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Abstract. Due to its prominencein artificial intelligenceandtheoreticalcomputersci-
ence,the propositionalsatisfiabilityproblem(SAT) hasreceived considerableattention
in the past.Traditionally, this problemwasattacked with systematicsearchalgorithms,
but morerecently, localsearchmethodswereshown to beveryeffective for solvinglarge
andhardSAT instances.Especiallyin the light of recent,significantimprovementsin
bothapproaches,it is notverywell understoodwhich typeof algorithmperformsbeston
aspecifictypeof SAT instances.
In this article,we presenttheresultsof a comprehensive empiricalstudy, comparingthe
performanceof someof the bestknown stochasticlocal searchand systematicsearch
algorithmsfor SAT on a wide rangeof probleminstances,including Random-3-SAT
andSAT-encodedproblemsfrom differentdomains.We show thatwhile for Random-3-
SAT local searchis clearlysuperior, morestructuredinstancesareoften,but not always,
moreefficiently solved by systematicsearchalgorithms.This suggeststhat considering
thespecificstrengthsandweaknessesof bothapproaches,hybrid algorithmsor portfolio
combinationsmightbemosteffective for solvingSAT problemsin practice.

1 Introduction

Thesatisfiabilityproblemin propositionallogic (SAT) is a centralproblemin logic, artificial
intelligence,theoreticalcomputerscience,andmany applications.Therefore,mucheffort has
beenspenton improving known solutionmethodsanddesigningnew techniquesfor its solu-
tion. This effort led to a continuouslyincreasingability to solve largeSAT instancesover the
lastyears.

Traditionally, SAT instancesaresolvedby systematicsearchalgorithmsof which themost
efficient onesare recentvariantsof the Davis-Putnam(DP) procedure[5] like POSIT [7],
TABLEAU [4], GRASP[22], SATZ [21], andREL SAT [2]. Thesealgorithmssystematically
examinethe entiresolutionspacedefinedby the given probleminstanceto prove that either
a given formula is unsatisfiableor that it hasa solution.Only recently, in the beginning of
the 1990s,it was found that stochasticlocal search(SLS) algorithmscanbe efficiently ap-
plied to find solutionsfor hard,satisfiableSAT instances[27, 12]. SLS algorithmsperform
a biasedrandomwalk in the searchspacedefinedby all completevariableassignments,and
testwhetherthesearesolutionsin a non-systematicway. While SLSalgorithmscannotprove
unsatisfiability, in thepastthey have beenfoundto outperformsystematicSAT algorithmson
hardsubclassesof satisfiableSAT instances[1, 26].

Bothtechniquesarelargelydifferentandcomprehensivecomparisonsinvolving bothtypes
of algorithmsareratherrare.In particular, it is not very well understoodwhich typeof algo-
rithm shouldbeappliedto specifictypesof formulae.Only occasionally, systematicalgorithms
have beencomparedto local searchbasedapproaches[26] but mostof thesecomparisonsare
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verylimited in scope.Also, in thelight of therecentsignificantimprovementsfor both,system-
atic andlocal searchmethods,resultsfrom earliercomparisonsmight beoutdated.To reduce
this gapin our currentknowledgewe comparesystematicand local searchalgorithmson a
broadsetof benchmarkinstances,coveringhardRandom-3-SAT instances,SAT-encoded,hard
GraphColouringinstances,SAT-encodedplanningproblemsfrom differentdomains,andin-
stancesfrom theDIMACSbenchmarksuite.To limit thecomputationalburdenof thestudywe
focussedour investigationto thebestperformingsystematicandlocal searchalgorithmscur-
rentlyavailable.In particular, from theavailablesystematicsearchalgorithmswetestedSATZ
andREL SAT, from the SLS algorithmswe usedthosebasedon the WalkSAT architecture
[24].

Theremainderof thisarticleis structuredasfollows.In Section2 weintroducethevarious
algorithmsusedfor our investigationandhighlight theirdistinctivefeatures.Next, in Section3
wedescribeourexperimentalsetupandpresenttheresultsof ourempiricalcomparativestudy.
Finally, afterdiscussingsomerelatedwork in Section4 we concludewith a summaryof our
mainresultsandsomesuggestionsfor furtherresearchdirections.

2 Algorithms for SAT

Systematicas well as local searchalgorithmsfor SAT are typically appliedto formulaein
conjunctivenormalform (CNF).A CNF formula / over 0 truth variables1 �32 1 �32%4�4�4 165 (with
domain 7 true2 false8 each),is a conjunctionof 9 clauses: �;2 : �32%4�4�4%2 :�< . Eachclause:�= is a
disjunctionof oneor moreliterals,wherea literal >@? is a variable 1A? or its negation BC1A? , i.e.:�=EDGF <IH?KJ � >@? . A formula is satisfiable,if a assignmentof truth valuesto all variablescanbe
foundwhich simultaneouslysatisfiesall clauses;otherwisetheformulais unsatisfiable.

2.1 Systematic Search Algorithms

Themostefficient systematicsearchalgorithmsfor SAT arebasedon theDavis-Putnam(DP)
procedure[5] which implicitly enumeratesall possiblevariableassignments.This is doneby
usinga binarysearchtreein eachnodeof which onevariableis assigneda truth value,which
is thenfixedfor thecorrespondingsubtrees.Thebasicform of theDavis-Putnamprocedureis
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outlinedin Figure1. Startingwith anemptyvariableassignment,in eachrecursivecall of the
algorithmtheformulais first simplifiedby unit propagation,i.e.,aslongasaclausecontaining
only oneliteral exists,thecorrespondingvariableis assignedavaluesatisfyingthisclauseand
thendeletedfrom theformula.If thusanemptyclauseis obtained,thecurrentpartialassign-
mentcannotbeextendedto a satisfyingoneandbacktrackingis usedto continuethesearch;
if anemptyformulais obtained,i.e.,all clausesaresatisfied,thealgorithmreturnsa satisfying
assignment.If neitherof thesesituationsoccur, anunassignedvariableis chosenandthepro-
cedureis calledrecursively afteraddingaunit clausecontainingthisvariableandits negation,
respectively. If all branchesareexploredandnosatisfyingassignmenthasbeenfound,thefor-
mulais foundto beunsatisfiable.SystematicSAT algorithmsaretypically complete,i.e., they
candecidethesatisfiability(or unsatisfiability)of any givenprobleminstance.

The effectivenessof the branchingrule (procedurechooseVariableToBranch) hasa very
strong influenceon the size of the searchtree build [14] and is thereforecrucial for the
efficiency of the Davis-Putnamprocedure.In particular for structuredformulaefurther en-
hancementsbasedon look-backtechniques,like conflict directedbackjumpingandlearning
schemes,have led to improvedDP variants[2, 22]. In this article we apply two of the most
efficientcurrentlyknownDavis-Putnamvariants,SATZ [21] andREL SAT [2]. SATZ strongly
exploits heuristicsgearedtowardsmaximisingtheefficiency of unit propagationin its branch-
ing rule.Additionally, it useslimited preprocessingof theinput formulaby addingresolvents
of restrictedlengthto theformula,for detailswe referto [21]. REL SAT useslook-backtech-
niquesandlearningschemesto improvetheperformanceandhasbeenshown to beparticularly
efficienton structuredinstances(see[2] for moredetails).

2.2 Stochastic Local Search

Local searchis a widely used,generalapproachfor solving hardcombinatorialsearchprob-
lems.Stochasticlocal search(SLS)canbeinterpretedasperforminga biasedrandomwalk in
asearchspacewhich, for SAT, is givenby thesetof all completetruthassignments.A general
outlineof a SLSalgorithmfor SAT is givenin Figure2. It startswith somerandomlygener-
atedtruth assignmentandtriesto reducethenumberof violatedclausesby iteratively flipping



somevariable’s truth value.After a maximumof maxStepssuchstepsthe algorithmrestarts
from a new randominitial assignment.If after a givennumbermaxTriesof restartsno solu-
tion is found, the algorithmterminatesunsuccessfully. SLS algorithmsfor SAT aretypically
incomplete,i.e., they cannotdetecttheunsatisfiabilityof agivenprobleminstance.

SLSalgorithmsdiffer mainly in theheuristicfor choosingthevariableto beflippedin each
searchstep(procedurechooseVariable) which is decisivefor thefinal performanceof thealgo-
rithm. In this articlewe focuson SLSalgorithmsbasedon theWalkSAT architecture[26, 24]
whichareamongthebestperformingSLSalgorithmsfor SAT currentlyknown.TheseSLSal-
gorithmsuseatwo-stagevariableselectionprocess.In eachstep,first oneof theclauseswhich
areviolatedby thecurrentassignmentis randomlychosen.Then,accordingto someheuristic
a variableoccurringin this clauseis flippedusinga greedybiasto increasethe total number
of satisfiedclauses.In this articlewe presentcomputationalresultswith five of thebestper-
formingWalkSAT variants.In WalkSAT with tabu-search[24] thestrategy is to pick avariable
that a minimisesthe numberof breaks(the numberof clauseswhich becomeunsatisfiedby
flipping avariable).Theotherstrategies,Novelty, R-Novelty,Noveltỳ , andR-Noveltỳ pick
a variablethat minimizesthe numberof unsatisfiedclauses,additionally they useheuristics
basedon theideathattiesshouldbebrokenin favourof variableswhichhavenotbeenflipped
for a longertime.Additionally, to avoid stagnationof thesearch,with asmall,fixedprobability
insteadof applyingtheusualvariableselectionheuristic,a variableis randomlychosenfrom
the selectedunsatisfiedclausein Noveltỳ , andR-Noveltỳ . For detailson thesestrategies,
we referto [24] and[18]. For all WalkSAT variantsstrategies,theso-callednoise-parameter
whichcontrolstheprobabilityof flipping a variablenot leadingto themaximalincreasein the
numberof satisfiedclausesis of critical importancefor thealgorithm’sperformance.Notealso
thatdueto thestochasticchoicesinherentto thesealgorithms,the time for finding a solution
to a given,satisfiableprobleminstance,is a randomvariable.

3 Experimental Comparison

Becauseof the inherentdifferencesbetweensystematicandlocal searchalgorithmsconduct-
ing fair empiricalcomparisonsis notstraight-forwardandinvolvessomemethodologicalprob-
lems.Two issuesneedto beaddressed:which probleminstancescomparativestudyshouldbe
basedon andhow to measurealgorithmicperformance(or, equivalently, searchcost)for each
givenprobleminstance.

3.1 Benchmark Problems

SLSalgorithmsaretypically incomplete,which meansthat they cannotbe usedto prove the
unsatisfiabilityof a givenformula.Hence,comparisonsbetweenSLSalgorithmsandsystem-
atic searchalgorithmshave to berestrictedto satisfiableinstances.Anotherpossibilitywould
be to run SLS algorithmsto a given time limit anddeclarea formula asunsatisfiableif no
solutionis found.Obviously, this methodis proneto falsenegativessincesatisfiableformulae
maybeerroneouslydeclaredunsatisfiable.Thishasbeensuggestedearlyin thedevelopmentof
SLSalgorithmsfor SAT, but we arenot awareof any empiricalstudyfollowing this approach.
In the light of recentresultsin characterisingSLSbehaviour [16, 15, 18] andconsideringthe
fact that in time-criticalapplicationscenarioseventheoreticallycompletealgorithmswill of-
tenbecomeincompletein practiceif strict limits in computationtime areenforced,this latter
approachseemsto be interesting;however, herewe follow the moretraditionalapproachin
usingsatisfiableinstancesandassuminga scenarioin which strict cutoffs (otherthantheones



imposedby theexperimentalenvironment)arenotenforcedandall algorithmstypically run to
completion.

To avoid empiricalresultswhichareoverly biasedby thetypeof probleminstancesused,a
benchmarksuitecontaininga broadvarietyof problemtypeshasto beused.Additionally, we
mainly focuson benchmarkinstanceswhich arerelatively hardfor both typesof searchtech-
niques.Finally, it is obviously desirableto usebenchmarkproblemswhich have beenwidely
usedin theliteratureandarepublicallyavailable.Thebenchmarksuiteweareusingherecom-
prisesthreedifferenttypesof problems:test-setssampledfrom Random-3-SAT, awell-known
randomproblemdistribution; test-setsobtainedby encodinginstancesfrom arandomdistribu-
tion of hardGraphColouringinstancesinto SAT; andSAT-encodedinstancesfrom AI planning
domains,in particular, from theBlocksWorld PlanningdomainandtheLogisticsdomain[20].
All thesebenchmarkinstancesarehardin generalanddifficult to solvefor SLSalgorithms.For
the SAT-encodedproblems,thehardnessof the instancesis inherentratherthanjust induced
by the encodingschemethatwasusedfor transformingtheminto SAT. In addition,we used
someof thesatisfiablebenchmarkinstancesfrom thesecondDIMACSchallenge[19].

Fromthislastcategory,weincludedonly satisfiableinstances.Weexcludedtheaim*.cnf
instances(generatedby theAIM-generator)sincethey canbesolvedby polynomialsimplifi-
cationproceduresandarethereforetrivial for bothapproachesif this typeof preprocessingis
applied.Fromthejnh*.cnf instancesonly 16 out of 50 aresatisfiable;thesearerandomly
generatedwith variableclauselengths.Yet, we excludedtheseinstancessinceinitial exper-
imentshadshown they areeasilysolved by all algorithmsstudiedhereandwe arealready
usinga largesetof hardRandom-3-SAT. All benchmarkinstancesusedin thiscomparisonare
availablethroughSATLIB, a benchmarkcollectionof SAT instances,availableon theWWW
at thedirectionhttp://www.informatik.tu-darmstadt.de/AI/SATLIB.

3.2 Measuring Search Cost

While generally, for comparingalgorithmicperformancetheuseof machineandimplementa-
tion independentoperationcountsis preferableovermeasuringCPU-time,herethis is difficult
becauseof thefundamentaldifferencesbetweenthetwo classesof algorithmsinvolvedin our
study. Whilst for comparisonsbetweendifferentsystematicsearchalgorithms,searchcost is
often measuredas the numberof explorednodesin the searchtree (variablebranches)and
thenumberof unit propagations,themeasureusedfor local searchalgorithmsis typically the
numberof localsearchsteps,i.e.,thenumberof variableflips. In bothcases,theCPU-timefor
thesecostunitstypically dependson theproblemsize.

Fortunately, thealgorithmsinvestigatedherearereasonablyefficiently implemented,such
that comparingCPU-timesgivesa realisticpicture.Certainly, differencesin thecomputation
time maystill bedueto implementationdetailsandcouldbeaffectedby furtheroptimisations
in the implementationsof eitherapproach.Yet, suchimplementation-specificaspectsmaybe
negligible if theobserveddifferencesbetweentheapproachesareoneor moreordersof mag-
nitudein computationtime.Giventheimplementationsusedhere,suchdifferences,aswewill
see,canbeobservedandaremostlikely causedby propertiesof thealgorithms.Weconjecture
thatthesecanonly beovercomeby introducingsubstantiallynew algorithmicideas.

For all ourexperiments,wealsoreporttheimplementation-independent specificcostmea-
sures.For all WalkSAT algorithms,theoperationscountedarelocal searchsteps,i.e.,variable
flips. As aneffectof therandomisationof thealgorithm,thenumberof flips requiredfor solv-
ing aprobleminstancevarieswidely betweendifferentruns.Therefore,to determinethesearch
costfor agivenprobleminstance,werunthealgorithmat least100timeswith acutoff param-
eter(maxSteps)settingwhich is high enoughto guaranteea successratecloseto 100%.From



thisdata,wedeterminerun-lengthdistributions(RLDs) [16] from which theexpectednumber
of stepsfor solving the given instancecanbe easilyestimated;this is usedasa measurefor
searchcost.For all WalkSAT variants,theirperformancecritically dependsonthesettingof the
noiseparameter;to achieveclose-to-peakperformance,we thereforeoptimisedthis parameter
for eachproblemsizefor thesetsof randomlygeneratedinstancesandsetsof similar instances
from theDIMACSset;for all otherinstancesthenoiseparameterwasoptimisedindividually.

For SATZ, wechosethenumberof searchstepsasourprimarymeasurefor SATZ’ssearch
cost.This measurereflectsthenumberof callsto a lower-level functionwhich playsa critical
role in variableselectionandshows a strongcorrelationwith CPU-time.SinceSATZ is com-
pletelydeterministic,thesearchcostper instancecanbedeterminedfrom a singlerun of the
algorithm.

Finally, REL SAT, like WalkSAT, asa consequenceof its randomiseddecisionsinvolved,
e.g.,in selectingthevariablesto branchon,hasa largevariability in run-timewhenrepeatedly
appliedto the sameprobleminstance.As a costmeasurefor REL SAT, we usedthenumber
of variableslabelledandobtainedanexpectednumberof theseoperationspersolutionasde-
scribedabove for WalkSAT. The samemethodwasusedfor determiningexpectedrun-times
(in CPU-seconds)persolution.Following therecommendationsin [2], the learningorderpa-
rameterwassetto 3 for all experiments.

3.3 Results for Random-3-SAT

Uniform Random-3-SAT is awell-known family of SAT instancedistributionswhichhasbeen
frequentlyusedfor empirically investigatingthe behaviour of SAT algorithms.Here,we use
thetest-setsasprovidedin SATLIB, which have alsobeenusedin [16, 15, 17]. Following the
establishedproceduresknown from theliterature[25], all instancesaregeneratedat thephase
transitionregion [25, 4] andunsatisfiableinstancesare filtered out using systematicsearch
algorithms.

In recentwork,weidentifiedR-Noveltỳ [15, 18] to bethebest-performingstochasticlocal
searchalgorithmfor this subclassof SAT [15, 17]. Frompreviously publishedresultson the
performanceof systematicSAT algorithms,it canbeconcludedthatSATZ is oneof thebest-
performingsystematicalgorithmsfor this problemclass;in particular, it solveshardRandom-
3-SAT instancesmoreefficiently thanREL SAT [21]. Therefore,weempiricallycomparedthe
performanceof thesealgorithmssetsof hardRandom-3-SAT instancesof varyingsize.

First, we analysedthedistribution of searchcostfor R-Noveltỳ andSATZ acrossa test-
set of 1000 Random-3-SAT instanceswith 100 variablesand 430 clauses.As can be seen
from Figure3, except for a small numberof instances(approx.5%), R-Noveltỳ is more
efficient than SATZ when neglecting the differencesin CPU-timeper searchstepbetween
the two algorithms.In termsof absoluteCPU-time,on a 400MHzPentiumII PCwith 256M
RAM underLinux R-Noveltỳ performsabout210,000flips/CPU-sec,while SATZ executes
ca.83,000searchsteps/CPU-sec.Thus,exceptfor anextremelysmall fractionof thetest-set,
R-Noveltỳ outperformsSATZ. However, it shouldbenotedthatthevariability in searchcost
acrossthetest-setis significantlyhigherfor R-Noveltỳ (stdev/meanDba 4 c3d , ratiobetweenthe
0.9andthe0.1percentilese�f%g h,ije�f�g � DkaRa 4 a;l ) thanfor SATZ (stdev/meanDnm 4pojd , e�f%g h,i3e�f%g � Dd64 q a ). Thehigh variability andtheheavy tail of thesearchcostdistribution is typical for SLS
performanceon hardRandom-3-SAT problems[15].

In [15, 17] it is shown that whencomparingdifferentSLS algorithmsfor SAT, the same
instancestendto behardfor all algorithms.To investigatewhetherthesameholdswhencom-
paringSLS algorithmsandsystematicSAT algorithms,we analysedthe correlationbetween
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Fig. 4. Correlationbetweenmeanlocal searchcost andsystematicsearchcostacrossRandom-3-SAT
test-setof 1000instanceswith 100variables,430clauseseach;searchcostmeasuredin expectednumber
of flips persolutionfor R-Noveltyr , andnumberof searchstepsfor SATZ. Theline indicatespointsof
equalCPU-timefor thetwo algorithms.

searchcostfor bothapproachesacrossour test-setof 100variableRandom-3-SAT problems.
Figure4 shows thecorrelationdataasascatterplot, whereeachdatapoint correspondsto one
instancefrom the test-set.As canbe easilyseenfrom the plot, thereis no strongcorrelation
betweenthesearchcostfor bothalgorithms.A correlationanalysisconfirmsthis result(corre-
lation coefficient = 0.26);thus,thesearchcostfor completeandlocal searchseemto beonly
very slightly correlated.It canalsobenotedthat for a majorpartof thetestset,evenwithout
compensatingfor the differentabsoluteCPU-timecostsper searchstep,R-Noveltỳ is sig-
nificantly moreefficient thatSATZ. Thedashedline in theplot indicatespointsof equivalent
CPU-timefor both algorithms;thus,whencomparingabsoluteCPU-time,for about95% of
thetest-set,R-Noveltỳ is up to oneorderof magnitudefasterthanSATZ. Whenconsidering
only thoseinstancesfor which SATZ is moreefficient thanR-Noveltỳ , againthereseemsto
beno strongcorrelationbetweensearchcostfor bothalgorithms.s
t

Theremightbea tendency thattheinstanceswhich areextremelyhardfor R-Noveltyr arenotpartic-
ularly hardfor SATZ; however, at this point, this observation cannotbeconsideredto bestatistically
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Next, we investigatedthescalingof searchcostwith problemsizefor bothalgorithmson
hardRandom-3-SAT problems.For this investigationwe generateda numberof test-setsat
the phasetransitionwith 50 up to 250 variables(100 instanceseach,except the 50 and100
variableinstances,wherethe test-setscontain1000instances)andmeasuredthe distribution
of searchcostacrosseachof thesetest-setsfor R-Noveltỳ andSATZ. Figure5 shows the
dependenceof the medianandthe 0.95percentileon the problemsize(numberof variables)
in a semi-logarithmicplot.x Whenneglectingthedifferencesin CPU-timepersearchstepbe-
tweenthe algorithms,we observe that the mediansearchcost for R-Noveltỳ is between5
and10 timeslower thanfor SATZ; furthermore,this differenceincreaseswith problemsize.
However, whencomparingthe 0.95percentiles,suchdifferencescannotbeobserved.Never-
theless,when focusingon the CPU-timeper single searchstep,we observe a differencein
favour of R-Noveltỳ , which increaseswith problemsize(from ca. qA4 c R-Noveltỳ variable
flips perSATZ searchstepfor the 0�Dba%mRm variableinstancesto ca. y 4pq for 0zD qRo m ); thus,R-
Noveltỳ ’s superiorityoverSATZ on Random-3-SAT is evenmoreapparentwhencomparing
CPU-times.

3.4 Results for Random Graph Colouring

The GraphColouring problem(GCP) is a well-known combinatorialproblemfrom graph
theory: Given a graph {|D~}�� 2K��� , where ��D|7%� �j2 � ��2�4�4@4�2 �35�8 is the set of verticesand��� ����� thesetof edgesconnectingthevertices,find a colouring �����G�� IN, suchthat
neighbouringverticesalwayshave differentcolours.We usedJoeCulberson’s randomgraph
generator� for generatingsetsof 3-colourableflat randomgraphswith 50 to 200vertices,with
100instanceseach,wheretheconnectivity (edges/vertex) waschosensuchthat the instances
havemaximalhardness(in average)for systematicgraphcolouringalgorithmsusingtheBrelaz
heuristic[13]. Theseinstanceswerethentranslatedinto SAT usinga straight-forwardencod-
ing. Thesetest-setsareavailablefrom SATLIB, wherealsoa moredetaileddescriptioncan

significant.�
Thedatapointsfor SATZ appliedto the50 variabletest-setareomittedbecausefor ca.35%of these
instances,SATZ takeslongerthanfor any of the75 or 100variableinstancesto find a solution.This
phenomenonis causedby thefactthatfor theseformulae,SATZ addsa largenumberof resolventsto
theoriginal formulain a preprocessingstep;it wasnot observedfor any of thelargerformulae.�
availablefrom http://web.cs.ualberta.ca/˜joe/Coloring/index.html, JoeCulbersons’s GraphColouring
Page.
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be found. It hasbeenshown in [15, 17] that, especiallyfor the larger instances,Novelty is
thebest-performingSLSalgorithmfor this problemclass.Nevertheless,for someinstancesit
suffersfrom stagnationbehaviour; asa consequence,herewe useNoveltỳ [15, 18] which is
lessproneto thisphenomenon.

Theexperimentswereconductedanalogouslyto theRandom-3-SAT experimentsdescribed
previously. As shown in Figure6, thereis aslightnegativecorrelationbetweenthesearchcost
(correlationcoefficient = �Em 4 y q ). Furthermoreit canbenotedthat thevariancein searchcost
acrossthe test-setis significantly lower for SATZ than for Noveltỳ (stdev/mean D�m 4pqRq ,e f%g h i3e f%g � D qA4 m o for SATZ; stdev/meanD�a 4pq3c , e f%g h i3e f%g � Dba,m 4 a o for Noveltỳ ). At thesame
time, whennot consideringdifferencesin CPU-timepersearchstepbetweenthealgorithms,
thesearchcostfor SATZ is for almostall instancessignificantlylower thanfor Noveltỳ (up
to 2 ordersof magnitude).Whencompensatingfor thedifferencesin CPU-timepersearchstep
(ca.4.54Noveltỳ variableflips perSATZ searchstepson our referencemachine),thesitua-
tion looksslightly different:in termsof CPU-time,Noveltỳ is moreefficient thanSATZ ona
significantpartof thetest-set.

Figure7 shows theresultsof a scalinganalysisanalogousto theonefor Random-3-SAT.



WalkSAT SATZ REL SAT
instance #vars #clausesstrategy avg.flips secs #steps secs #lab. vars secs

bw large.a.cnf459 4,675 Rnov+ 6,053 � w3��]
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344.94
logistics.d.cnf4,713 21,991 Nov+ 121,391.081.96
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87.58 31550.4 1.28

Table 1. Comparisonof solution timesof WalkSAT, SATZ, andREL SAT on instancesof the blocks
world planningandthelogisticsdomain.#varsand#clausesgivethenumberof variablesandthenumber
of clausesof eachinstance.Thecomplexity measures(avg.flips,#steps,and#lab.vars)for thecorrespond-
ing algorithmsareexplainedin Section2. Thecomputationtimesaremeasuredona300MHzPentiumII
PCwith 320M RAM underLinux.

Comparingsearchsteps,SATZ shows a significantly lower searchcostthanNoveltỳ in the
medianand0.95percentilesfor all problemsizes;this advantageincreaseswith problemsize.
Here,all percentilesseemto show exponentialscalingwith problemsize,but for SATZ the
baseof theexponentialfunctioncharacterisingthegrowth is potentiallysmaller. Analogously
to Random-3-SAT, our resultsalso indicatethat the variability in searchcost increaseswith
problemsizefor both algorithms,ascanbe seenwhencomparingthe medianand0.95per-
centilecurvesin Figure7.

3.5 Planning Instances

As canbeseenfrom Table1, for theplanninginstancefrom theblocksworld planningdomain,
bothSATZ andREL SAT show asignificantlybetterperformancethanthebestWalkSAT vari-
antwith SATZ beingthebest-performingalgorithm.For the logisticsdomain,a differentsit-
uationis encountered.Thetwo instanceslogistics.b andlogistics.c aresolvedby
both,WalkSAT andSATZ, in shorttime, while SATZ takessignificantlylongertime onlo-
gistics.a andlogistics.d thantheWalkSAT algorithmsor REL SAT. Yet,REL SAT
performsworsethantheothercompetitorson instanceslogistics.b andlogistics.c.
Hence,thereis no cleardominanceof onealgorithmfor this latterproblemclassbut it should
benotedthatthebestSLSalgorithmsgenerallyseemto bequitecompetitive for all instances.

3.6 DIMACS Instances

Table2 presentstheresultsfor someof thelargegraphcolouringinstancesfrom theDIMACS
benchmarkset.Theseinstancescanbe solved in relatively shorttime by the WalkSAT algo-
rithmswhile SATZ andREL SAT fail to find a solutionfor theseinstanceswithin a time limit
of 60 minutes.Hence,theseSAT-encodedinstancescanonly besolvedin reasonablecompu-
tationtime¤ by usingSLSalgorithms.

Also on theii* instances,originatingfrom a SAT-encodingof problemsin inductive in-
ference,SLSalgorithmsareperformingsignificantlybetterthanthesystematicalgorithms.For¡

All experimentson the DIMACS instanceswererun on a 300MHz PentiumII PC with 320M RAM
underLinux.



WalkSAT SATZ REL SAT
instance #vars #clausesstrategy avg.flips secs#steps secs #lab. vars secs

g125.18.cnf2,250 70,163 Nov+ 8,402.5 0.55 — ¥¦¢ w�§ [©¨ — ¥¦¢ w%§ [©¨
g125.17.cnf2,125 66,272 Nov+ 801,026.0253.6 — ¥¦¢ w�§ [©¨ — ¥¦¢ w%§ [©¨
g250.15.cnf3,750 233,965 Nov+ 3,078.23 0.57 — ¥¦¢ w�§ [©¨ — ¥¦¢ w%§ [©¨
g250.29.cnf7,250 454,622 Nov+ 336607.7186.8 — ¥¦¢ w�§ [©¨ — ¥¦¢ w%§ [©¨

Table 2. Comparisonof solutiontimesof WalkSAT, SATZ, andREL SAT on instancesof theDIMACS
benchmarkset.

WalkSAT SATZ REL SAT
instance #vars #clausesstrategy avg.flips secs #stepssecs#lab. vars secs

ssa7752-038.cnf1,501 3,575 Rnov+ 161,090.960.96 260830.15 1604.46 � w3��]
ssa7752-158.cnf1,363 3,034 Rnov+ 14,143.98 � w3��]

15259 0.1 1433.4 � w3��]
ssa7752-159.cnf1,363 3,032 Rnov+ 10,364.77 � w3��]

190150.12 1433.2 � w3��]
ssa7752-160.cnf1,391 3,126 Rnov+ 9,534.65 � w3��]

192730.12 1604.46 � w3��]

Table 3. Comparisonof solutiontimesof WalkSAT, SATZ, andREL SAT on instancesfor circuit diag-
nosis.

example,WalkSAT solvedall instanceswithin atmost14000variableflips onaverage,mostof
the instances(25 of 41) takinglessthan1000stepson average.Also thecomputingtimesfor
eachof theinstanceswerebelow 0.1seconds.Yet,whencomparedwith SLSalgorithms,some
of theseinstancesareratherhardto solve for systematicalgorithms.For example,SATZ did
not solve oneof theinstancesafter60 minutes,while REL SAT couldsolve all instances,yet
at thecostof ratherlong computationtimes,takingmorethan800secondson averagefor the
hardestinstance.Thessa* instances,which originatefrom a testpatternprogramfor check-
ing “single-stuck-at”faultsin VLSI circuits,arewell solvedby all of thecompetingalgorithms
(seeTable3). Only ssa7752-038 is somewhatharderto solve for theSLSalgorithm,while
it is still easyfor SATZ andREL SAT.

In Table4 a comparisonbetweenthetwo typesof algorithmsfor theinstancesof learning
the parity function aregiven.We reportonly the resultsfor oneof five instanceof eachsize
in the DIMACS set sincethe performanceon the other instancesis very similar. For these
instances,SATZ andREL SAT areclearlysuperiorto thebestSLSalgorithms.Noticethatall
algorithmssolve the small simplified instancespar8-*-c very fast.Whenconsideringthe
unsimplifiedinstances(par8-*), for thebestlocalsearchalgorithms(hereR-Novelty andR-
Novelty+whichperformequallywell) thesearchcostincreasesby roughlyafactorof 35,while
for SATZ nosignificantdifferencein performanceis observed.Thisis mostprobablycausedby
thefactthatSATZ generallyappliespolynomialsimplificationsasapreprocessingstep.These
observationsindicatethatpolynomialpreprocessingof formulaecanbevery importantwhen
trying to solve instances,especiallywhenusingSLSalgorithms.In this context it shouldalso
benotedthattheplanninginstancesusedin Section3.5aregeneratedusingsuchsimplification
techniques.

Turning back to the comparison,the performanceadvantageof SATZ is more apparent
for the larger instances(par16-* andpar16-*-c). Here,the only SLS algorithmwhich



WalkSAT SATZ REL SAT
instance #vars #clausesstrategy avg.flips secs #steps secs #lab. vars secs

par8-5-c.cnf 75 298 Rnov 4,052.12 � w3��]
298 � w3��]

273.56 � wR��]
par8-5.cnf 350 1,171 Rnov 133,591.300.51 393 � w3��]

1051.14 � wR��]
par16-5-c.cnf341 1,360 Rnov

£���] � � ].w;ª
173.439,5881 3.24 257,987 3.40

par16-5.cnf 1,015 3,358 — 216,976 2.04
�j��]*« � ].w ¡ 50.70

Table 4. Comparisonof solutiontimesof WalkSAT, SATZ, andREL SAT on instancesfor learningthe
parity function.

wereableto solve thesimplifiedinstancesin reasonabletime areR-Novelty andR-Novelty+.
Yet, theaveragecomputingtime for R-Novelty is alreadymuchhigherthanthatof SATZ and
REL SAT. Possiblybetterresultscould be obtainedby moreparameterfine-tuning,but here
systematicsearchalgorithmslike SATZ andREL SAT appearto be the bestchoice.On the
largerunsimplifiedinstanceswealsoobserveanadvantageof SATZ overREL SAT, whichwe
conjectureto bemainlycausedby theSATZ’spolynomialsimplificationpreprocessing.

4 Related Work

Several comparisonsbetweensystematicand local searchmethodsfor SAT have beendone
in the past.The mostextensive of thesecomparisonsis probablythat doneat the DIMACS
ChallengeoneCliques,Coloring, andSatisfiability [19]. Yet, sincethenthe performanceof
local and systematicsearchalgorithmshasincreasedstrongly. Most other comparisonsare
ratherlimited in their scope.For example,in [26] GSAT andearlier WalkSAT variantsare
comparedto aDavis-Putnamvariantontheinstancesssa* alsousedhere.While theirDavis-
Putnamvariantcould not solve threeof the four instances,SATZ andREL SAT solve them
veryefficiently. This givesanindicationof thesignificantprogressin thedevelopmentof sys-
tematicsearchalgorithmsfor SAT andalsodocumentstheneedfor a systematiccomparison
of themorerecent,bestperformingvariantsof both techniques.A comparisonof thescaling
of searchcostfor aDavis-PutnamvariantandGSAT overarangeof Random-3-SAT instances
of varyingconstrainednesshasbeendonein [11] andthey founda betterscalingbehaviour of
GSAT thanfor thesystematicalgorithm.Similarly, in [6] systematicandlocal searchmethods
arecomparedfor Graph-3-Colouringinstancesfrom both,thephasetransitionregion andthe
easyregions.Thecomparisonhasshown thatthesystematicalgorithmperformedbetterat the
phasetransitionregionwhereasfor theeasierinstancesthelocalsearchalgorithmswerefound
to be moreefficient in finding solutions.More completecomparisonshave beendoneexclu-
sively amongeithersystematicor local searchalgorithms.We referto [21] and[15, 17] which
arethemostextensivecomparisonsknown to us.

In thecontext of our results,combininglocalandsystematicsearchmethodsappearsto be
attractive for efficiently androbustly solvingSAT instances.Oneof thefirst suchapproaches
for SAT waspresentedby Crawford [3]. It is basedon first runninga local searchalgorithm
to determineclauseweightswhicharethensubsequentlyusedto guidethebranchingheuristic
of a systematicsearchalgorithm.Anotherapproachis taken by Mazureet.al.[23]. They use
a combinationof local searchandsystematicalgorithmsto proveunsatisfiabilityof largeSAT
formulae.This is doneby first running local searchto identify which clausesaremost fre-
quentlyunsatisfied.Theseclausesarethenextractedfrom theformulaandit is tried to prove



unsatisfiabilityfor this subsetof clauses.While the viability of this approachwasshown in
[23], it is notclearwhetherthiscarriesoverto morerecentalgorithms,asfor theformulaethey
testedthe systematicalgorithmsappliedin this article aremuchfaster. Hence,it still hasto
beshown thatby combiningsystematicandlocal searchalgorithmsin onealgorithm,thebest
“pure” methodscanbeoutperformed.

5 Conclusions

In thispaperwepresentedanempiricalcomparativestudyof someof thebestcurrentlyknown
systematicandlocal searchalgorithmsfor SAT onabroadrangeof benchmarkproblems.Our
resultsclearlyindicatethatcurrently, noneof thetwo approachesdominatestheotherw.r.t. per-
formanceover thefull benchmarksuite.Instead,we foundthat for certaintypesof instances,
local searchalgorithmsaresuperior(like for hardRandom-3-SAT or the largegraphcolour-
ing instancesfrom the DIMACS benchmarkset)while for others(like hardgraphcolouring
problemsin flat graphsor theparity instancesfrom theDIMACSbenchmarkset),systematic
searchseemsto besignificantlymoreefficient. Furthermore,we couldshow that for the ran-
domisedproblemdistributionslikehardRandom-3-SAT andhardgraphcolouringproblemsin
flat graphs,thereis only averyweakcorrelation(if any at all) betweenthesearchcostof both
approachesacrosstheinstancedistributionsstudiedhere.

Our studyshouldbeunderstoodasan initial investigation,andassuch,it leavesmany in-
terestingissuesopenfor furtherresearch.Maybethemostimportantquestionto beanswered
is thatof identifying thefeaturesof SAT instanceswhich areresponsiblefor thespecificper-
formanceadvantagesof SLSor systematicsearchmethods.Generally, thereseemsto beaten-
dency thatSLSalgorithmsshow superiorperformancefor problemscontainingrandomstruc-
ture(asin Random-3-SAT) andratherlocal constraints(asin theDIMACSGraphColouring
instancesor thelogisticsplanningdomain),while systematicsearchmighthaveadvantagesfor
structuredinstanceswith moreglobalconstraints.This view is supportedby recentfindingsin
studyinga spectrumof graphcolouringinstanceswith varyingdegreeof structuralregularity
[10].

The resultspresentedheresuggestthat combiningthe advantagesof systematicand lo-
cal searchmethodsis a promisingapproach.Suchcombinationscould eitherbe in the form
of simplecombinations,asbriefly discussedin Section4, of algorithmportfolios [9], or as
truly hybrid algorithms.In this context, it would be interestingto extendour investigationto
recentlyintroducedrandomisedvariantsof systematicsearchmethods,which show improved
performanceover puresystematicsearchundercertainconditions[8]. Another issuewhich
shouldbe includedin future researchon SAT algorithmsis the investigationof polynomial
simplificationstrategies(like unit propagation,subsumption,restrictedforms of resolution),
which, whenusedaspreprocessingsteps,have beenshown to bevery effective in increasing
theefficiency of SLSandsystematicsearchmethodsin solvingstructuredSAT instances[20].
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