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ABSTRACT

In this paper we are concerned with second order schemes which are
easy to use, and apply readily to nonlinear equations. We examine the
stability restrictions for such schemes using linear stability analysis,

and illustrate their behaviour on Burgers' equation.
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1. Introduction

We take as our standard equation

u, = ovu o+ f(u,ux) (1.1)
in the region 0 < x < 1, 0 < t with u(x,0), u(0,t), u(l,t) prescribed. We
take v to be a constant and f(u,ux) a smooth nonlinear function of u and Us
and assume the equation has a unique solution. Throughout the discussion,
we shall treat (1.1) as a scalar equation, but extensions to systems of
equations (and variable v) are easily made. The corresponding linear model

equation for stability analysis is
u_ = vu - cu (1.2)

with constants v and c.
We assume the usual Ax, At mesh in x and t, and denote the finite
difference solution v(jAx,nAt) by v?. We shall use the fairly general three-

level scheme

=vwD D (v.) + f(v.,D.Vv.). 1.3
v+~(J) (vJOJ) (1.3)

Here a,B,y are constants, Qj,ﬁj,ﬁj denote (possibly different) linear combina-

tions of Vj-l’vj’vj+1’ and

V. - V. V. - 2V, + V.,
Do(v;) = Lorms®— .. DD (v = L L. -
. (Ax)




This scheme includes many of the second-order schemes in current use; it
does not, however, include Keller's box scheme [9], or the recently proposed
fourth-order schemes for fluid dynamics [2] and [8].

For (1.3) to be second order in both x and t, we need

n+l n n-1
au, + Bu. + yu.
| ]

At

= u, (jAx,nAt + 6At) + 0((at)?)
for some -1 < 8 < 1 and as well,

A = o~ i 2

u.,u.,uj = u(jAx,nAt + 6At) + 0(Ax)".

0f course, the use of the specific spatial difference operators in
(1.3) immediately imposes a restriction on Ax. For the linear equation (1.2)
in steady state, vu - cu = 0 and boundary conditions u(0) = 0, u(l) =1,

the solution is

Jlex

u(x) = oy .

5]

The difference equation is vD+D_(vj) - cDO(vj) = 0, vy = 0, v. = 1, with
solution
1+a.j
(l_a) -1
Vj - J+a.n
cl_a) -1
where Ax = 1/n and a = Eéeil . Thus Vj v u(jax) only if it: g=eza and for

this we need (at least) a < 1 or



AX < 3%% . (1.4)

This restriction (which comes from accuracy considerations, not stability) is
well-known, and has led to other schemes being proposed for equations where
v is small (see for example Hemker [6] and Kellogg and Tsan [10]).

In what follows, we shall examine the stability restrictions on Ax and
At imposed by specific choices of parameters in the general scheme (1.3).
Fully implicit schemes will be discussed in Section 2; then in Section 3 we
examine the effect of linearizing the nonlinear part using extrapolation.
In Section 4 we describe other linearizations which work well in special cases.
Finally in Section 5 we apply these schemes, and illustrate the effect of the

stability restrictions, on Burgers' equation.

2. Fully Implicit Schemes

The basic scheme is

(e+%)v?*1-zev?+(e-%)v?‘1

At

= vD+D_(vj) * f(vj,D vj) (2.1)
with §j = ev?+l + (l—e)v?. For any 6, -1 < 6 < 1, this scheme has second
order truncation error in x and t, applied to (1.1) centered at the point
(xn,tn + 6(At)). From an accuracy point of view, it makes little difference
which 6 is chosen; stability considerations however do limit the effective

range of 6 (see below). Well-known special cases of this scheme are:



(a) Crank-Nicolson (6 = 2):
n+l n n+l n n+l n n+l n
vV, -V, v, +vj Vj +vj Vj fjj
®) Gear (8 = 1):
3 n+l n , n-1
= v, =2V.+3V,
2 3 j J N n+l n+1 n+l
TT = vD+D_(vj ) + f(vj ’DOYj ) [ (2.3

We refer to the second as Gear because of the connection with the second-
order backward differentiation formula popularized by Gear [5].

The basic stability questions are answered by the following theorem.

Theorem 2.1: On the linear problem (1.2), the scheme (2.1) is unconditionally

stable for all v and c, if 2 < 6 < 1.

Proof: The amplification matrix has eigenvalues k(£) satisfying
(6 + % + 82)k2 - (20 - (1-8)z)k + 6 - % = 0 (2.4)

where z = 4v) sinz(g/Z) + icn sin £, X = At/(A#)z, n = At/Ax, and IEI < .
Notice Re z > 0. Since we want unconditional stability, we need to show
lk(g)| < 1 for all z = w + iy in the right half-plane. That 6 > % is
necessary is easily seen by taking z + «: one root |K2| - Ilégﬂ < 1 only if
6 > 3.

For sufficiency, we use the Schur-Cohn criterion (Henrici [7, page 474]).

K2 + a.k + a, = 0, both roots are

If the quadratic (2.4) is expressed as a 1 0

2



inside the wnit circle if
2 .
8, = lapl™ = Ja,|” <0
_— [8ge; = aya, | < I5,].
Using z = w + iy, we have

5, = (26 + (0+26%)w + 62 (Wory2))

so ‘that -§, '< 0 for all ® >0 if'w >'0. :After ‘Some manipulatien, the :second

1
inequality reduces to

D < dow + B82420-1)u% + (40746220 w(wiey?) + (205202 i(woeyD) 2

which holds for w > 0°if 6 > 4. TForw = 0, we ‘get equality (which meansone
root ]Kll = 1) for all 6 when y'= 0 (this is the consistency condition) and
as well for all y, when w = 0 and 6 = %.‘Since 4t most omne -root lK1]==“1,

this (von Neumann) condition is sufficient as well as necessary for stability.

QJE.D.

It is also interesting to note that as v » 0, the model equation (1.2)
becomes the model hyperbolic equation with no decay in the solution; the
only difference scheme of type (2.1) which carries over this property is
Crank-Nicolson (8 = 3). For 6 > %, all |k(E)| < 1 even for w = 0 so there-is

attenuation of all Fourier components of the solution.



Although this fully implicit scheme has nice stability properties,
discretization of the nonlinear equation (1.1) leads to a nonlinear algebraic
system to be solved at each timestep. This necessitates some kind of itera-
tive procedure (such as a Newton iteration) with perhaps several iterations
if an approximate Jacobian is used, and thus a large amount of computation
per iteration. Thus some form of linearization of the scheme (2.1) is of

interest.

3. Linearization by Extrapolation

This was first proposed for the Crank-Nicolson scheme by Lees [12].

The general ¢-scheme (3 < 6 < 1) is

(e+%)V?+1—Zev?+(e—%)V?'l ) o
el = uD+D_(vj) + f(vj,DOvj) (3.1)
where v. = evI.H1 + (l-e)v? and ¥, = v + e(v?-vv-l) Again the special cases
j j j i~V 373 &
of interest are:
(a) extrapolated Crank-Nicolson (p=%):
n+1 n+l n
VJ —vJ vj +V, . .
T =yD D (———E——la + f(vj’DOVj) (3.2)
Vo, o g =
B R

(b) extrapolated Gear (6=1):

§_Vn+1_2vn+%vn—l
2 j j g n+l ~ ~
E) = \)D+D_(vj ) + f(vj,Dovj) (3.3)
§. = 2v" = v?_l.
J ) J



Again we wish to examine stability for the linear problem u, = ovu, - cu.
Notice that as ¢ -~ 0, we tend to the same scheme as in the previous section;
whereas as v + 0, we tend to an explicit scheme, so there is no chance for

unconditional stability. The most we can expect is that the scheme be stable

if cn < 1 for example. Again n = At/Ak, A At/(Ax)z. However the results

are somewhat surprising:

Theorem 3.1: On the hyperbolic problem u,

(3.1) is unstable for all n and all 6 > 0.

-cu,, the extrapolation scheme

Proof: The eigenvalues k(£) of the amplification matrix satisfy
(0+3)k% - (26 + (148)iy)k + (8 - % + Biy) = 0
with y = cn sin §. Expanding Kl(y) for small y gives
2 8.3 8% o 1.4
Kl(Y) = 1+ iy - 3y” + iy  + (—57- = gay + cee
and thus
IKl(y)l2 =1+ (62 + 6/2)y4 + .00 > 1

so the scheme is unstable for all 6 > 0 and all n. Q.E.D.

Thus for small v, the extrapolation scheme will be unstable,



However the scheme may still be of interest: recall that we needed
Ax < 2v/c to get a reasonable approximation to the steady-state solution of
(1.2). Perhaps the stability restriction here may be comparable. So we
now ask: how small can we take v before some [k (£)| > 1? The k(£) satisfy

the quadratic
(e+é)K2 - 26k + (06-%) = -kvA(Bk+1-06)4 sin2(£/2) + cn((1+8)k - 8)1 sin E.

This is somewhat simplified by introducing d = cn , g = vA, w = 4 sinz(g/Z),

and y = sin £ (so y2 =W - w2/4); this gives

(6+%+gew)K2 - (26-(1-8)gw+(1+6)idy)x + (0-3+idey) = O. (3.4)

Clearly, for g large and d small (so the diffusion term dominates) all roots
are inside the unit circle; and for g small and d large, we have some roots
outside the unit circle. Thus we can phrase our stability question as
follows: given d, for what values of g, g > g(d), are all roots ]K(E)I £1

for |g| <m (or 0 < w < 4)?

Theorem 3.2: The roots of (3.4), IK(E)[ < 1 for |£| <mif g 3_(~—§§9———Jd2.
207+26-1

Proof: Again applying the Schur-Cohn criterion, we need the following

conditions, expressed as polynomials in w:
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. . 2 2. .2 2
(i) -al(w) = g[2 + (g+20g-6d")w + 6(g"+d"/4)w"] > 0 for 0 <.w < 4

(11)  8,(w) = 4og + [g(80%+20-1) + 20(207-40-1)gd” + 0% (1+20)d"]w

+ o[2g5(20%+20-1) + (3+20-62)gd® - 60g%d® + 8(1;28) ]

.2 N JLICp
- e’[a-20)g" - 5 %% + (T

)d ] > 0 for 0 < w < 4,

The first condition is quite easily dealt with: the quadratic has no positive
roots w if all coefficients are mon-negative, i.e. if g 3;(TIgEJd2 = ridz‘
This is a rather weak estimate,.but sufficiemnt here because of what follows.
The second condition appears rather formidable, and it is not enough to merely
consider non-negativity of the coefficients. To see the order of magnitude

of the relationship between g and d, we can rewrite Gzﬁw} by collecting the

g and d ferms separately; this gives
| §,(w) = g[4e + (862+20-1) (wg) + 29(292+zé-1)ew~g)ﬁ2 + 9%(20-1) (wg)’]
+ 2 ww-4)gd’ (3wg-207+40+1) - o’ (1+20) G220) ()%
Completing the square on the terms involving d gives 62(w) > 0 when

/Togw p(aw) - we(3ewg-202+40+1) > 8(1+20) (1 - FIwd’

where p(gw) = e(ez+2)(gw)3 + 26(62+e+1)(gw)2 + (63+6e+2)(gw) + 1. For large d,

if ws= 0(1/d2), this can only happen if wg = 0(1) or g = 0(d™) ) We emphasize
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this because it is rather surprising: one might expect g = 0(d) would be
sufficient.
With this in mind, we now express Gz(w) as a polynomial in g:

5,(0) = gt w362 (26-1)) + g3 (2w20(20%+26-1)) + g2((86%+26-1)w - (4-w)§wzezd2)

62 (1+26)

- win-432a®, (3.5)

+g(48-3wd” (4-w) (1+46-26%)) -

Thus w6, (w) > 0220-1) wg)* + 20(20%+20-1) (wg) > + (86%+20-1-66%wd?) (wg)?

v 2002 - (1+46-262)wd?) (wg) - 62 (1+20)w2d?.

Now set r = g/d2 and s = wg; then the right hand side above is

2
67 (20-1)s* + 20(20%+26-1-2s% + (80%+20-1-Z2(1+40-267) - 9~l%§3¥£hsz + 40s.

¥
This has no positive roots (in s) and hence 62(w) > 0 if all coefficients are
non-negative: for this we need

30 _ _(1+20) -
B b mppere s rz(e) and r > = r3(e).

267+26-1 2/6(0%+60+2) - (1+46-26%)

For 3 < 6 <1, r,(8) > r,(8), r.(6), so we finally obtain le(8)] <1 if

g > r,(0)d. Q.E.D.



e B} =

We remark that this is only a sufficient condition, and that better bounds
for r may be obtained for specific values of 9.
Expressing this result in turns of Ax, At, v, and c, we find that

g 3_rd2 means
&t 1 —25-. _ (3.6)

This is a rather unusual stability condition; the more expected result
g>rd would translate into Ax :_;%—, a condition similar to (1.4). However

recall 'that we really needed g = O(dz) for d large; 'if we assume
d=scn=—c3—=<1, (3.7)

which is reasonable in any case because of the explicitness of the hyperbolic

difference approximation; our stability condition (3.6) becomes
Ax & =2 3 (3.8)

Again we mention that the value of r can be improved from r = rz(e)
for fixed values of 6 and d. For exanplé 6 = 1 gives rz(e) = 1 so the stabi-
lity condition is Ax < v/c. However using (3.5) directly with d = 1 gives
lk(g)| < 1 precisely for r > %, the same condition as (1.4). For 6 = %,
rz(e) = 3 but using (3.5) directly with d = 1 gives [K(E)I % 1 forr 3_r0,
where % < T, < 1

These results are borne out by numerical experiments: we give in

Table 1 results on the linear equation u, = vu - cu with steady-state
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e(c/v)x

ec/v -1

solution, for Crank-Nicolson, Gear, and their extrapolated versions.

solution u(x) = =

The numbers given refer to errors from this
The
fourth row illustrates the different stability limits for 6 = % and 6 = 1.

The errors in the last two cases are large because of the rapid change in

the steady-state solution.

TABLE 1
Ax At v c CN EXCN GEAR EXGEAR
0.1 | 0.1 1 1 1074 1074 1074 1074
0.1 0.1 1 10 .034 o .034 o
0.1 0.1 0.1 1 .034 .034 .034 ..034
0.1 0.1 10 10 1074 o 1074 1074
0.05 0.05 .01 1 0.43 © 0.43 ®
0.05 0.05 .02 1 0.2 0.2 0.2 0,2
We also give results for v = 0, ¢ = 1 using a periodic initial condi-

tion u(x,0) - see Table 2.

TABLE 2
% At CN EXCN

te1 b5 £=20 il B £=20
0.1 | 0.09 0.12  0.38 0.38  10°
0.05s | 0,021 | 0.11  0.09 0.33 0.08 0.29 10°
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4. Other Linearizations

Here we discuss two other alternatives to the fully implicit scheme
(2.1). The first is something of a compromise between (2.1) and the extra-

polated scheme (3.1), which we call the linearized scheme:

(e+é)v?+1;2ev?+(e-%)v?-l _ . _
X = VD+D_(Vj) + f(vj,Dovj) (4.1)
where again Qj = ev?+1 + (l—e)v?, Qj = v? + B(V?-V?;l). The special cases are

(a) 1linearized Crank-Nicolson (6=%):

n+l n n+l n n+l n

V. - V., V. +V ., e V. -V .

-L-A-t—l= vD+D_(—J-_2_J-) + £(¥,,D (-LZ-J-)) (4.2)
¥ = 292 o % -l
i 27 3’

(b) 1linearized Gear (6=1):

3 n+l n n-1
= V. =2V, + 3V,
2] j d .. - n+1 - n+1
i E vD+D_(vj ) + f(vn,DOvj ) (4.3)
b, = 2y o WL
J
Applied to the linear equation W, = VAL = GO, this scheme is identi-

cal to the fully implicit scheme (2.1), so this scheme is unconditionally
stable for 6 > 3. Moreover (4.1) leads to a linear algebraic system for V?+l
provided f(u,ux) is linear in u, . If this is the case, this scheme has all

the advantages and none of the disadvantages of the fully implicit scheme (2.1),
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and we recommend its use. Such is the case with Burgers' equation for
example which we discuss in the next section.

The second alternative is the averaging scheme of Lees [11]:

n+1l n-1 n+l n n-1
V. - V. v +V.+V,

(. J ] n n
5(AT) vD+D_( 3 ) + f(vj,Dovj). (4.4)

Although this fits the general model (1.3), it is not a direct linearization
of (2.1) and has no f-generalization. It is second ordér, centred at (xj,tn),

and we refer to it as the averaged Crank-Nicolson method. The linear stabi-

lity analysis is straightforward: applied to the equation b, = VR --Bl,
notice first of all that for v - 0, the scheme tends to the well-known leap-
frog scheme for u, = -cu, which is stable for cn = c%%— <1l. For v #£0,

the eigenvalues «(g) of the amplification matrix satisfy the quadratic

(1+0)” + (wriy)e + (w-1) = 0 (4.5)
p
where w = %—vxsinz(E/Z) and y = 2¢n sin £. It is easily seen that the above
condition (cn < 1) guarantees stability for all v.

However, there is a new problem with this scheme, which often appears
in schemes which use averaging over two or more time-levels: the parasitic
solution (arising from KZ(E) rather than Kl(E)), although stable, can domi-
nate the numerical solution, leading to improper decay for a diffusion-
dependent problem and separation of the numerical solution at alternate time-
steps. This effect can be most easily seen for the pure diffusion problem

U= vu g (4.5) reduces to



= 15 s
2
(1+w)k” + we + (w-1) = 0.

For w = 0, Ky = 1 and Ky = -1 so the parasitic solution is just as large;

for small w,

where z = mzv(At) which gives the paper decay rateA(recall £ = w(Ax)).
However,
2

Ky=-l+7-g

B n _a-2/3
2~ =

L

and hence this solution dominates, and gives an improper decay rate. Because
of the negative sign, the parasitic solution will alternate sign at each time
step, leading to separation of the numerical solution into two very different
solutions on alternate timesteps. This effect is illustrated in Table 3, where
we give the errors in the numerical solution to u, = vuxx, u(x,0) = sin mx,
using CN and this scheme, AVGCN. All errors are absolute errors; in all

cases CN gave the right order of magnitude for the (possibly rapidly) decaying

solution, but AVGCN did not.



= 16 -

TABLE 3
error on first step| error att =1 comments

ax | at | v cN | Aveew CN AVGCN

a a1 .01 076 |.3 x107%| .002 | separation

.05 | .o5| 1 .0034 018 |.9 x 10°°| .0003 | separation

a d.al s .003 5B 3 x 107°| .012 | poor decay

.05 | .05| s .002 .30 1g18 107 | poor decay

We should add however, that this scheme does not always perform badly;
for example as shown in the next section, it performs well on Burgers' equa-
tion, especially when the dominant part of the solution is governed by the

hyperbolic terms. Nevertheless, it clearly must be used with care.

5. A Numerical Example: Burgers' Equation

We present two examples of Burgers' equation

u, = vu - uu 0

¢ - - <X <1, . (5.1)

The first is the exact solution given by Whitham [13, Chapter 4] and also used

by Fong [3] of one shock overtaking another for v small:

9 *2
u(x,t) =1 - 0.9 T 0.5 T T
17273 L5208



- 1T =

B x-0.5 99t B x-0.5 3t _ x-3/8
where rl o exp('( 20v ) = 400\J)’ I‘2 - exP(‘( 4v ) - 16\))’ r3 = exP("( 2v ))'

We are not so much interested in accuracy as in the effects of the stability
restrictions on the numerical solution. We present in Table 4 the errors

using linearized CN (4.2), which gave the same results as the fully implicit
CN df (2.2), extrapolated CN (3.2), and the averaged CN (4.4). Results for

other values of 8 (notably 6 = 1) were very similar.

TABLE 4
error at t =1 error at t = 5
v | ax | at | LINCN | EXTCN | AVGCN LINCN | EXTCN AVGCN
1 | .1 ] .1 | .oois | .o0oz6 | .0014 | .42x107° |.18x107° | .67x107%
o1 .1 ] 1| .63 .76 .76 62%10™% % ¥
01 | .05 | .02| .16 12 13 10743 ] 10713 1077
The large errors for v = .01 are of course due to the difficulty of

fitting the shock with only a few points in x. Despite this, the results are
surprisingly similar, except that EXTCN blows up when its stability condition
(3.6) is violated. Similarly AVGCN blows up because we violate its stability
limit |u %&J < 1 whenever u > 1; when At was reset to .05, the error was
.0028.

The second example of (5.1) is with the initial condition u(x,0) = sin 7x,
discussed in Ames [1, page 87]. For v » 0, the solution (see Whitham [13,

Chapter 4]) is given by
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u(x,t) = sin(w * E(x,t))

where E(x,t) is the (unique) solution to

This solution develops a discontinuity at x = 1 for t > 1/7: u(1l,t) = 0,

yet for any fixed t > 1/m, u(x,t) -+ sin £ as x + 1, where £ is the root of

1-8
T

sin mE = This root £ + 0 as t > » so the solution ultimately decays
to zero.

The presence of this discontinuity causes an interesting phenomenon
in the numerical solution: the solution is good for most of the x-interval
(0 < x < 1) but a large spike develops at the last interior x-point(x = 1 - Ax),
grows in time, and finally shrinks. This characteristic is common to all the
methods; for very small v there is some additional smaller oscillation in x.

In Table 5 we give the numerical solution at x = 0.9 for Ax = At = 0.1

for various time-values.
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TABLE 5
v=.01 t=.4 |[t=.6 [t=.8 |[t=1.0 | t=2.0 | t=5.0 | t=10.0
AVGCN
LINCN 1.0 1.9 2,1 202 1.5 0.2
EXTCN
v=.001
AVGCN 1.30: [ 2.57 1.92 2.60 oo’ © ©
LINCN 0.94 2.06 | 2.84 3.10 3.34 5428 400
EXTCN 0.91 | 2.8 | 2.79 | 2.95 3.35 2.93 ®
LIN GEAR 0.78 | 1.63 | 2.46 | 2.92 3.33 3.28 2.59

For v = .01, all methods behaved very similarly. For v = .001, the
AVGCN blew up because its stability condition |u %§| < 1 was eventually
violated, and a similar thing happened with EXTCN. As well, however, LINCN
grew enormously for t = 10, and this cannot be accounted for by linear
stability analysis. We believe it is another example of a nonlinear stability
for this scheme (for another more extensive example see Fornberg [4]). Notice

as well that the instability was not present using the Gear scheme.
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