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* Monte Carlo Gradient Approximation
 Stochastic Variational Inference(SVI)
* Bridging the GAP
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* V| can be used to approximate the posterior distribution
* Objective is minimizing the KL divergence between the approximate g and
joint distribution p
log p(z) = Egy(2|2) [log p(z, 2) — log ge(2|z)] + Dir(go(z2|z)]|p(2|x))
= Eq9{2|$}[lﬂgp($: E) — ]Dg QE(ELT)] = L.

* To optimize ELBO, we can use the coordinate descent or ascent.

* Problems:
* Computing the gradient of expectation
* |n each iteration, we need to go over all data.



Monte Carlo Gradient Approximation

* In ELBO some expectations cannot be computed in closed form.
* To solve it, let divide it to to part: L =E,[f] +h(X,T)

* h: closed form part.
* f:its expectation dne< nat have rlaced form

* The first term in RHS is intractable.

* Goal: finding a Monte Carlo approximation for intractable term.



Monte Carlo Gradient Approximation

V.E,[f(0)] = V., / £(0)q(0]w)d6
&
_ fﬂ £(0)Va(0]4)d0
_ ﬁf(ﬁ)g(9|u'})‘?¢lnq(ﬁwﬁ)dﬁ.
vﬂ!Eq[f( )] q[f( )vﬂ ]11Q(9|L’)]

VyE[f(0)] =~ Zf‘(ﬁ’°"j VyIng(0[), ) %9 4(p)4)

) = 4 o Vyh(X, U D) + pG G = 74, Eq[f(0)]



SVI

* Model VY NS B

Y N
Zn ()@ *n in = Zn,1:J

N

N
p(x,z.pl o) = p(B|ar) [[lp(xmzn 1B)

* Our goal: approximate the posterior

p(B,z]x)

* Locally independence P (s zn [X—n, 2-n, B, 0) = p(n, 20 [ B, 00).



SVI

* Extra assumption
* posterior is from exponential family

p(Bl.2@) = h(B)exp{ng (x.2,0) T1(B) — g (Mg (x.2,0))}.
p(znj |xn-.fln._—j~ B) — h(fun,j)Exp{nf(-rnnzn,—jﬁ B)Tr (Euj) — Hf(nf(xman,—jt B))}

* h: base measure

* t: sufficient statistics

* 1: natural parameter

* a: partition function or log normalizer



SVI

* Conjugacy relation between the global variable and local variable

f-](-rman B) — h(-rn-.EH)EKP{BTI(Iman) — HE’(B)}

* Prior of global variable is also exnonential

p(B) = h(B)exp{o'1(B) — ag(ar)}
* Posterior

p(x,z,P)
| p(x,z,B)dzdp

p(z.Blx) =



SVI: Exp. Family

p(z|X) = h(z)e?T@=A0)

* 2 main properties:

Ep[T(z)] = waA(6)
Ep[(T(z) — Ep[T(2)])(T(z) — Ep[T(x)))"] = v3A(0)



SVI

* Example of exp. family

Gaussian p(x) = \fﬁ e—llz=nll*/(20%) 2 cR

Bernoulli p(z)=a®(1—a)™" z e {0,1}

Binomial pz)=")a*(1—a)" " re{0,1,2,...,n}

Multinomial p(z) = Tl!m;{“mn! | e r;€4{0,1,2,...,n}, D..xi=n
Exponential p(z) = Ae recR*

Poisson p(x) = E; AT rec{0,1,2,...}

Dirichlet  p(z) = e ) 7 goi-t 2 c[0,1], Sz = 1



SVI

* Natural parameterization of Bernolli
pr) = a®(l—a)™

=  exp [log(f:}:T’ (1— Q)I_I) }
= exp|xloga+ (1 —x)log (1 — «) |
+ log (1 — ) ]

= exp |26 —log (1+¢%)]

o

= exp mlogl
— «

A(8) =log (1 + %)



SVI: ELBO

log p(x) = log / p(x,z,p)dzdp

_ (o gy 4B
= lﬂgf; (x,2,P) e 3)0’de

B p(x.z,B)
=t (= 257
> Eyllogp(x,z,B)] —E4[logg(z, B))
= L(q)-




SVI: Mean Field VI

N T

* Mean field variational family q(z.B) = q(BI2) TTTT ()| 0n)).

n=1 j=I

q(B|A) = h(B)exp{L"t(B) —ag(A)},

* Our approx. dist. is from exp. family
q(2nj | Onj) = h(znj) exp{0y;t (znj) — ae(9nj)}.

. . N ]
Entropy term: —E,[logg(z,B)] = —Ex[logg(B)] — Y ) Eo, [logq(z,))]
n—1j—1

e Eol] anErl]l denote expectation w.r. q(znj | Onj) and(B|2A)



SVI: coordinate ascent inference

o U psthting anrevaniatiomal panametesr wiille holding otthers fixed.

*« B Hano {6 g tarkdoed | posencennned
L(A)=E,

L(X) = E,n,(x

1[0
log p(P|x,z)] —Eg[logg(P)] + const.
.2,0)] ' Vaag(A) — A Vya,(A) +ag(X) + const.

Re@lithmt: E,[1(B)] = Vaa, (1)
ot Eglag(Mg(x,2,0))] d%sﬁﬁtwm A
“GRAGH A AROWIE 4 v, £ = V2a,(0) (B, In, (.2, 0)] — ).

o Sttitttp Y

A =Eq[ng(x,z,a)].



SVI: coordinate ascent inference

* Similarly for local parameters

VonL = ?qz}njﬂf(q]nj)(Equ(xmzn,—ja B)] = nj)-

On j

(Pn,j — Eq [T]E(IH._ in,—js B)]

We need to go
over all data N

before <

1: Initialize (9 randomly.

2: repeat N

3:  for each local variational parameter ¢,; do
Update O, q}i;} = E e [Me,j(xn, 2n,—j. B)]-

end for B

Update the global variational parameters, A) = IEQ[,;. Me (213, X1:3) -

. until the ELBO converges

A A




SVI: Natural Gradient

*» (st Igradi et mettived

AFD =00 4 oV, (WD)
*H | bettiaom
argmax f(A+d\) subject to ||dA||* < €
d\

* naeiiotbdsmulbdrenggigh.



SVI: Natural Gradient

* Which of these two distributions are more different?

| 2((0,0.01)
| A((0.1,0.01)

| Euclidian Distance = 0.1

- A((0, 10000)
| A((10,10000)

1 Euclidian Distance = 10

0000000000
1000




SVI: Natural Gradient

* Natural Measure of dissimilarity between probability measures:
sym n q(p| A . q(P|~)
DR 0 N) = B [log {5tz | + By |log 55 |
argmax f(L+dL) subjectto D, (A A+dL) <&.
A

* Riemannian Metric : d\TG(L)dh =D (M A +d)).

* Natural Gradient |
Vif(W) &GV f (L),



SVI: Natural Gradient

* Here, G is Fisher information matrix

G(h) =By |(V; logq(B|1))(Valogq(B[1))]

* We need to find G for exponential family.



SVI: Natural Gradient

logq(B[A+dL) = O(dA?) +1ogq(B|L) +dL' Vylogq(B[L),
q(BIA+dA) = O(dA?) + q(BIL) +q(BIA)dL Vi logg(B|h),

DY (A +d)) = /B (a(BA+d) —g(B%)) (logq(B[% +d1) —Tog q(B|))dB
— O(d\?) + [ﬁ g(B1) (d\ TV, logq(B|X))2dB
= O(d)3) +Ey[(d)TV; logg(B|1))2] = O(dA3) + d\T G(L)dA.

G(N) =By |(Valogp(B|1)(Valog p(B|2) |

=B |((B) ~ Bk (B (B)~ Ealr(B) |
= Via,()).




SVI: Natural Gradient

* Using natural gradient for variational parameters

VoL = Eo[n,(x,2,0)] — .

o

?D:rj L= ]E}'-:d}n,—j [nf('T”? E”r_j’ B)] o (I)Hj'



SVI: Stochastic elbo

* b ffor A
N
L(A) = Eq[]DgP(B)] _Eq[mg‘}'(ﬁ)] T Z "EK(E:;[]GEF(%*EH 1B)] _EQ[IGEQ(EH)])*
n=1 O

o SunttesticHbm for A

Li(L) = E4[log p(B)] —E4[logg(B)] + N max (Eq[log p(x7,21 | B) — E4[logg(zr)]) .-



SVI: Stochastic Natural Gradient

* Natural Gradient and update
VL= E, hﬂ, (,YEN]@EN]?&)] — A,
N N ~
Mg (TE ]*EE ]?{I‘) =0+N- (I(Iﬂ?zﬂ)ﬂ l)* Vo Li=o+N- (Eq,j{}h}[f(,ﬁ,a)]g 1) — A,

e 2 0+ NEg, 0 [(7(x1,2:), 1)].

A0 = A1 o (ilr _ltr—l})
— (l_pr)}“{r_l}‘|—prir



SVI algorithm

1: Initialize A?) randomly.

2: Set the step-size schedule p, appropriately.

3: repeat

4:  Sample a data point x; uniformly from the data set.
5. Compute its local variational parameter,

N N
0 =EyenMe ™,z

6:  Compute intermediate global parameters as though x; is replicated N times,

A =Eom,(x").z")].

o

Update the current estimate of the global variational parameters,
A = (1—p A D 4 p.

8: until forever




Bridging the GAP
* What if taking samples from posterior approximate is not easy?

* Basic Idea:
* Use monte carlo method to generate samples from posterior approximate.



Thank you!
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