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Abstract

Theindependenthoicelogic (ICL) is partof a projectto combinelogic
anddecision/gaméheoryinto a coherenframavork. The ICL hasa sim-
ple possible-vorlds semanticsharacterisethy independenthoicesandan
agyclic logic programthatspecifiegshe consequencesf thesechoices.This
papergives an abductve characterizatiorof the ICL. The ICL is defined
model-theoreticallybut we shaw thatit is naturallyabductve: the setof ex-
planationsof a propositiong is a concisedescriptionof theworldsin which
g is true. We give an algorithmfor computingexplanationsandshaw it is
soundandcompletewith respecto the possible-vorlds semantics Whatis
unigueaboutthisapproachs thattheexplanationof thenggationof g canbe
derived from the explanationsof g. The useof probabilitiesover choicesin
thisframewvork andgoingbeyondacyclic logic programsarealsodiscussed.

1 Intr oduction

This paperis part of a projectaimedat combininglogic and decisionor game
theoryinto a coherentframewnork [23]. This projectfollows from the work on
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probabilisticHorn abduction[19], which shaved how a combinationof inde-
pendenfprobabilistichypothesesinda restrictedagyclic logic program(without
negationasfailure)thatgives the consequencesf the choices canrepresenary
probability distribution in muchthe sameway as do Bayesiametworks[17].

Theindependentchoicelogic (ICL) [23] builds on probabilisticHornabduc-
tionto extendthelogic toincludearbitraryacgyclic logic programgthatcaninclude
negationasfailure) andallow differentagentso make choices.The generaidea
is to have a structuredhypothesisspace,and an agyclic logic programto give
theconsequences hypothesesThehypothesearepartitionedinto alternatives
The setof all alternatves is a choicespace Thereis a possibleworld for each
selectionof oneelementfrom eachalternatve; the logic programspecifiesvhat
is true in thatworld. The semanticof negation asfailure is given in termsof
stablemodels. This framework is definedmodel-theoreticallyout, aswe shaw in
this paper it is naturallyabductve: the setof explanationsof a propositiong is
a concisedescriptionof the worldsin which g is true. We give an algorithmfor
computingexplanationsandshaw it is soundandcomplete.Whatis uniqueabout
this approachs thatthe explanationof the negationof g canbe derived from the
explanationsof g; thealgorithmis basedn Reiters [27] hitting setalgorithm.

In otherwork [23], we considethow thisframework canbeusedfor modelling
multiple agentsunderuncertaintyin away thatextendsdecisionandgametheory
By allowing differentagentso makeindependenthoicesthesemantiéramevork
extendsthe notionof the strateic or normalform of agame[29]by allowing for a
logic programto modelthe dynamicsof the world andthe capabilitiesof agents.
Oneof theagentsanbenature;in this casewe have probabilitydistributionsover
alternatves,with the alternatves correspondingo independentandomvariables
[19].

The goal of abduction[25, 12] is to explain why someobsened proposition
is true; we wanta descriptionof whatthe (real) world may belik e to accountfor
theobsenration. Theinputis a setof assumablegossiblenypotheses) logical
theorythataxiomatisesvhatfollowsfromtheassumablegndanobsenationto be
explained.Given an obsenationwewanttheexplanationgo bedescription®f how
theworld couldbeto producethe obsenation: formally we wanta consistenset
of assumablethatlogically impliestheobsenations. Thusabductioris inherently
aboutpartialinformation; beforewe make an obserationwe don’t know which
assumptionsve will make.

In contrastnegationasfailure[5] is aboutcompleteknowvledge.If someatom
cannotbe proved, its negationis inferred. In combiningnegationasfailure with
abduction,we have completeknowledgeaboutsomepredicatesven thoughwe
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may only have partial knowledgeaboutothers[6, 20, 9]. Therearemary areas
wherewe wantnegationasfailureto mearthatall of thecasedor a predicatehave
beencoveredeventhoughwe may not have completeknowledgeaboutall of the
atomsthat make up the definition. For example,thereis a neatsolutionto the
frameproblemusinglogic programmingandnegationasfailure[14, 1, 28], which
canstill beusedevenif we don't have completeknowledgeaboutall of theatoms
in thebodies.Considerthefollowing example:

Example 1.1 Considera simpledomainwherethereis arobotandakey, andthe
robot canpick up or put down the key, andmove to differentlocations. We can
write rulessuchas,therobotis carryingthe key afterit has(successfullypicked

it up':
carrying(key, s(T)) <«
do(pickup(key), T) A
at(robot, Pos, T) A
at(key, Pos, T) A
pickup succeeddl).

Togethemwith this rule thatspecifiesvhencarrying commencesye needa frame
ruleto specifywhencarryingpersists.Thegeneraform of aframeaxiomspecifies
thata fluentis true aftera situationif it weretrue before,andthe actionwerenot

onethatundidthefluent,andtherewas no othermechanisnmhatundidthefluent.

For example,anagents carryingthekey aslong astheactionwas notto putdown

thekey or pick up thekey, andthe agentdid not accidentallydrop the key while

carryingout anotheraction?

carrying(key, s(T)) <«
carrying(key, T) A
~do(putdowrtkey), T) A
~do(pickupkey), T) A
~dropgkey, T).

1We areusingProlog’s corventionwith variablesin uppercase but with negationwritten as
“~" andconjunctionas“A”. This axiomatisationis similar to a situationcalculusdefinition,
but what whetheractionis attemptedat ary time is a proposition. This is closerto the event
calculus[15]wherewe areexplicitly interestedn narratves [28].

2Note that ~do(pickup(key), T) is an elementof the body of this rule becausave don't want
bothrulesto be applicablewhenthe agentis carryingthe key andtriesto pick it up. In thatcase,
for thesale of makinga choice we assumeheactionis lik e thecasewhenit justpicksup thekey.
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Thesetwo rules cover all of the caseswhenthe robotis carryingthe key. By
theserules, we really meanthe completion: the robotis carryingthe key if and
only if oneof thesetwo caseccurs.However, we don’t wantto globally assume
completeknowledge. For example,we may not know whetherpickup succeeds
or whethertherobotdropsthe key (the ICL [23] allows uncertaintyexpresseds
probabilitiesfor theseatoms;seeSection5).

Supposene have someexplanationsfor why the robot may drop the key3.
Eachsuchexplanationwill sene to describeconditionsin which the agentdrops
thekey. In all othersituationstheagentwon't dropthekey, andso,assuminghe
agentis carryingthekey anddoesnt putdown or pickupthekey, shouldsene for
explanationgor theagentarryingthekey inthenext state.Whatdistinguishedhis
work is theinteractionof abductionandnegationasfailure. A setof explanations
for dropgkey, T) will induceanothessetof explanationgor ~dropgkey, T), which
thencanbeusedo find explanationgor carrying(key, s(T)). Thesejn turn,could
beusedo deriveexplanationgor ~carrying(key, s(T)). Intheindependenthoice
logic, thisabductve characterizatiors aconsequencef anindependentlyefined
model-theoreticsemanticgor thelogic.

Wefirstoverview thelCL andgiveamodeltheoreticsemantic$23]. Themain
contrikbution of this paperis to provide anabductve characterisationf the logic
in termsof operation®on setsof assumptiongin termsof compositechoices)and
how theassumptionsiteractwith thelogic programs.We shav how theabductve
machinerycanbeusedor probabilisticreasonin@ndfor Bayesiardecisiortheory
andfinally discusgyoingbeyondagyclic logic programs.

2 Background: Acyclic Logic Programs

We usethe Prolog corventionswith variables startingan uppercaseletter and
constants function symbols and predicate symbols startingwith lower case
letters. A term is eitheravariable aconstantpf is of theformf (t4, . . ., ty) where
f is a functionsymbolandty, ..., t, areterms. An atomic formula (atom)is
eithera predicatesymbolor is of the form p(ty, ..., tn) wherep is a predicate
symbolandty, ..., ty areterms.A formula is eitheranatomor is of theform ~f ,

3To contrastthis with otherwork on abducte logic programming12, 11], considerthe case
wheredrop(key, T) isn’t alogical consequencef theclausesandno explanationdor drop(key, T)
involve proofsthatusenegationasfailure. In standardbductvelogic programmingnohypotheses
needto be addedto explain ~dropgkey, T). Any explanationsfor drop(key, T) sene only to
disallon othercombinationf assumptions.
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f Agorf v gwheref andg areformulae.A clauseis eitheranatomor is arule
of theform a <— f wherea is anatomandf is aformula(thebody of theclause).
A logic programis a setof clauses.

A groundtermis atermthatdoesnotcontainary variables.A groundinstance
of a term/atom/clause is a term/atom/claus@btainedby uniformly replacing
groundtermsfor the variablesin c. The Herbrand baseis the setof ground
instancef the atomsin the languagginventinga new constanif thelanguage
doesnot containary constants)A Herbrand inter pretation is anassignmenof
true or falseto eachelemenof theHerbrandbase.If P isaprogram /et gr(P) be
thesetof groundinstance®f elementsf P.

Definition 2.1 ([10]) InterpretationM is a stable model* of logic programF if
for every groundatomh, his truein M if andonly if eitherh € gr(F) or thereis
aruleh < bin gr(F) suchthatb is truein M. Conjunctionf A gistruein M if
bothf andg aretruein M. Disjunctionf v gistruein M if eitherf or g (or both)
aretruein M. Negation~f is truein M if andonly if f is nottruein M.

Definition 2.2([1]) A logic programF is acyclic if thereis an assignmenbf a
naturalnumber(non-ngatve integer) to eachelementof the Herbrandbaseof F
suchthat, for every rule in gr(F) the numberassignedo the atomin the headof
theruleis greatetthanthenumberassignedo eachatomthatappearsn thebody.

Acyclic programsaresurprisinglygeneral.Note thatagyclicity doesnot pre-
cluderecursve definitions. It just meanghatall suchdefinitionshave to bewell
founded. They have very nice semanticproperties,jncluding the following that
areusedin this paper:

Theorem 2.3([1]) Acyclic logic programshave thefollowing properties:
1. Thereis auniquestablemodel.

2. Clark’s completion[5] characterisewhatis truein this model.

Section7 discussesvherewe maywantto go beyondagyclic programs.

4Thisis aslightgeneralizatiomf thenormaldefinitionof astablemodelto includemoregeneral
bodiesin clauses.This is doneherebecauset is easierto describethe abductve operationsn
termsof the standardogical operators.Note thatunderthis definitionb <— ~~a is the sameas
b« a
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3 IndependentChoicelogic

In thissectionwe definethesemanticef theindependenthoicelogic (ICL) where
thebasdogicisthesetof agyclic logic programainderthestablemodelsemantics.
Sectiond givesanabductve characterisatioof thelogic.

Definition 3.1 An independentchoicelogic theory is apair (C, F), where

C, thechoicespace is a setof non-emptysetsof groundatomicformulae,such
thatif x1 € C, xo € Candy1 # x2 thenx1 N x2 = {}. Anelementof C
is calledan alternative. An elementof an alternatve is calledan atomic
choice

F, thefacts, is an acyclic logic programsuchthatno atomicchoiceunifieswith
theheadof ary rule.

In this paperwe assumehateachalternatve is finite, andthattherearecountably
mary alternatves.

Thesemanticss definedin termsof possibleworlds. Thereis apossiblevorld
for eachselectionof oneelementfrom eachalternatve. Theatomswhich follow
from theseatomstogethemith F aretruein thispossibleworld. Thisis formalised
in the next two definitions.

Definition 3.2 Givenindependenthoicelogictheory(C, F), aselectorfunction

is amappingr : C — UC suchthatt(x) € x for all x € C. Therange of

selectorfunctiont, writtenR(7) istheset{z (x) : x € C}. Therangeof aselector
functionis calledatotal choice

Definition 3.3 SupposeavearegivenICL theory(C, F). Foreaclselectofunction
7, we construciapossibleworld w;. If f isaclosedformula,andw; is apossible
world, f is true in world w;, basedn (C, F), writtenw, &= CE f,if f istruein

the (unique)stablemodelof F U R(7). f is falsein world w; otherwise.

Whenunderstoodrom contet, the (C, F) is omitted asa subscriptof =. The
uniguenessf themodelfollows from theagyclicity of F U R(7).

Notethat, for eachalternatve x € C andfor eachworld w;, thereis exactly
oneelementof x thatis truein w;. In particularw; = t(x), andw; = ~a«a for

alla e x — {t(x)}.
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4 Abductive Characterisation of the ICL

Thesemantidramavork here with probabilitiesonthechoices andagyclic logic
programswithout negationasfailure (with someotherrestrictionghatarerelaxed
here;seeSection8.3)was the basisfor probabilisticHorn abduction19]. Oneof
the mainresultsof [19] (proven in the appendixof thatpaper)was thatthe setof
minimal explanationsof g is aconcisedescriptionof thepossibleworldsin which
gistrue.

In this paperwe give anabductve characterisationf theabose semantialef-
inition of consequencéhat allows for negationasfailure. In particular the ex-
planationsof a propositionwill be a descriptionof the setof possibleworldsin
which the propositionis true. This canberelatedto previouswork on abductve
logic programming12], but thereis adifferentinteractionbetweerabductiorand
negationasfailure. If g hassomesetof explanationsthen~g alsohasa setof
explanationsvhicharethedual of theexplanationf g (Sectior4.2). Weinterpret
negationquite differently from the interpretationas“f ailure to prove” [5] thatis
appropriatewhenthereis completeknowledgeof all propositions. Negationis
interpretedwith respecto eachworld; ~g is truein aworld if g is falsein the
stablemodeldefiningthatworld. Thisis in contrasto theview that~g meanghat
g cannotbe proved—theremay be mary proofsfor g (eachrelying on different
assumption)ut thisdoesnt mearwecant alsoexplain~g. Sectior8.2discusses
therelationshipwith abductve logic programmingn moredetail.

4.1 CompositeChoices

The notion of a compositechoiceis definedto allow us to partition the worlds
accordingo whichatomicchoicesaretrue. Thisformsthebasisfor theabductve
characterisation.

Definition 4.1 A setx of atomicchoicess consistentwith respecto choicespace
C if thereis no alternatve which containsmorethanone elementof «. Where
C is understoodrom context, we just saythat« is consistent.A consistenset
of atomic choicesis calleda compositechoice If A is a setof alternatves, a
compositechoiceon Ais asetof atomicchoiceghatcontainsexactlyonemember
of eachelementf A (andno othermembers).

5ThereisaprobabiIitydistrimtiononeacralternati/e(afunctionPO : UC — [0, 1] suchthatfor
all x € C, Zaex Po(a) = 1), wherethedifferentalternatves areprobabilisticallyunconditionally
independenfseeSectionb).
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A consistensetof atomicchoicesis satisfiable:it canalwaysbe extendedto
atotal choice,whichis truein a possibleworld.

Thefollowing lemmashaows the relationshipbetweencompositechoicesand
total choices.

Lemma 4.2 A setof atomicchoicess atotal choiceif andonly if it is amaximal
compositechoice.

Thisis becauseachtotal choiceis a compositechoice,andthereis no composite
choicethatis a (strict) supersetEachmaximalcompositechoiceis therangeof a
selectorfunctionandsois atotal choice.

Theelement®f acompositeehoiceareimplicitly conjoined:compositechoice
x is truein world w,, writtenw; = x, if x € R(t). A setof compositechoices
is implicitly disjoined: a setof compositechoicesis truein aworld w; if oneof
theelementgs truein w;. Thusa setof compositechoicescanbe seenasa DNF
formulamadeup of atomicchoices.

Definition 4.3 Two compositechoicesarecompatibleif theirunionis consistent.
A setK of compositechoicess mutually incompatibleif forall ki, € K, k2 € K,
k1 7 k2 impliesk1 U k2 is inconsistent.

Given thesyntactiadefinitionsof incompatibleandmutuallyincompatiblewe can
give anequialentsemantiacharacterisation:

Lemma 4.4 Two compositechoicesarecompatiblef andonly if thereis aworld
in whichthey arebothtrue. A setK of compositechoiceds mutuallyincompatible
if andonly if thereis noworld in which morethanoneelementf K is true.

We usesetsof compositechoicesasdescription®of setsof worlds. Thesearetypi-
cally muchmoreconcisedescriptionghandescribinghepossibleworldsdirectly
(seesection6). Thisis usedo developanabductve characterisationf thelCL. In
orderto developthetheory we definesomeoperation®on compositechoices.The
first is finding the complemenbf a setof compositechoices(a setof composite
choicesthat describethe complementarsetsof worlds to the original set),and
thenotionof adual,whichis a syntacticoperatiorto find acomplementargetof
compositechoices.We thengive anabductve characterisatioof the ICL, where
explanationsof aformulacorrespondo compositechoiceghatentailtheformula.
This characterisatioshows the interactionbetweerthe choicesandtherules. In
particular negation asfailure is handledusingthe dualsof setsof explanations.
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Thefinal operationis splitting compositechoiceswhichis usefulfor makingmu-
tually incompatiblesetsof compositeehoiceghatdescribeéhesamesetof possible
worldsastheoriginal.

4.2 Dualsand Complements

If K is a setof compositechoicesdescribinga setof worlds, we often want a
descriptionof all of the otherworlds. Thiswill be crucialin definingabduction
throughnegationasfailure;if somesetof compositechoicesdescribesheworlds
in which g is true,theng is falsein all of the otherworlds,so~g is truein these
otherworlds.

Definition 4.5 If K is asetof compositechoicesthenacomplementof K is aset
K’ of compositechoicessuchthatfor all worldsw,, w, = K’ iff w; & K.

Thenotion of adualwill be definedto give a way to constructa complemenbf
a setof compositechoices.Theideais thata dual of K containschoicesthatare
incompatiblewith every elementof K:

Definition 4.6 If K is a setof compositechoicesthencompositechoicex’ is a
dual of K with respecto choicespaceC if Vk € K, 3a € «, 3o’ € /', a #
dx € Csuchthat{«, @’} C x. A dualis minimalif nopropersubsets alsoadual.
Let dualss (K) bethe setof minimal dualsof K with respecto C. (Usuallythe
choicespaceC is implicit from the context.)

Example 4.7 SupposeC = {{a, b, ¢}, {d, e, f}}, then
dualss({{a, d}, {b, e}}) = {{c}, {f}, {b, d}, {a, e}}.

The following lemmashaws the relationshipbetweendualsand negation. The
dualsof asetK of compositechoiceds adescriptionof the complementargetof
possibleworldsthatis describedy K :

Lemma4.8 If K is asetof compositechoicesdualgK) is acomplementf K.

In otherwords,for everyworld w; anelementof K is truein w; iff no elementbof
dualgK) istruein w;. For aproof of thislemmaseeAppendixA.
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4.2.1 Computing Duals

Thereis a strongrelationshipbetweerntheideaof adual of K andthenotionof a
hitting set[27]. Insteadof hitting onememberof every elementof the set,a dual
hits a complemenbf oneof the memberf eachelementof K.

Definition 4.9 [27, Definition 4.3] SupposeC is a collectionof sets. A hitting
setforCi sasetH C | Jg.c SsuchthatH NS # {} for eachS € C.

Definition 4.10 If « is anatomicchoice,thecontrary to « with respecto choice
spaceC, writtenconic () is x — {a} wherey isthealternatvein C whichcontains
a. Thisiswell definedase isin auniquealternatve. If x isacompositechoice the
contrary of « with respecto choicespaceC, writtenconic (), isl ¢, conic ().

Example 4.11 Considerexample4.7,whereC = {{a, b, c}, {d, e, f}}, then

conic(fa, d})) = f{b,cef}
conic({b,e})) = f{ac,d,f}

k" is adualof K, meanghatfor every elementc € K, «’ containsanelement
thatis contraryto oneelemenbf «. Butthisis thatsameask’ containsanelement
of conic (k). Thuswe have:

Theorem4.12 «’ is adualof K with respecto C iff «’ is a consistentitting set
of {conic (k) : k € K.

Reitershitting setalgorithm[27, Sectiond.2]is directlyapplicabldor comput-
ingduals.Wecanpruneary branche thehitting settreewherethecorresponding
setof atomicchoicess inconsistentThisis shovn in Figurel.

Example 4.13 ContinuingExample4.11, the set of consistentminimal hitting
setsof {{b, c, e f}, {a, c,d, f}}is{{c}, {f}, {b,d}, {a, e}}. Althoughtheset{b, a}
is a hitting setit is inconsistentand so not consideredn the setof duals. It
is easyto checkthat eachof the 9 worlds is coveredby either{{a, d}, {b, e}} or
{{c}, {f}, {b, d}, {a, €}}, but not both.
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procedure dualgK)
Input: K — a setof compositechoices
Output: the setof dualsto K
Suppos&K = {k1, ..., K-
LetDg = {{}}; % Dj is thesetof dualsof {«1, ..., «i}
fori =1tondo
LetD; = {dU{c} : d € Dj_1, ¢ € conic (ki)};
remove inconsistenelementdrom Dj;
remove ary « from Dj if 3’ € Dj suchthat«’ C «
endfor;
return Dp.

Figurel: Findingthedualof a setof compositechoicesK

4.3 Entailment

Definition 4.14 If « andg arepropositionsg entails 8 with respectoindependent
choiceframenork theory(C, F) if 8 is truein all worldsin which« is true.

Example4.15 If C = {{a, b}} andF = {c < a, d < b} then~d entailsc andd
entails~c. Therearetwo worlds here: onewith a, c, ~b, ~d true andonewith
b, d, ~a, ~ctrue.

Entailmentcanbe contrastedvith the consequenceelationof alogic program:

Definition 4.16 If « isacompositeechoice wewrite« |~ g if g istruein thestable
modelof F U «.

If « i~ B thena entailsB. The following exampleshavs how entailmentin the
sensef Definition4.14is richerthanconsequencky ~ , even whentheleft-side
is acompositechoice:

Example 4.17 SupposeC = {{a, b}, {c, d}} andthefactsare:

g1 < aAcC.
g1 < bac

c entailsgs but ¢ )~ g;. In everyworld in which c is true, eithera is trueor b is
true,andsoq; is alsotrue.
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We cancharacterisentailmenin termsof acompletionof anICL theory This
will consistof the completion(in the senseof Clark [5]) of the facts,wherewe
completeall predicategxcepttheatomicchoiceqsimilarto [6]). Eachalternatve
getsmappednto aformulaexpressingheexclusivity andcoveringof thechoices
in analternatve.

Definition 4.18 Thecompletion of independenthoiceframewvork theory(C, F)
is the conjunctionof

1. Clark’s completionof eachpredicatethatis notanatomicchoice.
2. (01 V---Vag A /\i;,éj ~(aj A ) for each{ay, ..., ax} € C.
3. Clark’'sidentity theory[5].

Thefollowing theoremgives therelationshipbetweerentailmentandcomple-
tion. It shouldnot be too surprisingaswe arerestrictingF to be agyclic logic
programs,andthe completionof eachnon-atomicchoiceis true in every world
(only theatomicchoicesin eachworld changes).

Theorem4.19 « entailspg with respecto independenthoiceframenork theory
(C, F) iff « — B logically follows from the completionof (C, F).

For aproof seeAppendixA.
Example 4.20 Thecompletionof the ICL theoryof example4.15is

(cean(d<bAa@vb A~@Ab)
whichis equialentto
(e aA(d<«bA(@as~b

Aside: Thetheoryin this papercould have beenpresentedn the form of these
sentencesUnfortunately giventhis representatiortheassumptionthateachtotal
choiceleadso asinglepossiblevorld is very sensitve to theform of thesentences.
If thelanguagés expandedo muchbeyondwhatis the completionof anagyclic
ICL theory choicesn somealternatves would constrairchoiceghatcanbemade
in otheralternatves (sometotalchoiceswill beinconsistentwith thefacts)oratotal
choicewould not completelydefinea possibleworld (a total choicetogethemith
thefactsmayimply adisjunctiona v b without entailinga or b). Theformulation
in termsof stablemodelsfor agyclic logic programseemwery naturalandallows
for simplesemantics.
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4.4 Explanations

Definition 4.21 If g is a groundpropositionaformula, an explanation of g is a
compositechoicethatentailsg. A minimal explanation is anexplanationsuch
thatno subsets anexplanation. A covering setof explanationsof g is a setof
explanationsof g suchthatoneelementof the setis truein all worldsin which g
is true.

A coveringsetof explanationsof g will betruein exactly theworldsin whichgis
true. Thiswill form aconcisedescriptionof theworldsin which g is true.

Definition 4.22 If K, andK ; aresetsof compositechoicesdefinetheconjunction
of K1 andK to bethe setof compositechoices:

Ki®Ko={k1Ukp: k1 € Ky, ko € Ko, consistentcs U «2)}.

It is easyto seethatK 1 ® K> defineghoseworldswherebothK 1 andK » aretrue.
We usethesymbol“®” astheconjunctionis like the crossproduct,but wherewe
areunioningthe pairsandremoving inconsistentsets.

This operationis usedin thefollowing recursve procedurego computeexpla-
nations:

Definition 4.23 If Gis agroundpropositionaformula,expl(G) is thesetof com-
positechoicesdefinedrecursvely asfollows:

mingexpl(A) ® expl(B)) f G=AAB
mingexpl(A) Uexpl(B)) if G=AVB
_ ) dualgexpl(A)) if G=~A
&plG) =1 (an if G e UC
{} if Gegr(F)
ming(_J; expl(B;)) if G¢UC,G « B € gr(F)

wheremingS) = {k € S: V' € S, «’ ¢ «}. dualsis definedin Figurel. expl is
well definedasthetheoryis agyclic.

Notethatthesettheexplanationof aformulais compositionabntheexplanations
on the atomicformulaethatmake up theformula. In particular the explanations
of ~A arecomputedrom theexplanationf A, andtheexplanationof AA B are
derived from the explanationsf A andthe explanationof B.

expl canbe useddirectly asa recursve procedureto computeexplanations,
eithertop-davn or bottom-up.Thefollowing theoremestablisheshe correctness
of theexpl procedure:
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Theorem 4.24 Groundformulag is truein world w; iff thereis somex € expl(g)
suchthatx € R(r). Moreover expl(g) is afinite setof finite sets.

For aproofseeAppendixA.
Corollary 4.25 expl(G) is a covering setof explanationsof G.

Note that expl(G) is not necessarilythe setof minimal explanations,asthe
following exampleshaws.

Example 4.26 SupposeéC = {{a, b}, {c, d}, {e, f}} andthefactsare:

g1 < aAc.
g1 < bac
g2 < aAcC.
g2 <« bae

In this caseexpl(g1) = {{a, c}, {b, c}}. Thereis oneminimal explanationfor g;,
namely{c}.

Also expl(g2) = {{a, c}, b, e}}, but the set of minimal explanationsof g,
is {{a, c}, {b, €}, {c, e}}. {c, €} is an explanation,becauseaf c ande weretrue,
whichever of a or b weretrue in a possibleworlds would make g, true in that
possibleworld.

This shaws thatthe setof minimal explanationsof a goalis not necessarilya
minimal coveringsetof explanations.Thisideashouldbecomparedo theideaof
kerneldiagnosesindanirredundansetof kerneldiagnose$8].

The setof minimal diagnose€anbe computedusinga notion of generalised
resolutionof explanations:

Definition 4.27 If y = {a1, - -, &} € C,and{Ly, - - -, Ly} isasetof explanations
of g suchthata; € L; for eachi € {1, - - - k}, the generalisedresolution of

the explanations{Ly, - - -, Lx} with respectto alternatve xy isLi U--- U Lg —

{al’ Tty 04<}

Figure2 givesanalgorithmto repeatedlyesoleclausesvith respecto alternatves
in thechoicespaceandremove redundantlauseslt is similarto theuseof binary
resolutionto computethe primeimplicatesof a setof clauseg13].

Lemma 4.28 Thesetof all minimal explanationf g is thesetK resultingfrom
terminationof thealgorithmof Figure2.
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K := mingexpl(9));
while 3y € C
AVaj € x AL € K suchthatea; € L;
A consistentL; U--- ULk — x)
A AE e KsuchthatE C L1 U-- ULk — g
doK :=mingK U{LiU---ULxk— x})

Figure2: Findingall minimal explanationsof g

For a proof of thislemmaseeAppendixA.

Example 4.29 ConsiderthelCL theoryof example4.26.

To find the minimal explanationsof g; we startoff with K = expl(gy) =
{{a, c}, {b, c}}. As{a, b} € C, we canresole {a, c} and{b, c} resultingin {c}.
mingK U {{c}}) =ming{{a, c}, {b, c}, {c}}) = {{c}}.

To find the minimal explanationsof g, we startoff with K = expl(g2) =
{{a, c}, {b, e}}. As{a, b} € C, we canresole {a, c} and{b, e} resultingin {c, €}.
mingK U {{c, e}}) = ming{{a, c}, {b,c}, {c,e}}) = {{a,c}, b.c}, . e}}. No
moreresolutionscanbe carriedout, andthe procedurestops.

4.5 Splitting CompositeChoices

Thefinal operationon (setsof) compositechoicesis splitting a compositechoice

into a numberof compositechoices. This will be usedto make setsof mutually

incompatiblecompositechoices. Thiswill beusedfor usingexplanationdo com-

puteprobabilities(Sectionb), but canbeusedwheneer we do notwantredundant
proofs. Recallthatwe areassuminghateachalternatve is finite.

Definition 4.30 If x = {«a1, ..., &} is analternatve andx is acompositechoice
suchthatx N x = {}, thesplit of x on x is the setof compositechoices

K Ulaa}, ..., 0 U{ad}
It is easyto seethatx andasplit of « describehe samesetof possibleworlds:

Lemma4.31 If w; isapossibleworld, w, = « iff thereis somew; € x suchthat
W; =« U {«aj}.
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procedure disjoint(K)
Input: K — setof compositechoices
Output: mutuallyincompatiblesetof compositechoicesequialentto K

repeat
if 3k1, ko € K andky C k2
thenK := K — {«p}
elseif k1, k2 € K, suchthatx1 U k2 is consistent
then
choosex € k1 — k2 andy € C suchthata € x
let K2 bethesplit of k2 on x
K:=K —{k2} UK>
elseexit andreturnK
forever

Figure3: Make setof compositechoicesK mutuallyincompatible

If thereis afinite numberof alternatves,startingfrom setK of compositechoices,
repeatedplitting of compositechoicescanproducehesetof total choicegandso
possibleworlds)in which K is true. Suchanoperationis not, however, of much
use.

Themainusefor splittingis, given asetof compositechoicego construciaset
of mutuallyincompatiblecompositechoiceghatdescribeshesamesetof possible
worldsastheoriginal set. Suppose is a setof compositechoicestherearetwo
operationsve considerto form anew setK’ of compositechoices:

1. remoavingdominatecelementsif «1, k2 € K andky C ko, letK” = K —{k}.

2. splitting elementsif «1, k2 € K, suchthatx; U k2 is consisten{andneither
is asupersebf theother),thereisaa € k1 — k2 andy € C suchthata € .
We replacexz by the split of k2 on x. Let K2 bethe split of k2 on x, and
K'=K — {k2} UK>.

It is easyto seethatK andK’ describethe samesetof possibleworlds.

If we repeatheabove two operationauntil neitheris applicablethe procedure
stops(if K is afinite setof finite compositechoices)andwe endup with a setof
mutually incompatiblecompositechoicesthatis equivalentto the original set(is
truein the samesetof possibleworlds). This proceduras depictedn Figure3.
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Example 4.32 Suppose
C = {{ay, a, ag}, {by, b2, b3}, {c1, C2, C3}}.
K = {{a1, b1}, {a1, c1}}.

The elementof K arenot mutuallyincompatible(thereis a world in which they
arebothtrue— namelytheworld with total choice{as, b1, c1}). We cansplit the
seconcelementof K on {by, by, bs}, resultingin

K" = {{ag, b1}, {a1, by, c1}, {au, b2, ¢1}, {au., bs, ca}}.
Theseconcelementcanberemoved,andwe endup with

K" = {{aq, b1}, {ag, bp, c1}, {ag, bs, c1}}
whichis amutuallyincompatiblesetof compositechoicesequialentto K.

It is possible gvenwith only two compositechoicesthatwe will needto spilt
multiple times,asthefollowing exampleshows:

Example 4.33 Suppose
C = {{au, ag}, {b1, b2}, {c1, €2}, {d1, da}, {en, &2}, {f1, f2}, {01, G2}}.
K = {{au, b1, c1}, {au, di, ex, f1}}.
We cansplit the seconcelementof K on {by, by} resultingin
K" = {{ag, b1, c1}, faq, by, di, €1, f1}, {aq, by, d, 1, f1}}.
We cansplit theseconcelementof K’ on {cz, c,} resultingin
K” = {{ay, b1, &1}, fa, b1, ¢1, du, €1, f1}, {au, by, ¢z, du, €1, f1}, {au, by, dy, €1, f1}}.
Thesecondelementof K” is subsumedsowe canremove it, resultingin
K" = {{ay, by, c1}, {a1, b1, Co. dy, €1, f1}, {ag. bp, dy, ey, f1}},
whichis amutuallyincompatiblesetof compositechoicesequialentto K.

A few interestingcomplexity questionsboutthe procedureof Figure3 canbe
answered:
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1. How mary splitsmaybeneeded?

2. How mary compositechoicesarein theresultingsetof mutuallyincompat-
ible compositechoices?

3. Is therea heuristicthattells us on which elementwe shouldsplit? In the
secondoperationwe can split on k1 or on «kp; doesone resultin fewer
compositechoices?

Thefirst thing to noticeis thatto make a setof compositechoicesmutually
incompatible it maybethe casethatwe have to considereachpair of composite
choices.Given a pair of compositechoiceswe cananalyzeexactly the numberof
splitsandthe numberof resultanttompositechoices.

Supposeve aretrying to make compositechoicesc; andx, incompatible.Let
K2 bethe split of k2 on x (wherek; containsan elementof x). We musthave
K2l = |x|. All but oneof the elementsof K, areincompatiblewith «1 (thus
thereare|x | — 1 of thesecompositechoicesncompatiblewith «1). Let k3 bethe
elemeniof K, compatiblewith «1 (k3 will be (k1 N x) U k2). Eitherk; is asubset
of k3 (thisoccursiff |k1 — k2| = 1), or we have have to repeatheloop to make «1
andkg incompatible.

Supposex; — k2 = {a1, ..., «}, wherewa; € . Eitherwe aregoingto
eventuallysplit k2 on x1, ..., xk, Or elsewe aregoingto have to split k<1 on the
analogousset,in orderto make the resultantsetof compositechoicesmutually
incompatible. It makesno senseto split both x; andx» in orderto make them
incompatible.If werepeatedlysplit k2 onthe x; wewill needk = |«1 — k2| splits.
Theresultingsetof compositechoiceswill contain(Z!‘:1 |xil) — k — 1 elements.

Thusif all of thealternatves have the sameength,to minimisethe numberof
compositechoicesn the mutuallyincompatiblesetwe shouldrepeatedlysplit the
largerof a pair of compositechoices.

4.6 An Examplein Detall

ContinuingExamplel.1, supposave alsohave thatthe agentoftendropsthe key
if it is slipperyandif thekey isn’t slippery it sometimedumblesanddropsthe
key.
dropgkey, T) <«
slipperykey, T) A
drop_slippery key(T).
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dropgkey, T) «

~slipperykey, T) A
fumbleskey(T).

Suppos¢hat,independenthateachtime, theagentitherdropsor holdsaslippery
key andeitherfumblesor retainsanunslipperykey. Thisis specifiedby:

VT {drop_slippery key(T), holds slippery key(T)} € C
VT {fumbleskey(T), retains key(T)} € C

Supposeahat the key could startslippery and subsequentlypbecomeunslippery
(We could modelthe key becomingslipperyby addingan extra clause,but this
malkesthe examplemorecomplicated.)

slipperykey, s(T)) <«
slipperykey, T) A
stays slipperyT).

slippery(key, 0) <«
initially _slippery(key).

Whetherthe key remainsslipperyat eachstepandwhetherit is initially slippery
arebothchoices:

VT {stays slipperyT), stops being slipperyT)} € C

VT {initially _slippery(key), initially _unslipperykey)} € C
We canaxiomatisethelocationof therobotandthe key in a similar manner The
robot, goesto the locationof the actionif the move was successfulptherwiseit

staysstill. Thekey stayswhereit is unlesst is beingcarriedin which caseit is at
thelocationof therobot.

at(robot, Pos, s(T)) «
do(goto(Pos), T) A
goto succeedd).

at(robot, Posl, s(T)) <«
do(goto(Pos), T) A
at(robot, Posl, T) A
~goto succeedd).
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at(robot, Pos, s(T)) «
~goto action(T) A
at(robot, Pos, T).

at(key, Pos, T) <«
carrying(key, T) A
at(robot, Pos, T).

at(key, Pas, s(T)) «
~carrying(key, s(T)) A
at(key, Pas, T).

Thereis only onegotoaction®
goto action(T) «
do(goto(Pos), T).
Thegotoactioneithersucceedsr fails ateachtime.
VT {goto _succeedd), goto fails(T)} € C
Considerthefollowing particularscenarioof actions:

do(gota(locl), 0).
do(pickup(key), s(0)).
do(gota(loc?2), s(0)).
at(key, locl, 0).
at(robot, loc0, 0).

Example 4.34 Thereis oneexplanationfor slipperykey, s(s(0))):
[stays slippery(s(0)), stays slippery0), initially _slipperykey)]
Example 4.35 Theexplanationfor slippery(key, s(s(0))) hasthreeduals:

[stops being slippery(s(0))]
[stops being slippery0)]
[initially _unslipperykey)]

6Thisis needechswe don't have explicit quantification andall variablesareuniversallyquan-
tified outsidethe scopeof the clause.Existentiallyquantifiedvariablesin the scopeof a negation
canbehandledby introducinga new clause.
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Thesethusform the explanationdor ~slippery(key, s(s(0))). Thesecanbemade
disjoint giving the explanations:

[initially _slippery(key), stays slippery(0), stops being slipperys(0))]
[initially _slippery(key), stops being slippery0)]
[initially _unslipperykey)]

Example 4.36 Considertheexplanationdor dropgkey, s(s(0))). Thefirst clause
for dropsresultsin oneexplanation:

[drop_slippery key(s(s(0))), stays slippery(s(0)), stays slippery0),
initially _slippery(key)]

Theseconalausdor dropsresultan threemoreexplanationgor dropgkey, s(s(0))),
namely:

[fumbleskey(s(s(0))), initially _slippery(key), stays slippery0),
stops being slipperys(0))]

[fumbleskey(s(s(0))), initially _slippery(key), stops being slippery0)]

[fumbleskey(s(s(0))), initially _unslipperykey)]

Example 4.37 Therearefour explanationdor ~dropgkey, s(s(0))):

[initially _slippery(key), stays slippery0), retains key(s(s(0))),
stops being slipperys(0))]
[initially _slippery(key), retains key(s(s(0))), stops being slippery0)]
[retains key(s(s(0))), initially _unslipperykey)]
[initially _slippery(key), stays slippery(0), stays slippery(s(0)),
holds slippery key(s(s(0)))]

Example 4.38 Considerexplaining carrying(key, s(s(s(0))). Using the second
clausdor carrying, weneedo combinehesdourexplanationgor ~dropgkey, s(s(0)))
with explanationdor carrying(key, s(s(0))).

Therearefour explanationof carrying(key, s(s(s(0)))):

[initially _slippery(key), stays slippery(0), retains key(s(s(0))),
stops being slipperys(0)), pickup succeeds(0)), goto succeed®) ]
[initially _slippery(key), retains key(s(s(0))), stops being slippery0),
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pickup succeeds(0)), goto succeed®)]

[retains key(s(s(0))), initially _unslipperykey), pickup succeeds(0)),
goto succeed®)]

[initially _slippery(key), stays slippery(0), stays slippery(s(0)),
holds slippery key(s(s(0))), pickup succeeds(0)), goto succeed®)]

Example 4.39 Fromthe above explanationsof carrying(key, s(s(s(0))), we can
derive explanationdor ~carrying(key, s(s(s(0))), threeof which are:

[goto fails(0)]

[goto succeed®), pickup fails(s(0))]

[goto_succeed®), pickup succeeds(0)), drop_slippery key(s(s(0))),
initially _slippery(key), stays slippery0), stays slippery(s(0))]

Therearesix otherexplanations.

Whatisimportanto noticeaboutheseexamplessthatwe canwrite declaratve
clausegslefiningthe dynamicsof the world, forgettingaboutthe factthatsomeof
the conditionswill be uncertain. The explanationsof a groundformula are a
descriptiorof exactly thoseworldsin whichit is true. Themutualincompatibility
meanghateachworld is only describedy oneexplanation.

5 Probabilities

In mary applicationsvewouldlik eto assigraprobabilityover thealternatves[19,
23]. Thisletsususethelogic programmingepresentatiofor standardBayesian
reasoning.Therule structuremirrorstheindependencef Bayesiametworks,and
providesa form of contextual independencéhatcanbe exploitedin probabilistic
inference[24].

Supposeve aregiven a function Py from atomicchoicesinto [0, 1] suchthat
Zaex Po() = 1 for all alternatves x € C. Thatis, Pg is a probability distri-
bution on eachalternatve. We assumehat the alternatves are unconditionally
probabilisticallyindependent.

Intuitively, wewouldlik etheprobabilitymeasuref any world to betheproduct
of the probabilitiesof the atomic choicesthat make up the total choicedefining
theworld. Thatis, u(w;) = HaeR(r) Po(«). The probability of ary proposition
is the sumof the probabilitiesof theworldsin which propositionis true. Thatis,
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P(a) = walza w(w;). Thisonlyworkswhenthechoicespacasfinite. However,
whenthealternatvesareparametrizedndtherearefunctionsymbolgasin Section
4.6), thereareinfinitely mary possibleworlds, eachwith measurezero,andwe
needa moresophisticatedonstruct.Thegeneraldeais to definea measurever
setsof possibleworlds.

LetWC,F = {w; : T iIsaselectofunctiononC}. ThusW, CF isthesetof all

possibleworlds. We definethealgebraof subset®of W(C F> thatcanbedescribed

by finite setsof finite compositechoices.
Q(C F> ={w C W(C F> : Ifinite setof finite compositechoicesK
suchthatvyw, w € w iff w = K}

Q CE is closedunderfinite unionsandcomplementation.Thatis, if w1, w2 €
Q<C,F> thenw1 U wy € Q<C,F> andW<C,F> —w1 € Q<C,F>'

As shawvn in Section4.5, every setof compositechoicesis equivalentto a
mutually incompatibleset of compositechoices. Thus,for every w € @ CE)

thereexists a mutually incompatibleset of compositechoicesk suchthatw e
w iff w = K.

Lemma5.1 If K andK’ arebothmutuallyincompatiblesetsof compositechoices
suchthatK = K’, then}" .k [Tye, Po(@) =3, k' [yee Po@).

Thislemmais thesameasLemmaA.8in [19].
We canthendefinea probabilitymeasureu : Q(C F) — [0, 1] by:

p@) =Y []Po@

ceK o€k

where K is a mutually incompatibleset of compositechoicessuchthatw e
w iff w = K. Lemmab5.1impliesthatit doesnt matterwhich K is chosen.

Lemma5.2 u satisfieghe axiomsof probability,’ namely:
e (w) = 1— u(w)wherew is thecomplemenbdf w and,
e if w1 andws aredisjointsets,u (w1 U w2) = pu(w1) + pw(w?).

"Note thatwe don't requires-additivity (the sumrule for infinite disjuncts)as,by agyclicity,
eachgroundformulahasafinite setof finite explanations.
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We cannow definetheprobabilityof groundformulagby P(g) = n({w : w = g}).
This is well definedasfor ary g, by the agyclicity of the facts,thereis a finite
covering setof finite explanationsof g. Thatis, {w : w = g} € Q(C F)' In

particular we have thefollowing:

Proposition 5.3 If K is acoveringandmutuallyincompatiblesetof explanations
of g, then

P@ =Y []Po@

ceK aek
We candefinea conditionalprobabilityin thenormalmanner:If P(8) # 1,

P
P(alB) =def %.

Fromthis we canseethatBayesiarconditioningcorrespondso abduction.When
we obsene g8 andconditiononit, this meanghatwe find the explanationdor it.

Section4.4 shavs how to constructa setof covering explanationsof g. The
problemis to generatea covering andmutually incompatiblesetof explanations
of g. Therearethreeapproachethancanbeused:

1. build thefactbaseo guarante¢éhatonly mutuallyincompatiblesxplanations
arereturnedoy expl(g).

2. constructa coveringandmutually incompatiblesetof explanationsrom a
coveringsetof explanations.

3. computethe probabilitiesdirectly from the setof explanationgyeneratedby
expl(g).
Thesearediscussedn the next threesections.

5.1 Disjointed Rule Bases

Poole[19] shavs therelationshipto abductionin the agyclic definiteclausecase
(without negation asfailure) underthe constraintthat the bodiesof the ground
instancesof the rulesfor ary atomareincompatible. Thatis, if a < b; and
a < by aretwo groundinstance®f rulesfor a, thereis nopossibleworld in which

b, andbs, is true. Underthis restriction,the probability of g canbe obtainedby

addingthe probabilitiesof the explanationsof g [19]. In this sectionwe extend
thisideato themoregenerarule formulationgiven in this paper
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Definition 5.4 A rule baseF is disjointed if

« for every pair of differentrulesh; < by andhy < by in F andfor every
pair of groundingsubstitutiong); andé,, if h161 = hy6», thereis no world
in whichb101 A b6 is true,

« foreveryruleh < bin F andfor everypairof groundingsubstitution®;, and
02 suchthathf, = ho, andbdy # bbo, thereis noworld in which bd1 A bb,
is true,and

» wheneer by v by appearsn the bodyof any groundrule, thereis noworld
in which ary groundinstanceof by A by is true.

Supposeve have a disjointedknowledgebase. We canusea variantof expl
to computea mutually incompatibleand covering setof explanationsof g. In
particular noneof theminsfunctionsareneededno subsebf anexplanationwill
ever be generatedsan explanation). The only time that mutually incompatible
compositechoicescan be generateds in computingduals (Section4.2.1). We
canmalke thesedisjoint usingthe algorithmof Figure3. This is summarisedn
algorithmexply:

{} if G =true
explg(A) ® exply(B) fG=AAB
] expla(A) U exply(B) fG=AvB
&Xpli(G) =\ Gisjoint(dualsexply(A) if G = ~A
{{Gh} if GeuC
Ui explq(Bp) if G¢UC,G <« Bj e gr(F)

Proposition 5.5 If Fisadisjointedrulebasegexply(g) will alwaysreturnaminimal
mutuallyincompatibleandcovering setof explanationsof g.

Thecoveringnesss adirectconsequencef Theorem4.24. The mutuallyincom-
patibility is dueto the disjointednes®f the rule base;® preseresthe mutual
incompatibility, andunionis only usedon pairwiseincompatiblesets. The mini-
mality is a consequencef the mutuallyincompatibility — a subseis compatible
with its superseif the superseis consistent.

Notethatthetermminimalheremeanghatthesetof explanationss minimal,
i.e., no subsetalsohasthis property It doesnot meanthatthe explanationsare
minimal.
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This ideaof exploiting propertiesof rulesto gainefficiengy is a powerful and
generalidea. From experience,it seemsthat obeying the discipline of writing
disjointedrule setshelpsto delug knowledgebasesandto write clearerandmore
conciseknowledgebases.

5.2 Making Explanations mutually incompatible

Given a coveringsetof explanationsof g, as producedfor exampleby the useof
expl, we canusetherepeatedplitting algorithmof Sectiond.5to createacovering
andmutuallyincompatiblesetof explanationsof g.

5.3 Computing probabilities from arbitrary setsof composite
choices

Wedonotneedo createamutuallyincompatiblesetof explanations Probabilities
canbe computedrom anarbitrarycoveringsetof explanations.Thegeneraidea
is whenaddingprobabilitiesof disjunctionswe have to subtracthe partwe have
doublecounted.

Thefollowing formulais truewhetheror not k1 andk, areincompatible.

P(k1 V k2) = P(k1) + P(k2) — P(k1 A K2)

Thegeneratasds morecomplicated If wehave{«x1, ..., x,} asacoveringset
of explanationsof g, we canusethefollowing formulato computethe probability
of g

n

Plkp V- Vi) =Y > (=D PGy A - AK)
j=1 | i1 |
l<iph<---<ij=n
Thesecondsumis summingover all subset®f {«1, ..., kn} thatcontainexactly|
elements.

Plkiy A+ Akip) is easyto compute.ltisOif xj, U---U Kij isinconsistentand
otherwiseit is HO!EKilU“'UKiJ- Po(@).

Themainproblemwith this sumis thatwe aresumming2" — 1 probabilities,
wheren is the numberof explanationsof g. This canoftenbe reducedaswe do
not needto considerary supersetsf aninconsistentompositechoice.
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6 Combinatorics

In this sectionwe explore how muchthe abductve view cansave over the model
theoreticview, andprovide someanswergo the question:how muchsmallerwill
asetof coveringexplanationdethanthesetof possiblevorlds? Thisis important
asit isthesetof thesecoveringexplanationghatwe needto sumover to determine
probabilities.

In the generalcasewith infinitely mary finite alternatves,thereareinfinitely
mary possibleworlds, but any groundatom always hasa finite setof covering
explanationsgachof whichis finite. Thisis guaranteedby the agyclicity of the
rule base.

Whentherearefinitely mary finite alternatves,thereareexamplesvherethere
arethe samenumberof covering explanationsof someg asthereareworldsin
which g is true. This occurswhen (and only when) the explanationsare total
choices.

It is interestingo considetthe casewheretheICL theoryis theresultof trans-
forming a Bayesiannetwork asin [19]. Althougharny probabilisticdependence
canbemodelledwith independenthoiceghypothesesi thelCL, thisis doneat
the costof greatlyincreasinghe numberof worlds. However, aswe seebelow,
the abductve characterisatiorran be usedto (often more than) counteracthis
combinatorialexplosion.

Supposehereare n (binary) randomvariablesthat we want to model, and
there are no independencieshat we can exploit. The Bayesiannetwork [17]
representatiofor thisis acompletegraph. Thereare2" — 1 independenhumbers
thatcanbeassignedo specifythejoint distribution (we canassigranon-ngatve
realnumbetto eachof the2" worlds,but thisis over constrainedyy onenumber—
we needto divide by the sumin orderto geta probability). In orderto modelthis
with independenthoiceswe have 2" — 1 binaryalternatves. Thisis exactly the
numberof alternatves (or disjointdeclarationsn theterminologyof [19]) created
in the translationof the Bayesiannetwork into a probabilisticHorn abduction
theory[19]. This,however create®? 1 possiblevorldsin theindependenthoice
logic. This combinatoriakigumentwould seemto indicatethatthe modellingby
independenthoicescanberuled out on combinatorialgrounds.

However, considerthe size of the minimal explanationsof any proposition.
Eachminimal explanationhasat mostn assumptionsthey at mostassignone
valueto eachof the original propositions. At the extreme,for the root variable
(with n— 1 parents)thereare2"~1 rules,eachwith its own alternatve. Only oneof
theserulesandonly oneof theatomicchoiceswill bein ary minimalexplanation,
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astherewill only be oneassignmenof valuesto the parentsof thatnodeimplied
by the explanation. Therewill be at most2" explanations. For this casethere
arethuslogarithmicallyfewer explanationghantherearepossibleworlds— the
abductve characterisatiomakesthe combinatoricof theindependenthoicethe
sameasfor the generalcasewith arbitrarydependencieamongsthe hypotheses
(exactly the samenumberof numbershave to beassignedaswell).

Theabductve characterizatiois interestingoecause:

1. Wecanexploitindependenciemmongsvariablesn thesamevay asBayesian
networks[19].

2. We only needto considertheancestor#n the Bayesiametwork of whatwe
aretrying to find the explanationf, andnot the setof all valuationsof the
Bayesiametwork (althoughsuchpruningcanalsobedonein the Bayesian
network [2]).

3. Wheretherearecontectualindependencie&somevariablemayonly depend
on anothervariablewhen a third variable hasa particularvalue), the ab-
ductive characterisationaturallyexploits theseindependenciesSuchcon-
textual independenchave beenexploitedin dynamicprogramming3, 21]
andprobabilisticinferencg23] — insteadof consideringhe statespaceas
dynamicprogrammingraditionallydoeswe canconsiderjustthe explana-
tionsof a propositionwe wereinterestedn (e.g.,thedifferentvaluesof the
utility).

7 Beyond Acyclic Logic Programs

We choseagyclic logic programd1] asthe baselogic asthereis a uniquestable
modelfor any acyclic logic program.Thisisimportantin properlydefiningtruthin
possiblewvorlds(Definition 3.3). Thepropertythatwe wantfor ourlogic programs
is thateachtotal choiceleadsto a singlemodel. This meangwo things:

1. Eachselectiorof anelemenfrom eachalternatveis consistentThismeans
thatthelogic cannotallow a selectionof choicesfrom somealternatves to
imposeary restrictiononchoicefromotheralternatves. This,for example,
disallovsthelogic from beingthearbitrarypredicatecalculus Horn clauses
with integrity constraintg14], or logic programsunderthe stablemodel
semanticsvith no stablemodels(suchasa < ~a).
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2. Eachtotal choicecannotbe extendedinto more than one possibleworld.
Thisexcludesusfrom having explicit disjunctionin ourlogic. It alsomeans,
for example,that we cannothave logic programsunderthe stablemodels
semanticsvith morethanonestablemodel(suchasa <— ~b, b «<— ~awhich
hastwo stablemodels,onewith a true andonewith b true). We arealso
excludingthree—aluedmodelsof logic programgq26] from consideration,
aswe cannotgive a probabilisticinterpretatiorto them.

Acyclic logic programsverechoserbecauseghey guarante¢heuniquenessf the
modelfor eachtotal choice. The agyclic conditionis, however, too strong. One
way to wealen the conditionis by the useof whatwe call contingentlyagyclic
logic programs.

Onething that cannotbe expressedn an agyclic logic programis to give a
relationadefaultvalue:

Example 7.1 Suppose (O, V) is arelation betweenobjectO andvalueV. To
statethatthereis a default valued (i.e., objectsshouldhave valued unlessthey
have beengiven anothervalue),we canusethelogic program:

r(O, d) < ~has another r_valugO)
has another r_valugO) < r(O,V) AV #d

Thisis notagyclic asthereis noway to assignthe naturalnumberssothat
r(o,d) > has anotherr_valugo)
has another r_valugo) > r(o,d)
But this secondconstraintseemsto be superfluousasit only appliedto a rule

whosebodyis alwaysfalse(asit hasd # d) in thebody

Example 7.2 Supposeve have theknowledgebase:

above(X,Y) < on(X, Z) A above(Z, Y).
above(X,Y) < on(X, Y).

on(a, b).

on(b, ©).

on(c, d).

This knowledgebaseis not agyclic asthefirst rule hasthe agyclic constraintthat
above(a, b) > above(a, b), which cannotbetrue. Thisrelationhowever relieson
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aninstanceof the rule with on(X, X), but thereis no instanceof this atomthat
is true. Given the databasdor on, the only instancef thefirst rule thatdo not
immediatelyfail, arethosefor which on(X, Z) unify with oneof the clauses.If
we only considertheseinstancesyve canassigna naturalnumberto make these
agyclic. If wewereto addon(d, a) to theknowledgebasethereis acycle.

We definecontingentlyagyclic programgo excludefrom gr(F) thoseruleswhose
bodyis alwaysfalse.

Definition 7.3 Given asetof clausesye sayagroundatomis immediately false
if it doesnot resole with the headof ary clauseor, whenwe have semantic
constraintgdueto built-in relationslike equality),if the atomis falsedueto the
semanticonstraintge.g.,d # d). If Gis asetof groundclausesiefine

redundantG) = {H < B € G : oneconjunctin B isimmediatelyfalsg
A logic programF is contingently acyclicif gr(F) —redundanggr (F)) isagyclic.

This meanghattherule basesf examples/.1and7.2above arecontingently
agyclic. It is calledcontingentlyagyclic astheinstance®f theruleshapperto be
agyclic basedn the existenceof otherclausesandsemantiaconstraints.

Corollary 7.4 Theequvalence®f theoren.3holdfor contingentlyagyclic pro-
grams.

This is true asthe semanticof a logic program,andthe completionformula
arecompletelydeterminedy the the groundinstances Remaing the ruleswith
alwaysfalsebodiesdoesnot changeary of the semanticseferredto in Theorem
2.3.

Thefollowing lemmasaysthatwe canusetheagyclic logic progranresultsfor
our semanticsf F is agyclic (asR(r) imposeso constrainton the agyclicity).

Lemma7.5 If F is a (contingently)agyclic logic program,and t is a selector
function,thenF U R(t) is a(contingently)agyclic logic program.

One could imaginethat the ideabehindcontingentlyagyclic logic programs
couldbeextendedo remove instanceshatwould never be generatedtall by for-
ward chaining(contingentlyagyclic logic programsemove all of thoseinstances
thatprovably cannotbegeneratethy forwardchainingonestep).In Definition7.3,
oncearedundansetof clausess removed,theremay be moreimmediatelyfalse
groundatoms,that canin turn make more redundantlauses. However, which
clauseis redundantiepend®n thetotal choice:
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Example 7.6 Consideralogic programthatcontainsherules

a<cCcAb
b« ~cAa

but isotherwiseagyclic wheretheassignmendf numberss suchthatc is assigned
a lower numberthanbotha andb. Thereis still a uniquemodelfor eachtotal
choice,aseachtotal choice,togetherwith thefacts,entaileitherc or ~c. Which
it entailsmaydependonthetotal choice.

Extendingthe definitionto cover suchcasesvould not cover the classof all pro-
gramswith auniquemodelfor eachtotal choice,asthefollowing exampleshows:

Example 7.7 Hereis anexample,whichis not contingentlyagyclic:

F ={ someon&ins <« int(N) A wins(N),
int(0),
int(s(N)) < int(N)}

C =/{ {wing(N), losegsN)} : N isaterm}

This hasthe propertyof a unique model for eachselection,but is not agyclic
becausesomeoneins hasto be assignedh numberbiggerthanary integer. This
programcanbe interpretedaccordingto our semanticgyiven in Section3; there
are2® possibleworlds, wheresomeonwinsis truein all but oneof them. When
we considerthis probabilistically unlessthereareonly finitely mary alternatves
with a non-zeroprobability of a win, the world wheresomeoneins is falsehas
measureero.

Onecouldthink of extendingthe notionof (contingently)agyclic programgo
include,for example limit ordinals,but whetherthis would eithercover all of the
naturallyoccurringcase®r beneededor realapplicationss still anopenquestion.

The motivation for restrictingto agyclic programswas to ensuretherewas a
uniquemodelfor eachtotal choice. Otherusesfor agyclic logic programsarethe
ability to prove termination[16]. Thesearerelated,andit is interestingto note
thatthe terminatingprogramsof Marchiori [16] resultin uniquemodels,but the
converseis nottrue. Onecomplicationis thatwe don't wantto have to, for each
total choice,prove thereis a uniguemodel,astherecanbe infinitely mary total
choices.
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8 Comparisonwith other Formalisms

8.1 Propositional Satisfiability

When the alternatves are binary, the operationson setsof compositechoices
correspondo operationson DNF formulae. The main point of this paper is to
shav how the compositechoicesinteractwith the rulesthatinclude negationas
failure.

Considembinaryalternatve {a, b}. Inany world whereais selectedb isfalse.
In ary world whereb is selecteda is false. Thusb = ~a. Wheneer b appearsn
thefactsit canbereplacedy ~a, withoutaffectingwhatis entailedby thetheory
We couldeventhing of this alternatve as{a, ~aj}.

For thebinarycaseacompositechoicecorrespond#o aconsistentonjunction
of literals. A setof compositechoicescorrespond$o a DNF formulamadeup of
literals of atomicchoices. The dual operationcorrespondso negatingthe DNF
andcorvertingtheresultto DNF. The operation® (Definition 4.22)corresponds
to conjoiningthe DNF formulaeanddistributing backinto DNF. Thealgorithmof
Figure2 correspond® theuseof binaryresolutiorto computeheprimeimplicates
of asetof clauseg13].

Davydov andDavydova [7] have extendedthe abore Booleanlogic notionsto
allow morethatoneelemenin eachalternatve (asin this paper).Their notion of
adualcorrespondso the hitting setin this paper They have providedanalgebra
of operation®nthesedualstructuresTheirwork is orthogonato thework in this
paper Whatis importantaboutthis paperis how the setsof compositechoices
interactwith therules. If we considerthe constraintson the DNF formulae,then
we realisethat ary compositechoicesis consistentwith the facts; the factsby
themselesimposeno constraintson the compositechoices. The constraintson
the compositechoicesis provided by the interactionbetweenthe factsand the
obsenations. Thusthis paperis presentinga particularway to provide suchcon-
straintgonethatcorrespondto Bayesiarconditioning).Basednthisinteraction,
we have presentedn abductve characterizatiomf thelogic. We have provided
alimited setof operationon thesedual structureghatareapplicablefor eviden-
tial reasoning Davydov andDavydova usedthe dual structuredor optimization,
wherethey wantto selectthe besttotal choiceratherbasedn anevaluationfunc-
tion, ratherthanthe evidentialreasoningaskof this paperwherewe wantto sum
themeasuresf the consistentotal choices.For decisionproblemg23], we want
to both sumover choicesby natureand optimize over choiceshy the decision
makingagent. The combinationof thesetechniquess an intriguing possibility,
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but beyondthe scopeof this paper

8.2 Abductive Logic Programming

The combinationof abductionand logic programminghasa long history (see
Kakasetal. [12] for agoodsurwy). The combinationproposedn this paperis
guitedifferentfrom otherproposalsnainly becaus¢heabductve characterisation
is aconsequencef anindependentlylefinedsemanticsThe normaldefinition of
stablemodels[10] is usedto definenegationasfailure — thereis no alternatve
notion of negationasfailure that needsto be definedand motivated. Thereis a
muchclosertie betweemegationasfailureusedin this paperandso-called‘real”
negation;~ais truein aworld if andonly if ais nottruein theworld.

In abductvelogic programmingtheminimality of explanationdiasasemantic
significancejf E is anexplanationfor someg, it doesnotimply thatE U {a}, even
if internally consistentjs an explanation. However, in the ICL, ary consistent
supersebf anexplanationis anexplanation:if E is anexplanationfor g, anda is
anatomicchoicethatis consistentith E, thenE U {a} is anexplanationfor g.

One of the things unique aboutthe work reportedin this paperis that the
explanationsof ~g area function of the explanationsof g. In otherframeworks
for abductve logic programmingif thereis anexplanationfor g, andnegationwas
not usedto prove g, thereareno explanationgor ~g (all explanationsof ~g are
obtainedfrom negationasfailure usedto prove g).

Themainsemantiaifferencasthatweinterpretailure-to-pravein eachworld,
ratherthanfailure given thewholetheory This meanghatequivalenceghatare
true for eachworld, suchasClark’s completionfor nonassumable$yold for the
wholetheory Ratherthanforcing this meaningjt is anaturalconsequencef the
framawork.

Much of thepower comesrom having a structurechypothesispace.lt is this
structurethat allows usto give sucha cleansemanticsyponwhich it is easyto
imposea probability measurgSection5), anduponwhichit is easyto extendto
multiple agentanakingchoiceq23].

Theuseof arule basethatis a completedefinition,evenif all of theelements
of the body of rulesare not completelydefined,is similar to the completionof
non-abducibleredicatesn the completionsemanticdor abduction[6, 20], but
thesedon't allow for negationasfailure. It is alsosimilar to the motivation for
OLP-FOL [9], but in the ICL the aim is to handleall uncertaintyin terms of
Bayesiardecisiontheory(or gametheorywhenthereis morethanoneagent) 23],
asopposedo handlinguncertaintyin the non-definedredicatesusingfirst order
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logic (asis donein OLP-FOL).NotethatOLP-FOL takesa differentapproacho
badlydefinedpredicategsuchaspin p < ~p). WhereasDenecleris quitehappy
to haveathree-waluedsemantic$or thesepredicategbut notfor predicateslefined
in theFOL), we don't allow thesebecausave wantto have anormalprobabilistic
semanticsRatherthanallowing athree-aluedsemanticswerestrictthelanguage
to beagyclic to ensureve don’t have suchbadlydefinedpredicateslt alsoseems
that writing agyclic programsis good programmingpractice;a cyclic program
usuallyindicatesa bug.

8.3 Probabilistic Horn abduction

ProbabilisticHorn abduction[19, 18] is a pragmaticframework for combining
logic andprobabilitywith independenhypotheseanddefiniteclausegiving the
consequencesf the hypothesesThereis a closerelationshipbetweernBayesian
networks[17] andprobabilisticHorn abduction19].

The independenthoicelogic extendsthe logical part of probabilisticHorn
abductionin allowing for negationasfailurein the body of rules,andin allowing
for non-disjointrules. The modellinglanguages thus much expandedwithout
losing semanticsimplicity or elegance. A complementaryaper[23] considers
allowing differentagentso chooseassumptionsandexploresthe relationshipto
notionsin gametheoryandstochastiadynamicakystemsThatpapemusesonly the
model-theoretisemanticandnot theabductve characterizatioexploredhere.

9 Conclusion

This paperhaspresentedh mix of abductionandlogic programming(including
negationasfailure) thatallows for a cleanmix of logic programmingand prob-
ability. This was definedin termsof a semanticframewvork that allows for the
independenthoices.Thisframewnork allows usto importdirectly the stablemod-
elssemanticgor our logic programgor ary othersemanticghatis definitive on
total choices). The abductve characterisatioms a consequencef the semantics
— the setof explanationsof a formulais a concisedescriptionof the worldsin
whichtheformulais true. Theresultof thisis acleanandusefulmix of abduction,
logic programmingandprobabilisticreasoning.

This hasbeenimplementedandusedfor applicationsn decisiontheory[23].
Thecodeis availablefrom my website.
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A Proofs

Lemma4.8 If K isasetof compositechoicesdualgK) isacomplementf K.

Proof: Letw, beaworld. To prove: anelemenbfK istruein w; iff no element
of dualgK) is truein w;. Therearetwo casego consider

Casel: Thereisanelemenk e K thatistruein w,. Toshow thereis noelement
of dualgK) thatis truein w;. If ¥’ € dualgK) then,by definition of duals there
isana € «k anda’ € ' suchthat{o, @’} € A € C. Ask istruein w;, @ mustbe
truein w; (i.e., t selectsx from A). Soc«’ is falsein w;. So «’is falsein w;.

Case2: Thereis noelementof K thatis truein w,. This meanghatfor every
elemenk € K, thereisanelementx € « suchthatr doesnt selectx (andinstead
selectssomea’). Let k” betherangeof selectorfunctionz. Thenk” satisfiesall

of the conditionsfor membershipn dualgK) exceptperhapsninimality. Then
thereis somesubsetc’ of «” thatis minimalandsoin dualsK). «’ is truein w;.

Sothereis anelementbf dualgK) thatis truein w;.

Q.E.D.

Theorem4.19 « entailsg with respecto independenthoiceframevork theory
(C, F) iff « — B logically follows from the completionof (C, F).

Proof: If M is a modelof the completionof (C, F), thenone elementof each
alternatve is truein M, asfor eachalternatve {«1, ..., ax} € C, thecompletion
containgheformula(ay v --- Vak) A /\i;,,éj ~(ai A o). Eachof theseselections
is consistenwith Clark’s completion(aswe only completedthe predicateghat
werenotatomicchoices). ThuseachM is amodelof atotal choice,andeachtotal
choicehasamodelM. Thetotal choicetogetherwith Clark’s completionhasa
uniquestablemodel,asthetheoryis agyclic [1].

a entailsg with respecto independenthoiceframenork theory(C, F) means
B istruein all possibleworldsin which« is true. Thisis thatsameasfor all total
choicese — g is truein the stablemodelsof the total choicetogetherwith F,
whichis trueiff for all totalchoicesx — g logically followsfrom thetotal choice
togethemwith Clark’s completionof F [1], whichis equvalentto« — g logically
follows from the completionof (C, F).
Q.E.D.
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Theorem4.24 Groundformulagistruein worldw; iff thereissomec € expl(g)
suchthatx € R(r). Moreover expl(g) is afinite setof finite sets.

Proof: Theproofis by inductionon structureof theformulaandonthethelevel
assignedy the agyclicity of F. Acyclicity is neededo make surethe inductive
proofsgroundout.

Basecase: Thebasecasdor theinductionis unstructuredormulae(atoms)that
areminimalin theagyclicity ordering. Theseareatomicchoicesandatomicfacts.
Thetheoremis trivially truefor theatomicfacts,wherex = {}.

Supposex is anatomicchoice.« is truein w; iff @ € R(1). expl(@) = {{«}}
thusk = {«}, andx C R(7) isthesameasa € R(7).

Structural Induction: Suppose is a structuredormula,andthatthetheorem
is truefor every substructurdor g, to shaw it istruefor g. g is eitherof the form
f Ah,f Vv hor~f wheref andh areformulae(for which thetheoremholds).

Suppose is of theform f A h. gistruein world w; iff bothf andh aretrue
inw;.

» Supposgistruein worldw;, thusf andharetrueinw,, thenbytheinduction
thereis ax1 € expl(f) suchthatk; € R(r) andax, € expl(h) suchthat
k2 € R(t). Thenconsistentx; U «2) (asthey arebothtruein w;), asso
k1 U k2 € expl(g) (orasubsedf k1 U ko isin expl(g)), andk1 U k2 € R(1).

» Supposgq is falsein world w;, thenoneof f or h is falsein w;. Suppose
(withoutlossof generality)xhatf is falsein w;. By theinductionargument,
thereisnox € expl(f) suchthatk € R(t), andasevery elementof expl(g)
is a supersedf the elementof expl(f), thereis no « € expl(g) suchthat
Kk € R(7).

Theproofwhengis of theformf v his similar.

Supposg is of theform ~f. g is truein w; iff f is falsein w; iff thereis
no elementc € expl(f) suchthatx € R(r) (by theinductive assumptionjvhich
holdsif andonly if thereis somex’ € dualgexpl(f)) suchthatx” C R(z) (by
Theorem4.8),but thenx’ € expl(g).
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Acyclicity ordering induction Finally supposeg is a ground atom, and the
theoremholdsfor all atomslower in theagyclicity ordering,andfor all structured
formulaebuild from atomslower in the agyclicity ordering. Supposgg <« b;} is

the setof all groundinstancesf rulesin gr(F) with g asthe head. g is truein

w;, iff someb; is truein w; which (by theinductive assumptionholdsiff thereis

somex € expl(bj) suchthatk € R(t). Butthenx € expl(g) or asubsebf « isin

expl(g); in eithercasethetheoremfollows.

Q.E.D.

Lemma4.28 Thesetof all minimal explanationf g is thesetK resultingfrom
terminationof the algorithmof Figure2.

Proof: It is easyto seethatonly explanationsarein K. Moreover, if all of the
minimal explanationsarein K thenbecausef the useof mins therewill be no
non-minimalexplanationgn K. Theonly thing remainingto shav isthatif « isa
minimal explanationof g, thenit isin K.

The proof of this will mirror proofsof the completenessf binaryresolution,
with the splitting treeplayingthe partof the semantidree(see for example,[4]).

A splitting treeis a treewith nodeslabelledwith compositechoices. A leaf
nodeis a nodesuchthata subsebf thelabelis in expl(g). If anodeis nota leaf
nodethenthechildrenof the nodelabelledwith « arelabelledwith the splitsof «
onalternatexy (wherex Nk = {}).

If the root of the treeis an explanationof g, thenno matterwhich choiceis
madefor the alternatve to split on, therecanbe no branchegshatdo not leadto
leaves,aseventuallywe will endup with nodedabelledwith total choicesanda
subsebf atotalnodeis in expl(g) asexpl(g) is acoveringsetof explanationof g.

Suppose is aminimal explanationof g. Considera minimal (in the number
of nodesonthetree)splitting treewith arootlabelledwith «. Claim: thissplitting
tree canbe convertedinto sequencef resolutionsthat will derive «. This will
be carriedout bottomup. Replaceeachleaf nodeby the elementof expl(g) that
it covers. For eachnon-rootnode,whenall of its children have beenreplaced,
thenwe canreplaceit by theresolutionof its replacedchildrenon the alternatve
onwhichit was split. The only thing we needto demonstratés thateachof the
replacedchildrencontainone elementof the splitting alternatve (andso canbe
resohedtogether).Suppos@nechild doesnot containanelemenif the splitting
alternatve, thenthis split canbe replacedby subtreeat that node,andwe geta
smallersplitting tree,which contradictehe minimality of the splitting tree.
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Q.E.D.
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