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ABSTRACT
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singularly perturbed ordinary differential equations is investigated.
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initial and boundary value problems for first order systems with constant
coefficients. Particular attention is paid to symmetric schemes for boundary
value problems; these problems may have boundary layers at both interval
ends.

Our analysis shows that certain collocation schemes, in particular
those based on Gauss or Lobatto points, do perform very well on such problems,
provided that a fine mesh with steps proportional to the layers' width is used
in the layers only, and a coarse mesh, just fine enough to resolve the
solution of the reduced problem, is used in between. Ways to construct
appropriate layer meshes are proposed. Of all methods considered, the Lobatto
schemes appear to be the most promising class of methods, as they essentially
retain their usual superconvergence power for the smooth, reduced solution,
whereas Gauss-Legendre schemes do not.

We also investigate the conditioning of the 1linear systems of equations
arizing in the discretization of the boundary value problem. For a row
equilibrated version of the discretized system we obtain a pleasantly small
bound on the maximum norm condition number, which indicates that these systems
can be solved safely by Gaussian elimination with scaled partial pivotina.
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COLLOCATION FOR SINGULAR PERTURBATION PROBLEMS I:
FIRST ORDER SYSTEMS WITH CONSTANT COEFFICIENTS

by

U. Ascher and R. Weiss

1. INTRODUCTION

The numerical treatment of singular perturbation problems in ordinary
differential equations (ODEs) has received a significant amount of attention
in recent years. The analytic solution of such problems usually exhibits
thin transition layers, in which the solution varies rapidly. When
attempting to approximate such solutions by one of the familiar symmetric
difference schemes on a coarse mesh, large oscillations may pollute the
numerical solution on the entire interval of integration; see examples in
sections 5.3 and 6.3. The efforts to deal with this situation generally
fall into two classes which we discuss below.

One approach is to design special purpose methods which would yield
accurate solutions, at least away from the transition layers. Thus, large
errors, which may be generated at a Tayer, should decay fast. For very
‘stiff initial value problems (IVPs), methods for which the growth factor
y(z), (which is essentially their approximation to e®), satisfies
y(z) » 0 as re(z) » -» should be used. But for boundary value problems
(BVPs) these methods have to be properly upwinded, and this may restrict

their applicability for general purpose algorithms. Also, if a



fine resolution of a transition layer is desired then the mesh has to be
refined locally in that layer's region.

The second approach, used for BVPs, is to stick with a symmetric scheme
but to refine the mesh locally, often using an adaptive algorithm. A number
of such algorithms have been proposed and used (see Russell [19] for a survey)
and several general purpose codes contain implementations of mesh adapting
techniques. These techniques attempt to choose a mesh which equidistributes
a certain measure of the error, usually an estimate of the local truncation
error or a local estimate of the error itself. These estimates are not
valid rigorously unless the maximum mesh size is much smaller than the
layers' widths, but this has been ignored in practice, and codes 1ike PASVAR
(Lentini-Pereyra [14])) or COLSYS (Ascher, Christiansen, Russell [2]) have
solved successfully fairly complex singular perturbation problems (e.g., see
Ascher [11), not backed by theory. On some occasions, however, computations
with these codes were not so successful.

Thus, we have set out to extend the theory of convergence and stability
of collocation methods to singular perturbation problems with the hope to
achieve a better insight to the success or failure of various methods in
solving practical problems of this type. The collocation schemes which we
discuss include the families of Gauss-Legendre, Gauss-Radau and Gauss-Lobatto
points (we refer to them as Gauss, Radau and Lobatto points, respectively),
which in turn contain familiar difference schemes like the box scheme, the
backward Euler scheme and the trapezoidal scheme as special cases.

We Timit our discussion here to boundary value problems for first

order systems with constant coefficients which have a bounded inverse. Thus



consider the problem of order n+m, with n equations singularly perturbed,

(1.1) ey’ = Apy + Az +

(1.2) 2" = Ayyy + Aypz + 5,

plus the boundary conditions

i
]

(1.3) By| = [(0) + B, (1) = &.

N
TN

i

The matrices A11, A}Z’ AZ}’ A22, B0 and B] are constant and have dimensions
nxn, nxm, mxn, mxm, (n+m) x (n+m) and (n+m) x (n+m), respectively.

Our analysis shows that certain collocation methods do perform very
well on (1.1) - (1.3), provided that a fine mesh with meshspacings propor-
tional to e is used in the layers only, and a coarse mesh, just fine enough
to resolve the solution of the reduced problem, is used in between. Of all
methods considered, the Lobatto schemes appear to be the most promising
class of methods for singularly perturbed BVPs.

We also investigate the conditioning of the linear systems of equations
arising in the discretization of (1.1) - (1.3). For a row equilibrated
version of the system we obtain a pleasantly small bound on the maximum norm
condition number, which indicates that these systems can be solved safely by
Gaussian elimination with scaled partial pivoting.

An outline of the paper follows. In §2 we have collected the necessary
mathematical tools, and in §3 we introduce the collocation methods under

investigation and consider their stability properties. In sections 4, 5 and



6 we consider the cases of scaiar equations, IVP systems and BVP systems,
respectively. For each case we consider four topics: the convergence
properties of the numerical methods in the absence of boundary layers, the
conditioning of the resulting linear system of equations, and two layer
treatments. One layer treatment is designed to obtain an accurate repre-
sentation of the solution everywhere, while the other is designed to get

rid of layer effects away from layers, not worrying about accuracy inside

the Tayer regions. As well, a numerical example is given in each of the last
3 sections, to illustrate the theoretical results.

While our main concern is in BVYPs, their analysis requires the prior
analysis of IVPs, which in turn requires the analysis of scalar IVPs. Thus
in §6 and in §2.3 we decompose the BVP solution into a smooth component and
two stiff IVP solution components. We are then able to capitalize on results
obtained in §5 for IVP systems. In addition, our result concerning the
conditioning of the BVP approximation process is given in theorem 6.2. In
§5, our results concerning the convergence properties of the numerical methods
for the smooth solution are contained in theorem 5.2. The analysis relies
heavily on the feasibility of isolating the slow components and considering
each differential equation separately, as shown in §2.2. In §4, the smooth
convergence for a scalar equation is considered in theorem 4.1 and the layer
treatments are discussed in sections 4.2 and 4.3. These latter sections rely
on the stability results of §3.

The extensions of the present results to variable coefficients and to

higher order systems will be described in subsequent papers.



2. ANALYTIC BACKGROUND

Throughout this paper we shall assume, for simplicity (and readability),
that the functions appearing in the differential equations considered are
inifinitely differentiable. Also, unless otherwise indicated, the maximum

(or sup) norm is used.

2.1 Scalar equations

Consider the IVP

ey' =y + g(t), Dt
(2.1)

y(0) given,

where ¢ > 0, re(r) < 0 and g(t) = g(t;e) is smooth and has an asymptotic

power series in e, g(tse) = J €’ g (t). The solution of (2.1) is
v=0

—_—

(2.2) y(t)

€

A E %
y(O)exp{E-t} + = J exp{g{t—s)}g(s)ds =
0

[y(0) + %-go(t)]exp{%-t} - %—go(t) + 0(e).

Hence, for small € the solution essentially consists of the contributions of

a smooth component,

(2.3) yp(t) = - = gy(t)



which is the solution to the reduced equation obtained when in (2.1) we set

e = 0, and a fast component, which connects the initial value to yR(t) via

a narrow transition layer of width O(e) with a "layer jump" of size

y(0) + % gO(O). So this layer is present in the solution unless y(0) = ~%g(0).

The general solution of (2.1) can be written as
(2.4) y(t) = ¢ exp{é-t} + y(t), € = cohst.;

where § = &(t;e) is a particular solution. For any q > 0 we can find a ;
such that

(2.5) |[§(R)|I € 4= 01,0503 0<e<egs ¢ = const.

q

This particular ; has a (g-1) term expansion in powers of €, which is constructed
by the standard recursive procedure, see e.g. 0'Malley [15]. The principal term

in this expansion is yR(t}.

2.2 Systems of equations

Here we consider the system (1.1), (1.2) where we assume that A1] is
nonsingular. Note that if A21 = 0 then the differential equations for z do
not have any ¢ term and so the standard theory applies to z. Thus, our first
goal is to transform (1.1), (1.2) into such a form.

Consider the transformation

—
o
L ==

LR

(2.6)

N
m
—
—
o



where L is a constant mxn matrix. Substituting in (1.1), (1.2) we get

(2.7) v' = Ay - LA

Y 11 " ELAL +ehgllu + [Ay, - LALIV + [f, - L.

Thus we need to find L so that

- eN(L) = 03 N(L) = LA,,L - AL

(2.8) A 12 22

- LA

21 11

Since AT] is nonsingular, we can write this as
(2.9) L = A A7} - en(L)AT]
; 21711 11

Now, the question is whether there is a solution L to (2.9). But the answer
is obviously affirmative for ¢ small enough, because then the mapping on the
right hand side of (2.9) is contractive in a neighborhood of A21A{}. So we

have

Lemma 2.1. If 0 < ¢ < €q with €0 small enough, then (2.9) has a unique
solution of the form L = A21A;} + O(e); hence the transformation (2.6) is
decoupling.

Note that, since the application of the transformation (2.6) and the
application of a collocation scheme obviously commute, we do not need to
know L; all we need is its existence. We can then apply the numerical
method to the coupled system and the analysis to the uncoupled one.

Suppose now that already A21 =0 1in (1.1) - (1.2). In order to be able

to use results obtained for scalar equations forthe systems analysis, we need



one more transformation. If

|

(2.10) A, = EJE’

11

with J the Jordan canonical form of AT]’ then we will look at
(2.11) w=E 'y

Then, if J is diagonal, for each component of W e obtain an equation 1like
(2.1), with z considered as part of the inhomogeneous term g(t), i.e. the
analysis can be reduced to analysis for a sequence of scalar problems.
Furthermore, this reduction can be achieved even for the defective case by

the following device (cf.deHoog-Weiss [12]): Let

(2.12)

Gy
n
-
-
]
—
>
o
A
o

be a typical Jordan block and consider the system

(2.13)  ew' = Jw + g(t)

which has the general solution

~

¢ A
(2.14) f(t) = exp{g t}\f0 + %—é exp{gi%gélJ g(s)ds.

Since for any holomorphic function v,



@15) 30) = g7 Pl - T

where C is some circle centered at up = A, it follows that

t 5
2ﬁ1 & [exp{L= }(uI J) wo + 1—I exp{E{t-s)}(uI—J)g(s)ds]du =
0 -~

(2.16) T(t)

£

N'|'H

é t)du
o~
where

-1

ew! = uw + (ul - J)

g(t) e k2
(2.17)
wu(O) = (pl - a)'lw

Now note that for each u, (2.17) is a diagonal system and that we can choose

C so that re(u) < 0.

2.3 Boundary value problems

Consider again the system (1.1) - (1.2) with A11 nonsingular and A21 = 0.
For the IVP to be well defined we need that all fast components decay, i.e.
that the eigenvalues of A1] have negative real parts. The solution then
consists of a smooth term plus a possible layer at t = 0.

In general, write

(2.18) J =



=10 =

where J is defined in (2.10), J_ is its n_ x n_ submatrix corresponding to

the eigenvalues A with re(x) < 0 and J+ is its n, xng submatrix corresponding

to the eigenvalues with re(x) > 0. Now, for w = E'ly we can write (1.1) as
(2.19) ew' = Jy + B]Zg + 9
. -1 -1 —— wal :
with B]Z =t A]z, 9y = E f}. Partitioning w = | ~ in an obvious way, we
g .} 4 Wi

consider the following 3 BVPs, where H stands for the system consisting of the
homogeneous equations for (2.19), (1.2), and where the matrix boundary

conditions are taken one column at a time:

I H(w,z) = 0, w_(0) =W_(e), w,(1)=Wce), z(0)=1
with the matrices W_,W,_ chosen so that the solution matrix W, be smooth.
11 H(w,z) =0, w_(0)=1, w/(1)=0, 2(0)=0

with the solution matrix NII'

II1. H(w,z) = 0, w_(0) =0, w(1)=1, z(0)=0

with the solution matrix wIII‘

Then the general solution of the homogeneous system (2.19), (1.2) can be

written as

W
(2.20) {-"| =w
2y

W

1 Y Wi Y

n n
where np € Rm, N € R s N1 € R 2 are arbitrary vectors, and the general

solution of the inhomogeneous problem is



- 1] =

¢ =
=
o

w
(2.21) = ="+ |-P
2H %p

L ]
N

w
with -P a particular solution which we can choose to be a smooth one (see

z
52.1). ~7
Substituting (2.21) into the boundary conditions obtained from (1.3)

by the transformation (2.11), we obtain a linear system for n = ("I’nII’nIII)T

(2.22) Ale)n =

i o

with é an appropriate right hand side containing the contribution of the

particular solution and
(2.23) Ae) = AO + aA1 .

The matrix AO is nonsingular if and only if the problem is well posed uniformly
in ¢ (which we assume).

To conclude, then, the solution of the BVP consists of a smooth part
with possible boundary layers at both ends. In §6 we show that the approximate
collocation solution also splits in a similar fashion and thus the results for

the IVPs II and III, which are given in §5,become applicable to the BVP.
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3. COLLOCATION AND IMPLICIT RUNGE-KUTTA METHODS

3.1 The numerical method

The numerical schemes considered in this paper all belong to the class
of collocation methods using continuous piecewise polynomials. Consider the

mesh

(3:1)

h= max h.,, h= min h,.
1<i<N 1<i<N

On this mesh our k-stage collocation method is completely defined as a function

of a fixed set of points
(3.2) 0<py<py<een<p 2]

by requiring that the approximate solution (yh,zh) component-wise be in C[0,1]

)’

and reduce to a polynomial of degree at most k on each subinterval (ti’ti+1
that it satisfy the boundary (or initial) conditions (1.3), and that it
satisfy the differential equations (1.1), (1.2) at the collocation points

too=t 4 hipj, i=1,...,N, j=1,...,k (cf. de Boor-Swartz [4], Russell [18],

ij
Weiss [22]).
We require of all the methods considered here that they be A-stable,

i.e. that their growth function y(z) satisfy

(3.3)  |v(z)| <1, re(z) <oO.
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Three classes of collocation methods are then considered.

I, Py > 0, P < 1 and the points are placed symmetrically about %. In
particular the Gauss schemes belong to this class, the box scheme being
its simplest member. The growth function of these schemes is given
by

o

k
!
_ 450" . _ _(2k-3) k!
(3.4) v(z) = gg;“““_ ¥ ¥FgT (2k)!g!(k-j)!

Y-(‘C)j
j J

0

(see Saff-Varga [20]). Thus

+1 k even
(3.5) w(z) » re(z) + -
-1 k odd
11 Py > 0, Py = 1. In particular, the Radau schemes (and thus the backward

Euler scheme) belong to this class. The growth function satisfies
(3.6) y(z) » 0 re(z) » -»

and these methods exhibit stiff decay (Varah [21], Prothero-Robinson

[16]). The application of such methods to singularly perturbed BVPs

is examined in Ringhofer [17].

III. Py = 0, Gl 5 1 and the points are placed symmetrically about %. In

particular, the Lobatto schemes (and thus the trapezoidal scheme) belong



= 40 =
to this class and their growth function is given by (3.4) with k
replaced by k-1. Consequently (3.5) holds with the even-odd roles

interchanged.

3.2 Implicit Runge-Kutta (RK)

The equivalence of the above collocation schemes to certain RK methods
is well known (Butcher [6], Axelsson [3], Wright [23], Weiss [22]), but we
repeat it here explicitly for the sake of completeness. For simplicity consider

a scalar nonlinear differential equation
(3.7) u' = g(t;u).

The polynomial piece uh(t} is defined for t; < t 5-ti+1 by

i

(3.8)  u(t) = upe (W)(tgg) = ol (g 0)s 3= Taek

where Uy is obtained from the previous subinterval. Let

: .h .
(39) Fi, = g‘t13au (t1J)}’ J = 15---9k

J

and express uh in terms of interpolation to the values ui’Fl""’Fk:
h k t t

(3.10) wu'(t) = Z 305 —ﬁ—

1
—

where ¢j(x), j= ..k are polynomials of degree at most k on [0,1],



o
determined by interpolation conditions

(3.11) ¢j(0) = 03 ¢j(p2) = 6 B P

ja’
Now let A be the kxk matrix and b be the k-vector defined by

(3.12) b, = ¢j(1); a3, = ¢£(oj)-

Then we get the following equivalent RK method

~

F. = g(tij;ui + h, 151 anFR), g = 1 yennsks

It should be noted that not every RK scheme is equivalent to a collo-
cation scheme. For instance, by (3.12) if LI 1 then the Tast row of A must
be identical to %T for the scheme to be a collocation one. But we feel that,
among the most accurate schemes (Gauss, Radau and Lobatto points) the more
important RK schemes are, in fact, the collocation ones.

The following Temma is now very easy to verify.

Lemma 3.1. The matrix A of (3.12) 1is nonsingular if and only if Py > 0. If

P = 0 then we can write

. To 0
(3.14) A=[_ }
A

1%
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with a a (k-1) vector and A a (k-1) x (k-1) nonsingular matrix.

3.3 Properties of the growth function y(z)

For the scalar equation
(3.15) ey' =2y ; y(0) =1,
a RK method reads
(3.16) iy =¥y oy = 0

Comparing the solutions of the differential and difference equations, the

following result is obtained.
Lemma 3.2. If the RK method is of order p then
(337) x(2) = e + ¢ (P +o(tP?), cec

with cY a computable constant. (In particular for Gauss or Lobatto points,

¢ is easily obtained by comparing (3.17) with (3.4)). Thus
3.18) vy =1, =00,

Recall that, in particular p = 2k for Gauss, p = 2k-1 for Radau and

Ah.
p = 2k-2 for Lobatto points. Since |Y(—g10| is the rate of decay in the
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difference scheme (3.16), it is of interest to find where |y(z)| attains its
minimum for a given fixed arg(z) and what the minimum value is. For the Radau
schemes the answer is given by (3.6), but for the Gauss (and hence Lobatto)
schemes we need to know where |y(z)| is small, because appropriate step

sizes may damp errors more effectively than others.

In figures 1, 2, 3, 4 and 5, contour plots of |y(z)| in the upper left
quadrant of the complex plane for levels 0.1 (0.1) 1.0 are given for Gauss
points with k = 1,2,3,4 and 5, respectively. For a Lobatto scheme with k
points, figure (k-1) applies. In addition, for each k a curve of solutions
for min{|y(z)|s arg(z) fixed} is plotted. Thus, each point on this curve is
obtained by minimizing the corresponding one dimensional function [y(z)]
along the ray from the origin passing through that point. So, in particular,
this curve is othogonal to the contour lines where it crosses them. The
actual values for ¢ and |y(z)| thus obtained for the negative real axis are
given in table 3.1.

From the plots we see that, as k increases, the optimal damping steps
increase and, more importantly, for a fixed ray near the imaginary axis,
the value of |y(z)| decreases significantly. This points out an advantage
that higher order methods may have, as exploited in further sections. (In

particular, see example (5.18)).
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Table 3.1: Optimal damping steps and rates for
Gauss points on the negative real

axis
k 4 Iy ()|
1 -2. 0
2 -3.46 .0718
3 -4.64 0
4 -6.10 .00508

5 -7.29 0
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4, A SCALAR EQUATION

In this section we consider the initial value problem
(4.1)  ey' =2y +g(t); y(0) given,
with » a complex scalar of order unity, re(r) < 0, and g(t) a sufficiently
smooth inhomogeneous term. First, consider the case where no transition

layer is present.

4.1 The smooth solution case

Theorem 4.1. Let y(t) be a smooth solution to (4.1). Denote e; = y. - y(t;),
1 < i <N, and assume that Tf%ﬁ < ]|E\"1|]'T for oy > 0, ;:h " [|ﬁ-]]|-1 for

oy = 0. Then the following error estimates hold for 1 < i < N.

I. For methods of class I

while if k is odd and the mesh is "locally almost uniform", i.e. either

(4.3) h = hJ(T + O(hj)} or h, | = hj(l + O(hj)), j< i

j+l J-

then, if ¢ << |x|h, for Gauss points
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(4.8) e, = o(h**).

IL; For methods of class II, if ¢ << [A]h,

(4.5) e, = co(h¥).

IIL. For methods of class III,

(4.6) e, = co(hkT)
while if k is even and the mesh is "locally almost uniform" then,

if ¢ << |x|h, for Lobatto points

(4.7) ey = aO(hk).
Remarks
(i) The condition of "local almost uniformity" may look very restrictive at
a first glance, but it is not. For instance, any mesh which is obtained
by halving each subinterval of an arbitrary initial mesh satisfies (4.3).
(ii) Obviously in (4.2) - (4.7) h can be replaced by max hj.
1<j<i
. &yt -
Proof. Denote Yig ™ ¥ (tijJ’ ¥ =Y (ti)a 95 5 g(tij)' The scheme (3.13)

applied to (4.1) can be written for 1 < i < N as
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Y=Y, k
(4.8) e——= Z] 85, (g, + 95) l<j<k f ;>0
i L=
2534k if Py =0,
Yier=¥; k.
TEEE
(4.9) E_-iF — RZ] bﬂ,(ly'ii?. + g.-la).

For the exact solution, by quadrature,

()y

;

i = o(hK

II 1=

(4.10) ¢ U‘Y(tiﬂ.) + gm) + er

and, for a method of class I, we also need

y(t: 1)-y(t;) k.
it] 17 = k
(4.11) e P 221 b (Ay(ty,) + g.,) + e0(hy).
Let e.. = y(t, ) Yij» & = y(ti) - ¥;. Then we get
e, e, k
(4.12) E—ﬂ—-‘]-————hi = E‘Z] ajﬂ,keiﬂ + Erij

and for a method of class I,

e. -2,
(4.13) E—lﬁ%—hl-=

b re. + eO(h?].
i )

ne-—-1x

Assume first that Py > 0. Then we write (4.12) in matrix form as

o S B By e
(4.10) ey = (R~ A7 ey + Sl -A)



w 97 =

where €. = (€.q5:..5€; )T, 1= {1,1,...,1)T (a vector of length k) and
= il ik by ix]h

= (ril""’rik)T‘ Now, since ¢ < 1

——7 We can write
[TA™"]]

1 _ 2-1

(4.15) (—v—-I =AY = ‘F‘ Al - A

with C an appropriate nonsingular matrix which is bounded independently of e.

For a method of class I we get by (4.13), (4.14), (4.15)

)\h

- i 1 » Te 1. at
€4 T € t ble; + ao(h ) g; + ? (Ahi I -A) ] e; +
Ah,
§ oo T B Al 2=T\e k
t e B Gay OA - ARy + eothy)

(4.16)  e.yq = y(zy)e; = hidA v, + co(nk)

where Y{ci) is the growth factor

(8.17) v(z.) =1 - b{A - Z'1) Ty, |

. YE.i a C.i 13 3 e

Equation (4.16) is a difference equation with e; = 0. The solution is

i-1 i Tro1
(4.18) e, = ( n (¢, ))h b A" P4 + eO(h;

k-
LA £=1-j+1 = 1=

1
J]]

Since |v(z)] < 1 for re(z) < 0, we clearly obtain the result (4.2). Furthermore,
if k is odd then as re(z) » -», for Gauss points (vz))? » (-1)9 (cf. (3.5))

and so, provided that (4.3) holds, cancellations to a first order in h occur in
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the sum (4.18), since (4.3) allows us to arrange this sum in pairs of terms
which are equal in magnitude to a first order in h and alternating in sign.
The result (4.4) follows.

For methods of class II we follow the same proof development above
until we get to (4.14), where we note that €t T &y and so we simply consider
the last element in the vector identity (4.14). Thus we do not lose the e
factor multiplying r;! Moreover, since as re(z) » -=, Iy (z)] m|c']|, in the
sum corresponding to (4.18) all terms are negligible except for the first,
so (4.5) is obtained. If € ~ |x|h then we only get (4.2) by this analysis.

Now assume that Py = 0 and consider methods of class III. We have
e; = €47 and so the expression (4.12) is written for 2 < j < k only and in

i
place of (4.14) we obtain

=5t

where éi = (eiz,...,eik)T, 1 = (1,1,...,1)T (of length k-1), A and a are given

-~

by (3.14), r. = (riz,...,rik)T and C is defined analogously to (4.15).

Further, 1ike in methods for class II, Py = 1, and so T e Thus we

i o B

look at the last row of (4.19):

. CRTECINE .ol Bl AY-
(4.20) 54 = vlzgley + FllzH A A
The solution of this difference equation can again be expressed similarly to
(4.18) and we see that, while we have not lost the ¢ factor just like in the
class II case, we do lose a power of h in the summation just like in the

class I case. The result (4.6) follows. Once again, if y(z) > -1 and the
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mesh is locally almost uniform then we gain a power of h back, obtaining

(4.7). This occurs for Lobatto points if e << |A|h and if k is even (Recall

that y(z) for k Lobatto points is identical to y(z) for k-1 Gauss points).
QED

Remarks

(i) Since we could nowhere in the proof utilize the usual superconvergence
properties of the Gauss, Radau or Lobatto points (note in particular
(4.16)), these results are sharp for these methods.

(i)  The results (4.2), (4.5) and (4.6) hold not only at the nodes t; but
at the collocation points tij as well. The result (4.2) holds for all

methods considered in case that ¢ ~ |x|h, as the usual analysis shows.

4.2 Layer accuracy

The above results (especially (4.5) - (4.7)) may, at a first glance,
look too good to be true. Indeed they are in a sense: note that we have only
treated one equation with a smooth solution. Unless y(0) is specified in a
particular way, the solution of (4.1) usually contains a thin transition
layer in which it changes fast (1ike exp{%t}) from the specified y(0) to the
solution of the reduced equation, yR(t} = -%g{t). In this layer we have to
take small steps in h if a method from class I or III is used, since such
a method would not possess the property of stiff decay, and with any method
if an adequate representation of the solution in the layer is desired.

It is sufficient here to consider the homogeneous problem,
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-~

(4.21) ey' =2y, y(0) =1 (A = -re(xr) > 0),

whose solution is, of course, y(t) = exp{ét}. Recalling lemma 3.2 we write

(3.17) as
(3.22) v = expidipn + ¢ AP 4 o2y,

which is valid with |x|h < Ke, K a constant, for a method of order p. Now,

the solution to the difference equation

Ah,
. _ i ~
(4'23) y-|+'| = Y(T)y.i s y-] =]

is

i ah, i Ah, Ah, |Alh;
. il . C_dypt Al
Yity jE]Yi ) _-121 exp{—33[1 + ¢ (29" + o((-—")""")]
At. i Ah .
(4.24) Y34 & expi{ 1+T}[1 - cY ) (—EJJD+T]

j=1
So the absolute error is

i 3H; | 2] h
Bl 3 (-—*1)p H expl—itl 1+1}It: | 5 (—1)"”

¥ j=1 Y j=)

M
E

(4.25) |e.,.| % |exp{

i+l

Suppose that an error tolerance & should be satisfied on [0,Te],

T 3_%-; i.e. we require
A



u
(4.26) ]e,i_'_]] <8 1< 1 %, j-y-?] hj = Te.
By (4.25),
= At.
Llyp#1 5 o+ "4
(4.27) |cY|( =) jz] h'j < sexp{——.

One choice of a mesh in the layer is uniform, hj = hL’ J=1,s...5u. Then we

get

-~

(4.28) IchtlgL)F”1 hP

RZ

A
41 g_aexp{gt1+]}.

Looking at the point where the curves wt and Gexp{%f} osculate we find

t=%,us= 2—69, and so the best choice of a uniform stepsize in the layer
A

_ bk 6 000 21
(4.29) hL m[m'I?YT] 6 r,

Thus, hL is proportional to € and to 51/p! This points out an advantage

that higher order methods may have. For instance, a Gauss method with k = 4
may need roughly 20 steps of size comparable to € to maintain overall accuracy

8 inside the layer. On (Te,1] we now have a smooth (reduced) solution

of 10°

and the results of theorem 4.1 apply. Note also that p is independent of ¢!
If uniform accuracy inside the layer is sought then the choice of a

uniform mesh there may not be wise. Rather, an error equidistributing mesh

seems more appropriate. Moreover, one cannot expect in general an accuracy



o 38 =

-

AT

of better than e "' away from the layer with a Gauss or Lobatto scheme,

8

because this error is not damped. Thus, e.g. for accuracy of 10 one needs

to take T ® %? , and this gives a rather large region to traverse with the

uniform stepsize (4.29). A possible alternative is the variable stepsize

given in the following theorem:

Theorem 4.2. The mesh defined by

] 12 i 1
(4.30) hy := h1-1 exp{p S hi-l} h exp{p = ti} § = 24 uimslt
with
4.31) h = WL
Wil = nrimer °
yields
(4.32) ]eiﬂl < $ i=1,...,u

provided that |A]h < ke, k a constant. '

The proof involves a straightforward induction and is omitted. Note
that (4.31) is essentially the same as the uniform layer step size (4.29)
and that h; > h1_1, i > 1. A numerical example illustrating the difference
between the two strategies (4.29) and (4.30), (4.31) is given in §4.5. With
both strategies, u is independent of ¢ and is a monotonically decreasing

function of p.

+ We are indebuted to Dr. P. Markowich for helping us in refinina this result.
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Remark

For use in the subsequent analysis the results of theorem 4.1 and of
this section must be combined appropriately, since a mesh with stepsizes
proportional to € is used on [0,Te] and a coarse mesh is used thereafter.

In fact, if A11 of (1.1) has eigenvalues with positive and negative real parts
then there are three intervals which need to be considered separately, since

T(D)e] and

meshes with stepsizes proportional to ¢ must be used on [0,
[ T(1)€,1], with T(O), T(1) independent of ¢, while a coarse mesh is used
on [T(O)egT-T(1)e]. But again, it is straichtforward to combine the results

appropriately

4.3 Layer-damping mesh

Our purpose here is to choose a mesh in the transition layer in order
to get rid, as soon as possible, of its effects on the solution away from
the layer, using a method of class I or III. We are not interested in an
accurate solution in the layer; rather, we want to climb on the smooth
solution curve with as few steps as possible.

Here we need step sizes to damp the layer errors as much as possible.
But these are provided in figures 1 to 5! In particular, for a given k-Gauss
or (k+1)-Lobatto method and a given » = o + ig, let r = g/a and pick ¢ = E+irE
from the appropriate minimum value curve in figure k. Then the step size

which would damp perturbations most effectively is

(4.33) hD = e E/a
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(note that « and £ are both negative). If X is real and k is odd (k even for
Lobatto) then one step would do it, since iy 2 min|y(z)| = 0 ! (cf. table
3.1). In general this is not the case, but NL repeated applications with the
same step hD of (4.33) produce a damping factor of YrL and so NL is easily
determinéd to meet a prescribed tolerance. Note again the advantage of

higher order methods for eigenvalues with significant imaginary parts.

4.4 Conditioning and scaling

In both sections 4.2 and 4.3 we have worked with very nonuniform
meshes: in the layer hL = O(e) and outside hj >> ¢, This introduces the
question of conditioning of the resulting matrix problem, in view of the BVPs
that we intend to solve. Here we show that with an appropriate scaling, no
problem is caused by such highly nonuniform meshes.

Rewriting (4.1) as

(4.34) Ly

]

ey' = Ay = g(t); y(0) given,

we note that the differential problem (4.34) is well scaled, and so the
discretized form (4.8), (4.9) is considered, since it preserves this
scaling. We write (4.8), (4.9) together with By & y(0) as

(4.35) Lhyh = gh.

Now, if in the layer we have hL = zch (for simplicity suppose that
hL is uniform in the layer) and outside the layer we have stepsizes hj,

€<<_h.ih‘

i & h, then obviously
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(4.36)  ||L"[] < maxteye s | [A]]}

Cys C constants. Thus we are left to bound (Lh)']. For this we look at
the solution of (4.35) for an arbitrary gh.

Proceeding as in the proof of theorem 4.1 we obtain, for Py > 0,

h,

Ah,
- i iT € =11

with g; an appropriate piece of gh. Consider the layer region [0,Tel,

Te = L From (4.37) we get
Van) < 1vil + 7 csllgsl]
i+t = 15 NL KARSCe
Cy @ constant. Thus
h ;
(4.38)  ly;l < c5Tl1g"] lETel *l

Now, for the outer region (Te,1], use (4.15) to obtain

Ah; 1 -Ts .
(4.39)  y44q = v(=g7lyy + 5 b Cyy i N o+,
y
Thus, with cj b
; R A
(4.40) y..,=( 1 vy(z,))y i (3 yle, JWeg, ..
i+] £=NL+1 L NL+1 A jZO p=i-j+1 07 T2i-]
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So, again using the fact that [y(z)| < 1, we get
h 4 h
(4.81)  1yq4q] < cgTIHG ||+ (3-N )yl lg"]]

cy 2 constant. With N being the total number of subintervals we finally get

that
hy-1
(4.42)  [HLD)7T] < eqT + cf(N = N ).

We sum all this up in a theorem.

Theorem 4.3. The maximum norm condition number of the matrix Lh can be

bounded by
(4.43) x(Lh) < leqT + c4(N-NL)]max{c1cL, c2||ﬁ|[}.

Thus, if the fine mesh is over the layer only (h>>e) and the number of mesh
points in the layer is not large (hence <L and T are not large) then the

h

condition number of L is bounded independently of local or global mesh ratios

and is linearly proportional to the number of subintervals.N.

4.5 Example

To illustrate some of the above results we have made several runs with

the simple example
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(4.44) ey' = —(ynet} + aet

whose reduced solution is, of course, yR(t) = ef,

First, choose y(0) = 1, obtaining the smooth solution y(t) = 8%,

Results
for e = 10'd are contained in table 4.1. Uniform meshes of N subintervals are
used and the error E = |y(1) - yh(I)I is listed, along with the measured rates

a x 10'b is used

"

of convergence with respect to h. The notation a. - b
throughout the paper.
These results confirm theorem 4.1 with respect to h. Results were

8

obtained also for ¢ = 10", which confirm the linear dependence on ¢ in (4.5),

(4.6) and (4.7).

Next, we take y(0) = 0, obtaining a transition layer: y(t) = et-e-t/5-+0(c).
When repeating the experiments of table 4.1, good results are obtained, as
expected, only for Radau points. For the Gauss and Lobatto ﬁoints, the
layer errors are not damped and should be dealt with.

In the following treatments of the layer we restrict ourselves to the
Lobatto points because, once the layer effect is damped, accurate results are
obtained at t = 1 for a very small e, without having to worry about h
(cf. (4.6) vs. (4.2)!). First, consider the meshes obtained from (4.30),
(4.31) fore =1. -8,6 =1, -8, T=20. In table 4.2 we 1ist, under "N"
the mesh size u+1 obtained by repeatedly applying (4.30) until tigp 2 Tes
under "NU" the mesh size obtained by using a uniform step of width h1 from
(4.31) inside the Tayer; under "EL" the maximum error in [0,Te]; and under
"E" as before the error at t = 1. The meshes constructed by (4.30) do not have

additional points in (Te,1).
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Table 4.1: e(y'-e') = -(y-eb); y=eb, c=10%=1.-4
Method k N E rate Method k N E rate
Rauss 1 2 .52-1 Radau 1 2 .58-4
4 L13-1 2.0 4 31-4 0.9
8 34-2 2.0 8 .16-4 0.9
16 89-3 2.0 16 .83-5 1.0
2 2 12-1 2 2 .62-5
4 30-2 2.0 4 17-5 1.9
8 72-3 2.0 8 .45-6 1.9
16 .16-3 &l 16 11-6 2.0
3 2 .11-3 3 2 .34-6
4 .71-5 3.9 4 .47-7 2.8
8 .47-6 3.9 8 .63-8 2.9
16 .35-7 8.7 16 .80-9 3.0
4 2 13-4 4 2 .13-7
4 .78-6 4.0 4 .90-9 3.8
8 45-7 4.1 8 .59-10 3.9
16 21-8 4.4 16 .37-11 4.0
5 2 .73-7 5 2 .37-9
e .12-8 5.9 4 .13-10 4.8
8 21-10 5.8 8 .42-12 4.9
16 41-12 5.7 16 .13-13 5.1
Lobatto 2 2 .35-5 Lobatto 4 2 .87-8
4 .89-6 2.0 i .57-9 3.9
8 23-6 2.0 8 .38-10 3.9
16 .59-7 .9 16 .28-11 3.8
3 2 .89-6 5 2 .10-8
4 .22-6 2.0 i .65-10 4.0
8 .54-7 2.0 8 .37-11 4.1
16 12-7 21 16 *.17-12 4.5
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Table 4.2: g(y'-et) = -(y-et); y = et-e't/E + 0(e); |
e = 1. - 8; Lobatto points
k N ] EL E
2 5780 57737 .99-8 .33-8
3 80 387 .93-8 .41-8
4 21 64 .76-8 .27-9
5 11 24 .56-8 .10-8

Note that & is a fairly tight bound on EL; also note the superiority
of higher order methods for this & and the usefulness of the layer mesh
(4.30), (4.31) compared to the uniform layer mesh.

Next we note that for this trivial example we can get y(z) = 0 with
the trapezoidal rule (k = 2, Lobatto) by taking a step hl = 2e, according to
(4.33). Indeed, with the mesh {0, 2e, 1} we get E = .35-9 ! In the next
section we give another example, more realistic if less striking, of a layer-

damping mesh.
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5. INITIAL VALUE SYSTEMS

Here we consider the system

(5.1) ey’ = Ay + Az +

(5.2) 2" =Any +hApz+
with y(0), z(0) given. As in the previous section, we consider the smooth
case first. But before we proceed it should be noted that if there are no
slow components z then the results of the previous section are generalized
directly for (5.1). It is the presence of different time scales which makes

the difference here.

5.1 The smooth solution case

In view of previous considerations, we can assume that A21 = 0 and
that A1] is already in Jordan canonical form, see §2.2. Now in (5.2) no
significant dependence on ¢ is left and the usual theory applies. We have

(see, eg. Russell [18], Weiss [22]).

Theorem 5.1. For the slow components z the following results hold: with
Gauss collocation points, at the mesh points
(5.3)  la(ty) - 2"(t;)] = o(h?¥)

while at any other point t, tistct,
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(5.4)  |z(t) - 2"(t)] = o(h™) + o(n?¥).

With Radau collocation points(5.3), (5.4) hold with 2k-1 replacing 2k. With
Lobatto collocation points (5.3), (5.4) hold with 2k-2 replacing 2k.

Now, the collocation equations for (5.1) can be written as
(5.5)  ely™)'(tio) = Ay (b ) + [AL,2(t ) + Flt )1 + (A (2" (. 0) - 2z(t,.)))
: Y ij 1Y Y 125V%432 ™ 21V TEVE Noqgd = SvRgglse

Recall from §2.2 that we can consider the equations in (5.5) one at a time.
Moreover, due to the linearity we can consider the two inhomogeneous contri-
butions in (5.5) separately. The first one, a component of A123(t1j) + f1(t1j)
under the appropriate initial conditions, is readily seen to conform to the
conditions of theorem 4.1 . Hence the relevant result out of (4.2) - (4.7)
applies. That leaves us to deal with the other contribution, A]z[gh(t) - g(t)],
under zero initial conditions. Thus we are looking at the equation (4.1) with
an inhomogeneous term which satisfies [g(t)| = 0(h$+1), t; <t <ty and

2k) 2]("']) or O(hzk'z) for Gauss’ Radau or Lobatto pOintss

[g(ti)l = 0o(h“"), o(h
respectively, and with y(0) = O.
Following the tracks of the proof of theorem 4.1 once more, we obtain

for our special g(t), in case that py > 0,

w (Ee T = Ry7) o8 lee 12 )y l;
(5.6) y; = (xhi I A7 sy # lar= 1 < A)TA g

1= i
|A]h; .
with an obvious notation. Assuming e < TTT:TTT all i, we get for Gauss points,
A

by (4.15), (4.17),
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T ) Ah.
(5.7)  y = v(5y)y; + 3 b'Cg, P51, gyt
Hence
(5.8) 15 ))bT¢
5.8 Yiqg = — I st ) ID Cas. i
i+] A j20  g=i-j+1 874y Majad

2 _ k+1
From here, since G4 = O(hi-j)’ we get
(5.9)  ly(ty) - y"(t)] = o(h).

Furthermore, if k is odd and (4.3) holds then, if e << |A|h,

_ O{hk+2

91+1-j - gi-j i—j)' Since (4.4) also holds for the other inhomogeneous

contribution we have

(5.10)  [y(t;) - y'(t,)] = o(nk*?).

Now, for Radau points we look at the last row of (5.6). Using (4.15)
we have

k+1)

] 1
(5]1) y1+] = Y(C'I)‘y'l =3 g( .I+'|) s h O(h

The solution to this difference equation looks similar to (5.8) and, as before,
when € << |A|h all terms in the sum but for the first are negligible. Combining

with (4.5) we obtain

(5.12)  y(ty) - y'(t)| = o(h?*T) + co(nk).
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Finally, for the Lobatto points we have

1

€ = =]
I-A) ( T+a)y + "{—“—

-A )[Ag +au[t )]

L]
—
i

(5.13) 3:;1.

with notation corresponding to that of (4.19). Now consider the last row of
(5.13). Since the last component of i3 1s (-1}k (see the expression for

Y(;i) in (5.13) and recall (3.5)),

(5.18) w4y = v(egdy; - Halt,y) + (-1)fa(ty) + 155 o(h*)
1

So
(5.15) v =<1 T( 1 vie)igle_ o+ (-DKalt, o) oty
' 1+] A 3=0 2l=1.-j+1 '3 1'J+1 1"‘J ;\hi""]
2k-2 .
Now, g(t1 J+1) and g(ti“j) are O(h ). In the summation, we lose a power
of h, but we gain it back as follows: For k odd, in which case y(z) + 1 as
i-1

re(z) ~ -=, we get cancellation in the 1imit sum E (g(t iz j+1) - g(ti_j)),

i 3 j=0
For k even, in which case I (a ) > (-1)Y as re(z) » -», we get cancellation

i-1 i 2=1-j+]

in the Timit sum YU( 1)J Lg(t1 j41) *alt i-j)J' In the latter case, if (4.3)

holds, we also get cancellation to a first power in h in the last term of (5.15).

Combining this with (4.7), we conclude the proof to the following theorem.

Theorem 5.2. Let (y(t) z(t)} be a smooth solution to the initial value problem

Ah
for (551%, (5.2) and assume that, for Py > 0, & < TTE:TT_ , and for py =0,
e < ———7— , where A = min{|x|; A is an eigenvalue of L1]}. Then
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1. For Gauss points (5.9) holds and, if k is odd and (4.3) holds then
if e << )h, (5.10) holds.
11, For Radau points, if e << Ah then (5.12) holds.
ILL. For Lobatto points,
(5.16)  lytt;) - y"(t)] = o(h™2) + co(n™)

while, if k is even and (4.3) holds then, if e << )h,

0(h2k-2) + co(hk).

(5.17)  ly(ty) - y"(t))]

Thus, for k > 4 and e very small compared to h, Lobatto points have

a higher order of superconvergence than Gauss points for the same k !

5.2 Matrix condition and initial layers

Unless the initial conditions are very special, a transition layer
appears in the solution which connects the initial values to the smooth
solution curves. Handling these layers is done as in the previous section:
for methods of class II nothing needs to be done if only the accuracy away
from the layer is of concern. For the other methods, however, a number of
mesh points‘with stepsize h, = O(e) need to be placed to ensure at least that
the Tayer errors are well damped. For the special choices of such stepsizes,
we need to find the eigenvalues of A, (and this time not just for analysis).
Then for (4.29) or (4.30), (4.31), the eigenvalue with largest magnitude can
be used, while for a layer-damping mesh, a sequence of stepsizes obtained by

(4.33) for each eigenvalue in turn is used, repeatedly if necessary.
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Next, we need to extend theorem 4.3 for the system case. The problem
here is in the components z which are approximated with stepsizes of order
e in the layer (of X) while not being multiplied by e, which balances Lh
for y in (4.8), (4.9). We delay the treatment of this problem to the next

section, where it is dealt with in the more general context of BVPs.

5.3 Example

Consider the problem

ey] = -2¥q - 2y, + 4z + f,(tse)

EYs = 2Y, = 2y + t,(t;5e)
(5.18) ¢ 1778 :

e¥3 = 2¥y = Yp -yt z+ faltse)

z' = 2 - Y3 + fyltse)

with the fi(t} defined so that the smooth solution is given by

;o t

(5.19) y](t) = sint, yz(t) =e, y3(t) =2 7, z(t) = E}T ,
for all € > 0.

Some sample runs for the smooth curve with uniform meshes are given in
table 5.1. We take e = 10'8 in order that the dependence of the accuracy on
h be clearly demonstrated. For each k and N we 1ist under "E" and "rate" the
four errors at t = 1 and their rates of convergence with respect to h for the

four solution components. The results of theorems 5.1 and 5.2 are confirmed.
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Table 5.1: Problem (5.18);

7=

= sint

s yz =

e’y ¥3 = 2e ,

Gauss points

Lobatto points

|=

=
m

rate

15-2 2.0
96-3 2.0
34-6 4.0
4 .83-4
.86-4
.15-3
.76-8
8 .58-5 3.8
61-5 3.8
11-4 3.8
.12-9 6.0

1=

rate

o
o o o

k N E  rate

o~
P
()]
E— N - L R~
a o z .

42-9 5.9
83-9 5.9
42-9 5.9
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Next, we consider the effect of layers by running the problem (5.18)

with the initial values y(0) = (1,2,3)7, 2(0) = 1, with = 1078, Tnhree

types of meshes are used:

ul = a uniform mesh of 8 subintervals,
p2 = ul plus the mesh generated by (4.30), (4.31) with s = 1.-6, T = 15,
% = 2
u3 = ul plus the 3 mesh points 1.8¢, 3.6e, 8.24c. This is the layer-damping

mesh from fig. 3 (k = 4 for Lobatto).

Results are accumulated in table 5.2. Here, under "method" we list
the type of collocation scheme and the type of mesh used. For the error at
t = 1, the smooth solution was used as the exact one; thus the smallest
errors listed under "E" are polluted. The results with the mesh ul are as
expected: The Radau schemes perform rather well whereas the other ones do
not, because they do not damp the layer errors (of magnitude 1).

The experiments for the meshes of types u2 and u3 are recorded for the
Lobatto points only; the Gauss points give qualitatively the same results.
With the meshes of type u2 the errors at t = 1 for k = 3 and especially for
k = 2 are largely due to the approximation of the smooth curve, Note the
accuracy obtained witn the mesh u3 and k = 4. It is better than that for

k = 5 since the mesh is tailored for k = 4.
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Table 5.2: Problem (5.18), y(0) = (],2,3)T; e = 1.-8

Method

Gauss,ul

Radau,u1

Radau,ul

Radau,u1

Radau,ul

Radau,ul

Lobatto,ul

k

3

|=

E

1:0
1.0
1.0

.28-8
.23-1
.23-1
.47-1
.23-1
.68-5
.68-5
14-4
.68-5
.10-7
.10-7
.21-7
.10-7
.23-8
.23-8
.45-8
.23-8
.93-9
.93-9
.19-9
.93-9

1.0
1.0
1.0

.27-8

Method

Lobatto,u?2

Lobatto,u?2

Lobatto,u?

Lobatto,u?2

Lobatto,u3

Lobatto,u3

Lobatto,u3

N
590

35

19

15

11

11

11

jm

1842
12-2
232
122
.70-6
.29-6
.53-6
.264-6
.42-8
.35-7
.33-7
.23-8
.75-7
147
.16-7
.18-8
.24-1
.59-2
.59-2
.24-6
.87-5
.85-6
.85-6
.23-8
.98-4
.64-4
.64-4
.18-8
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6. BOUNDARY VALUE PROBLEMS

In this section we finally consider the BVP (1.1) - (1.3),

(6.1) ey’ = Apy + Ajpz + 1y

(6.2) z' = A21¥ + Azzf + f2

o

y ly
(6.3) BDHtO) + B]H(I) -
ZJ Z

assuming that the differential operator has a bounded inverse under (6.3),
independent of ¢. We also assume, as previously, that all the eigenvalues
of A]1 have nonzero real parts. Some of these real parts may be positive and
some negative; so we can expect boundary layers at both ends of the interval

and a smooth solution in between.

6.1 Convergence and layers

Consider the following two operators: splitting the problem (6.1) -
(6.3) as described in §2.3 and finding an approximate solution by one of the
collocation methods considered here. Clearly, the two commute; 1in fact,
we can write the general solution (Th,gh) of the collocation scheme applied
to (6.1) - (6.2) as

h h

_hh .. h h h h el h _ -1 h
(6.4) [ h{ W YW W Y e 3 W SE

L3
=

N



= B0 »

where the superscript h denotes the collocation approximation to the
corresponding quantity in (2.20), (2.21). The coefficients “?’”?I’“?II of
the Tinear combination in (6.4) are obtained upon substituting this into the

boundary conditions (6.3), yielding

h h _ zh, h _ h h h T
(6.5) A'el"=8" 0" = (nfangpangyy)

-

Now w? and (wg,zg) are approximations to smooth solutions, and theorems

5.1 and 5.2 apply to them as long as the numerical method is A-stable in both
directions of integration. This is the case for methods I and III, since
these collocation points are symmetric about 1/2. For NII and wIII we have
to deal additionally with stable initial value problems, one in t and the
other in 1 - t, with transition layers at 0 and at 1, respectively. If
sufficiently fine meshes are used in the layers then, by the results of §4.2,
NII and wIII can be approximated as accurately as desired. Hence Ah(e)
approximates A(e) and %h approximates é of (2.22), when h and 8 (the boundary
layer accuracy) are small. It follows that (Ah(e))-1 is uniformly bounded
for h and 6 sufficiently small, whence

oMo n = (ANe)) T LACe) - APGe))n + (8" - B

Thus we have established the following convergence result:

Theorem 6.1. For collocation methods of classes I and III, including Gauss
and Lobatto schemes but not Radau schemes, the results of §5 hold for the
BVP as well, with the Tayer treatment applied at the interval ends for J_ and

J,s respectively.
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Here we see the advantage of the symmetric schemes. With methods of
class II, collocation in the "wrong" direction, i.e. using the points
o5 = 1 - Pj for a very stiff IVP, is disastrously unstable. Thus, to use
these methods the transformation (2.10), (2.11) has to be carried out
explicitly (at each mesh point for the variable coefficient case). Then an
appropriately upwinded collocation scheme of class II can be applied to the
transformed system, as was suggested in Kreiss-Nichols [13], Ringhofer [17].

For the symmetric schemes we may want to find the eigenvalues of A11
(even in the variable coefficient case) just at t = 0 and at t = 1 in order

to define layer-damping meshes at the two ends. The higher order Lobatto

schemes are particularly recommended.

6.2 Conditioning and scaling

Here we derive a bound for the maximum norm condition number of a row
scaled version of the collocation equations for (6.1) - (6.3). For brevity
we only consider Lobatto points, but all the results are easily extended to

any A-stable, symmetric scheme.
We present the analysis for a mesh with uniform steps of size O(e) in

the layers and a coarse mesh in between. Specifically, we use:

(0), (0) . £(0) _(0)

on [O,T(O)a]: hi = h(O) = e/C{O), i=T1,...,N s

on (1{0e,1-7Mer: n, > e A1/, 4 = MO, nan(),
on 11-TMe 170 n, = 001 = erelT), 5 = e, ng a2 100 1))
see fig. 6.
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index of meshpoint 1 N£2)+1 N-n{T 4 N
1 (/s L " (4 i (f p— | >
t: 1' /) ﬁ o IT 7 'E
index of meshspacing h] hN(0)+1 hN-N(]) hN-N(1)+1 hN
Fiqure 6: The mesh

We assume, as in §4.4, that e<< h<hy <h, N(O) +1<i<N- N(1) and

Tet N_ = N - D) p(0)

The essentially row equilibrated form of the collocation system we

consider is

Yi37Y54 k|
(6.6) =% QZI 850 (A11¥ip + AgZip) = pyj

K .
(6.7)  z45 -2, - hy 221 350 (Ao1¥ig * AgpZiy) = G55
N YN+
(6.8) BO , + B.[ , N %
1 Z\41

We write this system in compact form as

’

N h

n

(6.9) LD =1
z L

21

Our aim is to provide a sharp bound on

B

h

L

L

h
12

h
22

\

t
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(6.10) XM = 11 .
Theorem 6.2. The condition number of (6.6) - (6.8) satisfies

(6.11) %t < ct1 + max(c{®,c{ 1) an(r{®4 1))y 4 niep 140k Ty

where the constant c is independent of ¢ and the mesh.

Remarks
(1) In the usual case e << h and CEO), 051), T(O), T(1) are moderate constants.
Then the condition number is O(N), which is as good as can be expected.
(ii) In practice an explicit equilibration like (6.6) - (6.8) is unnecessary
if Gauss elimination with scaled partial pivoting is used. This is the
technique used in the package SOLVEBLOK (de Boor-Weiss [5]), which is
used in the examples here as well as in COLSYS [2]. We conclude that

the discretized collocation equations are safely solved in this way.

Proof. For the analysis we can assume that AZ] = 0, so that LE] =0 in (6.9),
and that A, is diagonal, as given in (2.18). It is clear that

(6.12) ]|th| <cq (1 4 max(CEo),C£1})) ¢y = const,

so we have left to consider (Lh)']. First we treat the slow components zh.

We derive a useful representation for the general solution of ngzh = qh.

Define

) [ I ) mxm
(6.13)  Zg ={Zy5%, 3 = Theunsks 1= 1o N 2437 e R
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by

(6.14) ngzg =0, z(8) = 1

i.e. 22 is the collocation approximation to the fundamental solution matrix

Zs(t) defined by
(6.15) dt yA (t) = A Z (t), Zs(ts) =

From Russell [18],

k+1
(6.16)  |124(ty5) - 21| < cpf c, = const.

Since 2y = 24y % 24y for Lobatto points, we have from (6.7) (with Aoy = 0)

-

_ ) T
(617)  2y5 = 24y *+ NiBsZiy Gy * 0G50 95 = (Qgpeeeealy) s

where the matrices Bij’ Cij satisfy IIBijll, ||Cij]| < €5 = const. In

particular we have for j = k

Zo = Zioy ot MBaionk * Gik t MiCikds

Hence, by superposition, the general solution of (6.7) can be written as

_ (1) s+1) A i}

(6.18) Eij - Z1J -I ; Z (q hscskSS) % 13 h1c13q1 =
= MMy P, nye R
e 3 1 e | ;
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For later use we split the particular solution z?j as

P .=
(6.19) 234 = ugs * vy
where
_ (s+1

and vy i is the rest. Clearly

(6.21) [[vh|| 5_c4|]qh[|, ¢, = const.

h h
(6.22) ||zp|f g_clelq [, ¢y = const.

We now turn to the fast components. We write the general solution of

the system

(6.23) L?]yh + L?zzh = ph

as

h
(6.24) y" =Y .
"I11 P

where Yh is the appropriate matrix solution of L?th = 0 and

h h h _h h
(6.25) LT]y * L]ZZ =p,
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with the initial or terminal value of each component of yg specified as
zero, depending on the sign of the real part of the relevant eigenvalue of
All (which we assumed to be diagonal). Since (6.25) consists of n scalar

equations for yB, it suffices to consider one such equation

g k . k
e Sk & - A
(6.26) € 221 335,M4g EZT 35,95 * Py
where 93 is the relevant component of A1zzgj, pij is the relevant component
of pij’ and where we omit the index p on the yij's. We assume that in (6.26)
we have re(x) < 0, so that the initial condition ¥ = 0 is appropriate. We
now have to consider separately the three intervals [O,T(O)e], [T(O)a,1-T(1)a],

-1 11,

I The interval [O,T(O)s]: From (6.26) it follows immediately that

(0)
|y1+]] E.[y1] 4+ D z C6(||9h|[ + |[Phl|), i= 1,...,N(O); cg = const.,

whence

(6.27) ygsl <701+ 1D 5= 1k 1= 1,0 N0 ) = const

I1. The interval [T(O)e,1-T(1)e]: We consider the two parts of the right

hand side in (6.26) separately, but denote the solution by Yij in each

case.
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k
Part 1: - )
R:

nggia. As in the proof of theorem 5.2 we obtain
1

1

€

% g yv=1, € = 1 el S
(6.28)  y; = (g 1-A) Ggps TH2dyy + gy CA A ) (Agyragy)

~ i
The last component of this equation is

_ 1 k e s s
Yirp = Y(850Y5 = 309549 0+ (10705 4) + TGRS CA ) (Rgy*ag; )T

The solution to this recursion is

i-1 . 1‘51 i-2 : K
6.29 .= i 4 - [ 1 ylz,,4)1(g. +(-1 . q) *
izl i=-2 1
£ £ ) 0T y(z, . )N TR (Rg.tagad,s 4= MO, onen(T),
2% gonl0)47 gmg  BFVH = -1k

Corresponding to the three terms of the right hand side of this equation we

write ¥y = yg]) + yEZ) + y$3). Clearly

1
1 < 1y (o).
Ll (0) (1)
(6.30) i=N"41,.0..,N=N
[y§3)| <cge Df1Nc1|gh|| c, = const.
For y(z) we have to distinguish between the cases when k is odd and k is even.

i

Case 1: k is odd. Then by (6.16), (6.20), (6.21)



=i BB
N
k+1 h k+1
19541,1793,1 = g szilhg+h M| < cg(+mn ) 1] ¢4 = const.

whence

2 k+1 y 0 1

(6.31) |y$ )|'ic10NC(1 + 11", i= Ny, ), ¢yp = const.
Case 2: k is even. We write

I AT AR pel T 1 el T 40}

- [n1 y(c 1(g. +g. = = [T y(z Jyizs)+l)g., +

1 i=-2 : \ 1
tal B vlg 01900 + = 9
A _Q,:N{O)-i-] 2+ d ’-I-'I ,'l A 191

Since for large |z],

v(z) & -1 + const-z”!

we obtain

I < eqpten ™) 1" ], 1 = N O, v (), ¢y = const.,
whence, using (6.22),
. . (0 1
(6.32) |y§2’| 5_c12N(ag_1Nc+1)||qh||, i= N4, (), ¢, = const.

This concludes case 2 and hence part 1.
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Part 2: p Here we consider the contribution of Pi; in (6.26). This is

13"
just the case considered in §4.4 and as in (4.41) we obtain

(6.33) |yij| 5_c]3Nc]|ph||, i= N(0)+1,...,N-N(1); ¢y5 = const.

Now, combining the estimates (6.30), (6.31), (6.32), (6.33) and using
(6.22) and (6.28) we finally obtain for the intermediate interval
=1 k+1 h h ;
(6.34) |yl icm{lyNOﬂ]N(eﬂ N AT ] [N TR s = 150k,
is= N(O)+1,...,N-N(1), Ca ® const.

III. The interval []-T(1)a,1]: This is easy. As in the first interval

we obtain

(1) h h :
(6.35)  lyysl = cilyy gl * T QI+ 1R, 3= 1k,
i= N-N(])+1,...,N; Ci5 = const.

h

b of (6.24): combining

Thus, we have concluded our estimates for y

(6.22), (6.27), (6.34) and (6.35) we obtain
(6.36)  1IyhI1 < cqgt (MOt 1" 141107 1) + (en™ I #1400 ) 1M | +
+ Ncllphll} Cig = const.

We have then dealt with the particular solution. The general solution

of (6.6), (6.7) is
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: 9 o B
(6.37) wl = | plop ® 1.k
z Z 0 "I zp
and a comparison with (6.4) yields
h
0 Y
< i =yl yh
| =g = (Wppsypg)
L 0]

The concrete values of Nys Nype Ny are determined by substituting (6.37)

into (6.8), which leads to the linear system

p p
h (v IN+1 .
Wkedn = § = By lra "Bl p |3 0 pnpnny)
5 N+

since |[(A"(e))7']| < ¢y7» gy = const, this implies that
)h

P
(6.38) ]Iull < C-]8(]l ?ll + zh ) s c-|8 = const.
P

and the result (6.11) finally follows from (6.38), (6.37), (6.22), (6.36) and

(6.12). This completes the proof of Theorem 6.2.

QED

6.3 Example

The example presented here is from Flaherty -0'Malley [8]. Consider
(6.39) wy'' +ey' -y=0

(6.40) y(0) =1, y(1) = %,
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with ¢ and y small parameters. The behaviour of the asymptotic solution

depends on whether i% tends to 0,1 or = as ¢ » 0, but in all of these cases
E
boundary layers at both ends are present, connecting the boundary values to

the reduced solution Yp = 0. Here we consider the case u = ez.

Rewriting (6.39) as a first order system as in Kreiss-Nichols [13],

we get
(6-41) EY'i = '.V'I + .Yz
(6.42) &Yy = ¥y

subject to (6.40). Thus there are no slow components present, and the eigen-
values of A]] are A_ = = %-—-%? <0and A, = - %—+ %? > 0.

First, we perform some calculations for e = 1.-8 on a uniform mesh of 8
subintervals. As expected, using the Radau points produces large instabilities,
both for this mesh and for all other meshes tried! For the Gauss and Lobatto
points the resulting nodal values of y, are on the straight 1ine joining the
boundary values (cf. Hemker [11, p. 86]) while those of y, are 4 or 5 orders

of magnitude larger, indicating large oscillations of the collocation solution

in between the mesh points.

4,64¢
=)

Next, to the uniform mesh above we add the mesh points 2.87-8 (%
4.64¢
Ay
with k = 2,3 and 4 the errors at t = .5 are (.14, .13-1), (.91-4, .12-3) and

and ,999999925 (¥ 1 - ), obtained using table 3.1. For the Gauss points

(.15-1, .20-2), respectively. The same errors are obtained for the Lobatto
points for k = 3,4 and 5, respectively. Our point concerning layer-damping

meshes is clearly demonstrated.
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