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Abstract. Dueto its prominencen artificial intelligenceandtheoreticalcomputersci-
ence,the propositionalsatisfiability problem(SAT) hasreceved considerablattention
in the past.Traditionally, this problemwas attacled with systematicsearchalgorithms,
but morerecently local searchmethodsvereshavn to bevery effective for solvinglarge
andhard SAT instances. Especiallyin the light of recent,significantimprovementsin
bothapproachest is notvery well understoodvhich type of algorithmperformsbeston
aspecifictype of SAT instances.

In this article, we presenthe resultsof a comprehense empiricalstudy comparingthe
performanceof someof the bestknown stochastidocal searchand systematicsearch
algorithmsfor SAT on a wide rangeof probleminstancesjncluding Random-3-SA
andSAT-encodedproblemsfrom differentdomains. We shaw thatwhile for Random-3-
SAT local searchis clearly superior morestructurednstancesreoften, but not always,
more efficiently solved by systematicsearchalgorithms.This suggestshat considering
the specificstrengthsandweaknessesf bothapproachesyybrid algorithmsor portfolio
combinationsmight be mosteffective for solving SAT problemsin practice.

1 Introduction

The satisfiabilityproblemin propositionallogic (SAT) is a centralproblemin logic, artificial
intelligence theoreticalcomputerscienceandmary applicationsTherefore mucheffort has
beenspenton improving known solutionmethodsanddesigningnew techniquedor its solu-
tion. This effort led to a continuouslyincreasingability to solve large SAT instancesver the
lastyears.

Traditionally, SAT instancesaresolvedby systematisearchalgorithmsof which the most
efficient onesare recentvariantsof the Davis-Putnam(DP) procedure[5] like POSIT [7],
TABLEAU [4], GRASP[22], SATZ [21], andREL_SAT [2]. Thesealgorithmssystematically
examinethe entire solution spacedefinedby the given probleminstanceto prove that either
a given formulais unsatisfiableor thatit hasa solution. Only recently in the beginning of
the 1990s,it was found that stochastidocal search(SLS) algorithmscan be efficiently ap-
plied to find solutionsfor hard, satisfiableSAT instanceg27, 12]. SLS algorithmsperform
a biasedrandomwalk in the searchspacedefinedby all completevariableassignmentsand
testwhetherthesearesolutionsin a non-systematigvay. While SLS algorithmscannotprove
unsatisfiability in the pastthey have beenfoundto outperformsystematicSAT algorithmson
hardsubclassesf satisfiableSAT instance$l, 26].

Bothtechniquesrelargely differentandcomprehensie comparisongnvolving bothtypes
of algorithmsareratherrare.In particular it is not very well understoodvhich type of algo-
rithm shouldbeappliedto specifictypesof formulae.Only occasionallysystemati@lgorithms
have beencomparedo local searchhasedapproachef26] but mostof thesecomparisonsare



procedure DP(&, s)
input SAT formula®, partial assignems, initially empty
output satisfyingassignmenof @ or “unsatisfiable”
UnitPropagation(®, s);
if & = () then
return s;
if # containsemptyclausethen
backtrack;
I := choose¥riableToBranchOn(®, s);
DP(® U, sU{l := true});
DP(@ U -, sU {l := false});
return “unsatisfiable”
end DP;

Fig. 1. Outline of the Davis Putnamprocedurefor SAT; recentefficient variantsdiffer mainly in the
branchingrule choose¥riableToBranchOn(®, s).

verylimited in scopeAlso, in thelight of therecentsignificantimprovementdor both,system-
atic andlocal searchmethodsyesultsfrom earliercomparisonsnight be outdatedTo reduce
this gapin our currentknowledgewe comparesystematicand local searchalgorithmson a
broadsetof benchmarlknstancesg¢overinghardRandom-3-SA instancesSAT-encodedhard
GraphColouringinstancesSAT-encodedlanningproblemsfrom differentdomains,andin-
stances$rom the DIMA CSbenchmarlsuite.To limit thecomputationaburdenof the studywe
focussedour investigationto the bestperformingsystematiandlocal searchalgorithmscur-
rently available.In particulat from the availablesystematisearchalgorithmswe testedSATZ
and REL_SAT, from the SLS algorithmswe usedthosebasedon the WalkSAT architecture
[24].

Theremaindeof this articleis structuredasfollows. In Section2 we introducethevarious
algorithmsusedfor ourinvestigatiorandhighlighttheir distinctive featuresNext, in Section3
we describeour experimentaketupandpresentheresultsof ourempiricalcomparatie study
Finally, after discussingsomerelatedwork in Section4 we concludewith a summaryof our
mainresultsandsomesuggestionsor furtherresearcldirections.

2 Algorithmsfor SAT

Systematicas well aslocal searchalgorithmsfor SAT are typically appliedto formulaein
conjunctive normalform (CNF). A CNF formula® overn truth variablesey , zs, . . . 2, (with
domain{true, false} each),is a conjunctionof m clauses, ¢, . .., ¢y, Eachclausec; is a
disjunctionof oneor moreliterals, wherealliteral [; is a variablez; or its negation—z;, i.e.
ci = Vj2, l;. A formulais satisfiablejf a assignmenbf truth valuesto all variablescanbe
foundwhich simultaneouslsatisfiesall clausesptherwisetheformulais unsatisfiable.

2.1 Systematic Search Algorithms

Themostefficient systematicsearchalgorithmsfor SAT arebasedon the Davis-Putnam(DP)
procedurd5] which implicitly enumeratesll possiblevariableassignmentsThis is doneby
usingabinary searchtreein eachnodeof which onevariableis assigneda truth value,which
is thenfixedfor the correspondingubtreesThe basicform of the Davis-Putnanproceduréas



procedure LocalSeath(®, maxTries, maxSteps)
input SAT formula®, maxTries maxSteps
output satisfyingassignmenof @ or “no solutionfound”
for 4 := 1to maxTriesdo
s := randomtruth assignment;
for j := 1 to maxStepsio
if s satisfiegp then return s;
else
x := choose¥riablg s, P);
s := s with truth valueof z flipped;
end if
end for
end for
return “no solutionfound”;
end Local Search;

Fig. 2. Outline of a generallocal searchprocedurefor SAT; actualSLS algorithmsdiffer mainly in the
variableselectionfunction choose¥riablds, ®).

outlinedin Figure 1. Startingwith anemptyvariableassignmentin eachrecursve call of the
algorithmtheformulais first simplified by unit propagationi.e.,aslong asaclausecontaining
only oneliteral exists,the correspondingariableis assigned valuesatisfyingthis clauseand
thendeletedfrom the formula. If thusan emptyclauseis obtainedthe currentpartial assign-
mentcannotbe extendedto a satisfyingoneandbacktrackings usedto continuethe search;
if anemptyformulais obtainedj.e.,all clausesresatisfiedthealgorithmreturnsa satisfying
assignmentlf neitherof thesesituationsoccur anunassignedariableis choserandthe pro-

cedureis calledrecursvely afteraddinga unit clausecontainingthis variableandits negation,
respectiely. If all branchesreexploredandno satisfyingassignmenhasbeenfound,thefor-

mulais foundto be unsatisfiableSystematicSAT algorithmsaretypically completej.e., they

candecidethe satisfiability (or unsatisfiability)of any givenprobleminstance.

The effectivenessof the branchingrule (procedurechoose¥riableToBrandh) hasa very
strong influence on the size of the searchtree build [14] and is thereforecrucial for the
efficiency of the Davis-Putnamprocedureln particularfor structuredformulae further en-
hancement®asedon look-backtechniqueslike conflict directedbackjumpingand learning
schemeshave led to improved DP variants[2, 22]. In this article we apply two of the most
efficientcurrentlyknown Davis-Putnanmvariants SATZ [21] andREL_SAT [2]. SATZ strongly
exploits heuristicsgearedowardsmaximisingthe efficiency of unit propagatiorin its branch-
ing rule. Additionally, it usedimited preprocessingf the input formulaby addingresohents
of restrictedengthto the formula,for detailswe referto [21]. REL_SAT usedook-backtech-
niguesandlearningschemeso improvethe performancendhasbeenshavn to beparticularly
efficienton structurednstancegsee[2] for moredetails).

2.2 Stochastic Local Search

Local searchis a widely used,generalapproachfor solving hard combinatorialsearchprob-
lems.Stochastidocal search(SLS) canbeinterpretedasperforminga biasedrandomwalk in
asearchspacewhich,for SAT, is givenby the setof all completetruth assignmentsA general
outline of a SLS algorithmfor SAT is givenin Figure2. It startswith somerandomlygener
atedtruth assignmenandtriesto reducethe numberof violatedclausedy iteratively flipping



somevariables truth value. After a maximumof maxStepsuchstepsthe algorithmrestarts
from a new randominitial assignmentlf aftera given numbermaxTries of restartsno solu-
tion is found, the algorithmterminatesunsuccessfullySLS algorithmsfor SAT aretypically
incompletej.e., they cannotdetectthe unsatisfiabilityof a givenprobleminstance.

SLSalgorithmsdiffer mainly in theheuristicfor choosinghevariableto beflippedin each
searclstep(procedurechoose¥riablg whichis decisve for thefinal performancef thealgo-
rithm. In this articlewe focuson SLS algorithmsbasedon the WalkSAT architecturg26, 24]
whichareamongthe bestperformingSLSalgorithmsfor SAT currentlyknown. TheseSLSal-
gorithmsuseatwo-stagevariableselectiorprocessln eachstep first oneof the clauseavhich
areviolatedby the currentassignmenis randomlychosenThen,accordingto someheuristic
a variableoccurringin this clauseis flipped usinga greedybiasto increasethe total number
of satisfiedclauses.In this article we presenttomputationatesultswith five of the bestper
forming WalkSAT variantsIn WalkSAT with taku-searcH24] thestratey is to pick avariable
thata minimisesthe numberof breaks(the numberof clauseswvhich becomeunsatisfiedby
flipping avariable). Theotherstrateies,Novelty, R-Novelty, Noveltyt, andR-Noveltyt pick
a variablethat minimizesthe numberof unsatisfiedclausesadditionally they useheuristics
basedntheideathattiesshouldbe brokenin favour of variableswhich have not beenflipped
for alongertime. Additionally, to avoid stagnatiorof thesearchwith asmall,fixedprobability
insteadof applyingthe usualvariableselectionheuristic,a variableis randomlychoserfrom
the selectedunsatisfiecclausein Noveltyt, andR-Noveltyt. For detailson thesestrataies,
we referto [24] and[18]. For all WalkSAT variantsstrateies,the so-callednoise-paameter
which controlsthe probability of flipping a variablenotleadingto the maximalincreasen the
numberof satisfiedclausess of criticalimportancefor thealgorithm’s performanceNotealso
thatdueto the stochastiachoicesinherentto thesealgorithms,the time for finding a solution
to agiven,satisfiableprobleminstancejs arandomvariable.

3 Experimental Comparison

Becauseof theinherentdifferencesdetweersystematicandlocal searchalgorithmsconduct-
ing fair empiricalcomparisonss not straight-forvardandinvolvessomemethodologicaprob-
lems.Two issuesneedto be addressedwvhich probleminstancesomparatie studyshouldbe
basedon andhow to measurealgorithmicperformancegor, equialently, searchcost)for each
givenprobleminstance.

3.1 Benchmark Problems

SLSalgorithmsaretypically incomplete which meansthatthey cannotbe usedto prove the
unsatisfiabilityof a givenformula.Hence,comparisondetweenSLS algorithmsandsystem-
atic searchalgorithmshave to berestrictedto satisfiablénstancesAnotherpossibility would
be to run SLS algorithmsto a given time limit and declarea formula as unsatisfiabldf no
solutionis found. Obviously, this methodis proneto falsenegativessincesatisfiableformulae
maybeerroneoushdeclaredinsatisfiableThis hasbeensuggesteéarlyin thedevelopmenbf
SLSalgorithmsfor SAT, but we arenot awareof ary empiricalstudyfollowing this approach.
In thelight of recentresultsin characterisingsLS behaviour [16, 15, 18] andconsideringhe
factthatin time-critical applicationscenariosven theoreticallycompletealgorithmswill of-
tenbecomeancompletein practiceif strictlimits in computatiortime areenforcedthis latter
approachseemdo be interesting;however, herewe follow the moretraditional approachin
usingsatisfiablenstancesandassuminga scenarian which strict cutoffs (otherthanthe ones



imposedby theexperimentakrnvironment)arenot enforcedandall algorithmstypically runto
completion.

To avoid empiricalresultswhich areoverly biasedby thetype of probleminstancesised a
benchmarlksuite containinga broadvariety of problemtypeshasto be used Additionally, we
mainly focuson benchmarknstancesvhich arerelatively hardfor bothtypesof searchtech-
nigues.Finally, it is obviously desirableto usebenchmarkproblemswhich have beenwidely
usedin theliteratureandarepublically available. The benchmarlksuitewe areusingherecom-
prisesthreedifferenttypesof problemstest-setsampledrom Random-3-SA, awell-known
randomproblemdistribution; test-set®btainedoy encodingnstance$rom arandomdistribu-
tion of hardGraphColouringinstancesnto SAT; andSAT-encodednstance$rom Al planning
domainsjn particular from the Blocks World Planningdomainandthe Logisticsdomain[20].
All thesebenchmarlknstancesrehardin generabnddifficult to solve for SLSalgorithms For
the SAT-encodedoroblems the hardnes®f the instancess inherentratherthanjust induced
by the encodingschemehatwasusedfor transformingtheminto SAT. In addition,we used
someof the satisfiabledbenchmarknstancegrom the seconddIMA CSchallengd19].

Fromthislastcategory, weincludedonly satisfiablénstanceswWe excludedtheai nr . cnf
instanceqggeneratedby the AIM-generator)sincethey canbe solved by polynomialsimplifi-
cationproceduresndarethereforetrivial for bothapproaches this type of preprocessings
applied.Fromthej nh*. cnf instancenly 16 out of 50 aresatisfiable thesearerandomly
generatedvith variableclauselengths.Yet, we excludedtheseinstancessinceinitial exper
imentshad shavn they are easily solved by all algorithmsstudiedhereand we are already
usingalarge setof hardRandom-3-SA. All benchmarknstancesisedin this comparisorare
availablethroughSATLIB, a benchmarlcollectionof SAT instancesavailableonthe WWW
atthedirectionht t p: / / ww. i nf or mat i k. t u- dar nst adt . de/ Al / SATLI B.

3.2 Measuring Search Cost

While generallyfor comparingalgorithmicperformancehe useof machineandimplementa-
tion independenoperationcountsis preferableover measuringCPU-time herethis is difficult
becausef the fundamentatifferencedetweerthe two classe®f algorithmsinvolvedin our
study Whilst for comparisondetweendifferentsystematicsearchalgorithms,searchcostis
often measuredas the numberof explored nodesin the searchtree (variablebrancheskynd
the numberof unit propagationsthe measurausedfor local searchalgorithmsis typically the
numberof local searctstepsj.e., the numberof variableflips. In bothcasesthe CPU-timefor
thesecostunitstypically depend®nthe problemsize.

Fortunately the algorithmsinvestigatecherearereasonablefficiently implementedsuch
thatcomparingCPU-timesgivesa realistic picture. Certainly differencesn the computation
time may still be dueto implementatiordetailsandcould be affectedby further optimisations
in theimplementation®f eitherapproachYet, suchimplementation-specifiaspectsnay be
negligible if the obseneddifferencedetweerthe approacheareoneor moreordersof mag-
nitudein computatiortime. Giventheimplementationsisedhere,suchdifferencesaswe will
seecanbeobsenedandaremostlik ely causedy propertieof thealgorithms We conjecture
thatthesecanonly be overcomeby introducingsubstantiallynew algorithmicideas.

For all our experimentsye alsoreporttheimplementation-independégpecificcostmea-
suresFor all WalkSAT algorithms the operationsountedarelocal searchstepsi.e., variable
flips. As aneffectof therandomisatiorof the algorithm,the numberof flips requiredfor solv-
ing aprobleminstancevarieswidely betweerdifferentruns.Thereforefo determinghesearch
costfor agivenprobleminstancewe runthealgorithmatleast100timeswith acutoff param-
eter(maxSteps}ettingwhichis high enoughto guarantee successatecloseto 100%.From



this data,we determinerun-lengthdistributions(RLDs) [16] from which the expectechumber
of stepsfor solving the giveninstancecanbe easily estimatedthis is usedasa measurdor
searclrost.For all WalkSAT variantstheirperformanceritically depend®nthesettingof the
noiseparameterto achieve close-to-pealperformancewe thereforeoptimisedthis parameter
for eachproblemsizefor the setsof randomlygeneratedhstancesindsetsof similarinstances
from the DIMA CSset;for all otherinstanceshe noiseparametewasoptimisedindividually.

For SATZ, we chosethe numberof searctstepsasour primarymeasurdor SATZ's search
cost.This measureeflectsthe numberof callsto alower-level functionwhich playsacritical
rolein variableselectionandshaws a strongcorrelationwith CPU-time.SinceSATZ is com-
pletely deterministic the searchcostperinstancecanbe determinedrom a singlerun of the
algorithm.

Finally, REL_SAT, like WalkSAT, asa consequencef its randomisediecisionsnvolved,
e.g.,in selectinghevariablesto branchon, hasa largevariability in run-timewhenrepeatedly
appliedto the sameprobleminstance As a costmeasurdor REL_SAT, we usedthe number
of variabledabelledandobtainedan expectednumberof theseoperationger solutionasde-
scribedabove for WalkSAT. The samemethodwasusedfor determiningexpectedrun-times
(in CPU-secondsper solution.Following the recommendationm [2], thelearningorderpa-
rametemwassetto 3 for all experiments.

3.3 Reaultsfor Random-3-SAT

Uniform Random-3-SA is awell-known family of SAT instancedistributionswhich hasbeen
frequentlyusedfor empirically investigatingthe behaiour of SAT algorithms.Here,we use
thetest-setasprovidedin SATLIB, which have alsobeenusedin [16, 15, 17]. Following the
establishegbrocedure&nown from theliterature[25], all instancesregeneratedtthe phase
transitionregion [25, 4] and unsatisfiablenstancesare filtered out using systematicsearch
algorithms.

In recentwork, weidentifiedR-Noveltyt [15, 18] to bethebest-performingtochastidocal
searchalgorithmfor this subclasf SAT [15, 17]. From previously publishedresultson the
performanceof systematicSAT algorithms,it canbe concludedhat SATZ is oneof thebest-
performingsystematialgorithmsfor this problemclass;in particular it solveshardRandom-
3-SAT instancesnoreefficiently thanREL_SAT [21]. Thereforewe empiricallycomparedhe
performancef thesealgorithmssetsof hardRandom-3-SA instance®f varyingsize.

First, we analysedhe distribution of searchcostfor R-Noveltyt and SATZ acrossa test-
setof 1000 Random-3-SA instanceswith 100 variablesand 430 clausesAs can be seen
from Figure3, except for a small numberof instances(approx.5%), R-Novelty™ is more
efficient than SATZ when ngglecting the differencesn CPU-time per searchstepbetween
the two algorithms.In termsof absoluteCPU-time,on a 400MHz Pentiumll PCwith 256M
RAM underLinux R-Noveltyt performsabout210,000flips/CPU-secwhile SATZ executes
ca.83,000searchsteps/CPU-sed hus,exceptfor an extremelysmall fraction of the test-set,
R-Noveltyt outperformsSATZ. However, it shouldbe notedthatthe variability in searchcost
acrosghetest-sets significantlyhigherfor R-Novelty* (stdev/mean= 1.64, ratio betweerthe
0.9andthe0.1percentilesyg.g/g0.1 = 11.17) thanfor SATZ (stdev/mear= 0.54, go.9/g0.1 =
4.21). The high variability andthe heavy tail of the searchcostdistribution is typical for SLS
performancen hardRandom-3-SA problemg15].

In [15, 17] it is shovn thatwhencomparingdifferentSLS algorithmsfor SAT, the same
instancedendto behardfor all algorithms.To investigatavhetherthe sameholdswhencom-
paring SLS algorithmsand systematicSAT algorithms,we analysedhe correlationbetween
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Fig.4. Correlationbetweenmeanlocal searchcost and systematicsearchcostacrossRandom-3-SA

test-sebf 1000instancesvith 100variables430clausesach;searcicostmeasuredh expectechumber

of flips persolutionfor R-Novelty™, andnumberof searchstepsfor SATZ. Theline indicatespointsof

equalCPU-timefor thetwo algorithms.

searchcostfor bothapproachescrossour test-setof 100 variableRandom-3-SA problems.
Figure4 shownsthecorrelationdataasa scattemplot, whereeachdatapoint correspond$o one
instancefrom the test-setAs canbe easily seenfrom the plot, thereis no strongcorrelation
betweerthe searchcostfor bothalgorithms.A correlationanalysisconfirmsthis result(corre-
lation coeficient= 0.26);thus,the searchcostfor completeandlocal searchseemto be only

very slightly correlatedlt canalsobe notedthatfor a major partof the testset,evenwithout

compensatindor the differentabsoluteCPU-time costsper searchstep, R-Novelty™ is sig-

nificantly moreefficient that SATZ. The dashedine in the plot indicatespointsof equivalent
CPU-timefor both algorithms;thus,when comparingabsoluteCPU-time,for about95% of

thetest-setR-Novelty™ is upto oneorderof magnitudefasterthanSATZ. Whenconsidering
only thoseinstancedor which SATZ is moreefficient thanR-Novelty™, againthereseemso

beno strongcorrelationbetweersearchcostfor bothalgorithms?

3 Theremightbeatendeng thattheinstancesvhich areextremelyhardfor R-Novelty™ arenot partic-
ularly hardfor SATZ; however, at this point, this obsenation cannotbe consideredo be statistically



1e+06

fmov+, q_0.95 —+—
satz, 0,95 —--x-—-

satz, median -
mov+, median -8 3
100000
£ 10000 o
8 / PR 4 o
a

/ &
1000 :

*

o

100

50 100 150 200 250
number of variables

Fig. 5. Scalingof searctcostwith problemsizefor Random-3-SA test-set§> 100 instanceach).

Next, we investigatedhe scalingof searchcostwith problemsizefor both algorithmson
hard Random-3-SA problems.For this investigationwe generatech numberof test-setsat
the phasetransitionwith 50 up to 250 variables(100 instancesach,exceptthe 50 and 100
variableinstanceswherethe test-setontain1000instancespnd measuredhe distribution
of searchcostacrosseachof thesetest-setsfor R-Novelty™ and SATZ. Figure5 shaws the
dependencef the medianandthe 0.95 percentileon the problemsize (numberof variables)
in a semi-logarithmiglot.* Whenneglectingthe differencesn CPU-timeper searchstepbe-
tweenthe algorithms,we obsenre that the mediansearchcostfor R-Novelty™ is betweens
and 10 timeslower thanfor SATZ; furthermore this differenceincreasewith problemsize.
However, whencomparingthe 0.95 percentilessuchdifferencescannotbe obsened. Never-
theless,when focusingon the CPU-time per single searchstep,we obsene a differencein
favour of R-Novelty™, which increasewith problemsize (from ca. 2.6 R-Noveltyt variable
flips per SATZ searctstepfor then = 100 variableinstancedo ca.3.2 for n = 250); thus,R-
Novelty*’s superiorityover SATZ on Random-3-SA is evenmoreapparentvhencomparing
CPU-times.

3.4 Resultsfor Random Graph Colouring

The Graph Colouring problem (GCP) is a well-known combinatorialproblemfrom graph
theory: Givena graphG = (V, E), whereV = {vq,vs,...,v,} is the setof verticesand
E C V x V thesetof edgesconnectinghe vertices find acolouringC : V — N, suchthat
neighbouringverticesalwayshave differentcolours.We usedJoeCulbersons randomgraph
generatot for generatingsetsof 3-colourablélat randomgraphswith 50 to 200vertices with
100instancesach,wherethe connectvity (edges/ertex) waschosersuchthatthe instances
have maximalhardnessgin average)or systematigraphcolouringalgorithmsusingtheBrelaz
heuristic[13]. Theseinstanceaverethentranslatednto SAT usinga straight-forwardencod-
ing. Thesetest-setsare available from SATLIB, wherealsoa more detaileddescriptioncan

significant.

4 The datapointsfor SATZ appliedto the 50 variabletest-setareomittedbecausdor ca.35% of these
instancesSATZ takeslongerthanfor ary of the 75 or 100 variableinstancego find a solution. This
phenomenois causedyy thefactthatfor theseformulae, SATZ addsa large numberof resohentsto
theoriginal formulain a preprocessingtep;it wasnot obseredfor ary of thelargerformulae.

5 availablefrom http://webcs.ualberta.ca/joe/Coloring/indatml, Joe Culbersons GraphColouring
Page.
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be found. It hasbeenshown in [15, 17] that, especiallyfor the larger instancesNovelty is
the best-performingLS algorithmfor this problemclass.Neverthelessfor someinstancest
suffersfrom stagnatiorbehaiour; asa consequencéerewe useNovelty™ [15, 18] whichis
lessproneto this phenomenon.

Theexperimentavereconductednalogouslyo theRandom-3-SA experimentsiescribed
previously. As shavn in Figure6, thereis a slight negative correlationbetweerthe searchcost
(correlationcoeficient= —0.32). Furthermoret canbe notedthatthevariancein searchcost
acrossthe test-setis significantly lower for SATZ than for Novelty™ (stde//mean= 0.22,
d0.9/qo.1 = 2.05 for SATZ; stder/mean= 1.26, go.9/go.1 = 10.15 for Novelty ™). At thesame
time, whennot consideringdifferencedn CPU-timeper searchstepbetweerthe algorithms,
the searchcostfor SATZ is for almostall instancessignificantlylower thanfor Novelty™ (up
to 2 ordersof magnitude)Whencompensatindor thedifferencesn CPU-timepersearchstep
(ca.4.54Novelty*t variableflips per SATZ searchstepson our referencemachine) the situa-
tion looksslightly different:in termsof CPU-time Novelty™ is moreefficientthanSATZ ona
significantpartof thetest-set.

Figure7 shavs theresultsof a scalinganalysisanalogoudo the onefor Random-3-SA.



WalkSAT SATZ REL_SAT
instance #vars #clausesstratgy avg.flips secs #steps secs #lah vars secs

bw_large.a.cnf459 4,675 Rnov+ 6,053 < 0.1 354 <0.1 1,765 <0.1
bw_large.bcnf 1,087 13,772 Talu 152,104 1.62 544 < 0.1 8,818.5 0.48
bw_large.c.cnf3,016 50,457 Tahu 2.52-10° 72.9 3,563 2.74 252,646 23.77
logistics.a.cnf828 6,718 Rnov+ 42,799.95 0.37 6.4-10° 10.45 30031.7 1.33
logistics.bcnf 843 7,301 Rnov+ 37,846.24 0.33 4672 0.22 268905 10.58
logistics.c.cnf1,141 10,719 Rnov+ 66,013.43 0.66 179679 1.76 6.5-10° 344.94
logistics.d.cnf4,713 21,991 Nov+ 121,391.081.96 44.4 - 10° 87.58 31550.4 1.28

Table 1. Comparisonof solutiontimes of WalkSAT, SATZ, and REL_SAT on instance®f the blocks
world planningandthelogisticsdomain #varsand#clausegive thenumberof variablesandthenumber
of clause®f eachinstanceThecompleity measuregavg.flips,#stepsand#lahvars)for thecorrespond-
ing algorithmsareexplainedin Section2. Thecomputatiortimesaremeasureen a 300MHz Pentiumll
PCwith 320M RAM underLinux.

Comparingsearchsteps, SATZ shows a significantly lower searchcostthan Novelty™t in the
medianand0.95percentiledor all problemsizes;this advantagencreasesvith problemsize.
Here,all percentilesseemto shav exponentialscalingwith problemsize, but for SATZ the
baseof the exponentialfunction characterisinghe growth is potentiallysmaller Analogously
to Random-3-SA, our resultsalsoindicatethat the variability in searchcostincreasesvith
problemsizefor both algorithms,as canbe seenwhen comparingthe medianand 0.95 per
centilecurvesin Figure?7.

3.5 Planning Instances

As canbeseerfrom Table 1, for theplanninginstancdrom theblocksworld planningdomain,
bothSATZ andREL_SAT show asignificantlybetterperformancehanthebestWalkSAT vari-
antwith SATZ beingthe best-performingalgorithm.For the logisticsdomain,a differentsit-
uationis encounteredThetwo instanced ogi sti cs. b andl ogi sti cs. ¢ aresolvedby
both, WalkSAT andSATZ, in shorttime, while SATZ takessignificantlylongertime on| o-
gi stics. aandl ogi sti cs. dthantheWalkSAT algorithmsor REL_SAT. Yet, REL_SAT
performsworsethanthe othercompetitorsoninstances ogi sti ¢s. b andl ogi sti cs. c.
Hence thereis no cleardominanceof onealgorithmfor this latter problemclassbut it should
benotedthatthe bestSLS algorithmsgenerallyseemto be quite competitive for all instances.

3.6 DIMACSInstances

Table 2 presentsheresultsfor someof thelargegraphcolouringinstancesrom the DIMACS
benchmarkset. Theseinstancesanbe solvedin relatively shorttime by the WalkSAT algo-
rithmswhile SATZ andREL_SAT fail to find a solutionfor theseinstancesvithin atime limit
of 60 minutes.Hence theseSAT-encodednstancesanonly be solvedin reasonableompu-
tationtime® by usingSLSalgorithms.

Also onthei i * instancesoriginatingfrom a SAT-encodingof problemsin inductive in-
ference SLSalgorithmsareperformingsignificantlybetterthanthesystemati@lgorithms For

6 All experimentson the DIMA CSinstancesvererun on a 300MHz Pentiumll PC with 320M RAM
underLinux.



WalkSAT SATZ REL_SAT
instance  #vars #clausestratgly avg.flips secs#steps secs #lahvars secs

9125.18.cn2,250 70,163 Nov+ 8,402.5 055 — >60min — > 60min
9125.17.cn2,125 66,272 Nov+ 801,026.053.6 — > 60min — > 60min
0250.15.cnf3,750 233,965 Nov+ 3,078.23 0.57 — > 60min — > 60min
0250.29.cnf7,250 454,622 Nov+ 336607.7186.8 — > 60min — > 60min

Table 2. Comparisorof solutiontimesof WalkSAT, SATZ, andREL_SAT oninstance®f the DIMACS
benchmarlset.

WalkSAT SATZ REL_SAT
instance #vars #clausesstratgly avg.flips secs #stepssecst#lah vars secs

ssa7752-038.cnf,501 3,575 Rnov+ 161,090.960.96 260830.15 1604.46 < 0.1
ssa7752-158.cnf,363 3,034 Rnov+ 14,143.98< 0.1 15259 0.1 1433.4 < 0.1
ssa7752-159.crf,363 3,032 Rnov+ 10,364.77< 0.1 190150.12 1433.2 < 0.1
ssa7752-160.cnf,391 3,126 Rnov+ 9,534.65 < 0.1 192730.12 1604.46 < 0.1

Table 3. Comparisorof solutiontimesof WalkSAT, SATZ, andREL_SAT oninstancedor circuit diag-
nosis.

example WalkSAT solvedall instancesvithin atmost14000variableflips onaverage mostof
theinstanceg25 of 41) takinglessthan1000stepson average Also the computingtimesfor
eachof theinstancesverebelown 0.1secondsYet,whencomparedvith SLSalgorithmssome
of theseinstancesareratherhardto solve for systematicalgorithms.For example,SATZ did
not solve oneof theinstancesfter 60 minutes,while REL_SAT couldsolwe all instancesyet
atthe costof ratherlong computatiortimes,takingmorethan800 second®n averagefor the
hardesinstanceThessa* instanceswhich originatefrom a testpatternprogramfor check-
ing “single-stuck-at'faultsin VLSI circuits,arewell solvedby all of thecompetingalgorithms
(seeTable3). Only ssa7752- 038 is somavhatharderto solve for the SLSalgorithm,while
it is still easyfor SATZ andREL_SAT.

In Table4 a comparisorbetweerthe two typesof algorithmsfor the instance®f learning
the parity function are given. We reportonly the resultsfor one of five instanceof eachsize
in the DIMA CS set sincethe performanceon the otherinstancess very similar. For these
instancesSATZ andREL_SAT areclearly superiorto the bestSLS algorithms.Notice thatall
algorithmssolve the small simplified instancegar 8- * - ¢ very fast. When consideringthe
unsimplifiedinstancegpar 8- *), for the bestlocal searchalgorithms(hereR-Novelty andR-
Novelty+whichperformequallywell) thesearctcostincreasedy roughlyafactorof 35, while
for SATZ nosignificantdifferencan performancés obsened.Thisis mostprobablycausedy
thefactthatSATZ generallyappliespolynomialsimplificationsasa preprocessingtep.These
obsenationsindicatethat polynomialpreprocessingf formulaecanbe very importantwhen
trying to solve instancesespeciallywhenusing SLS algorithms.In this context it shouldalso
benotedthattheplanninginstancesisedin Section3.5aregeneratedisingsuchsimplification
techniques.

Turning backto the comparisonthe performanceadvantageof SATZ is more apparent
for the largerinstancegpar 16- * andpar 16- * - ¢). Here,the only SLS algorithmwhich



WalkSAT SATZ REL_SAT
instance #vars #clausesstratgy avg.flips secs #steps secs #lah vars secs

par8-5-c.cnf 75 298 Rnov 4,052.12 < 0.1 298 < 0.1 273.56 <0.1
par8-5.cnf 350 1,171 Rnov 133,591.300.51 393 < 0.1 1051.14 < 0.1
parl6-5-c.cnB41 1,360 Rnov 4.12-107 173.439,5881 3.24 257,987 3.40
parl6-5.cnf 1,015 3,358 — 216,976 2.04 5.18 - 10° 50.70

Table 4. Comparisorof solutiontimesof WalkSAT, SATZ, andREL_SAT oninstancedor learningthe
parity function.

wereableto solve the simplifiedinstancesn reasonabléime areR-Novelty andR-Novelty+.
Yet, the averagecomputingtime for R-Novelty is alreadymuchhigherthanthatof SATZ and
REL_SAT. Possiblybetterresultscould be obtainedby more parametefine-tuning,but here
systematicsearchalgorithmslike SATZ and REL_SAT appearto be the bestchoice.On the
largerunsimplifiedinstancesve alsoobsene anadvantageof SATZ over REL_SAT, whichwe
conjecturgo be mainly causedy the SATZ’s polynomialsimplificationpreprocessing.

4 Related Work

Several comparisondetweensystematicand local searchmethodsfor SAT have beendone
in the past.The mostextensve of thesecomparisonss probablythat doneat the DIMACS
Challengeone Cligues, Coloring, and Satisfiability[19]. Yet, sincethenthe performanceof
local and systematicsearchalgorithmshasincreasedstrongly Most other comparisonsare
ratherlimited in their scope.For example,in [26] GSAT and earlier WalkSAT variantsare
comparedo a Davis-Putnanvariantontheinstances sa* alsousedhere.While their Davis-
Putnamvariantcould not solve threeof the four instancesSATZ and REL_SAT solve them
very efficiently. This givesanindicationof the significantprogressn the developmentf sys-
tematicsearchalgorithmsfor SAT andalsodocumentghe needfor a systematiccomparison
of the morerecent,bestperformingvariantsof bothtechniquesA comparisorof the scaling
of searchcostfor a Davis-PutnamvariantandGSAT over arangeof Random-3-SA instances
of varying constrainednedsasbeendonein [11] andthey founda betterscalingbehaiour of
GSAT thanfor the systemati@lgorithm.Similarly, in [6] systemati@ndlocal searchmethods
arecomparedor Graph-3-Colouringnstancedrom both,the phasetransitionregion andthe
easyregions.Thecomparisorhasshavn thatthe systemati@algorithmperformedbetteratthe
phaseransitionregionwhereador theeasielinstanceshelocal searchalgorithmswerefound
to be moreefficientin finding solutions.More completecomparisondiave beendoneexclu-
sively amongeithersystematior local searchalgorithms We referto [21] and[15, 17] which
arethe mostextensive comparison&nown to us.

In the context of our results combininglocal andsystematicsearchmethodsappeargo be
attractve for efficiently androbustly solving SAT instancesOneof thefirst suchapproaches
for SAT waspresentedy Crawford [3]. It is basedon first runninga local searchalgorithm
to determineclauseweightswhich arethensubsequentlysedto guidethebranchingheuristic
of a systematicsearchalgorithm. Anotherapproachis taken by Mazureet.al.[23]. They use
acombinationof local searchandsystematialgorithmsto prove unsatisfiabilityof large SAT
formulae.This is doneby first running local searchto identify which clausesare mostfre-
quentlyunsatisfiedTheseclausesarethenextractedfrom the formulaandit is tried to prove



unsatisfiabilityfor this subsetof clausesWhile the viability of this approachwas shown in

[23], it is notclearwhethetthis carriesoverto morerecentalgorithms asfor theformulaethey

testedthe systematicalgorithmsappliedin this article are muchfaster Hence,it still hasto

be shavn thatby combiningsystemati@andlocal searchalgorithmsin onealgorithm,the best
“pure” methodscanbe outperformed.

5 Conclusions

In this papewe presenteédinempiricalcomparatie studyof someof thebestcurrentlyknown
systemati@andlocal searchalgorithmsfor SAT onabroadrangeof benchmarkproblemsOur
resultsclearlyindicatethatcurrently noneof thetwo approachedominatesheotherw.r.t. per
formanceover the full benchmarksuite.Insteadwe foundthatfor certaintypesof instances,
local searchalgorithmsare superior(like for hard Random-3-SA or the large graphcolour
ing instancedrom the DIMA CS benchmarkset)while for others(like hard graphcolouring
problemsin flat graphsor the parity instancegrom the DIMA CS benchmarlset),systematic
searchseemsgo be significantlymoreefficient. Furthermorewe could shav thatfor the ran-
domisedproblemdistributionslik e hardRandom-3-SA andhardgraphcolouringproblemsn
flat graphsthereis only avery weakcorrelation(if ary atall) betweerthe searchcostof both
approacheacrosgheinstancedistributionsstudiedhere.

Our studyshouldbe understoodasaninitial investigationandassuch,it leavesmary in-
terestingissuesopenfor furtherresearchMaybethe mostimportantquestionto be answered
is that of identifying the featuresof SAT instancesvhich areresponsibldor the specificper
formanceadvantage®f SLSor systematicearchmethodsGenerallythereseemdo beaten-
deng thatSLSalgorithmsshawv superiomperformancéor problemscontainingrandomstruc-
ture (asin Random-3-SA) andratherlocal constraintgasin the DIMA CS GraphColouring
instance®r thelogisticsplanningdomain),while systematisearchmighthave advantagegor
structurednstancesvith moreglobalconstraintsThis view is supportedy recentfindingsin
studyinga spectrumof graphcolouringinstanceswith varying degreeof structuralregularity
[10].

The resultspresentechere suggesthat combiningthe advantageof systematicand lo-
cal searchmethodsis a promisingapproachSuchcombinationscould eitherbe in the form
of simple combinationsas briefly discussedn Section4, of algorithm portfolios [9], or as
truly hybrid algorithms.In this context, it would be interestingto extendour investigationto
recentlyintroducedrandomisedrariantsof systematicsearchmethodswhich shav improved
performanceover pure systematicsearchunder certainconditions[8]. Anotherissuewhich
shouldbe includedin future researcton SAT algorithmsis the investigationof polynomial
simplification strateyies (lik e unit propagationsubsumptionrestrictedforms of resolution),
which, whenusedaspreprocessingtepshave beenshowvn to be very effective in increasing
theefficiency of SLSandsystematisearcimethodsn solving structuredSAT instanceg20].
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