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Motivation
What	character	is	this?

“t”	or	“+”	of	“f”?

Adapted	from	Hugo	Larochelle’s slides:	http://info.usherbrooke.ca/hlarochelle/neural_networks/content.html
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How	would	we	solve	this	using	tools	
we’ve	learnt	so	far?

Adapted	from	Hugo	Larochelle’s slides:	http://info.usherbrooke.ca/hlarochelle/neural_networks/content.html
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Topics: sequence classification
• What if examples organized in a sequence 
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Math for my slides “Conditional random fields”.
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Recall	the	independent	case	with	a	
softmax output	function

Adapted	from	Hugo	Larochelle’s slides:	http://info.usherbrooke.ca/hlarochelle/neural_networks/content.html

LINEAR CHAIN CRF
3

Topics: lateral weights
• Regular classification:

• Sequence classification with linear chain:

is yk followed 
by yk+1 likely?
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Treat	each	output	
independently…

Definition	of	 the	
softmax function

Properties	of	the	
exp(x)	function



Linear	Chain	Conditional	Random	Field

Adapted	from	Hugo	Larochelle’s slides:	http://info.usherbrooke.ca/hlarochelle/neural_networks/content.html

LINEAR CHAIN CRF
3

Topics: lateral weights
• Regular classification:

• Sequence classification with linear chain:

is yk followed 
by yk+1 likely?
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is yk likely
given input ?
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Topics: lateral weights
• Regular classification:

• Sequence classification with linear chain:

is yk followed 
by yk+1 likely?
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We’ll	come	back	to	
how	to	calculate	the	
partition	 function
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Topics: unary and pairwise log-factors 
• For brevity, let’s assume this notation:
‣ unary log-factors

                    or

‣ pairwise log-factors
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Topics: unary and pairwise log-factors 
• For brevity, let’s assume this notation:
‣ unary log-factors

                    or

‣ pairwise log-factors
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Topics: unary and pairwise log-factors 
• For brevity, let’s assume this notation:
‣ unary log-factors

                    or

‣ pairwise log-factors

• Then we have:

• V W

(L+1)
b

(L+1)

p(y|X) = exp

 
KX

k=1

a

(L+1,0)
(xk)yk +

K�1X

k=1

Vyk,yk+1+

KX

k=2

a

(L+1,�1)
(xk�1)yk +

K�1X

k=1

a

(L+1,+1)
(xk+1)yk

!
/Z(X)

• W

(L+1,�1)
W

(L+1,+1)
W

(L+1,0)
b

(L+1)

• a

(L+1,)

•

p(y|X) =

1

Z(X)

Y

f

 f (y,X)

•  f (y,X) = �f (yk,xk�1,xk,xk+1) = exp

�
a

(L+1,�1)
(xk�1)yk + a

(L+1,0)
(xk)yk + a

(L+1,+1)
(xk+1)yk

�

�f (yk,xk�1) = exp

⇣
a

(L+1,�1)
(xk�1)yk

⌘

�f (yk,xk) = exp

⇣
a

(L+1,0)
(xk)yk

⌘

�f (yk,xk+1) = exp

⇣
a

(L+1,+1)
(xk+1)yk

⌘

�f (yk, yk+1) = exp

�
Vyk,yk+1

�

•  f (y,X) = �f (yk, yk+1) = exp

�
Vc,c0 1yk=c 1yk+1=c0

�

•  f (y,X) = exp (

P
s ✓f,s t(y,X))

•  f (y,X) = �f (yk) = exp

⇣
b

(L+1)
c

PK
k=1 1yk=c

⌘

•  f (y,X) = �f (yk, xk�1,i) = exp

⇣
W

(L+1,�1)
c,i

PK
k=2 xk�1,i 1yk=c

⌘

•  f (y,X) = �f (yk, xk,i) = exp

⇣
W

(L+1,0)
c,i

PK
k=1 xk,i 1yk=c

⌘

•  f (y,X) = �f (yk, xk+1,i) = exp

⇣
W

(L+1,+1)
c,i

PK�1
k=1 xk+1,i 1yk=c

⌘

•  f (y,X) = �f (yk, yk+1) = exp

⇣
Vc,c0

PK�1
k=1 1yk=c 1yk+1=c0

⌘

• �f (yk, yk+2) �f (yk, yk+1, yk+2)

• x1 x2 x3 x4 x5

• y1 y2 y3 y4 y5

• = p(yk|yk�1) = p(xk|yk)

• p(y|X) = exp

⇣PK
k=1 a

(L+1,0)
(xk)yk +

PK�1
k=1 Vyk,yk+1 +

PK
k=2 a

(L+1,�1)
(xk�1)yk +

PK�1
k=1 a

(L+1,+1)
(xk+1)yk

⌘
/Z(X)

• au(yk) = a

(L+1,0)
(xk)yk + 1k>1 a

(L+1,�1)
(xk�1)yk + 1k<K a

(L+1,+1)
(xk+1)yk

2

• ap(yk, yk+1) = 11k<K Vyk,yk+1

• p(y|X) = exp

⇣PK
k=1 au(yk) +

PK�1
k=1 ap(yk, yk+1)

⌘
/Z(X)

• pZ(X) =

P
y0
1

P
y0
2
· · ·

P
y0
K
exp

⇣PK
k=1 au(y

0
k) +

PK�1
k=1 ap(y

0
k, y

0
k+1)

⌘

3

• ap(yk, yk+1) = 11k<K Vyk,yk+1

• p(y|X) = exp

⇣PK
k=1 au(yk) +

PK�1
k=1 ap(yk, yk+1)

⌘
/Z(X)

• pZ(X) =

P
y0
1

P
y0
2
· · ·

P
y0
K
exp

⇣PK
k=1 au(y

0
k) +

PK�1
k=1 ap(y

0
k, y

0
k+1)

⌘

3

au(yk) = a(L+1)(xk�1,xk,xk+1)yk



How	do	we	do	inference?

Adapted	from	Hugo	Larochelle’s slides:	http://info.usherbrooke.ca/hlarochelle/neural_networks/content.html

Naïve	solution	is	exponential in	the	number	of	classes
Can	solve	in	O(𝐾𝐶%)	where	C	is	the	number	of	classes	using	dynamic	
programming	(Forward-Backward	algorithm).	The	same	procedure	allows	us	to	
compute	marginals,	i.e.	p(𝑦1|𝑿)



How	do	we	do	classification?
Two	options:
◦Option	1: At	each	k,	pick	𝑦1with	the	largest	marginal	
probability		p(𝑦1|𝑿).	i.e.	𝑦1 = 𝑎𝑟𝑔𝑚𝑎𝑥78𝑝 𝑦- 𝑿).	If	the	
CRF	is	the	true	distribution,	this	minimizes	classification	
error	on	expectation.
◦Option	2:	Find	the	mode	of	the	distribution,	𝒚∗ =
𝑎𝑟𝑔𝑚𝑎𝑥𝒚𝑝(𝒚|𝑿).	Also	can	be	done	with	dynamic	
programming	using	the	Viterbi decoding algorithm.



How	do	we	train	the	network?
As	before,	we	train	the	network	by	minimizing	NLL	using	
SGD.	Our	loss	is,	𝑙 𝑓 𝑿 , 𝒚 = −log	𝑝(𝒚|𝑿)
Need	gradients with	respect	to	the	parameters	of	the	unary
and	pairwise potentials.
Do	forward	pass	->	forward	backward	->	backprop
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Topics: loss gradient at unary log-factors
• Partial derivative wrt au(yk’):

• Gradient for each unary (log-)factors:
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Abstract

Math for my slides “Training CRFs”.
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Topics: loss gradient at pairwise log-factor and parameters
• Partial derivative for log-factor :

• Partial derivative of log-factor parameters:

• Gradient of log-factor parameters 
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Gradient	of	unary	potentials

Gradient	of	pairwise	potentials



Taking	this	idea	further
We	are	not	limited	to	linear	chain	CRFs.

Can	use	other	structures.	E.g.	grid	structure	for	pixels	on	image	or	general	n-wise	
structures	(but	gets	expensive	quickly).

In	general:
◦ Training:	Forward	pass to	get	activations,	forward-backward	to	do	inference,	backprop to	get	
gradients.

◦ If	the	gradients	involve	an	expectation	over	y	that	gets	too	expensive,	could	estimate	using	
sampling (we’ll	see	an	example	in	a	couple	of	slides).

◦ Find	the	most	likely	sequence	(decode)	using	a	forward	pass to	compute	activations	and	
Viterbi	decoding

Adapted	from	Hugo	Larochelle’s slides:	http://info.usherbrooke.ca/hlarochelle/neural_networks/content.html



Taking	this	idea	further
Can	use	more	complex	graphical	models	with	neural	networks	to	parameterize	the	factors.

Examples:

Adapted	from	Hugo	Larochelle’s slides:	http://info.usherbrooke.ca/hlarochelle/neural_networks/content.html
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GENERAL CRF
Topics: CRFs in general
• We don’t have to restrict the CRF structure to linear chains

• We could also have n-ary factors, with n>2
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Taking	this	idea	further
Can	use	more	complex	graphical	models	with	neural	networks	to	parameterize	the	factors.

Examples:

Adapted	from:	https://www.cs.ubc.ca/~schmidtm/Documents/2014_Notes_LatentCRF.pdf

Hidden-Unit CRF,
Conditional Neural Field (CNF)
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Latent Dynamic CNF
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Discriminative	vs	generative	models
Conditional	random	fields	are	discriminative. i.e.	We	optimize:

Could	also	model	the	joint	probability	by	optimizing:

In	small	data	settings	/	if	you	have	a	lot	of	unlabeled	data,	the	latter	
can	be	useful



Unsupervised	learning	
&	Generative	models



Restricted	Boltzman Machine
Special	case	of	the	the	BoltzmanMachine.	Restrict	the	connectivity	
to	make	learning	easier

In	an	RBM,	the	hidden	units	are	conditionally	independent	given	the	
visible	states.	This	makes	sampling	easier.

MARKOV NETWORK VIEW
5

Topics: Markov network (with scalar nodes)

• The scalar visualization is more informative of the structure 
within the vectors

...

...

Restricted Boltzmann Machines

Hugo Larochelle
Département d’informatique
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Abstract

Math for my slides “Restricted Boltzmann Machines”.

• x

(t) � log p(x

(t)
)

• h x

p(x,h) = exp(�E(x,h))/Z (1)
= exp(h

>
Wx+ b

>
h+ c

>
x)/Z (2)

= exp(h

>
Wx) exp(b

>
h) exp(c

>
x)/Z (3)

• h1 h2 hH�1 hH

• x1 x2 xD

1

Restricted Boltzmann Machines

Hugo Larochelle
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Restricted	Boltzman Machine
Special	case	of	the	the	BoltzmanMachine.	Restrict	the	connectivity	
to	make	learning	easier

In	an	RBM,	the	hidden	units	are	conditionally	independent	given	the	
visible	states.	This	makes	sampling	easier.

RESTRICTED BOLTZMANN MACHINE
3

Energy function:

hidden layer
(binary units)

visible layer
(binary units)

Distribution: p(x,h) = exp(�E(x,h))/Z

x

h

W connectionsbias

bj

ck

Topics: RBM, visible layer, hidden layer, energy function

partition function
(intractable)
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Inference



Training	a	Restricted	Boltzman Machine
As	before,	we	minimize	the	average	negative	log-likelihood	of	the	data:

And	then	do	stochastic	gradient	decent

Positive	Phase Negative	Phase
(Hard	to	compute)



Contrastive	Divergence
1.	The	expectation	in	the	negative	phase	is	hard	to	compute…	replace	it	with	a	point	estimate.

2.	Obtain						by	Gibbs	sampling	and	update	parameters.

3.	Start	the	Gibbs	sampling	chain	at	

Think	“Monte	Carlo	
estimate	with	a	
single	sample”

Aside:	Gibbs	sampling
1. Start	from	some

2.	Sample	from	conditional

3.	Repeat

For	more	MCMC	see:	http://nbviewer.jupyter.org/github/jhartford/MCMC_talk/blob/master/MCMC%20talk.ipynb



Persistent	Contrastive	Divergence



Contrastive	Divergence



Deep	Belief	Network
Top	two	layers	for	a	Restricted	Boltzman machine

Bottom	three	layers	form	a	directed	graphical	
model	(sigmoid	belief	network)	where	conditional	
distributions	are	as	follows:

Note	differences	with	regular	neural	net	
(sampling)



Layer-wise	pre-training	of	a	Deep	Belief	
Network
Idea:	improve	the	prior	distribution	 on	the	last	layer	by	
adding	another	hidden	 layer
Train	RBM	using	samples	from	 layer	below.



Deep	belief	network
See:	http://www.cs.toronto.edu/~hinton/adi/index.htm


