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Abstract

Two dissimilar vertices u and v in a graph G are said to be pseudo-
similar if G\upG\v. A characterization theorem is presented for trees
(Tater extended to forests and block-graphs) with strictly pseudo-similar
(i.e. pseudo-similar but dissimilar) vertices. It follows from this
characterization that it is not possible to have three or more mutually

strictly pseudo-similar vertices in trees. Furthermore, pseudo-similarity

combined with an extension of pseudo-similarity to include the removal
of first neighbourhoods of vertices is sufficient to imply similarity in

trees. Neither of these results holds if we replace trees by arbitrary

graphs.



1. Introduction

Two vertices u and v in a graph 6" are similar, denoted uveV (or
simply uvw when G is clear from the context), if there exists an auto-
morphism of G mapping u onto v. We are concerned, in this paper, with
the notion of similarity and a related notion called pseudo-similarity
among vertices in arbitrary trees.

An obvious consequence of the definition of similarity is that uiev
implies G\{u}xG\{v}TT, which we abbreviate as G\urG\v. According to
Harary and Palmer [3], an incorrect proof of the celebrated Reconstruction
Conjecture was based on the supposed truth of the converse, namely that
G\upG\v implies uvgv. While this converse holds in certain interesting
situations (e.g. in regular graphs) it is not true in general and counter-
examples exist even among trees, the smallest of which is illustrated in
Figure 1. Two vertices u and v satisfying G\urG\v are said to be pseudo-

similar in G. If, in addition, ufgv, they are said to be strictly pseudo-

similar.

The notion of pseudo-similarity has received considerable attention
for both graphs and trees [ 1, 3, 6]. Early work of Harary and Palmer [3]
focused on pseudo-similarity in Eonnected block-graphs. Trees form the
most interesting class of connected block-graphs and, in section 5, we show
that there is no loss of generality in restricting the study of similarity

and pseudo-similarity in block-graphs to the special case of trees. Harary

T We denote by V(G) (respectively E(G)) the vertex (respectively edge)
set of G.
s SEV(G), then G\S denotes the subgraph of G induced on V(G)\S.



and Palmer's main result is an interesting characterization of strictly
pseudo-similar cutpoints in connected block graphs (equivalently, strictly
pseudo-similar vertices in trees). This characterization will be discussed
in more detail in section 3.

Harary and Palmer present a general construction for graphs and trees
with strictly pseudo-similar vertices. In related work, Krishnamoorthy
and Parthasarathy [ 6] construct a family of graphs with arbitrarily large
sets of mutually strictly pseudo-similar vertices. An obvious oﬁen
question raised by this work is whether such a construction exists for
trees. We show, as a direct corollary of a new characterization of
pseudo-similar vertices in trees, that a tree can not have a set of

more than two mutually strictly pseudo-similar vertices.

In [1], the notion of pseudo-similarity and the results of Harary and
Palmer [3] and Krishnamoorthy and Parthasarathy [6] are extended to k-pseudo-
similarity and full k-pseudo-similarity. For a graph G=(V,E), let rt denote

the set of vertices of distance less than or equal to k from vertex v in G

1

y 1s abbreviated ry). Two vertices u and v are said

g2 . k k
to be k-pseudo-similar if G\rugﬁ\rv.

(by definition re={v}; -

Vertices u and v are full k-pseudo-

similar if they are i-pseudo-similar for all i<k. In general, even full
k-pseudo-similarity, for all k, does not imply similarity. In fact, there
exist families of graphs with arbitrarily many pairwise strictly full
k-pseudo-similar vertices, for all k[1].

In this paper, we restrict the study of k-pseudo-similarity to vertices
of arbitrary trees. We show that, in contrast to the more general setting,
full 1-pseudo-similarity is sufficient to imply similarity in trees. Similar

results for edge pseudo-similarity are discussed in section 7.



Section 2 introduces notation and definitions specific to this paper
and presents some preliminary lemmas concerning the subtree structure of
trees. Section 3 develops our characterization of pseudo-similarity in
trees. This characterization is extended to arbitrary forests in section 4.
The tree characterization is further exploited in section 5 to prove that
full 1-pseudo-similarity is equivalent to similarity in trees. Sections 6
and 7 present further extensions (to block graphs) and related results on

edge pseudo-similarity.



2. Trees and Branches

We will find it convenient to refer to rooted trees without always
specifying the root. Our convention is that, unless otherwise specified,
whenever some, possibly sub or superscripted, upper case letter (e.g. Xi)
denotes a rooted tree, then the corresponding lower case letter, with
identical sub or superscripting, (e.g. x;) denotes the root of that tree.
When it becomes necessary to root an otherwise unrooted tree T at some
vertex, say r, we will denote the resulting rooted tree (T,r).

If two rooted trees X and Y are isomorphic (that is, the isomorphism
preserves the root) then we denote this by XEX.

If X1,---Xk are distinct rooted trees then we denote by <X],---,Xk> the
the (unrooted) tree with vertex setLJ§=]V(xi) and edge set
{(xj,xjﬂ)|1~sj<k}uU§=]E(xi). (Note that <X;,...,X,> is indistinguishable
from <Xk,...,X]>.) Graphically, if we represent the rooted tree )(,i as in

figure 2 (a), then figure 2 (b) denotes the tree <XpseeonXp>

The motivation for introducing this "chaining" of trees should be clear

from the following:

Proposition 2.1. If T is any tree with two specified vertices u and

v,  then there exist s=1 distinct rooted trees Xj,+--,Xs, such that
=<X1,°**,Xg>, u=x7 and v=xq.

Every rooted tree X has a set {Xy,7-sX, } of disjoint rooted subtrees

(we will call them primary subtrees ) with the property that
_ k " N k
V(x)~{x}uL%=]V(xk) and E(X)—{(x,xi)|1s1sk}uL§z]E(Xk).

Obviously, two isomorphic rooted trees have isomorphic sets of primary sub-
trees. With similar motivation, we find it useful to generalize the notion

of a primary subtree to that of a branch.



The rooted tree B is a branch of the rooted tree T (equivalently T

has a B-branch) if either:

ii) B is a branch of a primary subtree of T.

(In the second case B is said to be a proper branch of T.)

If T is an unrooted tree then the rooted tree B is said to be a
branch of T if, for some rooting (T,r) of T,B is a branch of (T,r).

The following proposition is a straightforward consequence of the

definition of a branch.

Proposition 2.2. If B is a branch of the rooted tree T, then there exist

r> 1 rooted trees Y;,...,Y , such that
. *
i) Bn Y.; and
i) T = (<Yonn¥ >s y]).
As proposition 2.2 points out, a branch is not just a rooted subtree.
In particular, if B is a branch of T then T with B removed is either empty

or connected. This fact is exploited in the following:

Lemma 2.3. If B is any branch of <X,Y>, then either
i) B is a branch of X; |

ii) B is a branch of Y;

iii) X is a proper branch of B; or

iv) Y is a proper branch of B.



Proof. If both x and y belong to B, but neither X nor Y is a proper
branch of B, then <X,Y> is disconnected by the removal of B, contrary to

our assumptions. O

Corollary 2.4. If |X| < |Y| then x belongs to a unique branch of size |X|

in <X,Y>, namely X.

Lemma 2.5. If B is any branch of (<X],...,Xs>,x]), then either:
i) B= (<X1,...,X5>,xi), where 1<i<s; or

ii) B is a proper branch of X,, for some i, l<izs.

Proof. When s<2 the result follows directly from the definitions.

When s>2 the result follows by straightforward induction on s. 0

Corollary 2.6. If |X1| 5_|XS|, 1<i<s, then (<X],...,Xs>,x1) has a

unique branch of size lxsl,name1y LI

* *
Lemma 2.7. If (<X],X2>,x]) N (<Y'l ,Y2>,y-|) and 'x2¥ > ’Y]!, then X-I & Wy
Y

e #*

and X

2 2’

Proof. Let a be any isomorphism taking (¢x],x2>,x1) onto (<YT,Y2>,y1).
Then a(X,) forms a proper branch of (<Y1,Y2>,y]). By lemma 2.5, this



branch is either a proper branch of Y1, contradicting the fact that

|Xo| > |Y¥q], or is a branch of Y,. Since a(xz) is adjacent to y_, it

& 1
follows that u(X1J = Y] and u(xz) = YZ. 0

*
Corollary 2.8. 1If {cxi,...,xs_]>,xi) v (<xj+1,...,xs>,xj+1), where 1 < j < s

* *
then X & Xjyo 1 <k < 5=, and X v (<Xg_saennaX_p2oXg_5).

Proof. Straightforward induction on s-j. O

Corollary 2.9. If (<Xys..nXg p>a%gq) & (XpoeersXoaXy) then X. & X .o,

1 &< s.
Proof. Straightforward induction on s. 0

* *
Corollary 2.10. If (<X],...,Xs>,xs) g:(<x1,...,xs>,x1) then X. o X

s-i+1°
l <1 <5,

Proof. Straightforward induction on s. 0

We denote by Br{X;T;v} the number of (not necessarily disjoint)
X-branches containing vertex v in the (possibly rooted) tree T. Br{X;T}
denotes the number of (not necessarily disjoint) X-branches in T. Obviously,
1t T-I 2=T2 then Br{X;Tl} = Br{X;TZ}. The following lemma allows us to
relate the branch structure of certain trees to the branch structure of

their subtrees.



Lemma 2.11. If X, Y and Z are rooted trees satisfying |X| < |Z| < |Y]| then
Br{Z;<X,Y>} = Br{Z;<X,Y>;x} + Br{Z;Y}.

Proof. Immediate from lemma 2.3. O

Lemma 2.12. If B and (T,r) are rooted trees satisfying |B| < |T|, then
Br{B;(T,r)} = Br{B;T} - Br{B;T;rl}.

Proof. It follows from proposition 2.2 that the only branch of (T,r) containing

r is (T,r) itself. Hence, if |B] < |T| any B-branch of T containing r is

not a branch of (T,r). ]



3. A Characterization of Strict Pseudo-Similarity in Trees

We are now prepared to develop a new characterization of trees with
strictly pseudo-similar vertices. Before doing so let us recall the charac-

terization presented by Harary and Palmer [ 3] expressed in our notation.

Theorem A. [ 3] If T is any tree with strictly pseudo-similar vertices
u and v then either
i)  there exist rooted trees Yﬂ, 0<j<2,1<kc<t, for some t > 2, where

0 0,1 1 2 2
t’YT""’Y Y9 sneany

i a ¥2, 1< § < 2, such that T = <Y "
k= k’ — joe=] L] 'I"" t! 'I,' ] t-" ]

u-= yE and v = yl; or
ii) there exists a vertex w in the component T' of T\u containing v such

that w and v are strictly pseudo-similar in T'.

Theorem A provides a quite explicit characterization of minimal trees
with strictly pseudo-similar vertices. An obvious question is whether a
similar characterization holds for all trees with strictly pseudo-similar
vertices.

Recalling proposition 2.1, it is easy to confirm the following:

Proposition 3.1. If T is any tree with distinct pseudo-similar vertices u

and v, then there exist s > 2 distinct rooted trees X{s+eesXs such that
T = <X},...,X5>, U= Xys V= Xgs <X1,...,XS_]> 2:<X2,...,Xs> and
K\X) & Xs\xs.

For the remainder of this section let T = <x1,...,xs>, P = <x],,,,,x

)'

s=1
Q= <Xp,...sX> and R = <Xy,..unX > Note that T = <X;,(Q,x,)> =

<(Paxg_1) X >s P o= <X(5(Ruxp)>, and Q = <(R,xg_y),X>. Obviously,

=1
[P| = |Q| if and only if IX;1 = 1Xg].



= 70 =

*
Lemma 3.2. P Qand X; » X, if and only if x; ~p x..

Proof. If x; ~p x  then it follows from corollary 2.10 that P » Q and X, i X -
Conversely, suppose P~ Q and X] £ XS. If s < 3, then the fact that
Xq VX is immediate. For s > 3, we proceed by induction on |T|, assuming
that the hypothesis is true for all trees smaller than T. Let « be any iso-
morphism taking P onto Q. u(Xi) (respectively, “(xi)) denotes the image of
X,i (respectively, xi) under a. (It is assumed that a(xi) is rooted at “(xi))'
Suppose that a(x]) # Xg3 otherwise there is nothing to prove. There are two
cases:
i) a(x]) e X \x.. Since a(X;) £ X \x (because [X][ - [Xs!), it follows
from lemma 2.3 that (R,xs_]) is a proper branch of u(X]) and (a(R),u(Xz))
is a proper branch of XS. Hence, by proposition 2.2, there exist r > 1
rooted trees Y]""’Yr’ such that XS = (<Y],...,Yr,(a(R),a(xz))>,y])
and a(x1) = (<(R,xs_1),Y1,...,Yr>,yr) (see figure 3(a)). Since X, £ Xg s
it follows by corollary 2.9, that (a(R),a(xz)) £ (R,xs_]), and hence
Xp VR Xs_1 and Xp M Xgo
i1) a(x1} € Xi, where 1 < s. By lemma 2.3, we know that a(X]) is a branch of
(R,xs_]) and X, is a branch of (a(RJ,a(xz)). Hence, by proposition
2.2, there exist r > 2 rooted trees Y;,...,Y , such that (R’xs-T) <
(Vpaeeon¥,pa¥py)s (@R alxg)) = (<Vpuoris¥ 20y,)s aldy) X ¥y, and
*
n

Xs

Yr (see figure 3(b)). It follows, by our induction hypothesis, that
*
2 and Y, are similar in <Y],...,Yr>. Hence, (R,xs_]) N (a(R),u{xz)) or

x2 “r xs_1, from which it follows that X1 v Xg O

A direct consequence of lemma 3.2 is the following:

Corollary 3.3. [3, Theorem 4] If T is any tree with pseudo-similar leaves

u and v, then u o V.
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Lemma 3.4. If P Q and x; % x. then |Xj| <IXh 1< <s.

Proof. Suppose to the contrary that Ile <IXh 1 <j<pe<sand |xp] > X1

Let ¥ = <Xq,...X Since T = <X1,(Q,x2)> it follows, by Temma 2.11, that

p-17"
Bri(Y, X, )3T = Br{(Y,xp_1);T;x]} + Br{(Y,xp_]);(Q,xz)}. Similarly, since
T= <(P,xs_1),Xs> it follows, by lemma 2.11, that Br{(Y,xp_1);?}
= Br{(Y,xp_-I);T;xS} + Br‘{(Y,xp_1);(P,x5__])}. But clearly Br{(Y,xp_.l);T;x.l} > 0
and hence Br{{Y,xp_]);T;xs] > 0 or Br{(Y,xp_]};(P,xs_l)} > Br{(Y,xp_l);(Q,xz)}.
We consider the two cases separately:
i) Bri(Y, Xp1)s (Paxg_q)} > Br{(Y,xp_]);lQ,xz)}. Since Br{(Y,xp_1);P}
= Br{(Y,xp 1),Q}, it follows, by lemma 2.12, that
Br{(Y,x 21)3Q%,} > Bri(Y 1) Pixg_q} 2 0. Consider any (Y,xp_1)-
branch B in Q containing the vertex Xo - B must also contain the vertex
X, since otherwise B is a branch of <X2,...,Xp_1>, contradicting the

P
fact that |Y| > |<X2,...,Xp_]>!. Similarly B must contain all of Xj,
2 < j <p, since otherwise |B| > ]Q\V(Xj)l, by lemma 2.3
Pl -
2 [Pl - [
> [Y].

Hence |B| 3_]X2| ¥ qam F |XpL contradicting our assumption that

ERIENTAP
i) Br{(Y,xp_1);T;xs} > 0. Consider any (Y,xp_l)-branch B in T containing
the vertex X Xs must be a branch of B; otherwise, by Lemma 2.3,

B contains <X],...,Xs_1>, contradicting the fact that
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IYP < IX] + oo+ [X 4] But, since X1 < X0 1 <3 <p,y it
follows, by corollary 2.6, that B contains a unique branch of size
IX]|, namely X, itself. Thus X i X, and, by Temma 3.2, X) ~p X,
contradicting our assumptions.

Since both cases lead to contradictions, it follows that IXj[ < |41,

1% J < s. O

Lemma 3.5. If P~ Q and Xq %T X s then for some integers i > 1, t > 1, and

1 < h<t, there exist rooted trees Yi, 0<Jj<i+l, 1 <k<t, where

Ol o
k & Yk, 0<Jj<i+l, 1 <k < t, such that

. 0 0,1 1 i+] i+1 0 B
T o~ <Y-I’-..,Yt,Y-I,.nn,YtgunvgY'I ,:--’Yh—']:" X-I - yt and J(S = yh-

Proof. Let o be any isomorphism taking P onto Q. We consider four cases:
i) alx)) e Xj\xj, where 2 < j < s. By lemma 2.3, °(X1) is either a branch
of Xj (impossible, by lemma 3.4), or a(X]J contains Xs as a proper

branch (which contradicts the size of x1).
1) alxg) = X3 where 2 < j < s. Since IX1[ = |Xs|, we must have

a(X-I) = (<X .,X.>,xj) and (<a(X2},...,a(XS_.‘)> ,a(xz))

IRERELS
= (<xj+],...,x5>,xj+]). It follows, by corollary 2.8, that
X

* *
Xy 3=xk+j-1' 2 < k< s-j+1, and X, » (<X Thus

T o s-I>’xs-j+1)'
the lemma holds with t = j-1, i = [(s-2)/t7, h = s-1-(i-1)t, and

B ;
Yp X < q < i+l.

*
i11) a(x)) = x;. Since X; L X, by Temma 3.2, it follows that a(X;)

contains <x2,...,x > and thus there exists a rooted tree Z, such

s-1

that G(x]) = ((XZ""’XS_] ,Z'),Z) and xS = (<z,u(x2)"'.'a(x5-1)>,z)'
%*

Thus the lemma holds with t = s-1, 1 =1, h = t, and Y1 X .,

1iP<t.Of_qiz,andYgiz,OiqiL



o JB -

iv) alxy) e X \x . Since |X]| = IXS], it follows, by lemma 2.3, that
a(X1) contains <X,,..., X 1> and thus there exist r > 1 rooted trees
21,...,Zr such that a(X]) = (<X2,...,XS_1,Z1,...,Zr>,zr) and
Xy @ (<z1,...,zr,a(xz),...,a(xs_])>,z1). Thus the Temma holds with

t =s+r-2,1i=1, h

S"[ 3 and

X 1

| A

- Pcs-2,0zqz<2

q
Yp

e *

Z s-1 <p<str-2,0<qz<1.

p-s+2

*
In each case it follows that if t =1 then X, g:XS and hence Xy v Xgo

by lemma 3.2, contradicting our hypotheses. 0

An immediate consequence of lemma 3.5 is that Temma 3.4 can be

strengthened as follows:

Corollary 3.6. If P Q and X ¢T Xg s then

X0 = X > Xl 1< <,

Lemma 3.5 is extended to a characterization of trees with strictly

pseudo-similar vertices in the following theorem.

Theorem 3.7. If T is any tree with strictly pseudo-similar vertices u and v,

then for some integers i > 1, t > 1, and 1 < h < t, there exist rooted trees

Voo 05§ citl, 1sket, where Y 2Y0, 03 i+, 1 ¢kgt, such that
_ a0 0,1 1 it] i+] _0 |

T ey <Y-I’. .,Yt,Y]g...,Ytg--.’Y] ,".’Yh"-l}, U"yt, Vi & .Yhﬁ and
0 0..0 i 1 i+l Tl d

<Y'I L] ,Yt>\yt ; <Yh, ’Y ,Y-I L ,Yh_-|>\yho

Proof. Immediate from proposition 3.1 and lemma 3.5. 0
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Another direct consequence of Temma 3.5 (more specifically,
corollary 3.6) is that any set of mutually strictly pseudo-similar
vertices of a tree, unlike a general graph, has cardinality at most

two. Specifically,

Theorem 3.8. Let T be any tree with vertices u, v, and w. If u and v
are strictly pseudo-similar in T and u and w are strictly pseudo-

similar in T, then v = w.

Proof. By proposition 3.1 and corollary 3.6, it follows that there

exist s > 2 distinct rooted trees X,,...,X. such that

T = <XpaeeeaX>s U= Xp, V= X, and [Xq] = X ] > |Xj|, ¥ = s,
Similarly, there exist r > 2 distinct rooted trees Yy,...,Y, such that
T=<Yi5nY > U=y, W=y, and |Y1[ = |Yr| > le|= 1<j<r. By
Temma 2.7, X, X Y, and hence |XS| = |Yr|' But, by corollary 2.6, (T, u)

has a unique branch of size |XS] namely X.. Hence X, = Y, and, in

r
particular, v = w. 0



T

4, Strict Pseudo-Similarity in Forests

Suppose F is any forest with strictly pseudo-similar vertices u and v.
If u and v belong to the same component T of F then it should be clear that u
and v are strictly pseudo-similar in T and hence the characterization of the
previous section (theorem 3.7) holds. What if u and v belong to distinct
components Tl and T2 in F? This turns out to be possible only when T1 g;Tz,

say a(T1) =T,, and a(u) and v are strictly pseudo-similar in Toe

Lemma 4.1. If T1 and T2 are distinct trees with u e V(T]) and v ¢ V(Tz), then
u and v are (pseudo-) similar in Ty v T2 if and only if u and v are (pseudo-)
similar in the tree T, v T2 vl (u,v)}.
Proof. The result for pseudo similarity is obvious since
(T] u Tz)\u = (T uTyu {(u,v)})\u and (Ty v Tz)\v = (T] uT,u {(u,v)})\v.
If uand v are similar in T; u Ty, then (T;,u) i (Tz,v). If a is any
isomorphism taking (T1,u) onto (Tz,v) then the automorphism & given by

al(x) if xe V(T])

§(x) =

o (x) if x e V(T,)

interchanges u and v in T] v T2 (and hence also in T-i U T2 v {(u,v)). If

u and v are similar in T1 U T2 u {(u,v)} then there is an automorphism

exchanging them (see, for example, corollary 1 of [3]), and hence

o *
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Theorem 4.2. If F is any forest with strictly pseudo-similar vertices u
and v, where u and v belong to components T] and T2 respectively, then there
exists a vertex w e V(T,) such that (T,,u) ﬁ_(Tz,w) and v and w are strictly

pseudo-similar in T2.

Proof. If T.l = T2 the result is obvious. Otherwise, we know, by lemma 4.1,
that u and v are strictly pseudo-similar in Ty v T, v {(u,v)}. It follows,

by theorem 3.7, that for some t > 1, there exist rooted trees Yi, 0<iz<1,

9.* a1 -0 =)
1 <k<t,where Y VY, 1<kct,u=y.,v=y,, and
1

0 0.0 1 0
1

0 1 1
Y s TSN & Wwwss PNy BUE Ty 0 s V5 2 Ty = ¥ il

Choosing w = yl the result follows directly. 0
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5. Full k-Pseudo-Similarity in Trees

In section 3, we presented a new characterization of trees with pseudo-
similar vertices. It is natural to ask if this characterization can be
extended to the notion of full k-pseudo-similarity (cf. section 1).
Surprisingly perhaps, this characterization is very simple since for k = 1
(and hence for all k > 1) full k-pseudo-similarity is equivalent to

similarity in trees.

Theorem 5.1. If T\ux T\v and T\r, ~ T\r , then u ~. v,

Proof. Suppose not. Let T be any smallest counter example. Since

T\u ~ T\v it follows by theorem 3.7 that there exist integers i > 1, t > 1,

and 1 < h < t, and rooted trees YE, 0<js<i+l, 1 <kz<t, where Yi E,YE-
0<deitl, 1 <ket, such that T= <0, ¥l ol L vd¥ Lyt
u = yg and v = y;. We consider two cases:

i) u and v are adjacent in T; that is, i = h = 1. In this case,

Te el ¥ b, Let Y"=<Y},..,vl'c>,0ii_<_1. Since
T\u » T\v, it follows that YO\YE o Y \y1 Furthermore, since

T\ru ;=T\r » we know that Yo\r 0 ;:Yl\r 1. Hence Yo\yg U\y? and
yO\r 0 n Yo\ryo and so, by our m1n1ma11ty assumption, yg 0 y?

Hence (Yo,yg) g{(Y ,yI), and u vy v, contradicting our assumption.

1 Y1 Yi+] . Yi+1

ii) u and v are not adjacent in T. Llet Q = <Yqs.- L Yn_1?
and P = <v$, LYY . since Ty a Tar, it follows

that Q\y] P\yh 1» and hence P\y? n P\yh 1+ Since |Y?| = |Y}|, it
follows, by corollary 3.6, that y? “p yh-T' Thus by corollary 2.10,
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Yg i Yﬁ_j, 1<j<h, and Y? i Y2+h-j’ h<Jj<t. Hence for
k # i+1-k . k * ,i-k .
]ikitsti}:Yh_j’TiJ‘haa”dng\’t.,.h,jshif}it'

from which it follows immediately that u v Vs contradicting our

assumption. O
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6. Pseudo-Similarity in Block Graphs

As we mentioned in the introduction, Harary and Palmer [ 3] developed
their characterization of trees with pseudo-similar vertices in the
apparently more general context of connected block graphs. However, as the
results of this section demonstrate, with respect to questions of similarity
and pseudo-similarity, connected block graphs and their special case, trees,
are essentially equivalent. A block-graph is perhaps most easily defined
as a graph each of whose blocks (i.e. maximal biconnected components) is
complete [ 2]. Harary and Palmer [ 3] exploit a tree description, called

the block-cutpoint-tree [ 5], of a block graph G. This tree has as its

vertex set the union of the blocks of G and the cutpoints of G. A block-
vertex b is joined to a cutpoint-vertex v in the block-cutpoint-tree
exactly when v belongs to the block b in G.

We call a subgraph of a graph G a pseudo-block if

i) it is a block of G; or

ii) it is a non-cutpoint vertex of G.

Proposition 6.1. Provided G has two or more vertices, every vertex of G

belongs to at Teast two pseudo-blocks of G. (Thus every vertex becomes

what we might call a pseudo-cutpoint).

We define the pseudo-block-cutpoint-tree T(G) (see figure 4) of a

connected block-graph G as follows:

==

i) if G is an isolated vertex then T(G) o~ P3 (the path on three vertices);

and
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ji) 1if G contains two or more vertices then T(G) has as its vertex set the
union of the vertices of G and the pseudo-blocks of G. A pseudo-
block-vertex b is joined to a vertex-vertex v in T(G) exactly when v
belongs to b in G. If the block graph G has connected components
Gy»...,6, then we denote by T(G) the graph T(G1) 0 sws U T(Gt).
Unlike the block-cutpoint tree the pseudo-block-cutpoint tree provides
a unique description of G (that is, G can be uniquely recovered from T(G)).
Furthermore, recalling that every vertex v in G has its unique image, call
it T(v), in T(G), this correspondence is preserved by vertex removal. These
observations are formalized in the following Temma whose proof is straight-

forward.

Lemma 6.2. Let G and H be arbitrary block graphs. Then

i)  T(G) ~ T(H) if and only if G~ H; and

1) T(G\v) x T(G)\T(v) if v is a cutpoint of G and T(G\v) u K; x T(G)\T(v)
if v is not a cutpoint of G.
The following theorem follows directly from the definition of pseudo-

block-cutpoint-trees and lemma 6.2.

Theorem 6.3. Let G be any block graph with vertices u and v. Then
i) wu vg Vv if and only if T(u) “1(6) T(v); and
ii) u and v are pseudo-similar in G, if and only if T(u) and T(v) are
pseudo-similar in T(G).
It follows from theorem 6.3 that u and v are strictly pseudo-similar in
G if and only if T(u) and T(v) are strictly-pseudo-similar in the pseudo-
block-cutpoint-tree T(G). Hence the characterization of theorem 3.7 extends
directly to connected block graphs (and, by the arguments of section 4, to

arbitrary block graphs).
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7. Edge Pseudo-Similarity

We have to this point been discussing the similarity (or pseudo-
similarity) of pairs of vertices in a tree. These notions have natural
analogues for edges as well, as do questions regarding the relationship
between similarity and bseudo—simi]arity C4]. Fortunately, it is not
necessary to rederive all of our vertex-based results in ordér to establish
the corresponding results for edge similarity.

Two edges x and y in a graph G are similar, denoted x o ¥ for simply
x ~ y when G is clear from the context), if there exists an automorphism
of G taking x onto y. To be consistent with our earlier notion we let

G\x denote the graph with the edge x (but not its endpoints) removed. Two

edges x and y satisfying G\x » G\y are said to be pseudo-similar in G.

As before edges which are pseudo-similar but not similar are said to be

strictly pseudo-similar.

Questions concerning edge similarity and pseudo-similarity are easily
reduced to questions of vertex similarity and pseudo-similarity by means of the

subdivision graph assocjated with a given tree. If G = (V,E) is any graph

then the subdivision graph of G, denoted S(G), is the bipartite graph

(VUE,E') where v ¢ V is joined to e € E to form an element (v,e)e E'

exactly when v is an endpoint of e in G.

Proposition 7.1. T is a tree if and only if S(T) is a tree.

Of particular importance for questions concerning edge similarity and
pseudo-similarity in trees is the following lemma whose proof follows in a

straightforward way from the above definitions.
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Lemma 7.2.
(a) If T, and T, are trees then S(T ) S(T ) if and only if T1 m T
(b) If T is any tree and e ¢ E(T) (and hence e ¢ V(S(T))), then
S(T\e) » S(T)\e.
The following theorem follows directly from the above definitions and

Temma 7.2.

Theorem 7.3. If T is any tree with edges x and y, then
¥ X “r Y if and only if x NS(T) y; and
ii) x and y are edge-pseudo-similar in T if and only if x and y are vertex-
pseudo-similar in S(T).
It follows from theorem 7.3 that edges x and y are strictly pseudo-
similar in T if and only if they are strictly pseudo-similar (as vertices)
in S(T). Hence the characterization of theorem 3.7 leads directly to a

characterization of trees with strictly pseudo-similar edges.

Theorem 7.4. If T is any tree with strictly pseudo-similar edges x and y

then for some integers i > 1, t> 1 and 1 < h < t, there exist rooted trees

), 0<d<i*l, 1< ket, where YﬁQYE, 0<3j<i+l, 1<k<t, such that
_ 0 0,1 1 4 it S .
LR ORI (8 L PRPIEN, £ g . . x-(yt,yl),y—(yh_pyh),
0 ; iyi i
and <Y-], i Y D <Yh, "’Yt’Y'i Yh e

Proof. This characterization is a direct consequence of the characterization

of S(T) given by theorem 7.3. O

If x is any edge of the graph G then Ty denotes the set of edges

(including x) that are incident on at least one endpoint of x (Pt could be
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defined analogously; cf. section 1.) Two edges x and y are full-1-pseudo-
similar if G\x » G\y and G\r, glG\ry. As with vertices, full-1-pseudo-

similarity implies similarity of edges.

Theorem 7.5. If T is any tree with edges x and y, then T\x » T\y and

TADy T\ry implies x v Y

Proof. The argument parallels the proof of theorem 5.1, with theorem 3.7
replaced by theorem 7.4. It is sufficient to look only at case ii of the

proof. O
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8. Conclusions

We have presented a new characterization of trees with strictly pseudo-
similar vertices. This characterization leads directly to related charac-
terizations of forests and block-graphs with strictly pseudo-similar vertices
and of trees with strictly pseudo-similar edges.

In addition, we have been able to conclude from our characterization
that, unlike the situation for general graphs, in trees it is not possible
to have three or more mutually strictly pseudo-similar vertices, nor is it

possible to have strictly-full-1-pseudo-similar vertices.
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Figure 1. Tree with strictly pseudo similar vertices u and v.
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(a) (b)

(c)

Figure 4. Block-graph (a) with its block-cutpoint tree (b)
and pseudo-block-cutpoint-tree (c)
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