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Problem

Estimate image data of tensors with low rank

Signal: Order 1 Tensor

Image: Order 2 Tensor

Video: Order 3 Tensor

MRI Video: Order 4 Tensor
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Solution

Expand low-rank matrix completion to tensor completion
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Eating Our Vegetables

Dτ (X) = UΣτV
> (1)

Στ (X) = diag(max(σi − τ, 0)) (2)

Masked sample set: XΩ

Tensor X ∈ RI1×I2×...×In and a tensor unfold operation defined
as:

unfoldk(X ) := X(k) ∈ RIk×(I1×...×Ik−1×Ik+1×...×In) (3)

and the reverse:
foldk(X(k)) = X (4)
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Trace Norm

The rank operation is discrete and non-convex.

Thus trace
norm is used as a method:

‖X‖tr =
∑
i

σi(X) (5)

Tightest convex envelope for rank of matrices. (loose reason: L1
enforces sparsity)
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Matrix Completion
We have a matrix M at Ω. We
want to estimate a low-rank X.

min
X

:
1

2
‖X −M‖2Ω

s.t. rank(X) ≤ r

min
X,Y

:
1

2
‖X − Y ‖2F

s.t. rank(X) ≤ r
YΩ = MΩ

min
X,Y

:
1

2
‖X − Y ‖2F

s.t. ‖X‖tr ≤ c
YΩ = MΩ
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Tensor Completion

TΩ is what we know

min
X ,Y

:
1

2
‖X − Y‖2F

s.t.‖X‖tr ≤ c
YΩ = TΩ
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Tensor Completion

min
X ,Y

:
1

2n

n∑
i=1

‖X(i) − Y(i)‖2F

s.t.‖X‖tr ≤ c
YΩ = TΩ

What is the tensor trace norm?
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Tensor Completion

min
X ,Y

:
1

2n

n∑
i=1

‖X(i) − Y(i)‖2F

s.t.
1

n

n∑
i=1

‖X(i)‖tr ≤ c

YΩ = TΩ

Average of each unfolded trace norm.
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Tensor Completion

Loosening it up:

min
X ,Y,Mi

:
1

2n

n∑
i=1

‖Mi − Y(i)‖2F

s.t.
1

n

n∑
i=1

‖Mi‖tr ≤ c

Mi = X(i)for i = 1, 2, . . . , n

YΩ = TΩ
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Tensor Completion

Relaxing equality:

min
X ,Y,Mi

:
1

2n

n∑
i=1

‖Mi − Y(i)‖2F

s.t.
1

n

n∑
i=1

‖Mi‖tr ≤ c

‖Mi −X(i)‖2F ≤ di, for i = 1, 2, . . . , n

YΩ = TΩ
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Tensor Completion

Converting to the dual:

min
X ,Y,Mi

:
1

2n

n∑
i=1

‖Mi − Y(i)‖2F

+
γ

n

n∑
i=1

‖Mi‖tr

+
1

2n

n∑
i=1

αi‖Mi −X(i)‖2F

s.t YΩ = TΩ

9 / 24



Tensor Completion

Tossing in more weights:

min
X ,Y,Mi

:
1

2n

n∑
i=1

βi‖Mi − Y(i)‖2F

+
1

n

n∑
i=1

γi‖Mi‖tr

+
1

2n

n∑
i=1

αi‖Mi −X(i)‖2F

s.t YΩ = TΩ
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Tensor Completion

Tossing in more weights:

min
X ,Y,Mi

:
1

2n

n∑
i=1

βi‖Mi − Y(i)‖2F

+
1

n

n∑
i=1

γi‖Mi‖tr

+
1

2n

n∑
i=1

αi‖Mi −X(i)‖2F

s.t YΩ = TΩ

X is totally free
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Block Coordinate Descent

divide into n+ 2 blocks

break up
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X

min
X

:
1

2

n∑
i=1

αi‖Mi −X(i)‖2F (6)

Solution is the weighted mean.

X =

∑n
i=1 αifoldi(Mi)∑n

i=1 αi
(7)
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Y

min
Y

:
1

2

n∑
i=1

βi‖Mi − Y(i)‖2F

s.t YΩ = TΩ

Solution is the weighted mean with a mask

YΩ̄ =

(∑n
i=1 αifoldi(Mi)∑n

i=1 αi

)
Ω̄

(8)
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Mi

min
Mi

:
βi
2
‖Mi − Y(i)‖2F +

γi
n
‖Mi‖tr +

αi
2n
‖Mi −X(i)‖2F (9)

Solution:

M = Dτ (Z),

τ =
γi

αi + βi
, Zi =

αiX(i) + βiY(i)

αi + βi
(10)

Dτ (X) = UΣτV
> (11)
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Compared Methods

CP/Parafac

Tucker

SVD
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Results
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Pretty Results
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BRDF

17 / 24



Where is this useful?

Images?
follow-up paper2

2J. Liu et al., 2013.
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Pathological Cases
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Shopping for alternatives

CoSTCo3 Takes in indices, spits out value at those indices

Uses relus and 2d convs. Seems interesting for non-spatially
dependent data.

3H. Liu et al., 2019.
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Implicit Functions
Fourier Features4, NeRF5 and its many children, some
conditioned children6.

Allow interpolation for free. Implicit neural functions for
continuous images7 and sinusoidal activation functions Implicit
Neural Representations with Periodic Activation Functions8

4Tancik et al., n.d.
5Mildenhall et al., 2020.
6Yu et al., 2020.
7Skorokhodov, Ignatyev, and Elhoseiny, 2020.
8Sitzmann et al., 2020. 21 / 24
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