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Abstract— We tackle the fault diagnosisproblem using
conditionallyGaussianstatespacemodelsandanefficient
Monte Carlo methodknown as Rao-Blackwellisedparti-
cle filtering. In this setting,thereis onedifferent linear-
Gaussianstatespacemodelfor eachpossiblediscretestate
of operation. The taskof diagnosisis to identify the dis-
cretestateof operationusingthecontinuousmeasurements
corruptedby Gaussiannoise.
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1. INTRODUCTION

Automatic fault diagnosisis a fundamentalproblem in
aerospacesystemsand autonomousrobotics. Planetary
rovers, for example,must be able to diagnosefaults and
carryoutrepairswithoutground-operatorintervention[18].
In atypicaldiagnosisscenario,themachine(e.g. electronic
systemor robot)receivesa continuousstreamof datafrom
variouson-boardsensors.It, subsequently, processesthis
informationto identify its discretestateof operation(e.g.
“stuck rear wheel”, “normal operation”, “damagedcam-
era”).

In thedesignof anappropriatediagnosissystem,we need
to take into considerationthat both the machineand its
environmentchangewith time, themeasurementsarecor-
ruptedby noise,someof the quantitiesof interestareun-
observable, and the machine’s statetendsto be different
underdifferentoperatingconditions.To addressthesecon-
straints,we needto adoptprobabilisticdynamicmodels.
Thesemodelsdescribethe the evolution of the machine’s
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discreteandcontinuousstatesandthestatisticalproperties
of the data. Typically, the continuousstatesandmeasure-
mentsareassumedto beGaussiandistributed.

Oneproblemwith the requiredmodelsis that they arein-
tractable. This has motivated the developmentof algo-
rithms for approximateinference[18], [17]. The state-of-
the-artmethodis the Monte Carlo particlefilter proposed
in [17]. This methodallows one to compute,recursively
in time, a stochasticpoint-massapproximationof thepos-
terior distribution of thestatesgiventheobservations.For
a comprehensive review of Monte Carlo particlefiltering
methodssee[7].

In this paper, we proposea substantiallymore efficient
Monte Carlo particlefilter for fault diagnosis.This algo-
rithm exploitssomeof theanalyticalstructureof themodel.
In particular, it exploits the fact that when we know the
valuesof the discretestates,it is possibleto computethe
distribution of the continuousstatesexactly. We, there-
fore,combineaparticlefilter (PF)to computethedistribu-
tion of the discretestateswith a bankof Kalmanfilters to
computethe distribution of thecontinuousstates.That is,
we approximatetheposteriordistribution with a recursive,
stochasticmixture of Gaussians.This strategy is known
asRao-Blackwellisation, becauseit is relatedto the Rao-
Blackwell formula: see[4] for a generaldiscussion.Rao-
Blackwellisedparticlefilters(RBPF)for mixturesof Gaus-
siansarediscussedin [1], [8].

2. MODEL AND INFERENCE OBJECTIVES

We adopt the following jump Markov linear Gaussian
model: ����� ���	����
 ����
����� ��� � ��� � ��� ��
������ �	� � ��� ����� �	� � ��� � ��� ! �	� � �"� ���$# ��� � �"% ���$& ��� � �"� �('
where  )�+*-,/.)0 denotesthe observations, �1��*-,/.32 de-
notesthe unknown Gaussianstates,�4�5*76 is a known
control signal, � � *98;: '=<�<=<�'?>�@)A denotesthe unknown
discretestates. The noise processesare i.i.d Gaussian:�B�C�EDF�	G 'IH � and %J�K�EDF�	G 'IH � . For clarity of presen-
tation, we stateexplicitly that our model implies the con-



tinuousdensitiesLM�N�4�=
 ��� ' �4��
O��� � DF� � �	���P�"�1��
O� �$� �������"�4� 'I� �	���"� � �	���"��Q��LR�	 )��
 �4� ' ���"� � DF� ! �	���P���4� ��& �	���"���S� '?# ������� # �	���P� Q � <
Theparameters� �T'?�C'I!U'I#V'?W�'I�B' ����� � 
 � ��
O� �P� areknown
matriceswith # ������� # �	���"� QYX G for any ��� ; seefor example
[2] for parameterestimationandmodelselection.Finally,
theinitial statesare �4Z[�$DF�	\OZ '^] Z�� and ��Z[�_������Z`� .
Theimportantthing to noticeis thatfor eachrealisationof��� , we have a single linear-Gaussianmodel. If we knew��� , we could solve for �4� exactly using the Kalmanfilter
algorithm.

The aim of theanalysisis to computethe marginal poste-
rior distribution1 of the discretestates�a�	��Z�b ��
  ;�Ib �"� . This
distribution canbe derived from the posteriordistribution�a��c3� Z^b �^' � Z�b � 
  �Ib � � by standardmarginalisation.Theposte-
rior densitysatisfiesthefollowing recursionLd�	�1Z�b � ' ��Z�b ��
  ;�Ib �"� � Le�N�1Z�b ��
O� ' ��Z^b ��
��)
  ;�?b ��
����fUg`hjiIk?l m�k"n @ k�ojgJhpm�k"n @ k?l m�k	q;rIn @ kNq;r"ogJhpi(k?l i�r�s k	q;r�o < (1)

This recursioninvolves intractableintegrals. One, there-
fore, hasto resortto someform of numericalapproxima-
tion scheme.

In the particle filtering setting,we usea weightedset of
samples(particles) 8t�N� hpupoZ^b � ' � hpujoZ�b � � ' � hpupo� A�vujw � to approximate
theposteriorwith thefollowing point-massdistributionx� v �	cy�1Z�b � ' ��Z^b �^
  ;�Ib �"� � vz ujw � � hpujo�|{ m`}�~p�� s k n @ }�~p�� s k �	cy�1Z�b � ' �)�?b ��� '
where { m }�~j�� s k n @ }�~p�� s k ��c3�4Z^b � ' �J�Ib ��� denotesthe Dirac-deltafunc-

tion. This approximationcanbeupdatedrecursively using
equation(1), asshown in Figure1. (For simplicity weonly
show theupdateof themarginal for � in thefigure.)

By consideringthefollowing factorisationLd���4Z^b � ' ��Z�b �(
" ;�?b �"� � Ld���4Z^b �=
� t�?b � ' ��Z^b �"�`Ld����Z^b ��
� ;�Ib ��� '
it is possibleto designmore efficient algorithms. The
density Ld���4Z^b �=
� t�?b � ' ��Z�b �"� is Gaussianand can be com-
putedanalytically if we know the marginal posteriorden-
sity Ld��� Z�b � 
" �Ib � � . This densitysatisfiesthe alternative re-
cursion���j�I� � �I� �`��� ���1� ���j�I� � ���S�=� �`��� ���S��� ��� � � � �`��� ���S�(� �?� � ��� ����� � � � ���4�P���� � � � �`��� ���4�"�

(2)�
NOTATION: For a genericvector � , we adoptthe notation � ��� �e�� � �^� �I� �?�"�"�P� � � ��� to denoteall the entriesof this vector at time � . For

simplicity, we use � � to denoteboth the randomvariableandits realisa-
tion. Consequently, weexpresscontinuousprobabilitydistributionsusing� �j� � � � insteadof �4� � � ��� � � � � anddiscretedistributionsusing

� � � � �
insteadof �4� � � � � � � � . If thesedistributionsadmitdensitieswith respect
to anunderlyingmeasure� (countingor Lebesgue),wedenotetheseden-
sitiesby

��� � � � . For example,whenconsideringthe space O¡ , we will
usetheLebesguemeasure,� � � � � , sothat

� ��� � � �4� ��� � � � � � � .
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Figure 1. In this example,a particlefilter startsat time­U® : with an unweightedmeasure8 x� hpujo��
�� '?¯ 
O� A , which
provides an approximationof LM�N� ��
O� 
  �Ib ��
S° � . For each
particlewe computethe importanceweightsusingthe in-
formation at time

­e® : . This results in the weighted
measure 8 x� hpujo��
O� ' x� hpujo��
O� A , which yields an approximation
of LR�	� ��
O� 
  �?b ��
O� � . Subsequently, a resamplingstep se-
lects only the “fittest” particlesto obtain the unweighted
measure8�� hpujo��
�� '?¯ 
O� A . This yields an approximationofLM�N� ��
O� 
  �Ib ��
O� � thatis “concentrated”onthemostlikelyhy-
pothesis,therebyallowing for nonstationarytracking. Fi-
nally, a sampling(prediction)stepintroducesvariety, re-
sulting in the measure8 x� hpujo� '?¯ 
�� A , which is an approxi-
mationof LR�	� � 
  �?b ��
�� � .
If equation(1) doesnot admit a closed-formexpression,

thenequation(2) doesnot admitoneeitherandsampling-
basedmethodsare still required. (Also note that the
term Ld�N 3�^
  ;�Ib ��
O� ' ��Z�b �"� in equation(2) doesnot simplify
to Ld�	 )��
 ���"� becausethereis a dependency on pastvalues
through � Z^b � .) Now assumingthat we canusea weighted
set of samples 8�� hpujoZ�b � ' � hpujo� A vujw � to representthe marginal
posteriordistributionx� v ��� Z�b � 
  �Ib � � � vz ujw � � hpujo� { @ }�~p�� s k �	� �?b � � '
themarginaldensityof � Z�b � is a GaussianmixturexL v �N� Z^b � 
  �?b � � �²± LR�	� Z�b � 
 � Z^b �('  �?b � �"c;���	� Z�b � 
  �Ib � ��²± LR�	� Z�b � 
 � Z^b �('  �?b � � vz ujw � � hpujo� { @ }�~p�� s k ��� Z�b � �� vz upw � � hpupo� LR�N�4Z^b ��
  ;�?b � ' � hpujoZ�b � �
that canbecomputedefficiently with a stochasticbankof
Kalmanfiltersasshown in Section4. A Rao-Blackwellised



filter thatcombinesthismarginalisationandsamplingof � �
is describedin Section4.

3. PARTICLE FILTERING

Given ¯ particles(samples)8�� hpupoZ^b ��
O� ' � hpujoZ�b ��
�� A vupw � at time­³® : , approximatelydistributed accordingto the distri-
bution ���	cy� hpujoZ�b ��
O� ' � hpupoZ^b ��
�� 
  ;�?b ��
���� , particlefilters enableus

to computē particles 8�� hpupoZ^b � ' � hpujoZ�b � A vujw � approximatelydis-

tributed accordingto the posterior ����c3� hpujoZ^b � ' � hpujoZ�b � 
  ;�?b �"� , at
time

­
. Sincewecannotsamplefrom theposteriordirectly,

the PF updateis accomplishedby introducingan appro-
priateimportanceproposaldistribution ´ �	cy�1Z�b � ' ��Z^b �"� from
whichwecanobtainsamples.Thebasicalgorithmconsists
of two steps: sequentialimportancesamplingand selec-
tion.

Sequentialimportancesamplingstepµ For ¶ �¸·^�P��������¹ , sample from the transition priorsº�`»�¼j½� ¾ �S� ��� � � �`»�¼p½�	�S� �º¿ »�¼p½� ¾ � ��� ¿ � � ¿ »�¼j½���S� � �`»�¼p½� �
and set À º¿ »�¼j½� � � � º � »�¼p½� � �ÂÁ � À º¿ »�¼j½� � º � »�¼p½� � ¿ »�¼p½� � ���S� � � »�¼p½� � ���4��Áµ For ¶ �E·^�"�������Â¹ , evaluate and normalize the importance
weights Ã »�¼j½�¨Ä � À � � � º¿ »�¼j½� � º�J»�¼j½� Á
Selectionstepµ Multiply/Discard particles Å º¿ »�¼p½� � � � º � »�¼p½� � �(ÆyÇ¼jÈ � with respect to

high/low importance weights

Ã »�¼p½� to obtain ¹ particlesÅ ¿ »�¼p½� � � � � »�¼j½� � �(Æ;Ç¼pÈ � .
Figure 2. SimplesequentialMonteCarloalgorithmattime­
. For filtering purposes(PF), thereis no needfor storing

or resamplingthepasttrajectories.

Sequentialimportancesamplingstep

In genericsequentialMonteCarlo (SMC) simulation,one
needsto extendthecurrentpaths8�� hjupoZ�b ��
O� ' � hpupoZ^b ��
�� A vujw � to ob-

tain new paths 8 x� hjupoZ�b � ' x � hpupoZ^b � A vupw � usingthe proposaldistribu-
tion ´ÊÉ c x� Z�b �^' x � Z^b � 
  �?b ��Ë givenby theintegralÌBÍUÎ � º¿ � � �P� º�I� � �I� ¿ � � �	�S�(� �I� � ���S�I���`��� �ÂÏ � � � ¿ � � �	�S�(� �I� � ���S�^� �`��� ���4�P�
To makethis integral tractable,weonly proposeto modify
theparticlesat time

­
, andleave thepasttrajectoriesintact.

In otherwords ´ É c x�1Z�b � ' x��Z^b ��
 �4Z^b ��
�� ' ��Z�b ��
O� '  ;�Ib �"Ë is setto´ÊÉ c x� �^' x� � 
 � Z�b ��
O�`' � Z^b ��
O�J'  �Ib �"Ë { m � s k	q;r n @ � s kNq;r �Âc x� Z^b ��
��`' x� Z�b ��
O� �
andconsequentlýÊÉ c x�1Z�b � ' x��Z^b ��
  t�?b � Ë is equalto���	cy�1Z�b ��
�� ' ��Z^b ��
O�)
  ;�Ib ��
O�=� ´ ��c x�4� ' x����
 �4Z^b ��
O� ' ��Z�b ��
O� '  ;�?b �"�

The samplesfrom ´ �"Ð�� , mustbe weightedby the impor-
tanceweights� ��� ���	c x�1Z�b � ' x��Z�b ��
  ;�Ib �"�´ �	c x�1Z�b � ' x ��Z^b �^
  ;�Ib �"�� ���	cy�1Z�b ��
O� ' ��Z^b ��
��)
  ;�?b �"�����c3�4Z^b ��
�� ' ��Z�b ��
O�3
  ;�Ib ��
O�^�f ���	c x�1� ' x����
 �1Z�b ��
O� ' ��Z^b ��
O� '  ;�Ib �"�´ �	c x� �(' x� � 
 � Z�b ��
O�)' � Z^b ��
���'  �Ib � � (4)Ñ Le�N )��
 x�1� ' x�����JLd� x�1� ' x����
 �1Z�b ��
�� ' ��Z�b ��
O� '  ;�Ib ���Ò � � x� �^' x� � 
 � Z^b ��
O�)' � Z�b ��
O��'  �?b � � <
In ourcase,thetransitionprior Ld� x�4� ' x ���(
 �1Z�b ��
O� ' ��Z�b ��
�� '  ;�?b ���
simplifies to the Markov density Le� x�1� ' x����
 �1��
�� ' ����
���� �Le� x� � 
 � ��
��J' � ��
O� �JLd� x� � 
 � ��
O� � ; thoughthis simplificationis
not requiredin orderto implementSMCalgorithms.

Fromequation(4),wenotethattheoptimalimportancedis-
tribution is ´ �PÐ�
ÓÐ � � ���	c x� �^' x � � 
 � Z�b ��
O�J' � Z^b ��
��`'  �?b � � . (When
usingthis proposal,onemight still encounterdifficultiesif
the ratio of the first two termsof equation(4) differs sig-
nificantly from : [3], [14].) Theoptimalimportancedistri-
bution canbedifficult to evaluate.Onecanadopt,instead,
thetransitionprior asproposaldistribution´ �"Ð�
�Ð�� � �|�Âc x� � 
 � ��
O�J' � ��
O� �ÕÔ�Ö�� x� � 
 � ��
O� � '
in whichcasetheimportanceweightsaregivenby thelike-
lihood function � � Ñ×Ld�	 � 
 x� �^' x� � � <
This is the algorithmshown in Figure 2. It hasappeared
undermany names,including condensation[11], survival
of thefittest [12] andthebootstrapfilter [10]. The impor-
tancesamplingframework allows us to designmoreprin-
cipled and “clever” proposaldistributions. For instance,
onecanadoptsuboptimalfilters andotherapproximation
methodsthatmakeuseof theinformationavailableat time­

to generatethe proposaldistribution [8], [6], [14], [16].
In fact,in somerestrictedsituations,onemayinterpretthe
likelihoodasa distribution in termsof thestatesandsam-
ple from it directly. In doing so, the importanceweights
becomeequalto thetransitionprior [9].

Selectionstep

A selectionschemeassociatesto eachparticle � x� hpupoZ^b � ' x� hpujoZ�b � � a
numberof “children”, say ¯ u *|Ø , suchthat Ù vujw � ¯ u �¯ . This selectionstep is what allows us to track mov-
ing target distributions efficiently. Thereare variousse-
lection schemesin the literature, but their performance
variesin termsof %tÚ;ÛÝÜ ¯ u�Þ . We choosea minimum vari-
ancesamplingalgorithm[5], [13]. We samplea setof ¯
points ß in the interval Ü G ' : Þ , eachof the points a dis-
tance ¯ 
�� apart. The numberof children ¯ u is taken
to be the numberof points that lie between Ù u 
O�à w � � h à o�
and Ù uà w � � h à o� . This strategy introducesa varianceon



¯ u even smallerthanmultinomial or residualresampling
schemes,namely%tÚyÛÕ� ¯ u � � ¯ �Â�[á hjupo� É : ® ¯ �Â�[á hjupo� Ë , where� á h�upo� � ¯ 
O���âOã� h�upo� ¯ ® ã¯ u�ä ,

ã¯ u �æåÂ¯ ã� hpujo��ç and ¯è�e�¯ ® Ù vujw � ã¯ u . Its computationalcomplexity is é � ¯ � .
4. RAO-BLACKWELLISED PARTICLE FILTERING

TheRBPFis similar to thePF, but weonly samplethedis-
cretestates.Thenfor eachsampleof thediscretestates,we
updatethemeanandcovarianceof thecontinuousstatesus-
ing exact computations.In particular, we sample� hpupo� and

thenpropagatethemean\ hpupo� andcovariance] hpujo� of �4� with
a Kalmanfilter asfollows\ hjupo� l ��
�� � � �	� hpujo� ��\ hjupo��
�� l ��
�� ��� �	� hpupo� �"�4�] hjupo� l ��
�� � � �	� hpujo� � ] hjupo��
�� l ��
�� � �	� hpupo� � Q �$� �	� hpupo� � � ��� hpujo� � Qê hpujo� � ! �	� hpupo� � ] hpujo� l ��
O� ! �	� hpujo� ��Q �$# �	� hpupo� � # �	� hpujo� ��Q hpujo� l ��
�� � ! �	� hpupo� ��\ hpujo� l ��
O� �$& ��� hpujo� ��� �\ hpujo� l � � \ hpupo� l ��
O� �ë] hpujo� l ��
O� ! �	� hpupo� � Q ê 
�� hpujo� �N 3� ®  hjupo� l ��
O� �] hpujo� l � � ] hpupo� l ��
O� ® ] hpujo� l ��
O� ! �	� hpupo� � Q ê 
O� hpujo� ! �	� hpujo� � ] hpujo� l ��
�� '(5)

where \ � l ��
O�íì î �3�4�=
� ;�Ib ��
O�=� , \ � l �ïì î �y�1�=
" ;�?b ��� , � l ��
O�Ýì_î �y )��
� ;�Ib ��
O�=� , ] � l ��
��Ýì_ð�ñ %³���4��
� ;�Ib ��
O��� , ] � l ��ìð=ñ %U�=� � 
� �?b � � and
ê � ì7ð�ñ %[�� � 
� �Ib ��
O� � . Hence,usingthe

prior proposalfor � � andapplyingequation(2),wefind that
the importanceweightsfor ��� aregiven by the predictive
density Le�^ � 
� �Ib ��
O�J' � �?b � � � D É  �(ò  � l ��
�� ' ê �"Ë�< (6)

Thenew algorithmis shown in Figure3.

5. EXPERIMENTS

In our experiments,we usethe state-spacemodel to gen-
eratesyntheticdataandthencomparethe performanceof
the PF andRBPFalgorithms. We set the matrices� and! at random, �ó�ô#õ� G < G1: H , �ö�ô&ö� G , \ Z×� G
and ] Z � G < : H . In the first experiment,we set > m � : ,> i �÷> @ �-ø , ���	��Z`� � ��G <�ùÕ' G < ù � and���	����
 ����
���� �ûú G < :«G < üG < :«G < ü�ý <
Here,thefirst stateis visitedonly onrareoccasions.Were-
peatedtheexperiment10 timesfor 50, 100,500and1000
particles. The resultsareshown in Figure4. Clearly, the
RBPFoutperformsthe PF algorithmsignificantly. More-
over, it only seemsto requirea few particles. Figure 5
shows onetypical run with parameters̄¥� :�G3G , >�@þ�Fÿ ,> m �÷> i �÷ø , ���	��Z�� � �	G < ù ' G <�ùÕ' G <�ù � and���	� � 
 � ��
O� � � �� G < :¬G <�ù G < �G < :¬G < � G < ÿG < :¬G < ÿ G < � �� <
Figure6 depictsthepropagateddiscretedistributionof � .

Sequentialimportancesamplingstepµ For ¶ �a·^�P��������¹ , set
º� »Ó¼p½��� ���S� � � »�¼j½�	� ���S� , º
 »�¼p½��� ���4� � 
 »�¼p½��� ���S� ,

sample º �`»�¼p½� ¾ �S� �j� � � �`»�¼p½���S� �µ For ¶ �E·^�"�������Â¹ , evaluate and normalize the importance
weights Ã »�¼p½�EÄ � À � � � �`��� �	�S� º�`»�¼p½� Á
Selectionstepµ Multiply/Discard particles Å º� »�¼p½��� ���S� � º
 »�¼p½��� ���4� � º�`»�¼p½� Æ Ç¼pÈ � with re-

spect to high/low importance weights

Ã »�¼p½� to obtain ¹ parti-

cles Å � »�¼j½�	� ���S� � 
 »�¼p½��� �	�S� � �`»�¼p½� Æ Ç¼jÈ � .
Updatingstepµ For ¶ � ·^�"�������Â¹ , use one step of the
Kalman recursion to compute the minimum

statistics Å)� »�¼p½��� �
� � � 
 »�¼p½��� �
� � ��� »�¼p½���O�
� � ��� »�¼p½��� � � Æ givenÅ �`»�¼p½� � � »�¼j½�	� ���S� � 
 »�¼p½��� ���S� Æ .

Figure 3. RBPFalgorithmat time
­
.
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Figure 4. Resultsfor 50,100,500and1000particles.The
RBPFoutperformsthePFsignificantly.

6. CONCLUSIONS

We proposedthe useof Rao-Blackwellisationto improve
thestate-of-the-artalgorithmsfor stateestimationandfault
diagnosis.Theresultsshow a considerableimprovement.

We are currently addressingthe questionof diagnosing
very rareevents. This questionis of fundamentalimpor-
tancein the diagnosisof faults in planetaryrovers. To
solve this problem,a recentpaper[17] introduceda par-
ticle filter thatpenalisesparticlesoutsidethe region of er-
ror. This approachcanbe easilycombinedwith our Rao-
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Figure 5. Typical run. TheRBPFmakeslessestimation
mistakes.
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Figure 6. Distributionof thediscretestatescomputedwith
theRBPF.

Blackwellisationscheme.However, this is not enough.In-
steadof penalisingparticlesoutsidetheregionof error, we
mustbiasthe importanceproposaldistribution to generate
moresamplesin the region of error. This is essentialbe-
causetheregionof erroris exponentiallysmallwith respect
to the sizeof the statespace.Fortunately, therearesome
guidelinesfor solvingthis problemin thecommunications
literatureconcerningimportancesamplingfor bit errorde-
tection[15]. Here,adaptive techniquesor large deviation
changesof measurecan be usedto generateappropriate
proposaldistributions.We arecurrentlyinvestigatingways
of extendingthis batch framework to our on-line frame-
work.
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