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ABSTRACT

It is shown that, in the author's theory of programmable machines, the com-
position of functions computable by programs is in some important cases computable
by a program constructed to use the given programs as coroutines. To i1llustrate
the utility of this result, a characterization of the full AFLs in terms of pro-
grammable machines 1s established with its help.
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0. Introduction.

Presentation of the theory of computation as a theory of programmable ma-
chines has the advantage of diminishing the distance between theoretical and
practical work concerned with programming principles and their application. It
seems clear that such presentation appeals directly to programming experience, so
that mastery of its techinques and results by practical workers is not unduly im-
peded by irrelevant technicalities. Furthermore, such presentation affords theo-

retical workers direct access to the wisdom embodied in programming techniques.

This paper presents an extremely useful technical theorem concerning the
composition of functions computable on programmable machines, together with a
proof which, being based on the idea of coroutines, illustrates the application
of programming experience in the development of theory. To illustrate the use-
fullness of the theorem itself, a characterization of the full AFLs in terms of

programmable machines is here established with its help.

The following notation is used here: Card X denotes the cardinality of
the set X . X\Y denotes the difference {xeX|x¢Y}. [] denotes the empty set, 1
the set {0} and 2 the set {0,1} (when convenient), and I} the set {0,1,2...} of

natural numbers.

Members of cartesian products are expressed as ordered tuples or as functions
defined on an index set, according to convenience. However, it is assumed that
cartesian products are defined by a universal construction, so that, for example,

cartesian product as an operation on sets 1s associative and commutative.

X+Y denotes the disjoint union of sets X and Y , similarly assumed to be
defined by a universal construction. Members of X+Y are usually expressed as 1if

they were members of XuY, with XnY=[].
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"Function' here means "partial function". Specifically, f:X»Y means that f£
is a function (single~valued relation) defined for some elements of the set X
and taking values in Y, domf={x|y=f(x) for some yeY}. ranf={y|y=f(x) for some
xeX}. As usualy, the barred arrow specifies a function by its action on an ele-
ment. f:xky means (in the proper context) y=f(x). If X is a set, Idx denotes

the identity relation (or function) on X .

o denotes composition of (partial) functions, and is always defined.
z=[gof](x) 1f and only if there is some y such that y=f(x) and z=g(y). Thus

dom(gof)={x|f(x)sdomg} and.ran(g°f)={g(y)lyeranf}.

If A is a set, then A* denotes the set of strings over A as alphabet
(the free monoid generated by A ). <> is the empty string (the identity of A%*),
A+ is the set of nonempty strings over A . For xeA*, |x| is the length of x .

(|x|=0 if and only if x=<>.)
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1. Coroutines compute compositions.

The idea behind the above aphorism is presented in Knuth (1975) as "an im-
portant relation between coroutines and multiple-pass algorithms'. The heart of
it is this: Given two programs which compute functions by accepting input and
producing output, one can construct a program of the following form to compute
the composition of the functions: Invoke the first given program (as a subrou-
tine), storing output as it is produced; then invoke the second given program,
using the previously stored output as input. The resulting program implements a
two-pass algorithm for the composition. If both the first-pass storing and
second-pass retrieving are sequential, then there is an equivalent one-pass al-

gorithm which can be implemented using the given programs as coroutines.

This idea can be presented quite explicitly in the theory of programmable
machines outlined in Baker (1977). The theorem which embodies it (1.17 here) has
considerable technical utility in that theory. In addition, that theorem and its
proof indicate a potentially important and somewhat novel attitude toward the role

of formal languages in the theory of computation.

For the most part, the theory of computation is considered to provide models
for the external behavior of programs or systems. That is, it 1s applied to ques-

tions of the form what functions are computable (with given resources or tech-

niques), and at what cost? -- it inquires into the nature of computing processes

through their effects. With respect to the theory as a source for external mo-
dels of computation, formal languages have been useful in two ways: The member-
ship problem for languages in certain families has been a touchstone for compari-
son of computing resources; and some particularly important real-world computing
activities, namely the translation or interpretation of programming and natural

languages, have been guided in their development by theoretical models of lan-
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guage processing.

If, on the other hand, it is considered suitable that the theory of computa-
tion provide models for internal structure of programs or systems-—-their decompo-~
sition into distinct computing processes or agents, in particular--, then formal
languages may have a further significance: A particular decomposition of a pro-
gram or system is somehow characterized by the language comprising the sequences
of communications between its distinct parts which occur or can occur during
computations. (Such a language is a formal language in the usual sense--a set of
strings over a finite alphabet--because buffers and channels have finite capacity

in practice, so that each single communication is chosen from a finite set.)

The quest for models of internal structure is supported by presentation of
the theory of computing as a theory of programmable machines, particularly by the
inclusion of a notion of product of devices (1.06 here), and the attitude toward
formal languages just described is pretty clearly represented, in connection with

that notion, in theorem 1.17 here.

The following fundamental definitions, constructions, and results (1.01
through 1.10) are included here for completeness. Consult Baker (1977) for exam-

ples, proofs, and motivational remarks concerning them.

1.01. A program Il comprises the following:
Il , a finite set, the nodes;
the start node;

n , a partial function with domHAC , the action function;

1I
Q
I , a partial function with domHBCdomﬂAXU for some finite set U,

and with ranHBCHq, the branching function.

It is also convenient to define
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]'[T=I[Q\doml'[A, the terminal nodes:

]TC==r:-mHA, the commands;

HV(§)={il<;,i>sdomﬂB}, the

valence of ¢, defined for each CEHQ;

}, the unified set of valences.

nunu{nv(c)ICEHQ

1.02. A device £ comprises the following:
AN e ———

‘BQ’ ,D'S, &r, sets, the memory, input, and output sets;

bI: ps+a " ,&0: gB'Q+ aOT, partial functions, the input and output functions;

‘60’ a set, the commands;

JDG, a partial function with dom ﬁGc ﬁcx .BQ and ran °BGC eBQxU for some

set U, the general interpretation.

It is also convenient to define, for each oe 40(,,

ﬂv(u)ﬁ{ﬂ ﬁG(a,m)--:m',i:- for some m,m'}, the valence of o;

aDa=06Q+ oDQ?( nev(d) =ml-+°OG(a,m), the interpretation of o.

1,03, If Il is a program and & a device, then C(1,0), the set of computa-
tions by 1T on ﬁ, is the set of sequences <;D,m0>...<ck,mk> in IIQX oBQ in which,

for all je{1l,2...,k}, eDHA(cj_l)(mj_l)Mmj,i:- and I[B(;j_l,i)=cj for some

ieﬂv(;j_l) :

C’T(n,a), the set of terminating computations by I on &, is the set of

sequences <«;0,m0>...<;k,mk> as above in which i;kel'[,r.

The length of a computation of the above form is k.

1.04, Lemma. If I is a program,ﬁ a device, and <z ,m >ell x , then there
o000 Q Q

is at most one sequence <§0,m0>...<2;k,mk> in CT(H,aB).

1.05. If 1 is a program and £ a device, then an, the function computed

by T on &, is a partial function defined thus:
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‘BI'{: °55+°DT:xHoBO (m),

where <HS,J3I(K)>...<§,m>E GT(T[,B).

1.06. If J 1is a set and for each jeJ .Bj is a device, then a device

x bj is defined thus (writing A for the product X aﬁj)t
jed jeJd

J)'.'-:x = = X
(B)gr Pgm * (B)g Pr=x (B

Q 4ea Vyeg A5 gy
?I:xH—m, where m(j)=(°@j)1(x(j)) for all jed.
PO:mHy, where y(j)=(.ﬁj)0(m(j)) for all jedJ.

(P . is the disjoint union + (D,)..
& jed 3¢

For each ae PC’ if G'E(‘Bj)c’ then @a:ml—mm' ,1>, where m'=m except that m'(j)

is such that (oDj)a(m(j))r-'(m'(j),ﬂ.

1.07. If & and £ are devices, then £ < € (P is reducible to B) if and
only if, whenever 11 is a program, there is a program II' such that gl’['=£l'['

O~E (O 1is equivalent to £) if and only if O <€ and <L as above.

1.08. If Il is a program and & a device, then I is for O if and only if

HCC'DC andﬂv(;)cﬂv(HA(;)) for all r;e'l'lq.

1.09. Lemma. If II is a program and £ a device with o30=[], then there is a

AANAA

program II' such that I['1=]11 for 1¢{Q,S,T}, and C(1',D)=CW,O).

1.10, Theorem. If G 1is a set of programs and D a device, then J ~f',

where .ﬁ'1=451 for 1¢{Q,S,T,I1,0}, .,B'C= uBC+G, °0|a= oA if aeqﬁc, and, for each

TeG,

b (m)y=<m' ,p>&E><T,m>. .. <g,m'>e o (T,8).

1.11. Notation. If G, , and &' are as in (1.10), we call the elements

of G programmable operations for &. We may define programs under that name
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and use them as in programs for £ ' without further apology.
For any device &, No is the programmable operation specified by 9:

The following development (through 1.14) formalizes the observation that

finite data structures are indistinguishable from control structures.

1.12. A device O has trivial input [resp. output] if and only if card,BS=1

[resp. card BT=1] and dom J}I= nﬁ's [resp. dom ¢BO= aﬁ'Q].

A device &4 1s trivial if and only if it has trivial input and output and

bQ is finite.

1.13. Theorem. If O is a device, £ 1s a trivial device, and 1 is a pro-

gram, then there is a program II' such that o@n, (x)=y if and only if & xgn(x,s)‘—'
<y,t>, where £Sm{s} and £T={t}. (DxE < if we take the point of view that

(DxE) =0 and (HxE)=dH.)

Proof: Define II' by NI' _=I_x m!
o y Q Q EQ’

', :<g,u>b> {HA(C) if IIA(;)#.‘EC}
No if r[A(c)eE ‘

S=<HS’ C—g— I(S)> ]

C
M sesg,u, i b (A (c,),u 1 T, ()L,

<IIB(;,1'),U,'> if i=0 and & )(u)=<u',1'>

I A(c
undefined otherwise,

' is as required, since clearly <z ,<m ,u >>...<g ,<mk,uk>>s C(H,ﬁxg) if and
00 0 0 k

"
only if <<c0,u0>,m0>...<<ck,uk>,m.k>e G )

1.14, Notation. By virtue of (1.13), we may include use of variables over

finite sets in any program. Where appropriate, we specify initial values for such

variables. The commands to be employed are:
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Xx4a, X<y: assignment of constant or current variable values:
valence = {0};

x=: test of current value: valence is the set over which x varies.

These notions are to be understood in theilr usual programming language senses,

assuming static storage allocation for variables.

We come now to the principal subject of this paper, the representation in
our theory of the use of coroutines to compute the composition of functions.
The following two devices are used to represent repectively the storage and re-
trieval of intermediate results in a two-pass computation. Their absence in
(1.17(i)) represents the incorporation of intermediate results into the corou-
tine mechanism underlying an equivalent one-pass computation as described at the

beginning of this section.

(4)

1.15. If A 1is a finite set, the output device Out is specified thus

(omitting the superscript):

= =* =
Oth OutT Ak, Outs Tu

OutI:0k+<>, OutO=IdA*'

Outc={0+a|aeA}.

Out ixtHr<xa,0>.
O<a 2

1.16. 1If A 1s a finite set, the one-way input device Inl(A)

is specified
AAAAA

thus (omitting the superscript):

Ilen(A+{4})*, InlS=A*, In1T=1.

InlI:xrﬁxﬁ, Inl

Inlc={6}.

0:<>F+0 (undefined on nonempty strings).

Inla:axk+<x,a> for all aeA+{H} (undefined on <> ).
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1.17. Theorem. If A and B are finite sets with A=B, 9 and £ are

devices, and ¢ and Y are programs, then there is a program Il such that the follow-
ing are equivalent:
(i) ﬁ X E X !x =< 2 i
n¢ 1 2) Y107,

(ii) aﬁ'xOut(A)¢(xl,0)=<y1,z> and Inl(B)x Ew(z,x2)=<0,y2> for some zeA%*,

Proof: Let P=({¢S}U{¢=B(C,0)|¢'A(C)=0+a for some aecA})+{T}, Q='{'i's}u

A)

{WB(c,a)I‘PA(c)=6 and acA+{<4}}. By (1.09), assume ¢ is for DXOut( and Y is for

Inl(B)xg . Define T with & +¥ cqu, and using variables <B,p,q> over <A+{+,-},P,Q>

Q Q
with initial values 4-—,¢S,4‘s>, thus:
IIS=<I=S.

for each ie@v(c) .

If ‘I’A(c)e £ ., then IIA(C)=‘¥A(C), IIV(;)=\PV(;), and HB(c,i)=‘PB(c.i)

c’
for all is‘l’v(r;).
If @A(;)=0<—a, then NI includes
g:B+a p+¢B(§,O)
Py
If ce@T, then I includes

[:Be=  p<T

v
o
=

1f ‘E‘A(c)=6, then II includes
£:q¥,(z,B)
e i i Y
Iif t;e‘i’T, then I includes

g:B= _ p= o
— >80 ———>0
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In addition, I includes

Pyia= ; , where Q={n1...,n1}; and
ng Ny
€y _751
p¢.B+— : Ek’ where {@B(;,0)1¢A(;)=o+a for some aeA}—{El...,Ek}.

S

As suggested in the motivational remarks already given, II is constructed to
use ¢ and ¥ as, respectively, producer and consumer coroutines. ¢ is run until
it is about to produce a symbol by executing an "0O+«a'" command. Control is then
passed to ¥, which is run until it is about to consume a symbol by a "6" command.
At that time, control is returned to ® at the node it would have reached if the
"0«a" command mentioned had been executed. At the same time, linkage is set up
to resume execution of ¥ at the node reached by following the "a" branch from
that bearing the "§" command mentioned. Alternate execution of ¢ and ¥ continues
in this manner until ¢ halts. Y is then resumed as usual, but with linkage so
arranged that, when it next reaches a "6" node, it is left in control at the node
reached by following the "4" branch. T then halts whenever ¥ does, provided

does not reach any further "§" nodes.

If the reader sees clearly how the construction given for 1 is as just des-
cribed, he need read no further in this section. Otherwise, he may proceed de-
ductively, reading the further detail now to be given, or inductively, examining

the example (1.18) below.

In the rest of this proof, denote f(¢,¢5X0ut(A)) by C(2), e(‘F,Inl(B)Xg)

by C@), and C,dHx&) by C(N).

We first prove (i)=>(ii). It is not difficult to prove, by induction on the

length of the Ill-computation about to be mentioned, that if zed +¥Q and

Q
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s,‘¥S>>...<;,m,n,<a,£,n>>s C(n) then there is some string zeA* such

that either ;eéq,a=-,<¢s,; <>>,,.<E,m',z>...<¢,m,z>c C(®) for some m',

<Hs,ﬁa, n,<-,d

and <?S,z,ﬁ>...<n,<>,n>e E.(y)
or -3,

*%q

(either <@S,m,<>> .. <E,m,za>e C ()

or E=T and <¢s,tﬁ,<>>...<0,m,z>e C(?) for some QE‘PT), and

(either <?S,za,ﬁ>...<n,a,n'>...<c,a,n>e C(y) for some n'

or a=- and <Ws,zq,ﬁ>...<n,<>,n'>...<c,<>,n>e C(¥) for some n').
Now suppose (i). By construction of M, <M_, O.(x ), £.(x ),<=,0.,¥.>>

Sl A o™ s’'s

ve.<z,m,n<=,T,n>>e (1) for some CETT, newq, me&3q, and neigq, with y1=430(m) and
yz-‘fo(n). By the assertion above, there is some zeA* such that <¢S, ﬁa(xl),<>>

.9.<0,m,z>¢ C(8) for some Oed, and <‘Ps,z-i, 81(:: )>...<g,<>,nve C(¥). (11) fol-
2

T

lows.

We next prove (ii)=>(1). TFor £eP, neQ, it is clear from the construction of

I that

(1) If <€,m,<>>...<0,m,<>>,..<z,m',a>e C(d), 0, (0)=0<a,
<n,<>,n>...<A,<>,n'>e C(¥), ‘PA(A)=6, and <A,a>edom‘PB,

then <¢,m,n,<-,E,n>>...<g,m',n',<-,0,(0,0), WB(A,a)waf(]'[); and

(2) If <€,m,<>>...<0,m',<>>e C(2), ey,

<Nyd,0>. .o <A,4,0>. .. <2,<>,n">e C(Y¥), 'PA(J\)=6, and <J\,-l>£:dom‘l‘B,

then <E,m,n,<-,5m>>---<C,m'sn' 9<_’Ts?3(1)—’)>>€ C(H).
From (1,2) it follows by induction on Iz| that, for £eP, neQ, zeA¥,

(3) If <g,my<>>,..<0,m',z>e C(8), Oedy, and
<Ny z4sn> ... <,<> 05 C(¥),

then <E,m,n,<—,E,n>>...<g,m"',n',<=,T,n">>c C(I) for some n'.
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(11)=(1) follows easily from (3).

1.18. Examgle. If © is a finite or countable set, the pushdown store device
(%)

Pds is specified thus (omitting the superscript):
=7% = =
PdsQ L%, PdsS PdsT 1
PdsI:0k+<>, PdsO:<>b+0 (undefined on nonempty strings).
Pdsc={+P}u{P+a|asZ}.

Pds+p:ax!+<x,a> for all ael (undefined on <>).

PdsP+a:xF+<ax,0>.

Let ¢ and Y be respectively the programs of Figure 1(a) and (b). Clearly

Inl({a’b})XOut({a‘b})a:<x,0>k+<0,f“1(x)>, where f is the homomorphism avra,
b+bb; and dom(Inl({a’b})XPds({a})w)é{aibi|120}*{0}. (1.17) asserts that there

is a program Il with dom(Inl({a’b}) ini

XPds({a})H)é{a |120}%{0}, and the proof of
(1.17) gives a construction for such a program II, as shown in figure 1(c). To

get a clearer idea of how Il works, we can eliminate use of variables, using the
construction of (1.13), then elide the resulting occurrences of the command "No"

in an obvious way. The result is shown in figure 1(d).
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Figure 1. Programs of example 1.18, illustrating the coroutine

construction in the proof of theorem 1.17., 1In (d), for i=1,2,3,

{=
ia
ib
i«

denotes <£,<—,g,ni>>
denotes <ni,<a,g,ni>>
denotes <ni,<b,5,ni>>

denotes <ni,<ﬂ,T,ni>>.
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2. A characterization of the full AFLs.

Theorem 1.17 here is technical in the sense that one cannot draw from it
alone any important conclusions about the feasibility or cost of real-world com-
putations. Although, as suggested above, it may have some philosophical impor-
tance with respect to the role of formal languages in the theory of computing, it
is offered primarily in the hope that its use may allow some more directly appli-
cable parts of the theory to be developed simply and clearly. To illustrate what
can be done along these lines, here is a brief but nearly complete development of

a characterization of the full AFLs in terms of programmable machines.

A full AFL is defined to be a family of languages closed under the operations
union, concatenation, concatenation closure, intersection with regular sets,
homomorphism, and inverse homomorphism. (See Ginsburg (1975).) We will see that
a family L 1is a full AFL if and only if there is a machine M which is a pro-
grammable nondeterministic acceptor for &L in the sense that Led if and only if
there is a program II such that I running on " is a nondeterministic acceptor for

Ll

Nondeterminism, which plays an essential role in the characterization we are
seeking, comes into the theory outlined in section 1 as a matter of interpretation.
Specifically, a relation (nondeterministically) computed by a program Il on a de-
vice & will be defined as the projection of the function J?H obtained by omitting
a specified factor of J?S (presumed to be a product), the omitted component being
thereby regarded as an auxiliary input selecting a particular path in the tree of
computations by I on & determined by the components not omitted. We will use the

following as a standard auxiliary input device in this sense.

The auxiliary input device Aux is specified thus:

2-01.
ANy



AuxQ=AuxS=2*, AuxT=l.

AuxI=Id Aux_:<>H0 (undefined on nonempty strings).

ge 0
Auxc={A}.

AuxA:ix++<x,i> for ie2 (undefined on <>).

%;2%- Remark. For any set X , let 4{X denote the regular languages over
X (as alphabet). It is easy to show, using familiar techniques, that
{dom(Inl(A)n)[H is a program}=fgh for any finite set A . Programs for Inl(A)
are in this sense deterministic finite-state acceptors. Programs for AuxXInl(A)
are likewise nondeterministic finite-state acceptors in the sense that
{x|<w,x>gdom(AuxKInl(A)n) for some program I and some we2*} is also {Rh‘ Sim-

4)

ilarly, AuxxQut is a programmable nondeterministic generator, and we have

{xl<0,x>£ran(AuxX0ut(A)H) for some program H}={QA.

The above uses of Aux are typical. In specifying relations defined computa-
tionally, we will always project away from Aux. Likewise, we will always project
away from components with trivial input or output. In this connection, the fol-

lowing nomenclature is useful.

2.03. A machine M comprises the following:

ASAA

'MD an indexing function with 'm‘a(j) a device for all jedom M.B;

7QK, 7nLCdonlﬁﬁa , the indices active for input and output, respectively.

It is also convenient to define
7"3

=

=dom %@D’ the index set;

mﬁ (3)=x(ran Mg ), the underlying device;

x
jen,
'ms=j>émK( mﬂ(j))s’ the input set; and

7ﬂT= x ( ?%ﬁ(j))T’ the output set.
jem,



2.04. If M 1is a machine and I a program, then the relation computed by T

on W is

R (1, m)={<x,y>¢ > MTI (M) (=Y for some Xe(M ), and Fe(H(), with

x(j)=x(j) for all jEmK and 7(3j)=y(j) for all je mL}

2.05. Notation. A machine M is ordinarily to be specified by exhibiting
mD' thus specifying the index set WZJ and the function Mg implicitly. The sets
‘mK and mL may also be specified implicitly by referring to devices which are

factors in the product mD as active for input or output.

(4)

are active for input in all machines, the

W) o )

In this paper, the devices Inl
(4)

devices Out are active for output in all machines, and none of Inl
Aux, or Pds(z) (example 1.18) is otherwise active for input or output. In parti-

cular, Aux is not active for input or output in any machine.

If M is a machine and & a device, then Mxd denotes mDXJB, which notation

serves as in the first paragraph above to denote both a machine and a device.
The following is also convenient.

2.06. If M is a machine, then

AASAS

Xc MS is M -acceptable if and only if there is a program I such that
X=dom R(11,M ).

Xc 7)[,1, is 'm.-generable if and only if there is a program Il such that

X=ran RUI,M ).

In terms of the above nomenclature, the remark (2.02) asserts the equivalence

of the following propositions, where A 1s a finite set:

1) Xe;‘RA
(11) X is Inl(A)—acceptable.
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(A)
(4)

(iii) X is AuxxInl‘ ' -acceptable.

(iv) X is AuxxQut ' “-generable.

We now proceed to develop a few basic facts about machines and the role of
Aux (nondeterminism) in general, beginning with an obvious generalization of de-

finition 1.07.

2.07. If M and N are machines, then M < % (M 1is reducible (as a machine)
2.9, = reducible machine

to N ) if and only if, whenever Il is a program, there is a program II' such that

&(T[' 9n )= &(Hs,’%) .

M ~, M (M is equivalent (as a machine) to M) if and only if M <, # and
n < M

2.08. Lemma. If M is a machine and & is a device such that .DO(.EI(S))
is defined for some se ‘BS’ then m<m Mxd , where ¥J is not active for input or

output in this product.

Proof: Whenever I is a program for [ _, (MDX£)H:<x,s>H<(MD)H(x) ,ﬁ*o(qBI(s))>.

It follows that JQ(H,MXoB)ﬂ R, m) . By (1.09), this is sufficient.

Corollary. If M is a device and A is a device with trivial input and out-

put, then ??{<m'm><aB , where J9 is not active for input or output in this product.

2.09. Theorem. If M is a machine and £ is a trivial device, then
AN —_——

MNmMXoB, where 0O is not active for input or output in this product.
Proof: (1.13, 2.08).

By (2.09), the machine conventions are not invalidated by use of variables

as described at (1.14).
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2.10. Theorem. If M is a machine, then M<_Auxx#.
Faaad T m
Proof: Since AuxO(AuxI(<>))==0, (2.08) applies.

Corollary. If M is a machine and X is ¥ -acceptable, then X is AuxxM{-

acceptable.

2.11. Lemma. If m is a machine, then Auxzxm< Auxx m
ASNAA ———1% m

Proof: Let Il be a program. Denote the commands for the two Aux components
of Aux2x by AI,AZ. Obtain a program II' from N1 by replacing all occurrences of

A, A as commands by A . By induction on the length of computations, it is

clear that
<t;,}_:1,x2,m>...<.';',<>,<>,m' >e C(, Aux?xM) for some xl,xz
<> <g,x,m>...<z',<>,m'>e C(1AuxxM) for some x.
It follows that R(I',AuxxM)= R(I,Aux?x¥), as required.
w. Theorem. If M 1is a machine and nef}\{0}, then Aux"xM ~mAuxxm.

Proof: By induction on n, using (2.10, 2.11).

We are now ready for our first applications of (1.17), leading to theorem

(2.15), which generalizes the equivalence of AuxxInl-acceptable and AuxxQut-

generahble.

2.13. Lemma. If A 4is a finite set, 08 a device, and Il a program, then

there is a program II' such that Auxxdd XOut(A)n,(w,x,0)=€0,y,z> for some we2* if

and only if Inl(A)XﬁH(z,x)=<0,y>.



$:A A
. . . S LY
0 [’;i
’Oi'éﬁal r01“"3!,;'; Sz.
0, 4 Oy« a, 5
5 3
(a)

Figure 2. Programs in proofs of Lemmas 2.13 and 2.14.
(2a) ¢ in Lemma 2.13. (b) V¥ in Lemma 2.14,.

Proof: (The double output trick) Let A={a1...,ak} and define ¢ to be the
program of figure 2(a). Clearly ran(Aux (Out(A))2¢)¥{<0,z,z>lzeA*}. Application

of (1.17) completes the proof.

2.14. Lemma. If A is a finite set, & a device, and II a program, then
there is a program 1' such that InI(A)Xéin.(z,x)=<0,y> if and only if

faxﬁut(A)H(x,0)=<y,z>.

Proof: (The double input trick) Let AF{al...,ak} and define ¥ to be the
program of figure 2(b). Clearly dom(Inl(A))2w={<z,z>|zsA*}. Application of

(1.17) completes the proof.

2.15. Theorem. If A is a finite set, M a machine with ”4K= ”?L=D,

and XcA*, then X is AuxxInch)XTn —acceptable if and only if X 1is

Auxxn1x0ut(A)

~generable.

Proof: (2.13; 2:11, 2:14);

The following notion, which is quite natural to consider, will also be use-

ful.

2.16. If I is a countably infinite set, then 8 1is a sequential relation
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in T 1f and only if there are finite sets A,BcI and a program Il such that
S= &(H,AuxXInl ) x0ut (B))CA*XB*.
By way of (2.13, 2.14), (1.17) can again be applied to obtain the following.

2.17. Theorem. S 1s a sequential relation in a countably infinite set I

if and only 1if the converse of S is also.

B 00t By

Proof: Let S denote the converse of S and let S= ﬂ(II,AuxXInl x0Qut

(B)

In (2.13), take B =AuxxOut and see there is a program II' such that

(B) (4)

Aux?x0ut *’ xOut n,(w',w,0,0)=<0,0,y,x> for some w'e2* if and only if

AuxxInl(A)XOut(B)H(w,x,0)=<0,0,y>. By (2.11), it follows that there is a program

" such that ran R(I",AuxxOut (B) x0ut (4) y=5s"*,

(8)

and see there is a program N" such that

(B)

In (2.14), take & =AuxxOut

(B) (A)

AuxxInl x0ut o (w,y,0)=<0,0,x> if and only if AuxxOut XOut(A)H..(w,O,O)

=<0,y,x>. Thus A" ,AuxXInI(B)XOut(A) )=5",
Since S=(SY¥)Y, this completes the proof.

We begin now to obtain the characterization itself, starting with some basic

definitions included here for completeness.

A family of languages is a pair <&,I> such that I is a countably in-

2.18.
RA~AY

finite set and, for each Lef , there is some finite set AcI with LcA*. It is also

required that L#[] for some Led.

2.19. A family of languages < £,I> is closed under intersection with regular

gsets if and only if LnRed whenever Lef and Re &Z'

2.20. If A and B are sets, then a function f:A*>B* is a homomorphism



(of strings) if and only if domf=A* and f(xy)=f(x)f(y) for all x,yeA%*.

Corollarz 1. for f as above, f(<>)=<>,
Corollary 2. For A and B sets, f:A%B* is a homomorphism if and only if
there is a function f:A>B* with domf=A such that f(a ...an)=§(a )...%(an) for any
1 1

a ...a gA.
1 n

For A,B,f as above, we employ the usual notations f£(X), £2(Y) thus:
If XcA*, then f(X)={f(x)|xeX}.

If YcB*, then 71 (Y)={x|f(x)eY}.

2.21. A family of languages <1?,E> is closed under homomorphism [resp.

inverse homomorphism] if and only if f(L)ef [resp. £f~1(L)eZ ] whenever LeL and

f:A*+B* is a homomorphism with A,B finite subsets of I.

2,22, A family of languages <& ,t> is closed under sequential relations if

and only if {y|xSy for some xeL}ef whenever Lef and S 1is a sequential relation

in L.

2.23. Theorem. A family of languages <& ,Z> is closed under sequential
relations if and only if it is closed under homomorphism, inverse homomorphism,
and intersection with regular sets (if and only if it is a full trio, in the ter-

minology of Ginsburg (1975)).

Proof: Suppose <& ,I> is closed under sequential relations. If f:A*»B% is
a homomorphism with A and B finite subsets of I, then there is clearly a pro-
gram Il such that ﬁl(H,Inl(A)XOUt(B))={<x,f(x)>|xeA*}. By (2.10, 2.17), it fol-

lows that f(L), £~ 1(L)e? .

If Raﬂ%z, then necessarily Rsﬂ&A for some finite set Acl. As remarked at

(2.02), R=d0manl(A)H]for some program II. Clearly a program II' can be obtained



from T with QR(' ,Inl(A)XOut(A))=IdR. It follows that LnRed whenever Led .

Conversely, suppose <c?f,)]> 1s closed under homomorphism, inverse homomorphism,

and intersection with regular sets, and let S=R& (II,AuxxInl (A)XOut(B)) be a se-
quential relation in I. Let al>a be a one-to-one function with domain A and

A A ~
A-{alaeA}cz, AnB=[]. Obtain a program II' from I by replacing each

A 1 t<l

;0: by ;0:t= 0 Az _-}_5.2 o "ktl ?
0 0
O«a, O<a,
4 Ly

where t 1s a variable over 2 with initial value 0. Define homomorphisms

g: (AUB) *+A*:;Ha,bH<>;

£:(AUB) *»B*:a <> ,b b

~N
and see that {y|xSy for some xeL}=f(g~!(L)nran(Aux?xOut (Aug?))ez whenever Led .

2.24, If I 1s a countably infinite set and M is a machine with M_= M _=[],
Arans K L

define the M -family over I to be

'%(m,z)'-{x:zﬂx is AuxXInl(ALm ~acceptable for some finite AcI}.

Corollary 1. If M,z are as above, then %( Mm,z) = {XcE*|X is AuxX”IXOut(A)-—

generable for some finite AcI}. (By (2.15).)

Corollary 2. If ‘M,z are as above, then <"FH(M,I),I> is a family of lan-

guages. (Since {<}=ran R (No , Auxx Mxout (4) ).)

L)
2.25. Examples. T(Pda(Z),Z) is the family of context-free languages over
T e i~
I, where Pds is as in example 1.18. %E ='¢¥(Id,2), where Id is the device speci-

fied by IdQ=IdS=IdT=1, IdI=Id0:Oi-+0, and Idc'{l, not active for input or output.
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~
2.26. Theorem. If M, are as at (2.24), then <% (M,I),I> is closed
under sequential relationms.
Proof: (1.17, 2.11).
~
Corollary. If M ,I are as at (2.24), then <F(M,I),I> is a full trio.

~
2.27. Theorem. If M, are as at (2.24), then “F (M,I) is closed under

union.

=ran§2(ﬂi, AuxxTHXOut(Ai)). Obtain I by adjoining

0
Mg:A -<

1 (n

Proof: For i=0,1, let Xi

()

I)S

to the disjoint union (as programs) of Ho and Hl. Clearly ranéa(H,AuxwaOut(ADU&l))

=X UX .
0 1

Corollarg. In the terminology of Ginsburg (1975), <ff(7n,z),z> is a full

semi-AFL.

2.28. Theorem. If M ,I are as at (2.24) with m0=(7ﬂD)I(s) where
(7HD)S={S}, and for each program I there is a program I' (a reset program) such
L)
that <I‘S,m>...<0,m0>eC°T(I‘,mD) whenever <]'[S,m0>...c;,m>s: C(II,MD), then F(M,3)

is closed under i (nontrivial concatenation closure).

Proof: Let X=ran¢R(H,AuxXﬂ1XOut(A)), and let I be as hypothesized, with
respect to II. Obtain NI' from the disjoint union (as programs) of 1 and I' by

replacing each -

Ox's
gie (el.) by ;:A<
I 1
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and specifying H'B(;,1)=II'S=HS whenever FB(;,i)-OeFT. Clearly

ran R (11" ,Auxx mXOut(A))=X+.

2.29, Theorem. A family of languages <1,£> is closed under sequential
A —————
relation, union, and + (is a full AFL, in the terminology of Ginsburg (1975))

if and only if there is a machine ™ satisfying the hypothesis of (2.28) with

Z=%(m,x).
Proof: By (2.26, 2.27, 2.28), <‘F(M,5),5> is a full AFL.

Conversely, suppose <I,Z> is a full AFL. Define a device £ , not active

for input or output, by

= * = =
.bQ Ik, .BS .BT 1.
ﬂI:OHa-, ‘BO=<>H0 (undefined on nonempty strings).
ﬂc={w+a| aci+& .
.Ow_a:wl—mwa ,0>.

,DL:wH<<>,0> if welL, undefined otherwise.

A command of the last-mentioned type is an oracle for membership in LeX .

)‘ﬂ""‘?"
Wﬂ-él.' W*"’&k
O<a, O« a

Figure 3. Program Il in proof of theorem 2.29.

If Le £, then clearly L=ran(ll,Auxxd XOut(A)), where AB{al... ,ak}, LcA*, and

~
I is the program of figure 3. Thus L cF(2,2).
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Finally, suppose Il 1s a program for AuxXﬁXOut(A). Let

B={acZ|Wea occurs in I},

C={Lef |L occurs (as a command) in IT}.

A ~ s
Let L+L be a one-to-one function with domain C and C={£|LEC}CE, CnB={. Let

D=BuC. Obtain a program II' for AuxxOut(D)XOut(A) from N by replacing each command

W«a by OD+a and each command L by 0D+L. (Commands O<«a in Il are to be retained as

0A+a.) Define S=ran.R(H',AuxxOut(D)XOut(A)). By (2.14), S=Ol(n",AuxXInl(D)XOut(A))
for some program II', so S 1is a sequential relation in I. Clearly,

ran R (I, Auxx®d XOut(A))ﬂ{y|xSy for some xs(u{L{ﬂHLsC})*}e L. Thus %(3,2):{,.

O satisfies the hypotheses of (2.28) thus: If N is a program for & and

B={acl|W«a occurs in 1}, then I= B*
—>e e

is as required.

In the above proof, several facts about the full AFL <Z,Z> were used with-
out proof: &£ is closed under concatenation and * (concatenation closure), and
JRECI. Proofs of these not using any development along the lines given here may

be found in Ginsburg (1975).
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