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Abstract— We tackle the fault diagnosisproblem using
conditionally Gaussiarstatespacemodelsandan efficient
Monte Carlo methodknown as Rao-Blackwellisedparti-
cle filtering. In this setting,thereis one differentlinear
Gaussiarstatespacemodelfor eachpossiblediscretestate
of operation. The task of diagnosisis to identify the dis-
cretestateof operatiorusingthecontinuousmeasurements
corruptedby Gaussiamoise.
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1. INTRODUCTION

Automatic fault diagnosisis a fundamentalproblem in

aerospacesystemsand autonomousrobotics. Planetary
rovers, for example, must be able to diagnosefaults and
carryoutrepairswithoutground-operatontervention[18].

In atypicaldiagnosiscenariothemachinge.g. electronic
systemor robot) recevesa continuousstreamof datafrom

variouson-boardsensors.lt, subsequentlyprocesseshis

informationto identify its discretestateof operation(e.g.

“stuck rear wheel”, “ damagedcam-
era”).

normal operation”,

In the designof anappropriatediagnosissystemwe need
to take into consideratiornthat both the machineand its
environmentchangewith time, the measurementare cor-
ruptedby noise,someof the quantitiesof interestareun-
obsenable, and the machine$ statetendsto be different
underdifferentoperatingconditions.To addresshesecon-
straints,we needto adoptprobabilisticdynamic models.
Thesemodelsdescribethe the evolution of the machines
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discreteandcontinuousstatesandthe statisticalproperties
of the data. Typically, the continuousstatesand measure-
mentsareassumedo be Gaussiardistributed.

Oneproblemwith the requiredmodelsis thatthey arein-

tractable. This has motivatedthe developmentof algo-

rithms for approximatanference[18], [17]. The state-of-
the-artmethodis the Monte Carlo particlefilter proposed
in [17]. This methodallows oneto compute,recursvely

in time, a stochastigoint-massapproximatiornof the pos-

terior distribution of the stateggiventhe obsenations. For

a comprehensie review of Monte Carlo particlefiltering

methodsseel[7].

In this paper we proposea substantiallymore efficient
Monte Carlo particlefilter for fault diagnosis. This algo-
rithm exploits someof theanalyticalstructureof themodel.
In particular it exploits the fact that when we know the
valuesof the discretestates,it is possibleto computethe
distribution of the continuousstatesexactly. We, there-
fore, combinea particlefilter (PF)to computethe distribu-
tion of the discretestateswith a bankof Kalmanfilters to
computethe distribution of the continuousstates.Thatis,
we approximatethe posteriordistribution with arecursve,
stochasticmixture of Gaussians.This stratgy is known
as Rao-Bla&wellisation becausaet is relatedto the Rao-
Blackwell formula: see[4] for a generaldiscussion.Rao-
Blackwellisedparticlefilters (RBPF)for mixturesof Gaus-
siansarediscussedhn [1], [8].

2. MODEL AND INFERENCE OBJECTIVES

We adopt the following jump Markov linear Gaussian
model:

2t~ P(Zt|2!t_1)
vy = A(z)zi-1 + Bz)w + F(z)uy
yr = C(z)xe + D(2)ve + G(2t)ue,
wherey; € R"v denoteghe obsenations,z; € R"= de-

notesthe unknovn Gaussiarstates,u; € U is a known
control signal, z; € {1,...,n,} denotesthe unknown
discretestates. The noise processesre i.i.d Gaussian:
w; ~ N(0,I) andv, ~ N(0,I). For clarity of presen-
tation, we stateexplicitly that our modelimplies the con-



tinuousdensities

p(@ilze, 1) = N(A(z) w1 + F(2t)ur, B(2z)B(2:)")
p(yilze, 2t) = N(C(ze)ze + G(z)ug, D(2¢)D(2)").

Theparameter$A, B,C, D, E, F, P(z|2z;—1)) areknown
matriceswith D(z;)D(z:)" > 0 for ary z;; seefor example
[2] for parameteestimationandmodelselection.Finally,
theinitial statesarexzg ~ N (uo, o) andzg ~ P(29).

Theimportantthing to noticeis thatfor eachrealisationof
z¢, we have a single linearGaussiarmodel. If we knew
z¢, we could solve for z; exactly usingthe Kalmanfilter
algorithm.

The aim of the analysisis to computethe marginal poste-
rior distribution® of the discretestatesP (2o.¢|y1.¢). This
distribution canbe derived from the posteriordistribution
P (dzo.t, z0:t|y1:+) by standardnaminalisation.Theposte-
rior densitysatisfieghefollowing recursion

=p (ﬂfo:t—b 20:t—1 |y1:t—1)

X P(ye|ze,ze)p(Te,20 [T —1,20—1) . (1)
p(Yely1:e—1)

p (-To:t, 20:t Iym)

This recursioninvolvesintractableintegrals. One, there-
fore, hasto resortto someform of numericalapproxima-
tion scheme.

In the particle filtering setting,we usea weightedset of
samples(particles) {(z{}, 2{)), w{” }IV, to approximate
the posteriomwith the following point-masdistribution

Lo (dTo:t, 21:4),
0:t

N
) _ (s
Pn(dwo:t, z0:t|y1:¢) = Zl wy 0,6
1=
whered ) ¢ (dzo.t,21.¢) denotesthe Dirac-deltafunc-
L0:t2%0:¢
tion. This approximatiorcanbe updatedrecursvely using
equation(1), asshavnin Figurel. (For simplicity we only
shav the updateof the mamginal for z in thefigure.)

By consideringhefollowing factorisation

P(370;t,20:t| ylzt) = p($0:t| y1:t,20:t)P(zo:t| ym) )

it is possibleto designmore efficient algorithms. The
density p (zo.t| y1.1, 20.¢) IS Gaussianand can be com-
putedanalyticallyif we know the mamginal posteriorden-
sity p (20.¢| y1.¢). This densitysatisfiesthe alternatve re-
cursion

P (Ytly1:t—1,20:4) p (2t|2e—1)
D (Ytly1:6—1)

P (20:¢|y1:¢) = P (20:t—1|Y1:¢—1)
(2

INOTATION: For a genericvector 8, we adoptthe notation8;.; L
(61,02,...,0¢) to denoteall the entriesof this vectorat time ¢. For
simplicity, we used; to denoteboththe randomvariableandits realisa-
tion. Consequentlywe expresscontinuousprobability distributionsusing
P (df;) insteadof Pr (6; € df;) anddiscretedistributionsusing P (6;)
insteadof Pr (6; = 6;). If thesedistributionsadmitdensitieswvith respect
to anunderlyingmeasureg: (countingor Lebesgue)we denotetheseden-
sitiesby p (8+). For example,whenconsideringthe spaceR™, we will
usethelLebesgueneasurey = dfy, sothatP (df:) = p (6¢) db:.

i=1,...,N=10 particles
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Figure 1. In this example,a particlefilter startsat time
t — 1 with an unweightedmeasure{&?ﬁ’_)l,N—l}, which

provides an approximationof p(z;_1|y1.t—2). For each
particlewe computethe importanceweightsusingthe in-

formation at time ¢ — 1. This resultsin the weighted
measure{é?ﬁ’_)l,@,@l}, which yields an approximation
of p(zi—1|y1.4—1). Subsequentlya resamplingstep se-
lects only the “fittest” particlesto obtainthe unweighted
measure{:c@l, N~—'}. This yields an approximationof

p(z¢—1|y1.+—1) thatis “concentratedbnthemostlik ely hy-

pothesis therebyallowing for nonstationarytracking. Fi-

nally, a sampling(prediction) stepintroducesvariety; re-

sulting in the measure{z{”, N='}, which is an approxi-
mationof p(z¢|y1.¢—1)-

If equation(1) doesnot admita closed-formexpression,
thenequation(2) doesnot admit oneeitherandsampling-
basedmethodsare still required. (Also note that the
term p (y¢|y1:t—1, 20:¢) IN equation(2) doesnot simplify
to p (y:|2¢) becausehereis a dependeng on pastvalues
throughzg.;.) Now assuminghatwe canusea weighted

set of samples{z(()fz,wgi)}éil to representhe mamginal
posteriordistribution

N
D — (Ds
Py (z0:tly1:6) = D w 9.6 (21:0),
i=1
the maminal densityof z.; is a Gaussiamixture

D (ot |y1:e) = /P($0:t|Z0:t;yl:t)dP(ZO:t|y1:t)

N
= /p(-TO:t'ZO:t;yl:t)271)?)62(()2 (20:¢)

N
= Z wt(z)p(xo;t |y1:t; Z(()Zl)
i=1

that canbe computedefficiently with a stochastidank of
Kalmanfiltersasshavnin Sectiord. A Rao-Blackwellised



filter thatcombineghis mamginalisationandsamplingof z;
is describedn Section4.

3. PARTICLE FILTERING

Given N partlcles(samples){th 1a20t Y, attime
t — 1, approximatelydistributed accordingto the distri-

bution P(da:(()it l,zoit 1|y1t 1), particlefilters enableus
to computeN partlcles{mOt,zo’t} ~, approximatelydis-

tributed accordingto the postenorP(da:éfl, z(()fglyu), at
timet. Sincewe cannotsamplefrom the posteriordirectly,

the PF updateis accomplishedby introducingan appro-
priateimportanceproposabistribution Q (dxo.¢, 2¢.¢) from

whichwe canobtainsamplesThebasicalgorithmconsists
of two steps: sequentiaimportancesamplingand selec-
tion.

Sequentialmportancesamplingstep

e Fori=1,..., N, sample from the transition priors
7Y~ Pr(alg?)
ﬁgi) ~ P(dwt|wgz)1,z(l))
and set

(362,282) 2 (6,50 201, 600)

e For¢: = 1,...
weights

, N, evaluate and normalize the importance

( ) (1) A(l))

mp(yt\z

Selectiorstep

¢ Multiply/Discard particles {m((f)t,z(()’g

high/low importance weights wi’) to obtain N particles

{2820}

_ with respect to

i=1"

Figure2. SimplesequentiaMonteCarloalgorithmattime
t. For filtering purposeqPF), thereis no needfor storing
or resamplinghe pasttrajectories.

Sequentialmportancesamplingstep

In genericsequentiaMonte Carlo (SMC) simulation,one

needgo extendthecurrentpaths{gc0 o1 23'27 1Y, toob-

tain new paths{z{"), 2%}V, usingthe proposaldistribu-

tion Q (dZo.1, Zo:¢|y1:t) givenby theintegral
/Q(dﬁo:t,?o:tlxo:t—l,Zo:t—l,yl:t)dP(mo:t—l,Zo:t—1\y1:t—1)

To makethis integraltractablewe only proposeto modify
the particlesattime ¢, andleave the pasttrajectoriesntact.
In otherwordsQ (dZo.¢, Zo:¢|To:t—1, Z0:t—1, Y1:¢) IS Setto

Q(dZy, Z¢|T0:t—1, 20:4—15Y1:t) Oz 1,200—1 (AT0st—1, Z0:¢—1)
andconsequently) (dZo., Zo:¢|y1:¢) is equalto

P(dxo.t—1, 20:t—1|y1:¢—1) Q(dZs, Z¢|T0:6—1, Z0:4—1, Y1:¢)

The samplesfrom Q(-), mustbe weightedby the impor-
tanceweights

P(dZo.¢, Zo:¢|y1:¢)
Q(dZo.¢, Zo:¢|y1:¢)
P(dxo.t—1, 20:¢—1|y1:t)
P(dxo:¢—1, 20:t—1|y1:¢—1)
P(d2, Z¢|%0:¢—1, 20:¢—1, Y1:¢)
Q(dZt, Z¢|To:4 1, 20:¢—1, Y1:¢)
P (ye|Te, 2¢) p (Tt 2¢|T0:e—1, 20:0—1, Y1:1)
g (T4, 2t|-'1:0:t71, 20:t—1, Y1:¢) '

wey =

(4)

X

In ourcasethetransitionprior p (Z, 2¢|Zo:t—1, 20:t—1, Y1:t)
simplifies to the Markov density p (Z, Z¢|z¢—1,2:-1)=
D (Z¢|xe—1,2e—1) p (Z¢|z:—1); thoughthis simplificationis
not requiredin orderto implementSMC algorithms.

Fromequation(4), we notethattheoptimalimportancedlis-
tributionis Q(-|-) = P(dZy, Z¢|To:¢—1, 20:¢—1,Y1:¢). (When
usingthis proposal pnemight still encountedifficultiesif
the ratio of the first two termsof equation(4) differs sig-
nificantly from 1 [3], [14].) Theoptimalimportancedistri-
bution canbedifficult to evaluate.Onecanadopt,instead,
thetransitionprior asproposaldistribution

QL) =P

in which caseheimportancewneightsaregivenby thelik e-
lihood function

(d§t|$t71; thl) Pr (3t|zt71) ;

Wy 0<P(Z/t|57\ta3t)-

This is the algorithmshawn in Figure 2. It hasappeared
undermary names,ncluding condensatiorl1], survival
of thefittest[12] andthe bootstragfilter [10]. Theimpor-
tancesamplingframeawork allows usto designmoreprin-
cipled and “clever” proposaldistributions. For instance,
one can adoptsuboptimalfilters and other approximation
methodghatmale useof theinformationavailableattime
t to generatethe proposaldistribution [8], [6], [14], [16].
In fact,in somerestrictedsituations,onemayinterpretthe
likelihoodasa distribution in termsof the statesandsam-
ple from it directly. In doing so, the importanceweights
becomeesqualto the transitionprior [9].

Selectiorstep

A selectionrschemeassociateto eachparticle(ﬁ(()’l, 28’2)
numberof “children”, say N; € N, suchthatzz.:1 N; =
N. This selectionstepis what allows us to track mov-
ing target distributions efficiently. Thereare various se-
lection schemesin the literature, but their performance
variesin termsof var [N;]. We choosea minimum vari-
ancesamplingalgorithm[5], [13]. We samplea setof N
points U in the interval [0,1], eachof the points a dis-
tance N~' apart. The numberof children V; is taken

to be the numberof points that lie betweenz 1 w,ﬁ”

and E =1 wﬁ’). This stratgy introducesa varianceon



N; even smallerthan multinomial or residualresampling
schemespamelyvar(N;) = Nyw,” (1 —Wtwi(’)) , where
wl® = N;l (~<i>N - N, Ni = | V@) | and W, =
N - Zz 1

4. RAO-BLACKWELLISED PARTICLE FILTERING

. Its computationatomplexity is O(N).

The RBPFis similar to the PF, but we only samplethedis-
cretestates Thenfor eachsampleof thediscretestateswe
updatehemeanandcovarianceof thecontinuousstateajs-

ing exactcomputations.In particulay we samplez and
thenpropagatehemeanpt’) andcovanance):ﬁ’) of z; with
aKalmanfilter asfollows

@ _

Py = Alz (Z))/J’rgZ)l\t 1 + P (2 yuy
Tt = AGED G+ BED)BE)
St = 0GB CE + DE)DED)T

Z‘/;? 1= C( (Z))ll’t‘t 1 + G( (1))ut
% i i (i —1(z i
uﬁ\i = /~”§|Z 1t E§|2 LCETST Dy ?Jt(|2 1)

=0 = =i -2 cE ST oED) R 6)
E(zily14-1), poe = E(wiyi),
Yijt—1 £ E(yely1:6-1), Et\t—l £ cov (z¢|y1:6-1), Et|t £
cov (x| y1.¢) andS; £ cov (yt| y1:t—1). Hence,usingthe
prior proposafor z; andapplyingequation(2), wefind that
the importanceweightsfor z; are given by the predictve
density

where ,ut|t_1 é

ZN(thytlt—bSt) - (6)

Thenew algorithmis shovn in Figure3.

p (yt| Y1:t—1, Zl:t)

5. EXPERIMENTS

In our experimentswe usethe state-spacenodelto gen-
eratesyntheticdataand then comparethe performanceof
the PF and RBPF algorithms. We setthe matricesA and
C atrandom,B = D = 001, F =G =0, uo =0
andX, = 0.11. In thefirst experiment,we setn, = 1,
ny =n; = 2, P(z) = (0.5,0.5) and

0.1 0.9
Platlai1) = [ 0.1 0.9 ]

Here thefirst stateis visitedonly onrareoccasionsWe re-
peatedthe experiment10 timesfor 50, 100,500 and 1000
particles. The resultsare shovn in Figure4. Clearly, the
RBPF outperformsthe PF algorithm significantly More-
over, it only seemsto requirea few particles. Figure 5
shows onetypical run with parametersv = 100, n, = 3,
nge = ny = 2, P(z) = (0.5,0.5,0.5) and

0.1 05 04
0.1 06 0.3
0.1 03 06

P(zt|zt_1) =

Figure6 depictsthe propagatedliscretedistribution of z.

Sequentialmportancesamplingstep

~(4) A (4) $3(4)
SN St = By Yyt

A E(l)

e Fori=1,. tt—17

sample
20~ Pr(zle)

e For¢ = 1,..,
weights

N, evaluate and normalize the importance

wt(i) xp (yt\ym—l?éi))

Selectiorstep

Ay N
« Multiply/Discard particles {ﬁgﬁ 1’2572 I,A(z)}'
i=

. with re-
spect to high/low importance weights wt(’) to obtain N parti-

(@) () ()
cles {I‘Lt\lt v tTt 1% }1 v

Updatingstep
e For = 1,..,N, use one step of the
Kalman recursion to compute the minimum
statistics {u(tzj-l\t’ (tzj-l\t’yt(igllt’slg-i}l’} given
FORMOREE O
2y s By 1o Dy 1}

Figure 3. RBPFalgorithmattimet.

— RBPF
- - PF

~~.
-~
-~
=~
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Computational time [seconds]

Figure4. Resultgor 50,100,500and1000particles.The
RBPFoutperformghe PF significantly

6. CONCLUSIONS

We proposedhe useof Rao-Blackwellisatiorto improve
the state-of-the-aralgorithmsfor stateestimatiorandfault
diagnosis.Theresultsshov a considerablémprovement.

We are currently addressingthe questionof diagnosing
very rare events. This questionis of fundamentaimpor-
tancein the diagnosisof faultsin planetaryrovers. To
solwe this problem, a recentpaper[17] introduceda par
ticle filter that penalisegarticlesoutsidethe region of er-
ror. This approachcanbe easilycombinedwith our Rao-
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Figure 5. Typical run. The RBPFmakeslessestimation
mistales.

Figure6. Distributionof thediscretestatescomputedvith
the RBPFE

Blackwellisationscheme However, this is not enough.In-
steadof penalisingparticlesoutsidetheregion of error, we
mustbiasthe importanceproposaldistribution to generate
more samplesn the region of error. This is essentiabe-
causedheregionof erroris exponentiallysmallwith respect
to the size of the statespace.Fortunately thereare some
guidelinesfor solvingthis problemin the communications
literatureconcerningmportancesamplingfor bit errorde-
tection[15]. Here,adaptve techniquesor large deviation
changesof measurecan be usedto generateappropriate
proposaMistributions.We arecurrentlyinvestigatingvays
of extendingthis batchframework to our on-line frame-
work.
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