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» Calculating marginal probabillities in Jtrees
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Variable Elimination

= We focus on calculating Z

» |f we know how o calculate Z for
a network, we can calculate all
marginal probabilities.

» P (C=true | G=false)
a Z(Network|C=true,G=false)
Z(Network|G=false)




Variable Elimination

= ,(C)

= ¢,(C,D)
= ¢s(D,1,G)
= by (S, 1)

= ¢s(H,G,])
= (G, L)
= $;(S,L,J)




Variable Elimination(inference)

» / = Z]ZLZSZGZHZIZDZC

¢1(C)¢2 (C, D)ng(D, I, G)¢4(S, I)
¢5(H: G:])¢6(G; L)¢7(S, L,])

Elimination Order:
Y =<(CDLHGSL]J>

» / —
Z] ZL ZS ¢7(S, L)]) ZG ¢6(Gi L) ZH ¢5(H; G,])
ZI ¢4(S, I) ZD ¢3(D)I) G) ZC q')l(C)ql)Z(CiD)




Variable Elimination

» /= Z]ZLZS ¢7(S, L,]) ZG ¢6(GJL) ZH ¢5(H, G,])
ZI ¢4(S, I) ZD ¢3(D111 G) ZC ¢1(C)¢2(C;D)

= ¢,(C) $2(C,D) 1,(C,D) = $1(C)¢2(C,D) 7,(D) = ¥p A(C,D)
 C | D | Vale -IEI D | Value_
T 2 T T 05 T T T 22
F 1.2 T F 1 T F 2 F 4.4
FoT 1 F T 1.2
SEL PR 24

o Z — Z]ZLZS ¢7(S) L)]) ZG ¢6(GJL) ZH ¢5(H, G,])
ZI ¢4(S, I) ZD ¢3(D,1, G)Tl(D)



Variable Elimination(inference)

»7Z= 22 2sP7(S L)) X d6(G, L) Xy ds(H,G,])
20 94(S, 1) 2p $3(D, 1, G)7(D)
™/ = Z]ZLZS $7(S,L,]) 26 P6(G, L) Xy ds(H,G,])
21 $4(S,D71,(G, 1)
™7 =22 2s97(S, L]) Xg $6(G, L)T3(S,G) Ly ps(H,G,])
» 7= Z]ZL 2sP7(S,LJ) Xg P6(G,L)T3(S, G)T4(G,)])

= Z=2;Tn-10/)



Variable Elimination(decoding)

® Argmax;Argmax;, ... Argmax, @

d)l(C)d)Z (C, D)d)g(D, I! G)¢4_(S, I)
¢5(H' G,])¢6(G, L)¢7(S) L,])

» Fimination Order:
Y =<(CDLHGSLJ>

» Argmax; ... Argmaxc$,(C)$,(C, D)

Daphne Koller




Variable Elimination(decoding)

»Argmax; ... Argmaxc$,(C)¢p,(C, D)

» ), (C) ¢,(C,D) 1,(C,D) = ¢1(C)p,(C, D) T1(D) = max. A(C,D)
' C|[D| Valve B C | D | Value I D Valve
T 2 T T 0.5 T T ] T 1.2

1 2 F 2.4

2 B T F
FoT F T 12
Val(C
FE 2 FF 24 I?-

» Argmax; ...t (D) FF



Time Complexity(Assuming binary variables)

»| et oy, Py, ..., P, DE POTENTials containing a variable V.
- LeT T(Cl, Cz, nan g CW) — ZV ¢1¢2 ¢m
»71(Cy,Cy,...,C,) can be calculated in 0(2%)

t wy, wy, ...w,, correspond to the number of variables in
T4, T, ... T, QIVEN A specific elimination order .

®»| et w = max(wy,wy, ..., w,)
= Variable elimination with elimination order ¥ is 0(n2)
» o IS called the width of .



w depends on the elimination order

™7 = 2c 2D I G s 2L Z] 2H

¢1 (C)¢2 (C) D)¢3(D, I: G)¢4_(S, I)
5(H, G'])¢6(Gi L)¢7(S, L,])

Elimination Order:

Y = <G, ..>
»7Z=%-2c93(D,1,G)ps(H,G,])pe(G, L)
»7=Y_.tD,I1H]JL)




Time Complexity

= et {Y,,Y,, ..., 0} represent all possible
elimination orders, and {w (), w (YP5), ..., w(YP¢)}
represent the widths of these elimination orders.

Define treewidth = min w ()
1/)6{1/)1,1/)2,...,1/)1—}

= Variable elimination is then 0 (n2treewidth)
= Finding a ¥ with w(y)=treewidth is NP-Hard.




From VE to Junction Trees (Jtrees)

= Variable Elimination is query sensitive: we must
specity the query variable in advance. Each time
We run a new query, we must re-run the entire
algorithm.

= The junction tree algorithms generalizes VE 1o
avolid this; they compile the UGM Iinto a data
structure which supports simultaneous execution
of queries.



From VE to Junction Trees (Jtrees)

»7 =X%..2p9P3(D,1,6) 2 p1(C)p,(C,D)




From VE to Junction Trees (Jtrees)

7 =2 ..2p93(D,1,G) Xc $1(C)p,(C,D)




From VE to Junction Trees (Jtrees)

7 =Y .Y, ¢:(D,1,6)t,(D)

71(D)




From VE to Junction Trees (Jtrees)

»7 =2 2p$3(D,1,G)T1(D)

71(D)

D.I,G
b3




From VE to Junction Trees (Jtrees)

»/ =) ..17,(,G)

7,(D) 7,(1,G)

D.I,G
b3




From VE to Junction Trees (Jtrees)

» / =
Z] ZL ZS 4)7(5) L,]) ZG ¢6(GJ L) ZH ¢5(H1 G']) ZI 4)4(51 I)TZ(G'I)

7,(D) 7,(1,G)

D.I,G
b3




From VE to Junction Trees (Jtrees)

» / =
2] ZL ZS 4)7(5: L,]) ZG ¢6(GJ L) ZH ¢5(H, G,]) Zl ¢4(S, I)TZ(GJ I)

71(D) T,(1,G)

D.I,G

CPAN #-




From VE to Junction Trees (Jtrees)

» /= Z]ZL ZS ¢7(S: L:]) ZG ¢6(GJL)T3(S' G) ZH ¢5(H, G'])

71(D) T,(1,G)

D.I,G

0¥
¢3 73(S,G)




From VE to Junction Trees (Jirees)

» /= 2] ZL ZS ¢7(S: L:]) ZG ¢6(Gi L)TS(S’ G) ZH ¢5(H, G'])

71(D) T,(1,G)

D.I,G

0¥
¢3 73(S,G)




From VE to Junction Trees (Jirees)

»/ = 2] ZL ZS ¢7(S, L,]) ZG ¢6(GJ L)T3(S’ G)T‘l'(G’])

71(D) T,(1,G)

D.I,G

0¥
¢3 73(S,G)

T4(G'])
Ps




From VE to Junction Trees (Jirees)

»/ = 2] ZL ZS ¢7(S, L,]) ZG ¢6(GJ L)T3(S’ G)T‘l'(G’])

71(D) T,(1,G)

D.I,G

0¥
¢3 73(S,G)

.. [

T4(G'])
Ps




From VE to Junction Trees (Jirees)

» /= Z]ZLZS ¢7(S,L,J)15(L,S,])

71(D) T,(1,G)

D.I,G

0¥
¢3 73(S,G)

L,S,
. R 2

T4(G'])
Ps




From VE to Junction Trees (Jtrees)

™/ = Z]ZLZS ¢7(S, L;]) TS(L’Si])

71(D) T,(1,G)

P4

D.I,G

¢3 73(S,G)

LS
G.Ls,) s | | P

T4(G'])
Ps




From VE to Junction Trees (Jtrees)

» /L = Z]ZLT6(L»])

71(D) T,(1,G)

D.I,G

gl P4
b3 73(5, G) Te(L,])

P7

L,S,
N s, BERD

T4(G'])
Ps




From VE to Junction Trees (Jtrees)

» /L = Z]ZLT6(L»])

71(D) T,(1,G)

D.I,G

.
P3 73(5,G) Te(L,])

P7

L,S,
N s, BERD

T4(G'])

Ps




From VE to Junction Trees (Jtrees)

™/ = Z]T7(])

7:(D) DIG 7,(1,G)
¢3 73(S,G)
L,S,
o s, R

T4(G'])

Ps




From VE to Junction Trees (Jtrees)

™/ = Z]T7U)

77(J)

71(D) DIG T,(1,G) b,
P3 73(S5,G) Te(L, /)

L,S,
N | s, ECR b,

T4(G'])

Ps




From VE to Junction Trees (Jtrees)

®» / = Constant

77(J)

71(D) DIG T,(1,G) b,
P3 73(S5,G) Te(L, /)

L,S,
N | s, ECR b,

T4(G'])

Ps




Inference In Jirees

P4

T6(LJ])
Ts (L' S,]):

Ps




Inference In Jirees




Inference In Jirees

»The joint probability of the variables in
each cluster is proportional to the product
of ifs potentials and its Incoming messages.

D I,G
:Tl( ). DG :Tz( )

! /

T
birp2 - bz 13(5,6)




Inference In Jirees

®»P(G,S, 1) x ¢pu1,(I,G)T5(S, G)

D 1,G
c,p BER D ; KR
! T’

T
birp2 - bz 13(5,6)

b6
T4(61])




Inference In Jirees

-P(G,S, I) X ¢4(ZD ¢3 Tl(D))Té(S' G)




Inference In Jirees

-P(G,S, I) X ¢4(ZD ¢3 ZC ¢1¢2)Té (S' G)




Inference In Jirees

®»P(G,S,]) x
¢4(ZD ¢3 ZC ¢1¢2)(2L,] ¢6 Tél-(G)])Té (L, S,]))

1()72(16) b
T !/

T1

¢1 * ¢2 ¢3 T3 (S; G)

T7(J)

Té Te (L'])




Inference In Jirees

®»P(G,S,]) x
¢4(ZD b, DiC ¢1¢2)(2L,] ¢6(ZH ¢s)T5(L, S, ]))

1()72(16) b,
T !/

T1

by * P2 ¢3 T3(S, G)

T7(J)

Té Te (L'])




Inference In Jirees

®»P(G,S,]) x
by (ZD ¢3 DiC ¢1¢2)(2L,] ¢6(ZH $s)P776(L,J))

1()72(16) b,
T !/

T1

by * P2 ¢3 T3(S, G)




Inference in Jirees
-P(G,S, I) X ¢4(ZD ¢3 ZC ¢1¢2)(2L,] ¢6(ZH ¢5)¢7)




Inference In Jirees

= For every elimination order ¢, we will get a
different Jiree

® The fime complexity of sending messages in
each direction in a Jtree generated with

elimination order ¥ is 0(n2*®)).

= With spending twice the time of VE, we can
have the probabilities for all random variables.



Demos

» Go though the GraphCuts demo

Independent Decoding of Noisy X
| B - | T l ) T T
L- -
5F | o u
|







