That is, the scale space
description of a signal f(z) consists of zero-crossing contours in the z-o plane where
o is the width of the Gaussian filter.

Yuille and Poggio [1983, 1984] have shown that the zero-crossing contours in
the scale space image of a signal of class P, at two distinct points at the same scale,
almost always determine that signal up to constant scaling. This is an important
result and shows that the scale space image of a signal represents that signal
uniquely.

Mokhtarian and Mackworth [1986] generalized the scale space concept to planar
curves. The generalized scale space, referred to as the curvature scale space, consists



of curvature zero-crossing contours in the u-o plane where u is the arc-length
parameter along the curve and o is again the width of the Gaussian filter.
Mokhtarian [1988] further generalized the scale space concept to space curves. The
scale space description of a space curve consists of the curvature scale space and the
torsion scale space images of that curve which contain the curvature level-crossing
and torsion zero-crossing contours of the curve respectively.

The scale space descriptions of planar and space curves have been proposed as
representations for those curves |[Mokhtarian and Mackworth 1986, Mokhtarian
1988]. One important property of such a representation is completeness [Nishihara
1981] or uniqueness [Mackworth 1987]. In the absence of this property, it would be
impossible to differentiate between a curve and all other curves which are also
represented by its representation. This paper shows that the scale space descriptions
of planar curves represent those curves uniquely up to constant scaling and a rigid
motion. However, the scale space description of a space curve only represents that
curve up to a class which is larger than the class obtained by scaling and/or apply-
ing a rigid motion to the curve. Our results can be summarized in the following two
theorems:

Theorem 1: Let I' = (z(u),y(u)) be a planar curve in C; and let z(u) and y(u) be
functions of class P representing the arc-length parametrization of I'. A single point
on one curvature zero-crossing contour in the curvature scale space image of I'
determines I' uniquely up to constant scaling, rotation and translation (except on a
set of measure zero).

Note that theorem 1 applies only to those curves which have at least one cur-
vature zero-crossing contour in their curvature scale space images.

Theorem 2: Let I' = (z(u), y(u),2(u)) be a space curve in C; and let z(u), y(u) and
z(u) be functions of class P representing the arc-length parametrization of I'. Let
7(u) and x(u) represent the torsion and curvature functions of I' respectively. A sin-
gle point on one torsion zero-crossing contour in the torsion scale space image of T
determines function f(u) = 7(u)x?(u) uniquely modulus a scale factor (except on a
set of measure zero).

Again note that theorem 2 applies only to those curves which have at least one
torsion zero-crossing contour in their torsion scale space images.

The proofs of theorems 1 and 2 are generalizations of the proof of the 1-D
theorem in [Yuille and Poggio 1983]. The proofs start by taking derivatives along
the curvature and torsion zero-crossing contours at a certain point. It is shown that
the equations obtained are in terms of moments of functions related to the coordi-
nate functions of the curve. Those moments are in turn shown to be related to the
coefficients of expansion of the coordinate functions of the curve in functions related



to the Hermite polynomials. The result is a system of homogeneous quadratic or
cubic equations converted into a homogeneous linear system the solution to which
determines the curve uniquely modulus constant scaling and a rigid motion in the
2-D case and function f(u) modulus scaling in the 3-D case. In each case, a single
point is sufficient for the reconstruction process.

II. Reconstructing a planar curve from its curvature scale space

This section contains a proof of theorem 1. Section II.A shows that the deriva-
tives at a point on a curvature zero-crossing contour provide homogeneous equa-
tions in the moments of the Fourier transforms of the coordinate functions of the
curve. Section II.B shows that the moments are related to the coefficients of expan-
sion of the coordinate functions of the curve in functions related to the Hermite
polynomials. Section II.C shows that the moments at one curvature zero-crossing
point can be related to the moments at other curvature zero-crossing points. Sec-
tion II.D shows that the quadratic equations obtained in section II.A can be con-
verted into a homogeneous linear system of equations which can be solved uniquely
for the curvature function of the curve.

II.A. Constraints from the curvature zero-crossing contours

Let I' = (z(u), y(u)) be the arc-length parametrization of the curve with Fourier
transform I = (#w),§(w)). The Fourier transform of the Gaussian filter

G(y,t) = 712—te"‘°/“ is Gw) = v,

Let Ty = (2(u,%),y(u,1y)) be a curve obtained by convolving z(u) and y(u) with
G(u,ty). Assume that I'; is in C,. Such a ¢, exists since I is in C;. The curvature
zero-crossings in a neighborhood of t; are given by solutions of a(u,t) = 0 where

o) = #(u,)ii(w,) - §(w, 7w, 1)
where . represents derivative with respect to u. Using the convolution theorem, the
terms in a(u,t) can be expressed as following:

Hu,) = [ e (i) #{w) do
(1) = [ e () flw)dw
i) = [ et (i) () do

Hu,t) = [ e ) 2w)dw



The Implicit Function Theorem guarantees that the contours u(t) are C, in a

neighborhood of %,. Let £ be a parameter of the curvature zero-crossing contour.
Then

d_dud  dtd
d¢ d¢ 0u  d¢ ot
k
On the curvature zero-crossing contour, @ = 0 and _;F a =0 for all integers k.
Furthermore, since the curvature zero-crossing contour is known, all the derivatives
of u and ¢ with respect to £ are known as well.

We can now compute the derivatives of a with respect to § at (ugy,t;). The first
derivative is given by:

diea(uo,to) - j—:( [ etemniiyiu)ds [ e u(in)i(u) do (1)
— [ etebn(i)taw)do [ e et u(i)iiw)do)

b2 [ ermataas [ e

+ [ et jw)do [ e te (i) Ew)do
- [ etesin)iw)do [ e teb (i) do

- f e 43 (w) dw f e (i) i}(w)dw)

Note that the moment of order k of function f(w) = €“*e%%(jw)#(w) is defined by:

©0
My = [ (i)t e i) £(w) do
—m
and the moment of order k of function f'(w) = ¢“*¢“%(iw)§(w) is defined by:
00

M; = [ (i)t e (i) (w) do

As a result, equation (1) can be re-written as:



:;;"ga(uo,to) = %%(M;Mo - MM)) @)

dt '
+ T{E'(Msz + MM, - MyM; - M3My)
Furthermore, the second derivative is given by:

L o(uonte) = “LE(MM, - MM} (3)

d¢ de'-’

2
+ ‘g—t(Mle + M3M, - MyM; — MM;)

du 1 [
+ ( ) (M3M,y + MM, - MM - MiM,)

d
= d: j; (MM - MM,)

+ i) (MM + 2MgM, + MMy — MM, - 2M;M, - MyM)

Since the parametric derivatives along the curvature zero-crossing contours are zero,
equations (2) and (3) are equal to zero. Note that equation (2) is a quadratic equa-
tion in the first four moments of functions f(w) and f'(w) and equation (3) is a qua-
dratic equation in the first six moments of those functions. In general, the k+1st

k
equation, %a(u, t) = 0 is a quadratic equation in the first 2k+2 moments of each

of the functions f(w) and f'(w) or a total of 4k+4 moments. Our axes are chosen
such that uy = 0. The next section shows that the moments of f(w) and f'(w) are
the coefficients a; and b, in the expression of functions z(u) and y(u) in functions
related to the Hermite polynomials. Therefore, having computed the first n deriva-
tives of a at (uy?y), we have n+l homogeneous equations in the first 4n+4
coefficients a; and b,. To determine the a; and b;, we need 3n+3 additional and
independent equations which can be provided by considering three neighboring cur-
vature zero-crossing contours at (uy,%), (vg,%), and (ug, o).

I1.B. The moments and the coefficients of expansion of z(u) and y(u)
This section shows that the moments and the moment-pairs in equations
k
-g—-a(u, t) are related respectively to the coefficients of the expression of the func-

tions z(u), y(u) and the curvature function of I, x(u), in functions related to the
Hermite polynomials. Expand function



z(u) = T‘%z(u)

in terms of the functions ¢(u,0) related to the Hermite polynomials Hy(u) by

o) = (' ﬁ‘;fj, v

gt
Hyw) = ()t e

2(u) =Y ap(0)@x(u,0)

The coefficients a,(0) of the expansion are given by
ay(0) = <wy(u,0),2(u)>

where <,> denotes inner product in L? and {wy(u,0)} is the set of functions
biorthogonal to {¢(u,0)}. The {¢;(u,0)} are given explicitly by

u‘l T
0.2 b—l ? d k —'—-—-20.:

and the w;(u,0) by

u?

.
— (k9 2R
wy(y,0) = (-1) e g
Since
; G AT
z(u) = WI e (1w) F(w) dw
the a; are given by

@
afo) = 712!“_(-1)* f < -g;e 207 > (i) #{w) du

The inner product is just the inverse Fourier transform of wy(u,o). Therefore

—w¥r?

ay(o) = f (w)ke ? (iw)E(w)dw
. 2
which is equal to M; modulus a factor ¢™", since t = %—-.

Similarly, the function
. d
¥(y) = —Z-u(y)

can be expanded in terms of the functions ¢;(u,0) by



¥(v) =33 bi(0) $4(v,0)
and it again follows that
—W’ﬂ"
(o) = [ (w)te T (i) i) deo
which is equal to M, modulus a factor e™"

Furthermore, a;(0) and b;(0), the coefficients of expansion of functions z(u) and
y(u) in terms of the functions ¢,(u,0), can be seen to be related to a;(o) and b;(0)
according to the following relationships:

E—
b1 = by(0)
Therefore &{u), the curvature function of I’ can be expressed as:
x(u) = 2(u)y(v) - 9(u)z(u)
=2 ax(0)8(u,0) 3] bi(0)x(u,0) - 3] by(0)x(w0) 3] ap(0)di(u,0)
=31 6i(0)bi(0)4;{u,0)4x(v,0) - 3} 3] b(0) at(0) 5(u, 0) $(u, 0)
=312 (8;(0)br41(0) - b{(0)ax11(0)) ¢5(us 0)bi(u,0)

Therefore if the pairs aj0)bi(0), k=0, - - * ,2n+1, are all known, the curvature
function of I' can be reconstructed.

I1.C. Combining information from more than one contours

"To solve the system of equations obtained in section II.A, we need to obtain
additional equations from other points of the curvature scale space image and relate
them to the equations obtained from the first pomt Suppose addltlona.l equations
are obtained in the moments of functions ¢ ""“(:w)z(w] and ey (|w] j(w) at
point (u',%,). We have

iutu') = [ w0et(in)5(w) do = 3 cxi(v)
and

i(utu) = [ e (i) jw)do = 37 dydy(u)
Now observe that



Y crdi(v) =3 apdp(utu’)

and

Y drdr(v) =3 bpdp(utu)

That is, ¢,(u+u’) can be expressed as a linear combination of ¢,(u) with j<k as has
been shown in [Yuille and Poggio 1983].

II.D. Reconstructing the curvature function

It was shown in section II.A that four points from four curvature scale space
contours give us 4n+4 equations in the first 2n+2 moments of each of the functions
f(w) and f'(w). The first n+1 equations form a system of homogeneous quadratic
equations in the unknowns: My(u), * * * , My, 4(u) and My(u), * - * ,My,,4(u). The
other points, u+u,, 1<k<3, provide additional equations in the unknowns:
My(utuy), * My, g(utu) and My(utuwy), -+ My, (utuy). As shown in sec-
tion II.C, the moments at u+u, can be expressed as a linear combination of the
moments at u. Therefore it is possible to express all the equations in terms of the
moments at u. The result is a system of 4n+4 homogeneous quadratic equations in
4n+4 unknowns. That system has at least one solution since the moments of order
higher than 2n+1 of f(w) and f(w) are assumed to be zero. However, the solution
obtained from a quadratic system of equations is in general not unique.

Equations (2) and (3) can be converted into homogeneous linear equations by
assuming that each moment-pair appearing in those equations is a new variable.
Table 1 shows the moment-pairs in equations (2) and (3). The + signs designate the
moment-pairs in equation (2) and the + and x signs together designate the
moment-pairs in equation (3).

My My M, My My M
M, $ > 4 X
Ml + X
M2 -+ + X
M3 + X
M‘ X X
M, | x

Table 1

Note that all other moment-pairs in table 1 can be computed from the existing ones
using the following relationships:
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i M; M, M M, M M, M M,

As before, we proceed to compute the first n derivatives at point (u,?;) on one
of the curvature zero-crossing contours. We now obtain n+1 homogeneous linear
equations in some of the moment-pairs M,M; by assuming that each moment-pair is
a new variable.

Since this system is in terms of the first 2n+2 moments of functions f(w) and
f'(w), it will contain O(n?) moment-pairs. Therefore additional equations are
required to constrain the system. To obtain those equations, we proceed as follows:

Assume that moments of order higher than 2n+2 are zero. Compute derivatives of
order higher than n at (uy,t;) but set moments of order higher than 2n+2 to zero in
the resulting equations. If a sufficient number of derivatives are computed at (g, %),
the number of equations obtained will be equal to the number of moment-pairs and
our linear system will be constrained.

It follows from an assumption of generality that the system will have a unique
zero eigenvector and therefore a unique solution modulus scaling. Once the
moment-pairs in the system are known, all other moment-pairs can be computed
from the known ones using the relationships given above. Since all the moment-
pairs M,—M; together determine the curvature function of the curve, it follows that
the curve can be determined modulus a rigid motion and constant scaling.

Yuille and Poggio [1983] have shown that a 1-D signal can be reconstructed
using two points from its scale space image. Note that our result implies that only
one point is sufficient for the reconstruction of that signal.

II1. Reconstructing a space curve from its torsion scale space

This section contains a proof of theorem 2. Section ITI.A shows that the
derivatives at a point on a torsion zero-crossing contour provide homogeneous equa-
tions in the moments of the coordinate functions of the curve. Section III.B shows
that the moments are related to the coefficients of expansion of the coordinate func-
tions of the curve in functions related to the Hermite polynomials. Section III.C
shows that the cubic equations obtained in section III.A can be converted into a
homogeneous linear system of equations which can be solved uniquely for function

7(u) £*(u).
ITII.A. Constraints from the torsion zero-crossing contours

Let T' = (z(u),y(u),2(u)) be the arc-length parametrization of the curve with
Fourier transform I = (#w),{(w),#w)). The Fourier transform of the Gaussian

filter G(u,t) = 71=2=;c“‘2/‘" is Gw) = ™,
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Let Ty, = (2(u,%), y(u, to), 2(u, %)) be a curve obtained by convolving z(u), y(u)
and 2z(u) with G(u,%)). Assume that Iy is in C,,. Such a %, exists since I is in C,.

Assume that x(u,t) £ O on the torsion zero-crossing contours in a neighborhood of
to- It follows that the torsion zero-crossings are given by solutions of f(u,t) =0
where [Goetz 1970]

Blwi) = i(§¥ - ) - i(EF -5 3) + GV -5 §) (4
where . represents derivative with respect to u. Note that on I' (t=0), B(u,t) is
given by

B(u,t) = 7(u,t) &%(u,t) (5)

Using the convolution theorem, z(u,t), y(u,t) and 2(u,t) can be expressed as fol-
lowing:

i(u,1) = [ o) (w) do
i) = [ €% %) jw) do

2(u,t) = f M eY(i) H(w) dw

and therefore
#(u,1) = [ e Hew(w?) &(u) do
i) = [ e (-0 ju) do
Hut) = [ e (w?) 3(w) do
£(ut) = [ e (-in) 5(u) du
() = [ e el (cin?) i) do
F(ut) = [ el (i) 5(w) do

Note that the moment of order k of the function f(w) = ¢ ™Y (iw) #w) is defined
by:



12

o0
M, = [ (i)t ein (i) 2(w) do
-00
the moment of order k of the function f'(w) = e** %" (iw) §i(w) is defined by:
00

M= [ (i)t o () ) do

and the moment of order k of the function f"(w) = €™ ™Y (iw) 3(w) is defined by:

My = [ ()t el (i) 5(w) d

Therefore equation (5) can be written as:
B(u,) = MMMy - MoM{M; - MMM + MMy My + M{MM; - MMM,

The Implicit Function Theorem guarantees that the contours u(t) are C in a
neighborhood of ¢,. Let ¢ be a parameter of the torsion zero-crossing contour. Then

d_duo  dtd

d¢ ~ d¢ du ' df dt

k
On the torsion zero-crossing contour, f = 0 and -a%-ﬁ = 0 for all integers k. Furth-
ermore, since the torsion zero-crossing contour is known, all the derivatives of u and
t with respect to £ are known as well. We now compute the derivatives of § with

respect to £ at (ug,?;). The first derivative is given by:

2 Bluonto) = j_:ﬁ%jl s b LC) "
where
D00ot). . niM; - MMM~ MMM, + MMM + MMM, - MMM,
and
ﬂ-;%tq)_ = MzMoMjy + MMM, — MgMoM; — MMM~ MyMoM; — MgMoM,

+ MMM + MMM, + MMM, + MMM, - MMM, - MyMIM,

and the second derivative is given by:
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B _ d'uw 88  d% 98 | (du\®dB , , du dt 8B  (dt)*® &8s

e~ a2 ou T q@ ot @) it @ w0
where

8*8

o3 = MIMoM; + MMMy — MMM ~ MiMsMy ~ MMM, ~ MyMM;

+ MMM]' + MyMyM, + MMM, + MyMyMg - MMM, - MyM,M{

az n [} n ] I n ! n n I ] n
‘ﬁ = MgMyM; + MMM, - MgM,M; - MyMsMy - MgMoM, — MMM,

+ MyM{M} + MMM, + MiMIM, + MMM, — M;MoM; — MMM,

and

82 L " n T n I n r n 1 [ n
'?a?f- = MMM + 2MIMIM, + MIMM, + MMM, — MMM, — 2MLMEM,

~ MgMyM{' — MyM M} - MMM, - 2M MMy — MgMyM, — MM M,
+ MMM + MMM + 2MzM My + MgMoM, + M;MoM; + 2M M;M|

+ MgMgM, + MoM M, — M;MyM, - MMM, - 2M ;MM - M;MgM,

Since the parametric derivatives along the torsion zero-crossing contours are zero,
equation (6) is equal to zero. Note that equation (6) is in the first five moments of
- functions f(w), f'(w) and f"(w) and equation (7) is in the first seven moments of

k
those functions. In general, the k+1st equation, %ﬂ(u, t) = 0 is a cubic equation
in the first 2k+3 moments of each of the functions f(w), f'(w) and f"(w).

It follows that the first n+1 equations at (upf%) are in a total of
3(2n+3) = 6n+9 moments. Our axes are again chosen such that uy = 0. Section
11.B showed that the moments of f(w) and f'(w) are the coefficients a, and b, in the
expression of functions z(u) and y(u) in functions ¢(u,0) related to Hermite polyno-
mials. Similarly, it can be seen that the moments of f"(w) are the coefficients ¢, in
the expression of function z(u) in functions ¢,(u,0). Therefore we have n+1 equa-
tions in the first 6n+9 coefficients a;, b, and ¢;. To determine the a;, b, and ¢, we
need 5n+8 additional and independent equations which can be provided by consid-
ering six neighboring torsion zero-crossing contours at (uy,ty), (tz,%), (¥s%),

("4:*0)& (ugsto) and ("esto)-
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II.B. The moments and the coefficients of expansion of z(u), y(u) and z(u)
This section shows that the moments and the moment-triples in equations
k
i;ﬁ(u, t) are related respectively to the coefficients of the expression of the func-

tions z(u), y(u) and z(u) and function B(u) in functions related to the Hermite poly-
nomials.

As shown in section II.B, a,(c) and b,(c), the coefficients of expansion of z(u)
and y(u) in functions ¢4(u,0), can be shown to be equal to M, and M} modulus a
factor e™, Similarly, ¢;(0), the coefficients of expansion of #(u) can be shown to be
equal to Mj modulus a factor ¢*Y. Furthermore, ay(0), bi(0) and ci(0), the
coefficients of expansion of functions z(u), y(u) and 2(u) in ¢,(u,0) respectively, can
be seen to be related to ay(o), by(c) and ¢,(o) according to the following relation-
ships:

a4-1(0) = ay(0)
bi1(0) = by(0) (8)

ei1(0) = (o)
and a;(0), bi(0) and ci(o), the coefficients of expansion of functions z (u), y(u) and
z(u) in ¢(u,0) respectively, can be seen to be related to ay(o), b(c) and ¢,(o) by
the following relationships:

843(0) = ay(0)
bi3(0) = by(o) ()
ch2(0) = ¢x(0)
Now observe that the function 7(u) x?(u) can be expressed as:
7(u) £*(u) = 2(u) (H(w)Z () - ¥ (v)2(v))

= W(u)(2(u)Z (v) - Z(v)Z(u)

+ 2(u) (Z(w) ¥ (v) - Z () y(v))

= 2(u)y(u)Z (u) - 2(u) ¥ (u)2(v) - ¥(v)Z(u)Z ()

+ () z (v)2(u) + 2(u)z(w)y (v) - 2(u)z (v) i(v)

=Y 6(0)¢i(4,0)] bi(0)$i(v,0) Y] ci(0)4(u,0)
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=] 6i{0)di(w,0) ] bi(0)4(u,0) Y] ¢i(0)$y(u,0)

-T2 b0)6(1,0) X ail0)b(1,0) X ei(0) i)

+ Y b{0)4i(1,0)Y] ai(0)4(1,0) Y] ¢(0)di(u,0)

+ Y €(0)8(,0)Y] a{(0)4(v,0) Y bi(0)(v,0)

-3 €i(0)#(1,0) Y 6i(0)${w0) 3 bi(0)$i(u,0)

=121 ai{0)bj(0) ci(0)$i(v,0);(v,0) $(u,0)

- Y X Y a0) (o) ci(o)diu, 0) ¢, 0) $i(u,0)

- 2 Y 5i(0)ai(0) k(o) éi(v,0)¢,(v, 0) $x(u,0)

+ 3273 bi(0)a(0) ch(0) ¢i(u,0) 6( v, 0) 6y, 0)

+ 10T ei0) 4(0)bi(0)$i(u,0)8(v,0) i(u,0)

- Y XY cil0)ai(0)bilo) éi{u, 0) ¢, 0) $(u,0)

=Y XY (ai(0)b(0) i) + bi{o)aj(0)ek(0) + ¢i{0)ai(0)bi(o)

~a(0)b](0) ci(0) - b(0) &(0) ci(0) — e0)aj(0) by(0))

¢i(u;0)$;(u,0)$x(u,0)
Using (8) and (9) we obtain
7(u) ”2(“) =222 (a,(0) 5j+1(")°k+2(") + bi(")“jﬂ(") cr1(o) + cu‘(")aj+l(0) by42(0)

- “i(“)bj+z("]°k+1(°') - 5;(0')“j+1(") Cre3(0) - ci(")“jﬂ(f*’) bi11(0))

¢i(v,0)$,(u,0)y(v,0)

It follows that if the triples a,(0)b;(0)¢ci(0) in the equation above are all known, the
function A(u) = 7(u) x*(u) can be reconstructed.

II1.C. Reconstructing the function 7(u) x%(u)

It was shown in section III.C that seven points from seven torsion scale space
contours give us 6n+9 cubic equations in the first 2n4+3 moments of each of the
functions f(w), f(w) and f"(w). Section II.C showed that the moments of order k of
any function at u+u' can be expressed as a linear combination of the moments of
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order less than or equal to k of that function at u. Therefore we obtain a system of
homogeneous cubic equations in the first 6n+9 coefficients of functions z(u), y(u)
and z(u) using seven points from the torsion scale space image of I' (Note that only
three equations from the seventh point need be used). That system has at least one
solution since the moments of order higher than 2n+2 of f(w), f'(w) and f"(w) are
assumed to be zero. However, the solution obtained from a cubic system of equa-
tions is in general not unique.

Equations (6) and (7) can be converted into homogeneous linear equations by
assuming that each moment-triple appearing in those equations is a new (7). The +
signs designate the moment-triples in equation (6) and the + and the x signs
together designate the moment-triples in equation (7). Each table shows those
moment-triples which share the same M,, 0< k<86.

My M; M; Mg My My Mg My My M; Mg My My Mg
M, M, + + x x
M, + 4+ x x M,

M, - X M, X X
M, A X M;| + X
M.‘ -+ X M -+ X
M; X X M| x
M, X M| x
Table 2. Moment-triples sharing M. Table 3. Moment-triples sharing M;.

M) M, M) M} M} M} M, M) M, M) M} M, M} M,
M, * x M, + + X
M, X X M|+ x
Mz Mg + X
M|+ x M,

M‘ X M4 X
M| x Mg
M, Me

Table 4. Moment-triples sharing M. Table 5. Moment-triples sharing Mj.
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My M; M, Mé M, Mg Mg
M, + x

Ml + X

M, x

M| x

M;

Table 6. Moment-triples sharing M,.

My M; M; Ms My Mg M,

M, ®
M| x

M;

Table 8. Moment-triples sharing Mg.

My M Mj My My M M,
M, X x

M1 X

Mz X

Table 7. Moment-triples sharing M.

Note that all other moment-triples in tables 2-8 can be computed from the existing

ones using the following relationships:

M“M;_IM:. Ml'-l'lM; L' 1 g

MM/ My Mg, MM;;

MMM} =
MM M M My

M \M; M,

M MM MMMy M MMy MM M

M; 1M, M} My My My,
MM My MMM}, _ MM My MMM,
MM; M MM;, My
_ MM My MMMy, MMMy MM, M
M;M; My, MM\ My,

MMM}y .M M;M}

MMM},

MMM},
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_ MMMy MMM My MM MMM
My MMy My MM,

Again we proceed to compute the first n derivatives at point (u,,?;) on one of
the torsion zero-crossing contours. We now obtain n+1 homogeneous linear equa-
tions in some of the moment-triples M;M;M ¢ by assuming that each moment-triple
is a new variable.

Since this system is in terms of the first 2n+ 3 moments of functions f(w), f'(w)
and f"(w), it will contain O(n®) moment-triples. Therefore additional equations are
required to constrain the system. To obtain those equations, we proceed as follows:

Assume that moments of order higher than 2n+ 3 are zero. Compute derivatives of
order higher than n at (u,1,) but set moments of order higher than 2n+ 3 to zero in
the resulting equations. If a sufficient number of derivatives are computed at (u, %),
the number of equations obtained will be equal to the number of moment-triples
and our linear system will be constrained. )

It follows from an assumption of generality that the system will have a unique
zero eigenvector and therefore a unique solution modulus scaling. Once the
moment-triples in the system are known, all other moment-triples can be computed
from the known ones using the relationships given above. Since all the moment-
triples M;M;M,' together determine function of B(u), it follows that function S(u)
can be determined modulus constant scaling.

IV. Conclusions

It was shown that the curvature scale space descriptions of planar curves
represent those curves uniquely up to constant scaling, rotation and translation and
therefore satisfy one of the necessary criteria for any shape representation technique.
It was also shown that the torsion scale space description of a space curve T
represents that curve up to a class represented modulus a scale factor by the func-
tion B(u) = 7(u) k%(u) where 7(u) and k(u) are the torsion and curvature functions of
I' respectively.

Our results indicate that a polynomially represented planar curve in C; can be
reconstructed using four points of its curvature scale space image at one scale and a
polynomially represented space curve in C; can be reconstructed modulus the class
represented by f(u) using seven points of its torsion scale space image at one scale.

Finally, note that our results also apply to the renormalized scale space
representation [Mackworth and Mokhtarian 1988| since the zero-crossing contours in
those representations can also be seen to be in C,,.
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