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Abstract. Local searchalgorithmsareamongthestandardmethodsfor solvinghardcombinatorial
problemsfrom variousareasof Artificial IntelligenceandOperationsResearch.ForSAT, someof the
mostsuccessfulandpowerful algorithmsarebasedonstochasticlocalsearchandin thepast10years
a largenumberof suchalgorithmshave beenproposedandinvestigated.In this article,we focuson
two particularlywell-known familiesof local searchalgorithmsfor SAT, the GSAT andWalkSAT
architectures.We presenta detailedcomparative analysisof thesealgorithms’performanceusing
a benchmarksetwhich containsinstancesfrom randomiseddistributionsaswell asSAT-encoded
problemsfrom variousdomains.We also investigatethe robustnessof the observed performance
characteristicsasalgorithm-dependentandproblem-dependentparametersarechanged.Ourempiri-
calanalysisgivesaverydetailedpictureof thealgorithms’performancefor variousdomainsof SAT
problems;it alsorevealsa fundamentalweaknessin someof the best-performingalgorithmsand
shows how thiscanbeovercome.
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1. Introduction

Thesatisfiabilityproblemin propositionallogic (SAT) is the taskto decidefor a
givenpropositionalformulawhetherit hasa model.This problemplaysa promi-
nent role in variousareasof computerscience,as it is one of the conceptual-
ly simplest

���
-completeproblems.Local searchapproachesfor SAT became

prominentin 1992,whenindependentlySelman,Levesque,andMitchell [60] as
well as Gu [27] introducedalgorithmsbasedon stochasticlocal hill-climbing
which could be shown to outperformstate-of-the-artsystematicSAT algorithms
like ASAT [13] on avarietyof hardsubclassesof SAT [4, 59]. Sincethen,numer-
ousotherstochasticlocal search(SLS)schemesfor SAT have beenproposed.To
date,state-of-the-artSLSalgorithmscansolve hardSAT problemswith up to sev-
eralthousandvariables,includingSAT-encodedproblemsfrom otherdomains.But
becauseof their inherentrandomness,thebehaviour of SLSalgorithmsis generally
difficult to analysetheoreticallyandevenin thecaseswheretheoreticalresultsdo
�
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exist, their practicalapplicability is often very limited. Given this situation,the
performanceof SLSalgorithmsis usuallyanalysedusingempiricalmethodology.

In this paper, we empirically analysethe behaviour of algorithmsfrom the
GSAT and WalkSAT architecturesof SLS algorithmsfor SAT. Thesealgorith-
m families were chosenfor two reasons:Firstly, they provided a major driving
force in the developmentand applicationof SLS algorithmsfor SAT. Second-
ly, for mostalgorithmsfrom thesefamilies,very efficient, thoroughlyoptimised
implementationsare available which could easily be modified and extendedto
cover somemorevariantsandto yield asufficiently coherentframework for prac-
tically conductingexperiments.Although our empirical methodologyallows us
to abstractfrom machine-andimplementation-specificdetailsof algorithmicper-
formance,someof our analysesare so computationallyexpensive that efficient
implementationsareindispensable.

Our empirical analysisaddressesseveral important issues.Maybe the most
straightforward questionto ask is how the performanceof different algorithms
comparesacrossa rangeof probleminstancesfrom differentsubclassesof SAT.
But furthermore,as the behaviour of thesealgorithms(like for most otherSLS
algorithms)is controlledby a numberof parameterswhich have to be chosen
beforerunningthem,it is crucial to investigatethe influenceof theseparameters
on the algorithms’behaviour. In particular, optimal parametersettingsareoften
not known exactly, but rathera rangeof reasonablygood parametersettingsis
available.Therefore,onemightbeinterestedin therobustnessof SLSperformance
w.r.t. theseparameters.Similarly, theinfluenceof problemdependentparameters,
in particularproblemsize,onSLSbehaviour is of considerableinterest.

To adequatelyaddresstheseissues,a refinedempiricalmethodologyis needed.
Therefore,different from many previous studies,our experimentalmethodology
goesconsiderablybeyondjustmeasuringasmallnumberof basicstatistics,suchas
themeanrun-timeandits standarddeviation.Instead,weusethemethodologyde-
velopedin [36] which is basedon measuringandanalysingrun-timedistributions
(RTDs) on individual probleminstances.This allows us to study the behaviour
of SLSalgorithmson singleprobleminstancesaswell ason wholesubclassesof
SAT, while cleanlyseparatingbetweendifferentsourcesof randomness,suchas
the randomisedgenerationof instancesfrom a problemdistribution and the in-
herentrandomnessof theSLSalgorithmapplied.MeasuringRTDs doesnot incur
any significantoverheadin dataacquisition,andfrom the RTD information,the
commonlyusedbasicdescriptive statisticsof therun-time,like its mean,standard
deviation,andarbitrarypercentilescanbeeasilyderived.At thesametime,RTDs
provide importantinformationon analgorithm’s behaviour in a morepreciseand
accessibleway. For instance,theprobabilityfor findingasolutionwithin any given
time-limit or stagnationbehaviour of thesearchprocesscaneasilybedetermined
from agraphicalrepresentationof anRTD.

Using the RTD-basedmethodology, we analysethe behaviour of GSAT and
WalkSAT algorithmsfor acarefullyselectedsetof benchmarkproblems.Thiscol-
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lectionhasbeendesignedto provide a basisnotonly for this study, but to serve as
thecoreof a benchmarklibrary thatcanbeusedfor comprehensive futurestudies
of SAT algorithmsin general.Therefore,it covers a broadrangeof subclasses
of SAT which arewell-known from the literatureandwhich arepreferablyhard
for bothsystematicandlocal searchalgorithms.Thebenchmarklibrary comprises
threefundamentallydifferenttypesof problems:SAT instancesfrom randomised
distributionsof native SAT problems(type 1), SAT-encodedinstancesfrom ran-
domiseddistributionsof othercombinatorialproblems(type2), andSAT-encoded,
hand-craftedindividual instancesfrom other domains(type 3). For type 1, we
decidedto focus on setsof Random-3-SAT instancesfrom the solubility phase
transition,astheseareknown to bevery hardfor bothsystematicandSLS-based
algorithms[10, 47, 64] andthey haveplayedaprominentrolein themajorityof the
studiesin literature[55, 60, 59, 22]. For type2,weselectedsetsof graphcolouring
problemsfrom randomiseddistributionsof 3-colourablegraphs[54, 35]. Finally,
for type 3 we choseSAT-encodedplanninginstanceswhich have beenusedin
a numberof previous studies,aswell as a subsetof the DIMACS Satisfiability
BenchmarkLibrary.1 Oursetof benchmarkproblemsis describedin Section4 and
AppendixA; it is, alongwith the WalkSAT andGSAT implementations(which
have beenkindly providedby HenryKautz)usedin this work, availablefrom the
SATLIB websiteathttp://www.informatik.tu-darmstadt.de/AI/SATLIB.

Theresultsof our studycanbesummarisedasfollows. For optimalparameter
settingstherelativeperformanceof theSLSalgorithmsstudiedherevarieswith the
problemdomainsuchthatthereis nosinglebestalgorithmoverthefull benchmark
set.However, we canidentify a subsetof thealgorithmsstudied(this subsetcom-
prisesthe WalkSAT variantsR-Novelty, Novelty, WalkSAT/TABU) which show
superiorperformancecomparedto the remainingalgorithms.At the sametime,
thesealgorithmsshow prematurestagnationof the searchwhenappliedto some
instances.As aconsequencethesealgorithmsareverysensitivewith respectto the
settingof thecutoff parameter(whichdeterminesafterhow many stepsthesearch
is abortedandrestartedfrom anew initial assignment).However, asweshow later,
this deficiency canbe overcomeby a relatively simpleandgenericmodification
of thealgorithms,theso-calledrandomwalk extension. Theaccordinglymodified
algorithmsshow improved performanceanda significantly increasedrobustness
w.r.t. thecutoff parametersetting.

Our investigationof the robustnessof SLSperformanceconfirmsandextends
earlierobservationsthat for relatively hardprobleminstances,all algorithmsex-
hibit approximatelyexponentialRTDs and are thus very robust w.r.t. the cutoff
parametersetting.As a consequenceof this characterisationresult,by usingthe
“multiple independenttries” parallelisationscheme,which is easyto implement
andextremelyscalable,optimalspeedupandparallelisationefficiency canbeob-

1 Accessible via FTP at ftp://dimacs.rutgers.edu/pub/challenge/satisfiabili-
ty/benchmarks/cnf/
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tained.At thesametime, theexponentialRTDs suggesta novel interpretationof
SLSbehaviour asindependentrandompicking from a drasticallyreducedsearch
space.However, asweshow, theRTDsareonly exponentialif thenoiseparameter,
whichcontrolsthegreedinessof thesearchprocess,is sufficiently high.If thenoise
settingis toolow, i.e.,thesearchis verygreedy, therobustnessof SLSperformance
w.r.t. thecutoff parameterdeterioratesrapidly. Furthermore,thereareconsiderable
differencesbetweentheindividualalgorithmsin therobustnessw.r.t. thesettingof
theso-callednoiseparameter.

Anotherinterestingresultis thefactthatacrosstest-setsof randomlygenerated
probleminstances(suchasRandom-3-SAT at thesolubility phasetransition)the
relativeperformanceof thedifferentalgorithmstendsto betightly correlated,such
thatprobleminstancesthatarehardfor onealgorithmtendto be hardfor all the
otheralgorithms.Thisissomewhatsurprisingwhenconsideringthatthealgorithm-
s studiedherearedifferentenoughto yield absoluteperformancedifferencesof
morethanoneorderof magnitude.At thesametime, this resultsuggeststhat the
samestructuralfeaturesareresponsiblefor renderinga probleminstancehardor
easyfor all thealgorithms.

Finally, we investigatethescalingof SLSperformancewith problemsize.We
found no evidenceof any substantialdifferencesbetweendifferentWalkSAT al-
gorithmsw.r.t. their scalingbehaviour for growing problemsize.But, somewhat
surprisingly, our resultsindicate that the local searchcost grows exponentially
only for the hardestRandom-3-SAT instances,while for easierinstancesthe s-
caling of SLS performanceappearsto be polynomial. This phenomenoncould
not beobservedfor thegraphcolouringtest-sets,wherethescalingwasgenerally
exponential.

Knowledgeon which algorithmsperformbestundervariouscriteria, suchas
maximumperformanceor robustness,is usefulfor directingfuture efforts in de-
signingeven betterSAT algorithms.Given the recentsuccessesof solving com-
binatorial problemsfrom other domainsby encodingthem into SAT, especially
in variousdomainsof AI planning[45, 46], using SAT algorithmsfor solving
encodedreal-world problemsseemsto becomea seriousalternative to usingspe-
cialisedalgorithmsundercertaincircumstances.In thecontext of thisdevelopment
it seemsto beof crucialimportanceto makesurethatthebest-performingSAT al-
gorithmsareusedandthatwhencomparingtheir performanceto theperformance
of domain-specificalgorithmsall importantaspectsof their behaviour are taken
into account.Moreover, sincemostSLS algorithmsfor SAT canbe easilygen-
eralisedto moregeneralproblemclasses,suchasfinite ConstrainedSatisfaction
Problemsor MAX-SAT, thepotentialimpactof this knowledgewould very likely
reachbeyond SAT. It is unfortunatethat most of the empirical studiesof SLS
algorithmsfor SAT thatcanbefound in the literatureareincompatiblewith each
other. Becauseof differencesin eitherthemethodologyor the referenceproblem
instancesbeingusedtheir resultscannotbe easilyassembledto yield a compre-
hensive picture.Additionally, mostof thesepreviousstudiesareratherlimited in

sat2000.tex; 14/03/2000; 12:10; p.4



LocalSearchAlgorithmsfor SAT: An EmpiricalEvaluation 5

their methodologyandscope.Theempiricalmethodologypresentedin this paper,
thebenchmarklibrary used,andthe resultsobtained,areintendedto provide the
startingpointfor aseriesof empiricalstudieswhicharecompatiblewith eachother
andcanthusbeusedto approachacomprehensive pictureof thestate-of-the-artin
solvingpropositionalsatisfiabilityproblems.

The remainderof the paperis structuredas follows. Section2 introducesa
generalframework for SLSalgorithms,andin particular, theGSAT andWalkSAT
familiesof SAT algorithms.In Section3, we give anoverview of theRTD-based
methodologyfor empirically investigatingSLS behaviour on individual problem
instancesas well as on problemdistributions. The benchmarksuite which pro-
videsthe basisfor our empiricalstudyis introducedin Section4. The problems
comprisingthe benchmarklibrary and the resultsof a comparative analysisof
SLSperformanceacrossthesetest-setsarereportedin Section5. In Section6 we
presentourcharacterisationof parameterrobustnessandscalingof SLSbehaviour,
including an overview of sometheoreticalresultsconcerningthe asymptoticbe-
haviour of prominentGSAT andWalkSAT algorithms.Furthermore,weshow how
theseresultscanbeexploitedto improve someof thebestknown SLSalgorithms
for SAT. TheconcludingSection7 summarisesthemainresultspresentedin this
paperandpointsoutdirectionsfor futureresearch.

2. Stochastic Local Search Algorithms for SAT

Local searchis a widely used,generalapproachfor solving hardcombinatorial
searchproblems.Thegeneralideais to examinethesearchspaceinducedby the
given probleminstancefor solutionsby initialising the searchat somepoint and
from thereto iteratively move from onesearchspacepositionto a neighbouring
positionwherethedecisionon eachstepis basedon informationaboutthe local
neighbourhoodonly. Thus,thefollowing componentsarerequiredto definealocal
searchprocedurefor problemclassΠ appliedto agivenprobleminstanceπ � Π:

� thesearch spaceSπ of π which is a setof positionss � Sπ (alsocalledcandi-
datesolutionsor states)

� a setof solutionsS�	� Sπ

� aneighbourhoodrelationN � Sπ 
 Sπ onSπ whichspecifiesfor eachposition
thesetof positionswhichcanbevisitedin onelocal searchstep.

� an initialisation function init : /0 ���
 Sπ �� IR� which specifiesa probability
distribution over initial searchpositions.

� a stepfunctionstep: Sπ ���
 Sπ �� IR� mappingeachpositiononto a proba-
bility distribution over its neighbouringstates,for specifyingthelocal search
steps.

sat2000.tex; 14/03/2000; 12:10; p.5



6 HoosandStützle

Typically, local searchalgorithmsalsomake useof an objectivefunction f :
Sπ �� IR, mappingeachsearchspacepositiononto a real (or integer) numberin
suchaway, thattheglobaloptimaof theobjective functioncorrespondto thesolu-
tions.In SLSalgorithmsfor SAT, generallythesearchspaceis definedasthesetof
all possibletruth valueassignmentsfor thevariablesoccurringin thegivenprob-
lem instanceandthesolutionsarethesatisfyingassignments(models).Of course
thesearchspacethusdefinedis of exponentialsizein thenumberof propositional
variables.MostSLS-basedSAT algorithmsusea1-flip neighbourhoodrelationfor
whichtwo truthvalueassignmentsareneighboursif they differ in thetruthvalueof
exactly onevariable.Thus,the local searchstepsmodify thetruth valueassigned
to one propositionalvariable;sucha move is called a variable flip. Almost all
SLS algorithmsfor SAT work on propositionalformulaein conjunctive normal
form (CNF), i.e., on sentencesof the form � k

i � 1ck with ck ��� lk
j � 1Lkj wherethe

Lkj arepropositionalvariablesor their negations.Typically, they useanobjective
functionwhich is definedasthenumberof clauseswhichareunsatisfiedunderthe
givenvariableassignment.Hence,for satisfiableprobleminstancesthemodelsof
thegivenformulacorrespondto globalminimaof this function.Thegeneralidea
for finding thesemodelsis to performa randomwalk in the searchspacewhich
is biasedtowardsminimising the numberof unsatisfiedclauses(obviously, this
is equivalentto maximisingthenumberof satisfiedclauses).Themaindifference
betweendifferentSLS algorithmsfor SAT is in the stepfunction, that is, in the
strategy usedto selectthevariableto beflippednext.

SLSalgorithmsfor SAT aretypically incomplete,i.e.,evenfor satisfiableprob-
lem instancesthey cannotbe guaranteedto find a solution.The reasonfor this
is the non-systematicnatureof the search.Furthermore,SLS algorithmscanget
trappedin local minimaandplateauregionsof thesearchspace[22, 15], leading
toprematurestagnationof thesearch.Oneof thesimplestmechanismsfor avoiding
prematurestagnationof thesearchis randomrestart,which reinitialisesthesearch
if aftera fixednumberof steps(cutoff time) no solutionhasbeenfound.Random
restartis usedin almostevery SLSalgorithmfor SAT.

A generaloutlineof anSLSalgorithmfor SAT is givenin Figure1.Thegeneric
procedureinitialisesthesearchat sometruth assignmentandtheniteratively flips
somevariable’s truth value,wherethe selectionof the variabledependson the
formula Φ andthecurrentassignment.If after a maximumof maxStepsflips no
solutionis found,thealgorithmrestartsfrom a new randominitial assignment.If
afteragivennumbermaxTriesof suchtriesstill nosolutionis found,thealgorithm
terminatesunsuccessfully.

For many concretealgorithms,andin particular, for all algorithmsinvestigat-
ed here,initAssign randomlychoosesthe initial assignmentfrom the set of all
possibleassignmentsaccordingto a uniform distribution. Hence,the main dif-
ferencebetweenSLS algorithmsfor SAT is typically the implementationof the
stepfunctionasgivenby theprocedurechooseVariable. In thefollowing, we will
focuson theGSAT andtheWalkSAT familiesof algorithms,whichhaveprovided
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procedure StochasticLocalSearchfor SAT
input CNF formulaΦ, maxTries, maxSteps
output satisfyingassignmentof Φ or “no solutionfound”
for i := 1 to maxTriesdo

s := initAssign� Φ � ;
for j : � 1 to maxStepsdo

if s satisfiesΦ then return s;
else

x := chooseVariable(Φ � s);
s := s with truth valueof x flipped;

end if
end for

end for
return “no solutionfound”;

end StochasticLocalSearchfor SAT

Figure 1. Outlineof a generalstochasticlocalsearchprocedurefor SAT.

a majordriving force in thedevelopmentof SLSalgorithmsfor SAT, andreview
someof the mostwidely usedmembersof thesefamilies.Later, we will briefly
discussotheralgorithmsandfurtherGSAT andWalkSAT variantsknown from the
literature.

2.1. THE GSAT ARCHITECTURE

TheGSAT algorithmwasintroducedin 1992by Selman,Levesque,andMitchell
[60]. It is basedon a rathersimple idea:GSAT tries to minimisethe numberof
unsatisfiedclausesby agreedydescentin thespaceof variableassignments.Vari-
ableselectionin GSAT andmostof its variantsis basedon thescore of a variable
x underthe currentassignments, which is definedasthe differencebetweenthe
numberof clausesunsatisfiedby sandtheassignmentobtainedby flipping x in s.

2.1.1. BasicGSAT
ThebasicGSAT algorithmusesthefollowing instantiationof theprocedurechoose-
Variable(s� Φ). In eachlocalsearchstep,oneof thevariableswith maximalscoreis
flipped.If thereareseveralvariableswith maximalscore,oneof themis randomly
selectedaccordingto a uniform distribution. A straightforward implementationof
GSAT mayberatherinefficient,sincein eachstepthescoreof all variableswould
have to becalculatedfrom scratch.Thekey to efficiently implementingGSAT is
to evaluatethecompletesetof scoresonly onceat thebeginningof eachtry, and
thenaftereachflip to updateonly thescoresof thosevariablewhichwerepossibly
affectedby theflippedvariable.Detailson theseimplementationissuesfor GSAT
and relatedalgorithmscan be found in [32]. One problemwith basicGSAT is
that it caneasilyget stuck in local minima of the objective functions.As these
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might containa largenumberof searchspacepositionsbetweenwhich GSAT can
arbitrarily wander, local minimacannotbeefficiently detectedin generalandthe
built-in randomrestartmechanismis theonly way for escapingfrom these.This
meansthat for GSAT thereexist searchspacepositionsfrom which a solution
cannotbereachedwithout reinitialisingthesearch.Wecall SLSalgorithmswhich
have thispropertyessentiallyincomplete.

2.1.2. GSAT with RandomWalk (GWSAT)
An importantextensionof thebasicGSAT algorithmis GSAT with RandomWalk
(GWSAT) [59]. Here,besidesthe above definedgreedylocal searchstep,a sec-
ond type of local searchstep,the so-calledrandomwalk step, is introduced.In
a randomwalk step,first a currently unsatisfiedclausec� is randomlyselected.
Then,oneof thevariablesappearingin c� is flipped,thuseffectively forcing c� to
becomesatisfied.Thebasicideaof GWSAT is to decideat eachlocal searchstep
with afixedprobabilitywp (calledwalkprobabilityor noisesetting)whetherto do
a standardGSAT stepor a randomwalk step.The randomwalk mechanismhas
beenaddedto basicGSAT to avoid gettingstuckin local minimaof theobjective
function. Obviously, for arbitrary wp� 0 this algorithm allows arbitrarily long
sequencesof randomwalk steps;as detailedin [35], this implies that from any
givenassignments,a model(if existent)canbe reachedwith a positive, bounded
probability. This meansthat appliedto a satisfiableformula,even without using
randomrestart(thatis, for maxTries=1), theprobabilitythatGWSAT findsasolu-
tion convergesto 1 astherun-timeapproachesinfinity (theso-calledPACproperty,
or probabilisticapproximatecompleteness).

2.1.3. GSAT with Tabu Search (GSAT/TABU)
Anotherwell-known mechanismfor preventing the searchfrom gettingstuck in
local optimais Tabu Search[23, 28]. The generalideais to forbid reversingthe
effect of a particularmove for a numbertl of iterations;theparametertl is called
the tabu tenure. This mechanismcanbeeasilyaddedto basicGSAT [50, 61]; in
theresultingalgorithm,afteravariablex hasbeenflippedit cannotbeflippedback
within thenext tl steps.GSAT/TABU canbeefficiently implementedby storingfor
eachvariablex the iterationnumberix whenit waslastflipped.Wheninitialising
thesearch,all the ix aresetto � tl andevery timeavariablex is flipped,ix is setto
thenumberj of thecurrentiteration.Obviously, avariablex canonly beflippedif
j � ix � tl.

Note that, unlike for GWSAT, it is not clearwhetherfor arbitrarysatisfiable
formulaethereexists a tl valuesuchthat GSAT/TABU hasthePAC propertyfor
fixedmaxTries. ThismeansthataddingTabu Searchdoesnotnecessarilyguarantee
that the algorithmwill never get stuck in local minima. Intuitively, the problem
is that for low tl valuesthe local minima region might be big enoughthat the
algorithmstill cannotescapewithout usingrestart,while for high tl valuesall the
routesto asolutionmightbecutoff becausetoomany variablescannotbeflipped.
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2.1.4. HSAT andHWSAT
HSAT [21] is anotherGSAT variant wherethe local searchstepsmake useof
historyinformation.Whenin asearchstepthereareseveralvariableswith identical
score,HSAT selectsthe leastrecentlyflipped variable.Only shortly after search
initialisation,whentherearestill variableswhichhave notbeenflipped,a random
selectionlike in GSAT is done.Theintuition behindHSAT is that in GSAT some
variablesmightnevergetflippedalthoughthey arefrequentlyeligibletobechosen.
This might causestagnationof the search,as sucha variablemight be the one
which hasto be flipped for the searchto make further progress.Although when
comparedto plain GSAT, HSAT wasfoundto show superiorperformance[21], it
is clearthatit is evenmorelikely to getstuckin localminimafrom whichit cannot
escape,as the additionalhistory-basedtie-breakingrule effectively restrictsthe
searchtrajectorieswhencomparedto GSAT. Therefore,it appearsto beattractive
to extendHSAT with the samerandomwalk mechanismusedin GWSAT. The
resultingvariantis calledHWSAT [20]; like GWSAT it hasthePAC property.

2.2. THE WALKSAT ARCHITECTURE

TheWalkSAT architectureis basedon ideasfirst publishedby Selman,Kautz,and
Cohenin 1994[59] andit waslaterformally definedasanalgorithmicframework
by McAllester, Selman,and Kautz in 1997 [51]. It is basedon a 2-stagevari-
ableselectionprocessfocusedon thevariablesoccurringin currentlyunsatisfied
clauses.For eachlocal searchstep,in a first stagea currentlyunsatisfiedclause
c� is randomlyselected.In a secondstep,oneof the variablesappearingin c� is
thenflipped to obtainthe new assignment.Thus,while the GSAT architectureis
characterisedby a staticneighbourhoodrelationbetweenassignmentswith Ham-
ming distanceone,WalkSAT algorithmsareeffectively basedon a dynamically
determinedsubsetof theGSAT neighbourhoodrelation.

2.2.1. WalkSAT
WalkSAT, originally introducedin [59], differs in oneimportantaspectfrom the
other local searchvariantsdiscussedhere:The scoringfunction scoreb 
 x� used
by WalkSAT countsonly thenumberof clauseswhich arebroken, i.e., currently
satisfied,but will becomeunsatisfiedby flipping variablex. Using this scoring
function,the following variableselectionschemeis applied:If thereis a variable
with scoreb 
 x� � 0 in the clausec� selectedin stage1, i.e., if c� canbe satisfied
without breakinganotherclause,this variableis flipped (so-calledzero-damage
flip). If no suchvariableexists,thenwith acertainprobabilityp (noisesetting)the
variablewith minimal scoreb valueis selected;in theremainingcases,oneof the
variablesfrom c� is randomlyselected(randomwalk flip).

Conceptuallyaswell as historically, WalkSAT is closely relatedto GWSAT.
However, therearea numberof significantdifferencesbetweenboth algorithms,
whichin combinationaccountfor thegenerallysuperiorperformanceof WalkSAT.
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While bothalgorithmsusethesamekind of randomwalk steps,WalkSAT applies
them only under the condition that there is no variablewith scoreb 
 x� � 0. In
GWSAT, however, randomwalk stepsaredonein an unconditionalprobabilistic
way. Fromthispointof view, WalkSAT isgreedier, sincerandomwalk steps,which
usuallyincreasethenumberof unsatisfiedclauses,areonly donewhenevery vari-
ableoccurringin theselectedclausewouldbreaksomeclauseswhenflipped.Yet,
in agreedystep,dueto thetwo-stagevariableselectionscheme,WalkSAT chooses
from a significantlyreducedsetof neighboursandcanthereforebeconsideredto
belessgreedythanGWSAT. Finally, becauseof thedifferentscoringfunction,in
somesense,GWSAT showsagreedierbehaviour thanWalkSAT: For aGSAT step,
it would prefera variablewhich breakssomeclausesbut compensatesfor this by
fixing someotherclauses,while in the samesituation,WalkSAT would selecta
variablewith asmallertotal score,but breakingalsoa smallernumberof clauses.

To our bestknowledgeit is unknown whetherWalkSAT hasthePAC property,
i.e.,whetherit cantheoreticallyescapefrom any local minimawithout usingran-
domrestart.Unlike for GWSAT, it is not clearwhetherarbitrarily long sequences
of randomwalk stepsarealwayspossible,becauserandomwalk stepscanonly
be executedwhen no zero-damageflip is available.However, thereis plenty of
empiricalevidencethatin practiceWalkSAT caneffectively escapefrom any local
minima[35, 37].

2.2.2. WalkSAT/TABU
Analogouslyto GSAT/TABU, thereis alsoa WalkSAT variantwhich usesa Tabu
Searchmechanism;thisalgorithmis calledWalkSAT/TABU [51]. It usesthesame
two stageselectionmechanismandthesamescoringfunctionscoreb asWalkSAT
andadditionallyenforcesa tabu tenureof tl stepsfor eachflippedvariable.Here,
if no zero-damageflip canbemade,from all variableswhicharenot tabu, theone
with thehighestscoreb valueis picked;whenthereareseveralvariableswith the
samemaximal score,one of them is randomlyselectedaccordingto a uniform
distribution. As a resultof thetwo-level variableselectionscheme,it mayhappen
thatall variablesappearingin the selectedclausecannotbe flipped becausethey
aretabu. In thiscase,no variableis flipped(aso-callednull-flip).

As hasbeenshown in [35], WalkSAT/TABU is essentiallyincompletefor all tl
settings,asit cangetstuckin local minimaregionsof thesearchspace.Although
this is mainly causedby null-flips, it is not clearwhetherreplacingnull-flips by,
e.g.,randomwalk steps,wouldbesufficient for obtainingthePAC property.

2.2.3. Novelty
Novelty, introducedin [51], is oneof the most recentSLS algorithmsfor SAT.
Conceptually, it combinesthealgorithmsbasedon theWalkSAT architecturewith
a history-basedvariableselectionmechanismin thespirit of HSAT. Novelty, too,
is basedon theintuition, thatrepeatedlyflipping backandforth thesamevariable
shouldbeavoided.Additionally, like for tabu searchvariants,thenumberof local
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searchstepswhich have beenperformedsinceit waslast flipped (alsocalledthe
variable’s age) is taken into consideration.Also, differently from WalkSAT or
WalkSAT/TABU, Novelty usesthesamescoringfunctionasGSAT.

In Novelty, afteranunsatisfiedclausehasbeenchosen,thevariabletobeflipped
is selectedasfollows. If thevariablewith thehighestscoredoesnothave minimal
ageamongthevariableswithin thesameclause,it is alwaysselected.Otherwise,it
is only selectedwith aprobabilityof 1-p; in theremainingcases,thevariablewith
thenext lower scoreis selected.In Kautz’s andSelman’s implementation,if there
areseveral variableswith identicalscore,the oneappearingfirst in the clauseis
alwayschosen.

Notethatfor p � 0, theage-basedvariableselectionof Noveltyprobabilistically
preventsflipping the samevariableover andover again;at the sametime, flips
can be immediatelyreversedwith a certainprobability if a betterchoiceis not
available.Generally, theNovelty algorithmis significantlygreedierthanWalkSAT,
sincealwaysoneof the two most improving variablesfrom a clauseis selected,
whereWalkSAT mayselectany variableif noimprovementwithoutbreakingother
clausescanbe achieved.Also, Novelty is moredeterministicthanWalkSAT and
GWSAT, sinceits probabilisticdecisionsaremorelimited in their scopeandtake
placeundermorerestrictiveconditions.For example,differentfrom WalkSAT, the
Novelty strategy for variableselectionwithin a clauseis deterministicfor both
p � 0 andp � 1.

On onehandside,this often leadsto a significantlyimproved performanceof
Novelty whencomparedto WalkSAT. On theotherhand,becauseof this proper-
ty, it canbe shown that Novelty is essentiallyincomplete[35], asselectingonly
amongthe besttwo variablesin a given clausecanlead to situationswherethe
algorithm getsstuck in local minima of the objective function. As we will see
later, this situationcanbeobservedfor someof ourbenchmarkproblemswhereit
severelycompromisesNovelty’s performance.

2.2.4. R-Novelty
R-Novelty, alsointroducedin [51], is a variantof Novelty which is basedon the
intuition that when decidingbetweenthe bestand secondbestvariable (using
thesamescoringfunctionasfor Novelty), theactualdifferenceof the respective
scoresshouldbetakeninto account.Theexactmechanismfor choosingavariable
from theselectedclausecanbeseenfrom thedecisiontreerepresentationgivenin
Figure2. NotethattheR-Novelty heuristicis quitecomplex – asreportedin [51],
it wasdiscoveredby systematicallytestinga largenumberof WalkSAT variants.

R-Novelty’s variableselectionstrategy is evenmoredeterministicthanNovel-
ty’s; in particular, it is completelydeterministicfor p ��� 0 � 0 � 5 � 1 . Sincethepure
R-Novelty algorithmgetstooeasilystuckin localminima,asimpleloopbreaking
strategy is used:every 100steps,a variableis randomlychosenfrom theselected
clauseandflipped.However, it canbeshown thatthismechanismis insufficient for
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Figure2. Decisiontreerepresentationfor R-Novelty variableselectionmechanism;conditionCn (
“best var does not have minimal age”; conditionCr ( “score diff between best and second best
var > 1”; “best” and “second-best”relateto the GSAT-scoreof variables;p1 � max) 1 * 2p � 0+ ,
p2 � min) 2 * 2p � 1+ .

effectively escapingfrom localminimaandconsequentlyR-Novelty is essentially
incomplete.

2.3. OTHER SLS ALGORITHMS FOR SAT

Apart from thepresentedGSAT andWalkSAT algorithmsandtheir variants,nu-
merousotherSLSalgorithmsfor SAT have beenproposed.Oneparticularlyinter-
estingtechniquewhichprovidesthebasisfor anumberof SLSalgorithmsstudied
in literatureis clauseweighting. Theunderlyingideais to associatetheclausesof
thegiven CNF formula with weightswhich aremodifiedduring the local search
process[7, 16, 17, 53, 58]. The objective function, on which the choiceof the
variableto beflippedis based,thenreflectstheweightof thesatisfiedclausessuch
thatclauseswith a high weightaremorelikely to becomesatisfied.Typically, the
weightsof theclauseswhich areunsatisfiedat a local minimumareincreasedby
someconstant.One interpretationof clauseweighting is that local minima are
“filled in” by adaptingtheweights.

In [58], weightsareonly modifiedaftereachGSAT try by increasingtheweight
of unsatisfiedclausesby one. A different approach,the breakout method[53],
adjuststhe clauseweightsduring a single try. In particular, eachtime the algo-
rithm encountersa local minimum, the weightsof the currentlyviolatedclauses
are increased.In [7, 16, 17] different strategies of how to changethe weights
during a single try are investigated.Whenevaluatingthe performanceof a par-
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ticular weightingschemeon a classof randomlygeneratedinstanceswhich have
only onesinglesolution[2], it wasobservedthatfor thehardestof theseinstances
theweighingschemeperformedconsiderablybetterthanGSAT andGWSAT [7].
Yet, the instancesusedin thatcomparisonarenot intrinsically hardbecausethey
canbesolvedby polynomialsimplifications(unit propagationandunary/ binary
failedclauses).Experimentalresultspresentedin [16, 17] show thattheweighting
strategiessignificantlyimprove over GSAT andgive somewhatbetterresultsthan
HSAT on Random-3-Satinstances(seeSection4.1 for a descriptionof this prob-
lem class).More concretely, usingthe weightingschemesproposed,the average
numberof flips neededto find a solutionis reducedby ca.50% whencompared
to HSAT. Yet it is not clearhow efficiently the proposedschemescanbe imple-
mentedsincetheweightshave to bemodifiedratherfrequentlyandthereforethe
singlesearchstepsaremoreexpensive — in termsof CPUtime— thanfor GSAT.
Consideringour resultsreportedin Section5, it will becomeclearthatevenwhen
arguingbasedon themostefficient implementationsof GSAT, thesevariantswill
generallynotbecompetitivewith thebest-performingWalkSAT algorithms.In this
studywedonotinvestigatelocalsearchalgorithmswith clauseweightingschemes.
Therearetwo mainreasonsfor this: On theoneside,usingclauseweightingis a
generalmechanismwhich couldbecombinedwith almostany SLSalgorithm;in
particularit couldbeaddedto eachof theGSAT andWalkSAT algorithmsstudied
here.On the otherside,except for GSAT with clauseweighting,asproposedin
[58], thereareno efficient implementationsof the weightingschemesavailable,
whichwouldrenderthetypeof empiricalanalysisperformedin thisstudyextreme-
ly expensive in termsof computationtime. However, we feel that a systematic
investigationof weightingschemesandtheir effect on theperformanceof various
SLS algorithms,especiallythe best-performingWalkSAT variants,would be an
importantextensionof thework presentedhere.

Another interestingSLS algorithm is the GSAT variant using cycle-cutsets
(GSAT+CC) [43]. This algorithmadditionallyincorporatesa numberof otherex-
tensionstoGSAT, includingrandomwalkandclauseweighting.Toourbestknowl-
edge,so far it hasonly beenappliedto binary constraintsatisfaction problems
(CSPs);the resultsreportedin [43] suggestthatGSAT+CC might show a perfor-
manceroughlysimilar to WalkSAT for avery limited subclassof CSPs(thosewith
smallcutsets)while on othersubclassesof CSPsit seemsto beabouta factorof 2
inferior to theGWSAT variantusedfor comparison.

Many other local searchvariantswhich are very popular in the Operations
Researchcommunityhave beenappliedto SAT. Theseincludemethodsbasedon
SimulatedAnnealing[3, 63, 59], EvolutionaryAlgorithms [26, 14], andGreedy
RandomizedAdaptive SearchProcedures(GRASP) [56]. Someof thesealgo-
rithmshave beendirectly comparedto thealgorithmsusedin this study, but from
thedatapublishedontheperformanceof thesealgorithms,thereis noevidencethat
they might generallyperformsignificantlybetterthanthe algorithmsconsidered
here.
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3. Empirical Methodology

SLS algorithmslike thosepresentedin Section2 strongly involve randomdeci-
sionssuchasthechoiceof the initial assignment,randomtie-breaking,or biased
randommoves.Dueto this inherentrandomness,givenaspecificsolubleproblem
instance,thetime neededby anSLSalgorithmto find asolutionis a randomvari-
able,asit variesfrom run to run.Consequently, themostdetailedcharacterisation
of suchanalgorithm’sbehaviour is givenby its run-timedistribution (RTD), which
for a given instancemapsthe run-time t to the probability of finding a solution
within time t [36, 37, 35].

3.1. RTD-BASED ANALYSIS OF SLS ALGORITHMS

To measureRTDs, onehasto take into accountthat mostSLS algorithmshave
somecutoff parameterboundingtheir run-time, like the maxStepsparameterin
thegenericalgorithmschemaof Figure1.Practically, wemeasureempiricalRTDs
by runningtherespectiveLasVegasalgorithmfor afixednumberof times(without
usingrestart,i.e.,settingmaxTriesto one)onagivenprobleminstanceupto some
(very high) cutoff value(optimalcutoff settingsmaythenbedetermineda poste-
riori usingtheempiricalrun-timedistribution) andby recordingthetime required
to find a solution for eachsuccessfulrun (cf. Figure3, left). The empirical run-
timedistribution is thecumulative distribution associatedwith theseobservations.
More formally, let rt 
 j � denotethe run-timefor the jth successfulrun, andn be
the numberof runsperformed,thenthe cumulative empiricalRTD is definedby,
P 
 rt - t � �/. � j . rt 
 j �0- t  .21 n. Insteadof actuallymeasuringrun-timedistributions
in termsof CPU-time,it is oftenpreferableto userepresentative operationcounts
asa moremachine(andimplementation)independentmeasureof an algorithm’s
performance.An appropriateoperationcountfor localsearchalgorithmsfor SAT is
thenumberof localsearchsteps;therun-timedistributionsobtainedby measuring
the run-timein termsof local searchsteps(here:variableflips) insteadof CPU
timearealsocalledrun-lengthdistributions(RLDs) (cf. Figure3, right).

From theRTD information,thecommonlyusedbasicdescriptive statisticsof
the run-time, like its mean,standarddeviation, and arbitrary percentilescan be
easilyderived.At thesametime, measuringRTDs doesnot incur any significant
overheadin dataacquisition,becausetheamountof experimentationrequiredfor
obtainingstableestimatesfor basicstatistics(like themeanrun-time)is alsosuffi-
cientfor measuringRTDswith areasonableaccuracy. But comparedto measuring
standarddescriptive statistics,an RTD-basedempiricalanalysishasa numberof
advantages.

Firstly, it doesnot make any assumptionsregardingthe applicationscenario,
i.e., the time constraintsin finding a solution.To seewhy this is important,con-
sideraSAT-basedplannerworking in areal-timeenvironment,wheretherun-time
of the SAT solver is severely limited. Whenusingan SLS algorithmin suchan
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Figure3. Run-timedataof WalkSAT, appliedto ahardRandom-3-SAT instancefor approx.optimal
settingof wp, 1000 tries. Left: Bar diagrammof rt � i � (vertical axis: run-time in CPU seconds).
Right: CorrespondingRLD with best-fitapproximationby an exponentialdistribution (horizontal
axis:run-timein local searchsteps;verticalaxis:probabilityof solvingtheinstance).

applicationcontext, the expectedtime for solving a particularprobleminstance
is typically not relevant; the correctperformancecriterion is the probability of
solving the problemwithin the given time-limit — which canbe easilyderived
from anestimateof theRTD.

Secondly, RTDs give a graphic representationof the algorithm’s behaviour
which is well suitedfor analysinganddescribingthe qualitative behavior of an
algorithm.Especiallywhencomparingtheperformanceof differentalgorithms,a
graphicrepresentationof theRTDs is very useful.Let usconsidertwo algorithm-
s which, when appliedto the sameprobleminstance,show a cross-over in the
correspondingRTDs. This immediatelyimplies that for shortrunsonealgorithm
givesa highersolutionprobability thanthe other, while for longerrun-timesthe
situationis reversed.The locationof the cross-over indicatesthe critical time at
which bothalgorithmsgive thesamesolutionprobability. If on theotherhandno
suchcross-over occurs,thisprovidesevidencethatfor thegivenprobleminstance,
onealgorithm dominatesthe other in the sensethat it gives consistentlyhigher
successprobabilities,regardlessof the run-time.Note thatwhenonly comparing
the meanor medianrun-time,or even a numberof percentiles,dominationcan
typically not betestedbut is often implicitely andmisleadinglysuggestedby this
data.Thegraphicrepresentationof anRTD oftenalsogivesanindicationwhether
analgorithmshows stagnationbehaviour andthusgiveshintson thepossiblein-
completenessof an algorithm.Stagnationin anRTD is indicatedby the fact that
the RTD shows a horizontalsectionwith a solutionprobability smallerthanone
over oneor moreordersof magnitudeon the run-timeaxis.Moreover, asargued
in [36], given theRTD data,optimalcutoff times(i.e., maxStepssettings)canbe
determinedin a ratherstraight-forwardway.
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3.2. ANALYSING SLS PERFORMANCE FOR PROBLEM DISTRIBUTIONS

As specifiedabove, RTDs aremeasuredfor individual probleminstancesrather
thanfor setsof instances.While at thefirst glancethismightseemlikeadisadvan-
tageof theRTD-basedapproach,in fact it is oneof its biggestadvantages.To see
why this is so,considertheprominentcaseof evaluatingan SLS algorithmon a
setof probleminstancessampledfrom arandominstancedistribution,suchasuni-
form Random-3-SAT (cf. Section4.1)for agivennumberof variablesandclauses.
Thereis two sourcesof randomnesswhichhave to betakeninto consideration:the
variability in the run-timewhenapplyingthealgorithmto an individual problem
instanceand the stochasticgenerationof the instances.For variousreasonswe
feel that it is very desirableto investigatethesetwo typesof randominfluences
seperately;one of theseis the fact that the type of randomnesscapturedin the
RTD mightstronglydependonthealgorithmbeingusedwhile theinstance-related
variationmightbecausedby propertiesof theinstancewhichaffectalargenumber
of algorithms.Later, in Section6, we will show that for Random-3-SAT this is
actuallythecase.

Anotherimportantargumentfor analysingRTDsbasedon individual instances
is thefollowing (see[36] for details):Considerasituationwherefor asetof prob-
lem instancesthe RTDs on all individual instancesareexponentialdistributions.
As we will show in Section6, this implies that this algorithmis very robustw.r.t.
the maxStepssettingandcannotbe improved by using restart.If, however, one
looksat an“averageRTD” obtainedby summingup theRTDs over the instances
of thetest-setanddividing by thenumberof instances,this RTD is generallynot
anexponentialdistribution,asthefamily of exponentialdistributionsis not closed
undertheoperationof averaging[57]. As arguedin [36], this RTD will generally
suggesttheexistenceof anoptimalsettingof themaxStepsparameter. Using this
settingwill indeedmaximisethealgorithm’s performance— but only in thesense
thatwithin agiventimeperiod,thenumberof probleminstancesrandomlydrawn
from theinstanceset(or distribution) whicharesolvedwithin this timeperiodwill
bemaximal.However, asanRTD-basedanalysisshows, in this casethe“optimal
parametersetting”will notaffect theperformanceonany individual instancefrom
the set — it will only make sure that not too much is wastedtrying to solve
hard instances.Thus,using the optimal settingwill effectively introducea bias
for solvingeasierproblems— aneffectwhich,exceptfor veryspecialapplication
situations,will mostlikely beundesirableandcanpotentiallygiveriseto erroneous
interpretationsof the observed behaviour. This problembecomesvery relevant
whenthe inter-instancedifficulty within thetest-sethasa high variance,asis the
casefor Random-3-SAT andGraphColouringtest-sets(seealsoSection5).

Using the RTD-basedapproachrequiresestimatingthe RTDs for eachindi-
vidual probleminstancefrom a given test-setsuchas the Random-3-SAT and
GraphColouring instancesetsusedfor this study. In all cases,whenevaluating
analgorithm’s behaviour for a test-setof instances,wefollow thisapproach.How-
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ever, it is impracticalto actuallyreportthe RTD datafor 100 or 1,000instances
(thetypical sizeof our test-sets).Instead,we usuallyreportRTD datafor a small
numberof instances(Section5) or performfunctionalcharacterisationsof thein-
dividualRTDs(Section6). Additionally, weanalyseandreportdistributionsof the
RTDs’ meansor percentiles(typically themedian)acrossthegiventest-set.These
hardnessdistributionsreflectthevariationin searchcostarisingfrom therandom
structureof the instances.Interestingly, using this approachone can easily see
(cf. Section5) thattheRTDsareusuallyverydifferentfrom thehardnessdistribu-
tions; in particular, thehardnessdistributionsaretypically heavy-tailed(cf. [24]),
while weneverobservedaheavy-tailedRTD for any of theSLSalgorithmsstudied
here.

3.3. FUNCTIONAL CHARACTERISATIONS OF RTDS

In additionto the advantagesdiscussedabove, an RTD-basedmethodologypro-
vides the basisfor more advancedtypes of empirical evaluations,such as the
functionalcharacterisationof the RTDs for a given algorithm.Here,oneideais
that if a given algorithmdisplaysthesametypeof RTDs for a rangeof problem
instancesandthis typecanbedetermined,thentheRTD datacanberepresented
in a much more compactand informative way. Practically, this canbe doneby
approximatingRTDsusingparameterisedfamiliesof distribution functions,where
the parametersareestimatedfrom the measuredRTD data(cf. Figure3, right).
Oncesuchcharacterisationsare obtained,they provide a basisfor studyingthe
dependenceof the RTD parameterson variousfactorssuchas problemsize or
constrainedness.

Note that this type of empiricalanalysiscanbe usedto producehypotheses,
suchas “when applying WalkSAT and using an optimal settingof wp to hard
Random-3-SAT probleminstances,theRTDs arewell approximatedby exponen-
tial distributions”, which canbe testedfor statisticalsignificance.Therefore,this
typeof RTD-basedanalysisfollowssuggestionsmadeby Hooker [30, 31], thatthe
empiricalanalysisof algorithmsshouldnotremainatthestageof simplycollecting
data.Rather, analogousto empirical methodologiesusedin other sciences,one
shouldattemptto formulatehypothesesbasedon this datawhich, in turn, canbe
experimentallyrefutedor validated.As we will seein Section6, this approach
is extremelyusefulfor investigatingtherobustnessof SLSperformance.Further-
more,functionalcharacterisationsof RTDsmayalsohelpin relatingtheempirical
behaviour of algorithmsto moregeneralstatisticalphenomenaandthusprovide a
basisfor new interpretionsof theobservedbehaviour [24, 18, 37, 35].

Finally, it shouldbenotedthatthesameRTD-basedmethodologyweareusing
herefor analysingtherun-timebehaviour of SLSalgorithmsfor SAT cangenerally
beappliedto empiricalstudiesof amuchbroaderclassof algorithms,theso-called
LasVegasalgorithms. Thesearealgorithmswhich, if they find asolution,guaran-
teeits correctnessbut generallyhavearun-timewhichis characterisedbyarandom
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variable[49, 1, 35]. Also, this methodologycan be generalisedto optimisation
problems,which is of interestasmany SLSalgorithmsfor decisionproblemscan
be analogouslyusedfor solving the correspondingoptimisationproblems(e.g.,
theSAT algorithmscoveredherecanbeequallywell usedfor solvingMAX-SAT
problems)[35, 62].

4. The Benchmark Set

Thebenchmarksuitewe areusingasa basisfor theempiricalevaluationof SLS
algorithmsfor SAT comprisesthreedifferenttypesof problems:test-setssampled
from Random-3-SAT, a well-known randomproblemdistribution; test-setsob-
tainedby encodinginstancesfrom arandomdistribution of hardGraphColouring
instancesinto SAT; andSAT-encodedinstancesfrom AI planningdomains,in par-
ticular, from theBlocksWorld andtheLogisticsdomain[45]. All thesebenchmark
instancesarehardin generalanddifficult to solvefor SLSalgorithms.For theSAT-
encodedproblems,thehardnessof theinstancesis inherentratherthanjustinduced
by theencodingschemethatwasusedfor transformingtheminto SAT. TheSAT-
encodingsusedherearemostly very simpleandwell-known from the literature.
In addition,we usedsomeof thesatisfiablebenchmarkinstancesfrom thesecond
DIMACSchallenge[41].

Theselectionof thebenchmarkproblemswasinfluencedby a numberof cri-
teria.Firstly, we want to facilitatethe combinationof the resultsreportedin this
studywith future evaluationsof otherSAT algorithms(not necessarilybasedon
SLS) usingthe samebenchmarklibrary, in order to obtainan overall pictureof
theperformanceof differentSAT algorithms.Thus,thebenchmarksetshouldnot
be biasedby the selectionof algorithmsstudiedhere.This approachalsoallows
to investigatewhetherthereareperformancedifferencesbetweenthesealgorithms
which areso fundamentalthat they canbe consistentlyobserved acrossthe full
benchmarkset.Our choiceof particularproblemclassesfocuseson fairly well-
known instancesandinstancedistributions,which have beenusedwidely in the
literature.Secondly, asthegoalhereis to evaluateSLSalgorithmswhich aretyp-
ically incomplete,we have to restrictthebenchmarksuiteto satisfiableinstances.
Consequently, whensamplingfrom instancedistributionslikeRandom-3-SAT, the
costfor filtering out unsatisfiableinstancescanbe very high andrestrictthesize
andnumberof instancesincludedin our testsets.Finally, becauseof thedetailed
RTD-basedanalysisto beapplied,eachSLSalgorithmhasto solve everyproblem
instancea large numberof times(typically, at least250) which againlimits the
sizeandnumberof probleminstancesin our benchmarkcollection.Nevertheless,
thebenchmarklibrary usedin thecontext of this work containsca.4,500problem
instances.

In the following, we give a brief overview of the benchmarkproblems.More
detailedinformationcanbe found in Appendix A of this paper. All benchmark
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instancesareavailablefrom theSATLIB website(http://www.informatik.tu-darm-
stadt.de/AI/SATLIB).

4.1. UNIFORM RANDOM-3-SAT

We usea numberof test-setssampledfrom Uniform Random-3-SAT distribu-
tions from the solubility phasetransitionregion at ca. 4.26 clausesper variable
[52, 47], wheretheaverageinstancehardnessfor both,systematicandstochastic
localsearchalgorithmsis maximal[9, 10, 64]. Sincein thecontext of (incomplete)
SLS algorithmsfor SAT it makes no senseto include insoluble instancesin a
benchmarksuite,wefilteredtherandomlygeneratedtest-setsfor solubleinstances
usinga systematicalgorithmwhich wasalwaysrun to completion.Thus,for each
generatedinstancewe definitely determinedwhetherit is satisfiableor not, and
includedall satisfiableinstancesin our test-sets.This way, we ensuredthat there
wasno biastowardsgeneratingsatisfiableinstances.As this kind of samplingis
computationallyexpensive, both,thesizeandthenumberof instancesin thetest-
setsareeffectively limited. Using this generationmethod,which is well-known
from theliterature(see[21, 50, 51] for someexamples),wegeneratedtest-setsfor
n � 25 to n � 250instanceswith typically 100instancespertest-set.Thetest-sets
for n � 50 andn � 100contain1,000instanceseach.

4.2. GRAPH COLOURING

TheGraphColouringproblem(GCP)is awell-known combinatorialproblemfrom
graphtheory:Given a graphG � 
 V � E � , whereV � � v1 � v2 �5�6�6�6� vn  is the setof
verticesandE � V 
 V thesetof edgesconnectingthevertices,find a colouring
C : V �� IN, suchthatneighbouringverticesalwayshave differentcolours.When
transformingGCPin SAT, we encodea decisionvariantin which theobjective is
to find acolouringfor a givennumberof colours.Theoptimisationvariant,which
searchesfor a colouringwith a minimal numberof colours,canthenbesolvedby
solvingaseriesof suchdecisionproblems.

We generatedseven test-setsof 3-colourableflat randomgraphswith 50 to
200 vertices.The connectivity (edgesper vertex) of thesegraphswas adjusted
in sucha way that the instanceshave maximalhardness(on average)for graph
colouring algorithmslike the Brelaz heuristic [29]. Each test-setcontains100
instancesexceptfor the50 vertex test-set,which comprises1,000instances.The
GCPinstancesweretransformedinto SAT by usingastraightforward,yetefficient
encodingknown from theliterature[12] (seealsoAppendixA).

4.3. PLANNING INSTANCES

Recentlyit hasbeenshown that someAI Planningproblemscan be efficiently
solved by encodingthem into SAT andthenfinding modelsof the SAT formu-
lae usingstandardSAT algorithmslike the SLS algorithmsappliedin our study.

sat2000.tex; 14/03/2000; 12:10; p.19



20 HoosandStützle

This approachhasshown to be competitive or even to outperformstate-of-the-
art general-purposeplanningalgorithms[45]. For our benchmarksetwe useSAT
encodingsfrom two planningdomains,theBlocks World domainandtheLogis-
tics domain.In BlocksWorld Planning,startingfrom someinitial configuration,a
numberof blockshasto bemovedto reachsomegivengoalsituation;in Logistics
Planning,packageshave to be moved betweenlocationsin differentcities using
trucksandairplaneswith limited capacity.

Our benchmarksetcontainsthe four largestBlocksWorld Planninginstances
andfour LogisticsPlanninginstancesfrom HenryKautz’sandBartSelman’sSAT-
PLAN distribution.Theseproblemsrangefrom 459to 6,325variablesandcontain
up to 131,937clauses.At the time of this writing, the two largestBlocks World
instances,bw_large.c andbw_large.d, areamongthehardestprobleminstances
whichcanbesolvedby state-of-the-artSAT algorithmsin reasonabletime.

4.4. INSTANCES FROM THE DIMACS BENCHMARK SET

OtherSAT instanceswe usedin our experimentsaretaken from the benchmark
setestablishedduring the SecondDIMACS Challenge[41]. This benchmarkset
containssatisfiableaswell asunsatisfiableinstances;but sincetheSLSalgorithms
usedin our study cannotbe usedto establishunsatisfiability, we selectedonly
satisfiableinstancesfor our empirical study. As we were mainly interestedin
challengingSAT-encodedproblemsfrom otherdomains,we chosethethreelarge
SAT-encodedGraphColouringinstancesandthe smallerSAT-encodedinstances
from theproblemof learningaparity functionfrom givendata.

Otherinstances,like thelargerparity learninginstancescanbesolvedby some
of thebest-performingSLSalgorithmsidentifiedin this study, but thesearchcost
is too high for a systematicempiricalanalysisof SLSbehaviour. Otherproblems
werenot consideredbecausethey wereextremelyeasyfor thealgorithmsstudied
hereor they couldbesolved by polynomialpreprocessingtechniques(for details
regardingthe selectionof problemsfrom the DIMACS collection,the interested
readeris referredto AppendixA.)

5. Peak Performance Comparison

In this section,we presenttheresultsof our comprehensive performanceanalysis
for thealgorithmsintroducedin Section2 appliedto thesuiteof benchmarkprob-
lemsdescribedin theprevioussection.As motivatedandintroducedin Section3,
we useanRLD-basedmethodology. In particular, two basicmethodsareapplied:
For individual instances,we comparethe RLDs of the algorithmsusingapprox-
imately optimal settingsof the noiseparameterswp, p, or tl. As an optimality
criterionwe usetheexpectednumberof stepsrequiredfor finding a solution.For
test-setssampledfrom randominstancedistributions,we additionallyanalysethe
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Figure 4. Hardnessdistributionsacrosstest-setuf100-430 for variousalgorithms;x-axis: median
numberof localsearchstepspersolution.

distribution of the meansearchcostper instancefor differentalgorithms,again
usingapproximatelyoptimalnoisesettings.Moreadvancedaspectsof ourempiri-
cal investigation,in particularfunctionalcharacterisationsof theRLDs,aswell as
robustnessandscalingissues,aredeferredto Section6, wherewe alsostudythe
influenceof thenoiseparametersin moredetail.

5.1. RANDOM-3-SAT

For Random-3-SAT, we first empirically analysedSLS performancefor test-set
uf100-430 (1,000instances)by measuringan RLD for eachalgorithmapplied
to eachindividual instanceusingapproximatelyoptimalnoisesettings(wp, p, or
tl).2 In this case,theRLDsarebasedon100triesperinstance;usinganextremely
highcutoff parametersettingof maxSteps� 107 wemadesureto obtainamaximal
numberof successfultries.Togetanimpressionof thevariability of thesearchcost
within the test-set,we analysedthedistribution of themeansearchcost(number
of local searchsteps)over the instancesfrom the test-set.Figure4 shows these
cumulative hardnessdistributions,while TableI reportsthe correspondingbasic
statistics.

For all algorithms,we observe a hugevariability in searchcostbetweenthe
instancesof eachtest-set.In particular, ascanbeseenfrom thelong tails of these
distributions,asubstantialpartof theprobleminstancesis dramaticallyharderthan
the restof the test-set.Furthermore,looking at the graphicrepresentationof the
hardnessdistributionsin Figure4,onemightnoticethatthecurvesareroughlypar-
allel in a semi-logplot. This indicatesthat thedifferencesin searchcostfor these
algorithmscanbecharacterisedby auniformfactoracrossthewholehardnessdis-

2 Thenoisesettingshavebeenoptimisedin preliminaryruns.It wasfoundthattheapproximately
optimalnoisesettingsdid notconsiderablydiffer betweendifferentinstancesfrom thesametest-set.
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Table I. Test-setuf100-430, basicdescriptive statisticsof hardnessdistributions for
various algorithmswith approx.optimal noise,basedon 100 tries / instance;noise
settingsasfor mediuminstance(cf. TableXXIV).

algorithm mean stddev stddev
mean med Q75 Q90

Q75
Q25

Q90
Q10

GWSAT 6,532 10,639 1.63 3,398 7,040 13,880 3.82 12.62

GSAT/TABU 4,783 9,741 2.04 1,621 4,260 11,399 5.62 24.93

HWSAT 3,039 3,365 1.11 1,914 3,622 6,605 3.33 9.71

WalkSAT 3,672 5,698 1.55 1,995 4,142 7,296 3.62 10.40

WalkSAT/TABU 2,485 6,263 2.52 1,041 2,215 4,751 3.92 13.51

Novelty 28,257 191,668 6.78 851 1,845 4,390 3.85 14.50

R-Novelty 1,245 1,893 1.52 640 1,402 2,625 3.73 11.30

tribution. However, examiningthetop 10%of thecumulative distribution curves,
therearethreenotableexceptionsfrom that rule: thosefor GSAT/TABU, Walk-
SAT/TABU, and— far moredramatically— Novelty have a significantlyheavier
tail thanthecurvesfor theotheralgorithms.ThatGSAT/TABU, WalkSAT/TABU,
andNovelty causeconsiderablymoreinter-instancehardnessvariationcanalsobe
seenwhencomparingthenormalisedstandarddeviationsandpercentileratiosin
TableI. This oberservation indicatesthatthevariantsusingtabu search,aswell as
Novelty, havegreaterdifficultiesescapingfrom highlyattractiveareasin thesearch
spacesof someinstancesthantheothervariants.For thetabu searchvariantsthis
is mostprobablycausedby thefixedlengthof thetabu list which limits theability
to escapefrom local minima regions.For Novelty, 33 of the1,000instanceshad
asolutionratebetween75%and99%,whereasfor identicalmaxStepssettingsall
otheralgorithmssolved all instancesin eachtry. This explainsthehugestandard
deviation observedfor theNovelty hardnessdistribution. It alsoindicatesthatdue
to its greedybias,Novelty cangetpermanentlystuckin localminimaregions.

Next, we analysedtheRLDs obtainedby applyingthealgorithmsto individual
probleminstances.For practicalreasons,we restrictour presentationhereto the
instancescorrespondingto theminimum,median,andmaximumof thehardness
distribution for WalkSAT; theseare referredto as the “easy”, “medium” (med),
and“hard” hardnessinstancesfrom the underlyingtest-set.The RLDs shown in
Figures5 and6 offer aneasilyaccessible,yet comprehensive andprecisepicture
of our results.Nevertheless,weadditionallyincludethecorrespondingdescriptive
statisticsin numericalform. This dataandsomeadditionaldiscussionon minor
detailsof our resultscanbefoundin AppendixB. As canbeseenfrom thefigures,
theRLDs for thedifferentalgorithmshave all roughly thesameshape,and,with
oneexception(R-NoveltyandWalkSAT/TABU onthemediuminstance),nocross-
oversoccur. Thus,generallythereis a dominancerelationbetweenthealgorithms
whenappliedto thesameinstance,i.e., whencomparingtwo algorithms’perfor-
mance,one is uniformly betteror worsethan the other. Note that basedon our
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Figure5. Probleminstanceuf100-430/easy, RLDsfor variousalgorithms,approx.optimalnoise,
basedon 1,000tries.
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Figure 6. Probleminstanceuf100-430/med (left) anduf100-430/hard (right), RLDs for various
algorithms,approx.optimalnoise,basedon 1,000tries/ instance.

earlierobservation of stagnationbehaviour for someof the algorithms,thereare
instances,for which this is not true,but it holdsfor themajority of the instances.
This indicatesthat for Random-3-SAT problems,therelative effectivity of differ-
entsearchmechanisms,whencomparedto eachother, doestypically not change
with increasinglengthof thesearchtrajectory. Thus,searchspacefeatureswhich
affect thedifferentsearchmechanismsnon-uniformlyaretheexceptionratherthan
thenorm.

Notealsothat for all algorithms,thereis a hugevariancein the lengthof dif-
ferentrunsof thesamealgorithm.Interestingly, for harderprobleminstances,the
variability in the lengthof thealgorithms’runsis even higher, ascanbeseenby
the fact that the distribution curvesin thesemi-logplots of theRLDs (Figures5
and6) getlesssteepwith increasingproblemhardness.

FromtheRLD data,onecaneasilyseethatGWSAT is generallytheworstper-
forming algorithm,while R-Novelty performsbest.Apart from this, however, the
relative performanceof the algorithmson Random-3-SAT generallydependson
theinstancehardness.Only for thehardinstance,asignificantdifferencebetween
NoveltyandR-Novelty canbeobserved,whichsuggeststhatthemorecomplicated
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variableselectionmechanismusedin R-Novelty only paysoff for extremelyhard
instances.At thesametime, theperformancedifferencesobservedbetweenWalk-
SAT, WalkSAT/TABU, and GSAT/TABU for the easierinstancesare no longer
observed for the hard instance.This suggeststhat the tabu mechanismmight be
considerablymoreeffective for easierinstances.HWSAT ranksbetweenGWSAT
andGSAT/TABU for theeasyandmediuminstance;for thehardinstancehowever,
thisalgorithmshowsverycompetitiveperformanceandranksthirdafterR-Novelty
andNovelty. Thus,comparedto rigid tabu lists the moreflexible memory-based
mechanismusedin HWSAT, Novelty, andR-Novelty seemsto bemoreeffective
for hard instances.It may be further notedthat the differencesin performance
betweenthebestandtheworstperformingalgorithm(GWSAT andR-Novelty) is
far more dramaticfor the hard instance(a factor of approx.10 in the median)
than for the medium(factor 7 4 in the median)and the easyinstance(factor
7 3 in the median).This suggeststhat especiallyfor the featureswhich make
instanceshardfor theSLSalgorithmsconsideredhere,R-Novelty’s sophisticated
searchmechanismis particularly effective. As we will show in Section6.3, by
usingadvancedanalysistechniques,additionalevidencefor this interpretationcan
beobtained.

5.2. GRAPH COLOURING

Applying thesameRLD analysisasusedfor Random-3-SAT to theflat100-329
GraphColouringtest-set(100instances),we observe somesurprisingdifferences
(cf. Figures7 and 8; for numericaldataon theseRLDs, seeAppendix B, Ta-
blesXXVIII–XXX). Theseconcernmainly theperformanceof GSAT/TABU and
R-Novelty. The latter algorithm,which dominatedthe scenefor the Random-3-
SAT test-set,showsarelatively weakperformanceontheGraphColouringdomain
testedhere,whereit ranksthird (on theeasyandhardinstance)or fourth (on the
mediumproblem).Novelty is significantlybetterthanR-Novelty on all threetest
instances;the performancedifferenceis uniformly characterisedby a factor of
ca.2 in the numberof stepsrequiredto find a solutionwith a given probability.
This suggeststhatR-Novelty’s sophisticatedvariableselectionmechanismmight
be too much tuned towardssearchspacefeatureswhich tend to occur only in
Random-3-SAT problems.Alternately, R-Novelty might have difficultieswith the
morestructuredsearchspacesof SAT-encodedproblems.

GSAT/TABU, on theotherhand,is muchstrongerwhenappliedto theGraph
Colouring test-setthan for Random-3-SAT. Here, for the easyand mediumin-
stance,GSAT/TABU is only secondafterNovelty, which is thebestalgorithmfor
theseinstances;for thehardinstance,GSAT/TABU is slightly betterthanNovelty
andthusleadsthefield. But analogouslyto whatweobservedfor Random-3-SAT,
WalkSAT/TABU’s performanceis relatively pooron thehardinstancewhere,for
flat100-239, it is inferior to WalkSAT. This is somewhat surprisinggiven the
hugeadvantageGSAT/TABU realisesover GWSAT (for the hard instance,we
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Figure7. Problemflat100-239/easy, RLDs for variousalgorithms,approx.optimalnoise,based
on1,000tries.
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Figure 8. Problemflat100-239/med (left) and flat100-239/hard (right), RLDs for various
algorithms,approx.optimalnoise,basedon 1,000tries/ instance.

observe a factorof ca.3 betweentheperformanceof thesetwo algorithms).Ob-
viously, themoreglobaltabu mechanismin GSAT/TABU is particularlyeffective
for themorestructuredsearchspacesof theGraphColouringinstances.HWSAT’s
performanceis consistenlyinferior to both,Novelty’s andGSAT/TABU’s.

Additionally to theseRLD analyses,like in the caseof Random-3-SAT, we
performedan analysisof the instancehardnessdistribitions for the differental-
gorithms.For practicalreasons(computingtime limitations andhigheraccuracy
becauseof a larger numberof instances),we usedthe flat50-115 test-setfor
this analysis;however, our experimentalexperienceindicatesthat theseresults
translatedirectly to flat100-239. The hardnessdistributionsshown in Figure9
confirm and refine the observations from studying the three sampleinstances.
Novelty, R-Novelty, andGSAT/TABU clearly dominatethe otheralgorithmson
themajorpartof thetest-set;thehardnessdistributionsof thesealgorithmsappear
to bealmostidentical.However, for Novelty andR-Novelty, aswell asfor Walk-
SAT/TABU, thedistributionshave heavy tails which indicatethat thealgorithms
getstuckin localminimafor arelatively smallnumberof instances.Consequently,
theirworst-caseperformanceonthegiventest-setis drasticallyworsethantheoth-

sat2000.tex; 14/03/2000; 12:10; p.25



26 HoosandStützle

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

100 1000 10000 100000 1e+06 1e+07

fr
ac

tio
n 

so
lv

ed

med # variable flips / solution

gwsat(0,6)
gsat+tabu(10)

hwsat(0.5)
wsat(0.5)

wsat+tabu(3)
novelty(0.6)

r-novelty(0.6)
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TableII. Test-setflat50-115, basicdescriptive statisticsof hardnessdistributionsfor
various algorithmswith approx.optimal noise,basedon 100 tries / instance;noise
settingsasfor mediuminstance(cf. TableXXVII).

algorithm mean stddev stddev
mean median Q75 Q90

Q75
Q25

Q90
Q10

GWSAT 7,023 7,060 1.01 4,846 8,122 13,640 2.65 6.44

GSAT/TABU 1,040 855 0.82 787 1,220 1,963 2.26 4.99

HWSAT 2,641 2,056 0.78 2,042 3,139 4,926 2.30 4.95

WalkSAT 3,913 2,779 0.71 3,132 4,648 7,287 2.22 4.63

WalkSAT/TABU 61,393 720,406 11.73 1,265 2,252 4,675 2.70 8.00

Novelty 20,065 330,262 16.46 776 1,282 2,335 2.50 6.19

R-Novelty 7,109 97,543 13.72 739 1,282 2,142 2.62 6.01

er algorithms’.Notethat for Novelty, a similar situationwasobserved in thecase
of Random-3-SAT — where,however, neitherWalkSAT/TABU, nor R-Novelty
showedany signsof essentialincompleteness.

5.3. BLOCKS WORLD AND LOGISTICS PLANNING

After evaluatingthedifferentalgorithmson randomdistributionsof hardproblem
instances,wenow turntosingleSAT-encodedinstancesfromtheBlocksWorldand
LogisticsPlanningdomains.Here,wecomparetheRLDs for individual instances,
like it wasdonefor the easy, medium,andhardinstancesfrom the distributions
studiedbefore.After preliminary experimentsindicatedthat the GSAT variants
aresubstantiallyoutperformedby the moreefficient WalkSAT variantson these
problems(seealsoSection5.5),wefocusedmainlyonalgorithmsof theWalkSAT
family.
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Figure 10. Problem instancebw_large.a (left) and instancebw_large.c (right) for various
algorithms,approx.optimalnoise,basedon 1,000and250tries,respectively.

Table III. Problem instancebw_large.b, basic descriptive statisticsof RLDs for various
algorithms,approx.optimalnoise,basedon250tries.

algorithm mean stddev stddev
mean median Q25 Q75

Q75
Q25

WalkSAT(0.35) 582,384 570,626 0.98 414,744 166,326 782,842 4.71

WalkSAT/TABU(2) 152,104.03 137,108.76 0.90 107,586 54,611 215,564 3.95

Novelty(0.30) 191,715 195,045 1.02 131,494 53,629 254,779 4.75

R-Novelty(0.55) 234,304.18 215,100.55 0.92 166,922 73,673 341,827 4.64

For the smallestBlocks World instance(bw_large.a), aswell as for similar
small instancesfrom the SATPLAN distribution, we observe a uniform perfor-
mancepattern:R-Novelty is uniformly betterthanNovelty, which shows slightly
improved performanceover WalkSAT/TABU, which in turn is significantlybet-
ter than WalkSAT (seeFigure 10 on the left side; numericaldata is given in
AppendixB, TableXXVI). For thelarger instances,however, thesituationis con-
siderablydifferent: Applied to bw_large.b, R-Novelty ranksonly third behind
WalkSAT/TABU andNovelty, which show a very similar performance(seeTable
III). For bw_large.c, WalkSAT/TABU is significantlybetterthanNovelty (factor
7 2), while Novelty’s performanceis betweenWalkSAT’s andWalkSAT/TABU’s
(seeFigure 10 on the right side; numericaldata is given in Appendix B, Ta-
ble XXVII). The big surprise,however, is that R-Novelty performsextremely
poorly: for noiseparametersettingsup to 0.5, we observed stagnationbehaviour
with extremelylow asymptoticsolutionprobabilities( 8 10%).However, if asolu-
tion is found,thisrequiresonly arelatively smallnumberof stepsonaverage– thus
by usingrestartandasmallcutoff value,competitiveperformancecanbeachieved.
Nevertheless,evenusinganoptimalcutoff value,R-Novelty’s performanceis still
inferior to WalkSAT/TABU’s(thebestestimatedfactorbetweenthecorresponding
averagelocal searchsteps/ solutionvaluesis 1.75).
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TableIV. Probleminstancelogistics.a, basicdescriptive statisticsof RLDs for variousalgo-
rithms, approx.optimal noise,basedon 1,000tries for algorithmsof WalkSAT-architectureand
250triesfor algorithmsof GSAT architecture.

algorithm mean stddev stddev
mean median Q75 Q90

Q75
Q25

Q90
Q10

GWSAT(0.30) 711,033 682,080 0.96 500,970 904,361 1,464,615 3.79 9.95

HWSAT(0.15) 107,143 76,633 0.72 86.609 148,109 213,285 2.96 6.75

WalkSAT(0.3) 95,205 91070 0.96 65,566 120,207 200,325 3.33 9.92

WalkSAT/TABU(1) 177,169 139,661 0.79 139,647 246,933 365,434 3.49 10.55

Novelty(0.45) 55,748 41,323 0.74 46,366 72,153 108,518 2.81 6.53

R-Novelty(0.65) 45,220 36,219 0.80 33,713 62,321 93,278 3.18 8.32

TableV. Probleminstancelogistics.d, basicdescriptivestatisticsof RLDsfor variousalgorithms,
approx.optimalnoise,basedon 1,000tries.

algorithm mean stddev stddev
mean median Q75 Q90

Q75
Q25

Q90
Q10

WalkSAT(0.4) 499,956 373,354 0.75 398,277 641,438 972,765 2.56 6.29

WalkSAT/TABU(2) 400,005 276,011 0.69 332,494 526,125 750,234 2.61 5.77

Novelty(0.35) 134,695 96,288 0.71 109,297 174,384 254,862 2.58 5.91

R-Novelty(0.6) 936,537 885,835 0.95 671,914 1,251,464 2,081,376 3.88 12.57

On the SAT-encodedinstancesfrom the Logistics Planningdomain,similar
to the blocks world instances,noneof our algorithmsdominatesall the other-
s. For example,on the smallestinstance(logistics.a, seeTableIV), Novelty
and R-Novelty are the best performingalgorithms,followed by WalkSAT and
HWSAT which take roughly twice asmany steps.WalkSAT/TABU is the worst
algorithmof theWalkSAT-architectureandGWSAT is quitesignificantlyoutper-
formedby all theothers,requiring– on average– roughly15 timesasmany flips
as the bestperformingalgorithm.We were not able to solve this instancewith
GSAT/TABU trying variousvaluesfor thetabu tenure.For instanceslogistics.b
andlogistics.c (not shown here),theperformancerankingof thealgorithmsis
thesameasfor logistics.a. Yet,for instancelogistics.d, R-Noveltyperforms
substantiallyworsethanall otherWalkSAT variants,while Novelty shows thebest
performancefollowedby WalkSAT/TABU andWalkSAT (seeTableV).

5.4. INSTANCES FROM THE DIMACS BENCHMARK SET

Finally, we presentthecomparisonof theSLSalgorithmson instancesof theDI-
MACS Benchmarkset.We startedwith comparingthe algorithms’performance
on thelargeSAT-encodedgraphcoloringinstances.In TableVI we give thecom-
putationalresultson instanceg125.18. All the algorithmswe appliedsolve this
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Table VI. Problem instanceg125.18, basic descriptive statisticsof RLDs for various
algorithms,approx.optimalnoise,basedon1,000tries.

algorithm mean stddev stddev
mean median Q75 Q90

Q75
Q25

Q90
Q10

GSAT/TABU(20) 7,799 5,168 0.66 6,466 10,087 13,874 2.39 4.52

HWSAT(0.15) 12,442 9,591 0.77 9,566 16,281 24,510 2.89 6.76

WalkSAT(0.15) 44,923 34,731 0.77 34,712 59,574 87,705 2.89 6.75

WalkSAT/TABU(2) 21,215 71,263 3.36 13,856 20,653 29,786 2.30 4.78

Novelty(0.45) 9,304 31,989 3.43 7,125 10,124 14,873 2.17 4.36

R-Novelty(0.2) 27,501 138,038 5.02 6,933 10,220 15,353 2.18 4.32

TableVII. Probleminstanceg125.17, basicdescriptive statisticsof RLDs for variousalgorithms,
approx.optimalnoise,basedon 9 100triesperinstance.

algorithm mean stddev stddev
mean median Q75 Q90

Q75
Q25

Q90
Q10

GSAT/TABU(20) 1.21 : 106 1.26 : 106 1.04 0.76 : 106 1.53 : 106 3.06 : 106 5.03 29.27

WalkSAT(0.15) 5.74 : 106 5.52 : 106 0.77 4.11 : 106 8.29 : 106 12.53 : 106 4.19 17.79

WalkSAT/TABU(1) 2.94 : 106 14.20 : 106 3.36 0.64 : 106 1.20 : 106 2.01 : 106 2.73 7.87

Novelty(0.25) 1.87 : 106 10.10 : 106 5.38 0.64 : 106 1.14 : 106 1.95 : 106 3.89 15.43

instancein relatively few steps;consistentlywith the resultsfor thesmaller, ran-
domly generatedgraphcolouringinstances,GSAT/TABU andNovelty show the
bestperformance.Novelty, however, aswell asWalkSAT/TABU andR-Novelty
show stagnationbehaviour andhencedonotfind solutionsin everyrun,evenwhen
using extremely high maxStepssettings(here:106 steps).Of these,R-Novelty
is affected worst which is reflectedby the high standarddeviation of the run
length (seeTable VI). A similar situation can be found for instanceg125.17
(correspondingto thesamegraphbut usingonly 17insteadof 18colours),whichis
considerablyharderto solve.On this instance,R-Novelty (not shown in thetable)
sufferedfrom extremestagnationbehaviour.

Next, we did an analogousperformanceanalysisfor the DIMACS parity in-
stancesmentionedin Section4.4. In Table VIII we give the basic descriptive
statisticsfor instancepar8-5-c, which we found to be the hardestfor the SLS
algorithmsconsideredhere.Here,R-Novelty andNovelty arethetop performing
algorithms,followedby thetwo otherWalkSAT variantsandthealgorithmsbased
ontheGSAT-architecture.Of theselatter, HWSAT showsthethebestperformance
andGSAT/TABU theworst.On theotherparity instances,therelative rankingof
thealgorithmshasbeenfoundto beidenticalto theoneon this instance.

sat2000.tex; 14/03/2000; 12:10; p.29



30 HoosandStützle

Table VIII. Probleminstancepar8-5-c, basic descriptive statisticsof RLDs for various
algorithms,approx.optimalnoise,basedon1,000tries.

algorithm mean stddev stddev
mean median Q75 Q90

Q75
Q25

Q90
Q10

GWSAT(0.6) 27,143 44,044 1.62 18,634 37,812 63,169 4.65 21.45

GSAT/TABU(25) 62,687 80,268 1.28 45,027 88,950 146,843 5.42 25.58

HWSAT(0.45) 18,631 19,066 1.02 12,538 26,263 43,190 5.08 24.33

WalkSAT(0.2) 19,182 17,995 0.77 13,345 25,737 43,693 3.78 14.18

WalkSAT/TABU(7) 12,338 12,654 1.03 8,388 17,017 28,233 4.78 25.01

Novelty(0.80) 4,273 4,287 1.00 2,879 5,916 9,659 4.92 18.65

R-Novelty(0.85) 4,052 4,149 1.01 2,711 5,643 9,546 5.28 20.22

5.5. ABSOLUTE CPU-TIMES

In thecomparativeanalysisabove,wemeasuredandreportedtherun-timein terms
of variableflips, which implicitely suggestsa uniform cost model for all algo-
rithms.In practice,however, this assumptiondoesnot hold. For our experiments,
wewereusingthehighly optimisedGSAT andWalkSAT implementationsby Hen-
ry KautzandBartSelman,whichweextendedto implementHWSAT. Comparing
the absoluteCPU-timeper local searchstep(i.e., variableflip) on a PC System
with asingle400MHz PentiumII CPUand256MB RAM runningRedhatLinux
5.2,wefoundthatfor all benchmarkinstancestheGSAT variantswereconsistently
slower (in termsof variableflips perCPUsecond)thantheWalkSAT variantsby
a factorof at least3.

TableIX showsthetypicalnumbersof flips for aselectionof instancesfrom our
benchmarksuite.Note that for structuredproblems,the observed differencesare
usuallygreater;also,thedifferencebetweenGSAT andWalkSAT variantstypically
increaseswith problemsize.Undertheassumptionthatbothimplementationsare
optimisedto approximatelythesamedegree,this implies that for our benchmark
suitethebestWalkSAT variantswould consistentlyoutperformany GSAT variant
consideredhere.In particular, this appliesto thecaseswherethebestGSAT vari-
ant (typically GSAT/TABU) wasfound to becompetitive with thebestWalkSAT
variant(asfor the GraphColouringinstances)whencountinglocal searchsteps.
This canbeexplainedby thefactthatdifferentfrom GSAT, WalkSAT usesa two-
stagevariableselectionschemewhich meansthat in eachsearchstep,only the
consequencesof flipping a typically small numberof variablesoccuringin one
particularunsatisfiedhave to beconsidered.

It is also worth noting that for the Random-3-SAT andGraphColouring in-
stances,thenumberof flips perCPUsecondis almostunaffectedby increasingthe
problemsize.The reasonfor this is the fact that for theseformulae,the connec-
tivity of the constraintgraph(in which variablescorrespondto nodesandedges
connectvariableswhich occurin a sameclause)aswell asthe length(numberof
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Table IX. Absolute CPU timing for different algorithms and benchmarkinstances;all
timingsweremeasuredon a400MHz PentiumII CPU.

instance algorithm flips persec instance algorithm flips persec

uf100-430 GWSAT 38,400 uf250-1065 GWSAT 31,300

GSAT/TABU 56,100 GSAT/TABU 60,100

WalkSAT 248,000 WalkSAT 223,000

R-Novelty 214,000 R-Novelty 191,000

flat100-239 GWSAT 48,300 flat200-479 GWSAT 42,900

GSAT/TABU 44,100 GSAT/TABU 33,000

WalkSAT 389,000 WalkSAT 378,000

R-Novelty 320,000 R-Novelty 318,000

bw_large.a GWSAT 21,500 bw_large.c GWSAT 7,810

GSAT/TABU 26,100 GSAT/TABU 16,100

WalkSAT 170,000 WalkSAT 76,500

R-Novelty 145,000 R-Novelty 74,000

literals) of the clausesareindependentof the problemsize.In the mostefficient
implementations,thesetwo factorsdominatetheCPUtimepervariableflip.

In summary, our comparative analysisof different SLS algorithms’ perfor-
manceacrossvariousproblemdomainsshowsthatthereis nosinglebestalgorithm
for all domains.This is an interestingandnew resultbecausepreviously, a com-
prehensive study of the most recentand bestperformingGSAT and WalkSAT
variantswas not available. In particular, while the more limited resultsin [51]
suggestedthatR-Novelty might betheoverall bestperformingSLSalgorithmfor
SAT, our resultsshow clearly that this is not the case.We observed a tendency
indicatingthat Novelty andR-Novelty areperformingbestfor random,unstruc-
tured problems,but WalkSAT/TABU and GSAT/TABU are competive or better
(whenrun-timeis measuredin termsof variableflips) on someof the relatively
hard, large, structuredprobleminstanceslike the large Blocks World Planning
andGraphColouringinstances.However, all of thesealgorithmspotentiallysuffer
from stagnationbehaviour which, in somecases,severelycompromisestheir per-
formance.Additionally, giventhecurrentlybestknown implementationsfor these
algorithms,GSAT/TABU is never competitive with thebest-performingWalkSAT
variantsin termsof absoluteCPUtime.

6. Robustness and Scaling

Up to this point,our analysiswasmainly focusedon peakperformance;like most
otherstudiesin this field we analysedandreportedresultsfor optimal parameter
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settings(suchas the cutoff time maxStepsor the noiseparameterswp, p, or tl).
But in practice,optimalparametersettingsareoftennotknown apriori, andaswe
have seenin thelastsection,for thesamealgorithmthey maydiffer considerably
betweenprobleminstancesor domains.Therefore,robustnessof an SLS algo-
rithm w.r.t. suboptimalparametersettingsis an importantissue.At leastof equal
importancearethescalingaspectsof SLSbehaviour. Thesecomprisescalingw.r.t.
problemsize,scalingw.r.t. constrainedness,andscalingw.r.t. the meanhardness
of instanceswithin test-setssampledfrom problemdistributions.

Of these,scalingwith problemsizeis at leastimplicitly coveredto somedegree
in many experimentalstudiesin the sensethat probleminstancesor test-setsfor
differentproblemsizesareused;but only a few studies,suchas[19], investigate
andmodelthe scalingbehaviour of SLS algorithmsfor SAT in moredetail.The
influenceof constrainednesson SLS performancehasbeeninvestigatedin great
detail in a numberof studies,especiallyin the context of phase-transitionphe-
nomena(e.g.,[19, 52]). Finally, aswe will show in this section,theperformance
of thedifferentSLSalgorithmsstudiedhereis typically tightly correlatedwithin
test-sets,i.e., thesameinstancestendto berelatively hardfor all algorithms.This
suggeststhat the relative hardnessof probleminstanceswithin the sametest-set
of, e.g.,Random-3-SAT instances,is an intrinsic featureof theprobleminstance.
Consequently, thedistribution of themeanperformanceof anSLSalgorithmover
sucha test-setcanbeviewedasakind of scalingw.r.t. this intrinsic hardness.

Scalingdependenciesandrobustnessarerelatedin that the former canbe in-
terpretedasrobustnessof an algorithm’s performancew.r.t. probleminstanceor
domainspecificproperties.In this sectionwe studytherobustnessandthescaling
behaviour of SLS algorithmsw.r.t. problemsizeandinstancehardness,building
on themethodologyusedin theprevioussection.

6.1. ROBUSTNESS w.r.t. THE CUTOFF PARAMETER

As almostall SLSalgorithmsfor SAT, andin particularall algorithmsconsidered
here,usea restartmechanismandthereforeneedthe cutoff parametermaxSteps
to bespecified,robustnessw.r.t. to this parameteris generallyan importantissue.
Obviously, for a given algorithmandprobleminstance,the robustnessw.r.t. the
cutoff parameteris tightly relatedto the run-timedistribution. Specifically, if the
algorithm (without randomrestart)is essentiallyincompleteand stagnationoc-
curs,the performancecritically relieson reasonablysmall settingsfor the cutoff
parameter. But goodmaxStepssettingsareextremelydifficult to find a priori and
currently, to our bestknowledge,thereexist no theoreticalresultson how to ef-
fectively determinegoodsettings.Theonly empiricalresultswe areawareof, are
for GSAT whenappliedto hardRandom-3-SAT problemdistributions [22]; but
theseresultsarelimited to Random-3-SAT andrely onpropertiesof therespective
problemdistributionsratherthantheindividual instances.Ontheotherhand,while
usingrandomrestartwith inappropriatelychosenmaxStepssettingstheoretically

sat2000.tex; 14/03/2000; 12:10; p.32



LocalSearchAlgorithmsfor SAT: An EmpiricalEvaluation 33

eliminatesessentialincompleteness,in practiceit leadsto extremelypoorperfor-
mance.Thus,for obtaininga reasonablerobustnessw.r.t. themaxStepsparameter
setting,anSLSalgorithmshouldhave thePAC property.

In [35, 34], the following resultsregardingtheessentialincompletenessor the
PAC propertyof thealgorithmsconsideredhereareestablished:

� plain GSAT (= GWSAT with wp=0) is essentiallyincomplete.

� GWSAT is PAC for arbitrarywp � 0;

� WalkSAT/TABU is essentiallyincompletefor arbitrarytl;

� Novelty is essentiallyincompletefor arbitraryp;

� R-Novelty is essentiallyincompletefor arbitraryp;

Furthermore,it is easyto seethefollowing:

� HSAT is essentiallyincomplete;

� HWSAT is PAC for arbitrarywp � 0.

Unfortunately, it hasnot beenproven whetheror not WalkSAT is PAC; the
sameholds for GSAT/TABU. However, our experimentalanalysissuggeststhat
WalkSAT might be PAC for p � 0, as in thousandsof experiments,we never
observer any indicationof stagnationbehaviour. Furthermore,our resultsindicate
that GSAT/TABU is probablyessentiallyincompleteat leastfor sufficiently low
tabu tenure.It shouldbenotedthat thetheoreticalresultsmentionedabove do not
necessarilyimply that theperformanceof thealgorithmsareaffectedin practice.
In particular, thetwo following questionshave to beanswered:

1. For PAC algorithms,is theconvergenceof thesuccessprobabilityfastenough
to beobservablewhenapplyingthesealgorithmsto hardprobleminstances?

2. Foressentiallyincompletealgorithms,is thecharacteristicstagnationbehaviour
observablefor any of thecommonbenchmarksfor SAT algorithms?

Consideringthe resultsreportedin Section5, bothquestionscanbeanswered
positively: PAC behaviour aswell asessentialincompletenessis reflectedin thep-
resenceor absenceof stagnationbehaviour observedin theRTDsof thealgorithms
underconsiderationswhenappliedto ourbenchmarkproblems.

Given this situationandthe fact that with Novelty andR-Novelty, two of the
overall bestperformingalgorithmsareaffectedby theadverseeffectsof essential
incompleteness,it seemsto bevery desirableto modify thesealgorithmsin sucha
waythattheiroverallsuperiorperformanceis retainedwhile theiressentialincom-
pletenessis removed in a way which makesthemsignificantlymorerobust w.r.t.
themaxStepsparametersetting.
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Fortunately, asdemonstratedin [35, 34], thiscanbedonein arathersimpleand
uniform way by extendingthemwith randomwalk asusedin GWSAT in sucha
way thatfor eachlocal searchstep,with a fixedprobabilitya randomwalk stepis
performed.Notethat for any algorithmusingthis mechanism,arbitrarily long se-
quencesof randomwalk stepscanoccur, whichdirectly impliesthePAC property
[35, 34]. Furthermore,the amountof perturbationintroducedby a randomwalk
sequenceprobabilisticallydependson the lengthof thesequencesuchthat small
perturbationsare much more likely to occur than large oneswhich, intuitively,
shouldmake the algorithmsmore robust than techniqueslike the deterministic
loop-breaker in R-Novelty (seeSection2.2.4).Basedon theseconsiderations,we
extendedNovelty andR-Novelty with randomwalk suchthat in eachsearchstep,
with probabilitywp, thevariableto beflippedis randomlypickedfrom theselect-
ed clause,while in the remainingcases,the variableis selectedaccordingto the
heuristicfor Novelty or R-Novelty, respectively. Obviously, WalkSAT/TABU can
be analogouslyextended.For R-Novelty, we furthermoreomit the deterministic
loop breakingstrategy which randomlyflips a variablefrom the selectedclause
every100steps.Thetwo algorithmsthusobtained,Novelty; andR-Novelty; , are
obviously PAC asarguedabove. Furthermore,testingtheir performanceagainst
Novelty andR-Novelty on instancesfrom our benchmarksetshows that thestag-
nation behaviour observed for Novelty and R-Novelty is effectively eliminated
even whenusinga fixed settingof 0.01 for the newly introducedparameterwp.
Consequently, thenew variantsshow a superiorperformancewhenappliedto in-
stancesin which theoriginalalgorithmssufferedfrom theeffectsof theiressential
incompletenessascanbeseenfrom TablesX andXI.

Note, that in caseswherethe original algorithmdid not show stagnationbe-
haviour, the performanceis not negatively affectedby adding randomwalk, a
fact which we verified in all the experimentswe have run. Whenevaluatingthe
performanceof Novelty; andR-Novelty; , we generallyuseda fixed settingof
wp � 0 � 01.By optimisingthis additionalparameter, furtherimprovementsin per-
formanceandrobustnesscanbeachieved.

While, aswehaveseen,thePAC propertyis of considerabletheoreticalinterest
and also affects the robustnessof SLS algorithmsin practice,a more detailed
analysishasto focuson theoverall shapeof theRTDs, which is thefactorwhich
ultimately anduniquelydeterminesthe robustnessof an algorithmw.r.t. the cut-
off parameter. As pointedout in [36], the maximal robustnessw.r.t. the cutoff
parameteris encounteredfor exponentialrun-timedistributions.To seethis, con-
sider an exponentialRTD characterisedby the cumulative distribution function
ed<m=>
 x� � 1 � 2# x? m. Obviously, theprobability for finding a solutionwithin the
first k stepsis ed<m=>
 k � � 1 � 2# k ? m. Now, if already j searchstepshave been
donewithout success,usingcomplementaryprobabilitiesandBayes’Rule gives
theprobabilityfor findingasolutionwithin thenext k stepsas:
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1 � 1 � ed<m=>
 j � k �
1 � ed<m=>
 j � � 1 � 2 j ; k

2 j � ed<m=>
 k �

Thus,an SLS algorithmcharacterisedby an exponentialRTD is memoryless
in the sensethat the probability of finding a solution within a fixed numberof
local searchstepsdoesnotdependon thenumberof searchstepsdonein thepast.
Consequently, asalsoarguedin [36, 35, 39], in caseof an exponentialRTD, the
probability to find a solutionwithin a giventime would not dependon thesetting
of themaxStepsparameterandthus,thenumberof randomrestarts.

It canbe shown that for approximatelyoptimal noiseparametersettings,all
GSAT andWalkSAT variantsconsideredhereshow exponentialRTDs whenap-
plied to hardprobleminstances[35, 36, 37, 39]. Here,”hard instance”refersto
a probleminstancewhich is relatively hardcomparedto instancesof comparable
sizeandstructure,suchasthe25%fractionof aRandom-3-SAT test-setfor which
the meanof the RLD for a given algorithmis highest.Note that the claim is of
sucha naturethat it caneasilybetested,especiallyfor thetest-setssampledfrom
randominstancedistributionsusedin thisstudy.

We systematicallytestedall algorithmsconsideredherefor the problemsets
uf100-430, flat100-239, aswell as for the individual planningandDIMACS
instances.This analysiswasbasedon thesameRLDs usedin Section5. For each
individual instanceandalgorithm,the RLD wasapproximated3 usingthe cumu-
lative form of an exponentialdistribution ed<m=>
 x� � 1 � 2# x? m wherem is the
medianof thedistribution andx thenumberof stepsrequiredto find a solution.4

For testingthe goodnessof this approximationwe usea standardχ2-test [57].
Basically, for a given empirical RLD this is doneby estimatingthe parameter
m and comparingthe deviations to the predicteddistribution ed<m= . The result
of this comparisonis the χ2 value, whereχ2 valuesbelow a critical threshold
indicatea closecorrespondencebetweenempiricalandpredicteddistribution.For
the resultsreportedhere,we usedthe acceptancethresholdscorrespondingto a
maximalprobabilityof 0 � 05or 0 � 01of falsenegativesfor thetest(thesevaluesare
commonlyusedin thestatisticalliterature).

Figure11 shows a scatterplot of the correlationbetweenthe mediansearch
costper solutionandthe χ2 valuesfor WalkSAT appliedto test-setuf100-430.
Obviously, thereis astrongnegativecorrelation,indicatingthat,indeed,for harder
probleminstances,WalkSAT’s behaviour canbemoreandmoreaccuratelychar-
acterisedby exponentialdistributions. As can be seenfrom the plot, for high
mediansearchcost, almostall instancespassthe χ2 test. Table XII shows the

3 All approximationsweredoneusingC. Gramme’s “Gnufit” implementationof theMarquart-
Levenberg algorithm.

4 In the statisticalliterature,the exponentialdistribution Exp � λ � is usually definedby P � X @
x�A� 1 * eB λx, which is equivalentto our representationedCmD usingm � ln2E λ. A similarargument
appliesto theWeibull distributionmentionedlater.
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Table X. Performancecomparisonfor Novelty and R-Novelty (approx. optimal noise) vs.
NoveltyF andR-NoveltyF for Random-3-SAT andGraphColouringtest-sets.Thereportedbasic
descriptive statisticsreferto thehardnessdistributions(meannumberof steps/ solution)over the
test-sets.

test-set algorithm mean stddev stddev
mean median q25 q75 q10 q90

uf100-430 Novelty(0.6) 28,257 191,668 6.78 851 479 1,845 302 4,390

Novelty+(0.6) 1,570 2,802 1.78 801 467 1,663 288 3,049

flat50-115 R-Novelty(0.6) 7,109 97,543 13.72 739 490 1,282 356 2,142

R-Novelty+(0.6) 1,084 1,053 0.97 747 486 1,245 358 2,167

Table XI. Performancecomparisonfor Novelty and R-Novelty (approx. optimal noise) vs.
NoveltyF andR-NoveltyF for Blocks World PlanningandGraphColouringinstancesfrom the
DIMACS benchmarkset; Gps

�
indicatestheasymptoticmaximalsuccessprobability, GEs denotes

the expectednumberof stepsfor finding a solution (using randomrestart);the reportedbasic
descriptive statisticsreferto thecorrespondingconditionalRLDs.

instance algorithm Hps I ms HEs meanc stddevc medianc

bw_large.c R-Novelty(0.3) 0.028 108 3J 47 : 109 169,810 157,752 32,334

R-Novelty+(0.3) 1.0 108 8J 09 : 106 8,086,468 8,414,928 5,292,830

g125.18 R-Novelty(0.2) 0.981 107 27,501 8133 5107 6,866

R-Novelty+(0.2) 1.0 107 10,012 10,012 27,325 7,115

g250.29 R-Novelty(0.8) 0.904 2 J 5 : 108 1,376,845 359,146 454,448 263,995

R-Novelty+(0.8) 1.0 2 J 5 : 108 501,464 501,464 1,313,066 280,333

Table XII. Fractionof instancesfrom the hardest25% of the uf100-430 Ran-
dom-3-SAT test-setpassingtheχ2 testfor differentalgorithmswith approximately
optimalnoisesettings;thelastcolumnindicatesthenumberof instancesfor which
essentiallyincompletebehaviour was observed, thesewere removed from the
test-set.

algorithm acceptancelevel α fractionpassed numberremoved

WalkSAT(0.55) 0.01 57.6% 0

WalkSAT/TABU(3) 0.01 49.6% 1

Novelty(0.7) 0.01 57.2% 35

R-Novelty(0.7) 0.01 49.6% 0
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Figure11. Correlationbetweenhardnessof problems(horizontal)andχ2 values(vertical)from test-
ing theRLDsof individual instancesversusabest-fitexponentialdistributionfor test-setuf100-430.
Thehorizontallinesindicatetheacceptancethresholdsfor the0.01and0.05acceptancelevel.

TableXIII. Fractionof instancesfrom thehardest25%of theflat100-239 Graph
Colouring test-setpassingthe χ2 test for differentalgorithmswith approximate-
ly optimal noisesettings;the last column indicatesthe numberof instancesfor
which essentiallyincompletebehaviour wasobserved, thesewereremoved from
thetest-set.

algorithm acceptancelevel α fractionpassed numberremoved

WalkSAT(0.5) 0.01 52% 0

WalkSAT/TABU(3) 0.01 64% 1

Novelty(0.6) 0.01 84% 1

R-Novelty(0.6) 0.01 100% 1

overall percentageof the instancesfrom thehardestquarterof the test-setwhich
passedthe test for the differentacceptancelevels whenperformingthis analysis
for differentWalkSAT variants.As indicatedin TableXIII, analogousresultswere
obtainedfor theflat100-239 GraphColouringtest-set;theresultsfor theGSAT
variants(not reportedhere)arevery similar. Whenapplyingthesameanalysisfor
differentproblemsizes,it canfurthermorebenotedthatarelatively highernumber
of instancespassthe test,i.e., thedeviationsof theRLDs from idealexponential
distributionsapparentlybecomelessprominentfor largerproblems(for detailssee
[35]).

For thesingleinstancesfrom variousSAT-encodedproblemsweperformedthe
sameanalysis.The resultsareconsistentwith thosefor the Random-3-SAT and
GraphColouringtest-sets:For the harderinstances,the RLDs arewell approxi-
matedby exponentialdistributions(seeTableXIV). Theonly exceptionis instance
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Table XIV. RLD approximationsusing exponential distributions
edCmD for Novelty (approximatelyoptimal noise)appliedto Block-
s World Planninginstancesandan instancefor learningthe parity
function; for the GraphColouring instanceswe appliedNovelty+
sinceNovelty shows stagnationbehaviour on theseinstances.The
lastcolumnindicateswhethertheapproximationpassedtheχ2 test.

instance median#stepsm χ2 for edCmD ν passed(α)

bw_large.a 6 � 839 60.37 29 no

bw_large.b 119� 680 11.40 16 yes(0.05)

bw_large.c 4 K 27 L 106 8.71 16 yes(0.05)

bw_large.d 8 K 51 L 106 10.14 10 yes(0.05)

par8-5-c 4,273 29.83 29 yes(0.05)

g125.18 8,558 579.24 29 no

g125.17 1,151,392 29.15 16 yes(0.01)
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Figure 12. RLD for WalkSAT (approx. optimal noise) applied to Blocks World instance
bw_large.a andthreefunctionalapproximations.

g125.18 which correspondsto finding a suboptimalcolouring of a 125 nodes
graph.For this relatively easyinstance(consideringits size) the test is clearly
rejected.Yet, if for the samegraphthe conjecturedoptimal solution shouldbe
found (correspondingto instanceg125.17) the χ2 valueis muchsmallerand,in
fact,thetestfor anexponentialdistribution is passedat the0 � 01 level.

Interestingly, exponentialdistributionsarecharacteristicfor the simplestran-
domisedsearchtechnique:uniform randompicking from a set of solution can-
didates.Thus,observingthis typeof behaviour for moresophisticatedandmuch
moreefficient algorithms(suchastheSLSalgorithmsstudiedhere)suggeststhat
their behaviour might be interpretedas randomsamplingfrom a much smaller
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space.Intuitively, this hypothetical“virtual searchspace”shouldbe linked to fea-
turesof the actualsearchspace,suchasthe number, size,andtopologyof local
optima.Unfortunately, the existing resultson the topologyof searchspacesfor
SLS algorithmscannotbe exploited to establishsucha link [22, 64, 15, 35, 34].
While further investigatingof this issueis beyond the scopeof this paper, we
are confidentthat it can be adequatelyaddressedby combining the methodol-
ogy for characterisingSLS performanceapplied in this study with established
methodologyfor analysingsearchspacetopology.

Note that for relatively easyinstancesthe exponentialapproximationsof the
RLDs arerejectedby theχ2 test.Furtheranalysisshows that in thesecasestypi-
cally thetail of theRLDs is still well approximatedby anexponentialdistribution
ed<m= , while for shorterrun-times,thesuccessprobability is systematicallylower
than given by ed<m= . Figure 12 illustratesthis situation for a typical example.
Intuitively, this can be explainedby the fact that SLS algorithmstypically go
throughaninitial searchphase(cf. [22]), duringwhich theprobabilityof findinga
solutionis ratherlow. For hardinstances,thesuccessfulrunsarelong enoughthat
theimpactof this initial searchphaseis only minimal,whereasfor easyinstances,
it is clearlyobservablefrom theRLD.

BasedonRLD data,theeffectof this initial local searchphasecanbemodeled
usinga slightly generalisedfamily of distributions.Sucha distribution hasbeen
introducedin [35]; it is basedonthefamily of Weibull distributions5 wd <m� β =>
 x� �
1 � 2#ON x? mP β , awell-known generalisationof theexponentialdistribution.Thenew
modelis definedby thefollowing cumulative distribution function:

ged<m� γ � δ =>
 x� � wd <m� 1 � 
 γ 1 x� δ =>
 x� � 1 � 2#QN x? mP 1RTS γ U xV δ

Althoughthefull definingtermlooksquitecomplicated,thedefinitionsimply
reflectsthe ideaof a Weibull distribution with a dynamicallychangingβ param-
eter. More precisely, the new distribution is obtainedfrom a Weibull distribution
by introducinga hyperbolicallydecayingβ parameter. Like for the exponential
andWeibull distributions,m is themedianof thedistribution. Thetwo remaining
parametersintuitively correspondto thelengthof theinitial searchphase(γ) andto
its impacton theoverall behaviour (δ). High γ valuesindicatea long initial search
phase,while highδ valuesareusedto modelastronginfluenceof theinitial search
phase.

Note that the exponentialdistribution is a specialcaseof this new classof
distributions,sinceed<m= � ged<m� 0 � δ = , while generally, Weibull distributionscan-
not be representedwithin this family. As canbe easilyseenfrom the definition,
ged<m� γ � δ =>
 x� asymptoticallyapproachesanexponentialdistribution ed<m=>
 x� for
largex. For decreasingx, however, therelative differencebetweenged<m� γ � δ =>
 x�

5 Weibull distributionsareusedin reliability theoryto modelfailure ratesin systemswhich are
subjectto agingphenomena[6].
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anded<m=>
 x� increasesmonotonically, which is qualitatively exactly whatwe ob-
servedfor theempiricalRLDs of SLSalgorithms(seealsoFigure12).

Usingthis model,theRLDs measuredfor theSLSalgorithmsconsideredhere
canbe modeledin greatdetail. Performingan analogousanalysisasabove, on-
ly now using ged approximationsinsteadof ed approximations,the fraction of
instancesfrom test-setslikeuf100-430 or flat100-239 whichpasstheχ2 testin-
creasesto ca.80%(for details,see[35]). At thesametime,thecorrelationbetween
instancehardnessand goodness-of-fitcannotbe observed any longer — which
indicatesthatindeedtheinitial searchphaseis correctlymodeled.In therelatively
few remainingcases,whereeventheseapproximationsarenotsufficient,wegener-
ally foundmulti-modalRLDswhichcanbewell approximatedby weightedlinear
combinationsof ged-typedistributions.Intuitively, theseinstancesseemto contain
“traps”, i.e., singular, highly attractive regionsof thesearchspacewhich arehard
to escapefrom. Clearly, further investigationis requiredfor ultimatelyexplaining
thisphenomenon,andtheRLD-basedapproach,combinedwith advancedmethods
for searchspaceanalysisasproposedin [15, 35, 64] providesagoodbasisfor such
anendeavour.

6.2. ROBUSTNESS w.r.t. THE NOISE PARAMETER

Thenoiseparameteris morespecificto thegivenalgorithmthanthecutoff param-
eter;e.g., the wp parameterusedfor the algorithmsutilising randomwalk steps
(suchasGWSAT or HWSAT) is conceptuallyquitedifferentfrom thetabu tenure
parametercontrollingthebehaviour of SLSalgorithmsincorporatingtabu search.
Nevertheless,as emphasisedin [51], the effect of high noisesettings(high wp,
p, tl parametervalues)is generallysimilar: thealgorithm’s ability to escapefrom
local minima increases.On the otherhandit might be expectedthat this comes
at a price,ashigh noisesettingsalsodecreasetheprobability for analgorithmto
rapidlydescendinto localminimawhicharesolutions.

Here,we investigatethe robustnessof SLS algorithmsw.r.t. thesettingof the
noiseparameter. It shouldbe notedthat accordingto a resultby Selman,Kautz,
and McAllester [51], the optimal noisesettingseemsto be closely relatedto a
simplestatisticalpropertyof thesearchtrajectory. However, it is notclearwhether
this result is accurateenoughto provide a basisfor automaticallyand dynami-
cally determiningtheapproximatelyoptimalnoiseparametersetting.To our best
knowledge,asof thiswriting thereexistsnosuccessfulGSAT or WalkSAT variant
with self-adjustingnoise.Therefore,evaluatingthe sensitivity of the SLS algo-
rithmsconsideredherew.r.t. non-optimalnoisesettingsseemsto bea reasonable
endeavour.

Basedon our resultson thefunctionalcharacterisationof RLDs, it is an inter-
estingquestionhow theseareaffectedby non-optimalnoisesettings.To investigate
this question,we measuredandanalysedRLDs for thedifferentalgorithmswhen
applied to the instancesfrom our benchmarklibrary. Here, we summarisethe
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Figure 13. RLDs for WalkSAT applied to Blocks World Planninginstancebw_large.a, using
differentnoiseparametersettings(0.5 is approximatelyoptimal).

Table XV. edCmD approximationsof RLDs for WalkSAT applied to
Blocks World Planning instancebw_large.a, using optimal and larg-
er-than-optimalnoiseparametersettings.

algorithm medianof RLD m χ2 for edCmD passed(α)

WalkSAT(0.5) 13,505 13,094 98.41 no

WalkSAT(0.6) 15,339 16,605 76.17 no

WalkSAT(0.7) 27,488 27,485 42.13 yes(0.5)

WalkSAT(0.8) 72,571 74,289 20.78 yes(0.5)

correspondingresultsandgive a few representative examples.Generally, we find
thatif thenoisesettingis increasedabove theoptimalvalue,theRLDs canstill be
well approximatedusingexponential(or, whentheinitial searchphaseis modeled,
ged) distributions.Thus,for larger-than-optimalnoisesettings,SLSperformance
is very robustw.r.t. thecutoff parameter. At thesametime therun-timescompared
to optimalnoiseareuniformly higherfor all successprobabilities.This is reflected
in larger valuesof them parameterwhenfitting theexponentialdistributionsand
canalsobeeasilyseenin thesemi-logplotsof thecorrespondingRLDs,wherefor
larger-than-optimalnoise,theRLD curveshavethesameshapewhile beingshifted
to the right (seeFigure13 for a typical example).Furthermore,whenincreasing
thenoise,theeffectsof the initial searchphasebecomelessprominent— conse-
quently, theapproximationsusingexponentialdistributionsareusuallybetterfor
highernoise(seeTableXV). Thesameeffectscanbeobserved whenusingother
GSAT or WalkSAT variantsor differentbenchmarkinstances.

As a secondexample,we reporttheresultsof analysingtheeffectsof increas-
ing the noiseparameterfor R-Novelty, appliedto the GraphColouring test-set
flat50-115. Table XVI shows the fraction of instancesfrom this test-set,for
which a best-fit ed approximationpassedthe χ2 test.As canbe seenfrom this
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TableXVI. Fractionof instancesfrom the hardest25% of the flat50-115
GraphColouring test-setpassingthe χ2 test for Novelty with optimal and
larger-than-optimalnoisesettings;instances,for whichessentiallyincomplete
behaviour wasobserved,wereremovedfrom thetest-set.

algorithm medianhardness acceptancelevel α fractionpassed

R-Novelty(0.6) 739 0.01 19.0%

R-Novelty(0.7) 832 0.01 23.8%

R-Novelty(0.8) 1043 0.01 40.7%
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Figure 14. Left: RLDs for GWSAT applied to easy instancefrom Graph Colouring test-set
flat100-239, using different noiseparametersettings(0.6 is approx.optimal); right: samefor
WalkSAT appliedto mediuminstancefrom Random-3-SAT test-setuf100-430 (approx.optimal
noise= 0.5).

data,thefractionof thehardest25%of thetest-setwhichpassedthetestincreases
for larger-than-optimal noise,as the effects of the initial searchphasebecome
lessprominent.At the sametime the medianhardness(meannumberof steps
persolution)increasesconsiderably. Analogousresultswereobtainedfor different
SLSalgorithmsandotherproblemdomainsfrom ourbenchmarksuite.

While for larger-than-optimalnoise,the SLS performancedecreasesbut the
algorithmsstill show approximatelyexponentialRTDs, for lower-than-optimal
noiseparametersettingswefindacompletelydifferentsituation:Forall algorithms
the performancedecreasesnon-uniformlyfor differentsolutionprobabilitiesand
someof themshow stagnationbehaviour. We demonstratethis hereby giving a
small numberof examples,which areneverthelesstypical for our overall obser-
vations.As shown in Figure14, GSAT andWalkSAT show a similar behaviour
for smaller-than-optimalnoise:While for short runs, the performanceeven im-
provesslightly, for longerrunsandthecorrespondinghighersuccessprobabilities,
theperformancedeterioratesconsiderably. Consequently, theRLDs arelesssteep
than exponentialdistributions and suffer from an increasinglylong and heavy
tail. Both GSAT/TABU andR-Novelty show a similar, but additionallyessential-
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Figure 15. Left: RLDs for GSAT/TABU appliedto mediuminstancefrom GraphColouringtest-set
flat100-239, using different noiseparametersettings(10 is approx.optimal); right: samefor
R-Novelty appliedto BlocksWorld Planninginstancebw_large.a (approx.optimalnoise= 0.6).

ly incompletebehaviour; as can be seenfrom Figure 15, the maximal success
probabilitiesfor both algorithmsare decreasingwith the noise parameter. For
Novelty, no increasinglyessentialincompletebehaviour is observed,but theper-
formancealsodecaysnon-uniformlyasfor GSAT andWalkSAT. In comparison,
WalkSAT/TABU seemsto be relatively mildly affected;the main reasonfor this
might bethat typically, boththeclauselengthandtheoptimal tabu-list-lengthare
rathersmall.

Summarisingtheseresults,typically thedetrimentaleffectsof non-optimalnoise
parametersettingsaremuchworsefor lower-than-optimalnoisesettingsthanfor
larger-than-optimalnoise.This is particularlythecasefor thehigherpercentilesof
thecorrespondingRLDs; additionally, for essentiallyincompleteSLSalgorithms,
stagnationbehaviour occursmorefrequentlywith decreasingnoisesettings.How-
ever, thebehaviour for veryshortrunsisusuallynotaffectedby lower-than-optimal
noiseand sometimes,even performanceimprovementscan be observed for the
earlyphasesof localsearch.This is consistentwith theintuition thatgreedierlocal
searchbehaviour shouldpay off during the initial searchphase,wheregradient
descentdominatesthesearch.

6.3. SCALING WITH INSTANCE HARDNESS

After discussingrobustnessw.r.t. theparametersettingsof thealgorithms,wenow
turn towardsthe influenceof problem-specificpropertieson SLS performance.
In Section5, when comparingthe distributions of meanlocal searchcost over
the instancesof our Random-3-SAT andGraphColouringtest-setswe observed
that thesehardnessdistributions aremostly similarly shaped.This suggeststhat
the hardnessof instancesfor differentalgorithmsmight be tightly correlated.To
testthis hypothesis,we performeda pairwisehardnesscorrelationanalysisof the
differentalgorithmsacrosstest-setsuf100-430 andflat50-235. Like before,as
ameasurefor hardnesswechosetheexpectednumberof stepsrequiredfor finding
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Figure 16. Left: Correlationbetweenaveragelocal searchcostfor GWSAT (horizontal)andWalk-
SAT(vertical) for test-setuf100-430, usingapprox.optimal noise.Right: Samefor GWSAT and
Novelty. Theoutliersindicateinstanceson whichNovelty showedstagnationbehaviour.

TableXVII. Test-setuf100-430, pairwisehardnesscorrelationfor
variousalgorithmswith approx.optimal noise,basedon 100 tries /
instance;r is thecorrelationcoefficient,a andb aretheparametersof
the lmsregressionanalysis,ando thenumberof outlierswhich have
beeneliminatedbeforetheanalysis(seetext).

algorithms r a b o

GWSAT vs.GSAT/TABU 0.9171 1.1456 -0.8007 0

GWSAT vs.WalkSAT 0.9725 0.9229 0.0471 0

GWSAT vs.WalkSAT/TABU 0.9464 0.9962 -0.4814 0

GWSAT vs.Novelty 0.9431 0.9211 -0.3331 33

GWSAT vs.R-Novelty 0.9492 0.9044 -0.3628 0

a solution,basedon 100trieswith a high cutoff valueof 107 stepsper try. In our
analysis,wedeterminedthishardnessmeasurefor eachinstancefrom theproblem
set and analysedthe correlationbetweenthe hardnessfor different algorithms.
To reducethe overall amountof computation,we choseGWSAT asa reference
algorithm,i.e., for eachotheralgorithmwe analysedthe correlationbetweenit-
s performanceand GWSAT’s on an instanceper instancebasis.The resultsof
this analysisconfirm the hypothesisthat thereis a tight correlationbetweenthe
performanceof any two algorithmsover the test-sets,i.e., instanceswhich are
hard for oneSLS algorithmtend to be hard for all the others.Figure16 shows
thecorrelationdatafor two pairsof algorithmsappliedto uf100-430 aslog-log
scatterplots.Theseplotsaretypical for thecorrelationrelationswe observed.

To quantitatively characterisethe strongcorrelationssuggestedby the scatter
plots,we performeda correlationandleast-mean-squares(lms) linear regression
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TableXVIII. Test-setflat50-115, pairwisehardnesscorrelationfor
variousalgorithmswith approx.optimal noise,basedon 100 tries /
instance;r is thecorrelationcoefficient,a andb aretheparametersof
the lmsregressionanalysis,ando thenumberof outlierswhich have
beeneliminatedbeforetheanalysis(seetext).

algorithms r a b o

GWSAT vs.GSAT/TABU 0.9021 0.7673 0.0715 0

GWSAT vs.WalkSAT 0.9527 0.7738 0.6353 0

GWSAT vs.WalkSAT/TABU 0.8417 0.8885 -0.1149 27

GWSAT vs.Novelty 0.8398 0.8212 -0.1217 9

GWSAT vs.R-Novelty 0.8247 0.7848 -0.0205 6

analysisof the logarithm of the hardness(meansearchcost per solution); the
regressionlinesshown in thelog-logplots(Figures16)correspondto power func-
tions of the type y � xa W exp
 b� . The resultsof this analysisare reportedin Ta-
blesXVII andXVIII. Thisdataconfirmsthatthecorrelationbetweenthehardness
for differentalgorithmsis very strong;this holdsalsofor algorithmswhich show
stagnationbehaviour for someinstances,after theseoutliershave beenremoved
from the test-set.This indicatesthat the hardnessfor any of thesealgorithms
(neglecting the outliers) is an intrinsic propertyof the instances.As a possible
explanationfor thisobservationweassumethatthesamestructuralfeaturesrender
a particular instancehard for all SLS algorithms.From the regressiondatawe
seethat the a parameteris relatively closeto one for all algorithms;this means
thatthereis only minorvariationin theperformancedifferencesbetweentheindi-
vidual algorithmsasthe intrinsic hardnessvaries.Nevertheless,somesystematic
differencescanbeobserved.In particular, for bothtest-sets,thetabu-variantsshow
thelowestb value,indicatingasuperiorperformanceoneasyinstances.However,
exceptfor GSAT/TABU on the GraphColouringtest-set,6 they scaleworsethan
theothervariantsastheintrinsichardnessincreases.Also, weobserveaconsistent
scalingadvantageof R-Novelty overNovelty (comparingthea values),of Novelty
overWalkSAT, andof WalkSAT overGWSAT.

Two moreobservationsareworth noting.First, our dataindicatesthat within
a test-set,the hardnesscorrelationgetsnoisier for harderproblems.This holds
especiallyfor themoreeffective variantsof WalkSAT, likeWalkSAT/TABU or R-
Novelty andsuggeststhatfor relatively hardinstances,SLSproceduresdiffer more
in their effectiveness.Furthermore,theoccurrenceof stagnationbehaviour, ascan
be seenfrom Figure16, is not relatedto the intrinsic hardnessof an instance,as

6 Recall that for the instancesconsideredhere,GSAT/TABU is the bestperformingalgorithm
whencountingvariableflips; apparentlyit canexploit the specificstructureinducedby encoding
GraphColouringinstancesinto SAT.
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Figure17. Left: Scalingof instancehardnesswith problemsizefor WalkSAT, approx.optimalnoise,
appliedto Random-3-SAT test-sets.Right:Functionalapproximationsof medianand0.98percentile;
themedianseemsto grow polynomiallywith n while the0.98percentileclearlyshows exponential
growth.

outliersoccurfor instanceswhicharerelatively easyfor anotheralgorithmaswell
asfor intrinsicallyhardinstances.

6.4. SCALING WITH PROBLEM SIZE

In a final analysis,we investigatedthe scalingof local searchcostwith problem
size.First, we determinedthe hardnessdistributions for WalkSAT with approxi-
matelyoptimal noiseparametersettingson the Random-3-SAT test-setsfor n �
50� 75� 100�5�6�6�6� 250 asdescribedin Section5. Thescalingbehaviour of themedi-
an andsomehigherpercentilesthusdeterminedis shown in Figure17. The data
clearlysuggests,thatthehighestpercentilesgrow exponentiallywith theproblem
size;asshown ontheleft sideof Figure17,the0.98percentilecanbewell approx-
imatedwith theexponentialfunctiony � 400 W exp 
 n1 30� . The lower percentiles,
including themedian,however, appearto begrowing polynomially in n, thebest
approximationfor themedianwasfoundasy � 89� 44 W 
 n1 30� 2 J 5. Notehowever,
that in bothcasesfor smalln, theactualvalueof thepercentilesfalls slightly off
the approximations.This effect might explain why [19] observed a polynomial
scalingbehaviour of the0.9percentilein a similar analysisfor GSAT whenusing
smallerproblems(upton � 100);anotherpotentialexplanationfor thediscrepancy
betweenour resultmight be given by differencesin the empiricalmethodology.
However, consideringthetight performancecorrelationestablishedin Section6.3,
we assumethat thedifferencein thealgorithmsbeingusedis not responsiblefor
thedifferentresults.

The qualitative differencein the scalingof the lower and higher percentiles
is surprisingand leaves at least two different interpretations.Either, there is a
sharptransitionbetweenthe polynomialandexponentialbehaviour aswe study
increasinglyhigh percentilesof the hardnessdistributions.Or, all percentilesare
exponential,but thelower onesshow exponentialbehaviour only for muchhigher
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n. Either way, the higherpercentilesgrow muchfasterthanthe lower onesand,
asa consequence,the variationof hardnesswithin the test-sets(asmeasuredby
thepercentileratiosQx 1 Q1# x), increasesstrictly monotonicallywith problemsize.
An intuitive explanationof this phenomenonis theassumptionthatwith growing
problemsize,asmorevariablesandclausesareavailable,morecomplex “traps”
(local minima or plateauregionswhich arehard to escapefrom) for SLS-based
algorithmscanoccurin thesearchspacesof therandomlygeneratedinstances.

PerformingthesameanalysisusingR-Novelty; , thebest-performingalgorithm
for Random-3-SAT accordingtoourearlierresults,yieldsexactlyanalogousresult-
s: Themediancurve canbewell approximatedby y � 26� 83 W 
 n1 30� 2 J 5, while the
0.98percentile’s scalingis ca.y � 200 W exp 
 n1 30� . Comparingtheseresultswith
theonefor WalkSAT givenabove,wenotethatthedifferencein thepercentilesfor
thetwoalgorithmsis independentof n (ca.3.5for themedian,andca.4 for the0.98
percentile).In otherwords,theperformancedifferencebetweenR-Novelty; and
WalkSAT doesnotdependontheproblemsize,which is mildly disappointingasit
meansthat for this problemclass,R-Novelty; improvesonly by a smallconstant
factorover WalkSAT.

Next, we appliedan exactly analogousanalysisfor theGraphColouringtest-
setswith k � 50�5�6�6�6� 200verticesin theoriginalgraph(thiscorrespondsto 150–600
propositionalvariablesin theSAT-encodedinstances).Here,surprisingly, we ob-
tain a differentresult:For WalkSAT (with approximatelyoptimal noisefor each
n), thescalingof all thepercentilescanbeapproximatedby y � a W exp 
 k 1 b� with

 a � b� � 
 800� 33� for themedianand 
 800� 23� for the0.98percentile.Whenusing
Novelty; insteadof WalkSAT, we get analogousresultswith 
 a � b� � 
 220� 30�
for themedianand 
 220� 20� for the0.98percentile.In general,for this problem
classwe have no evidencefor apolynomialscalingof any percentile.At thesame
time,thephenomenonthatfor smallk thepercentilecurvesfall off theapproxima-
tionsis lessobvioushere.As a third difference,thevariationin instancehardness
is generallymuch smallerwithin our GraphColouring test-setsthanwithin the
Random-3-SAT test-sets.As anexample,considertheQ0 J 95 1 Q0J 05 percentileratio
which is ca.47 for test-setuf150-645 andonly ca.5.1 for test-setflat50-115
(all instanceshave 150propositionalvariables).Hence,thereseemsto bea qual-
itative differencein thescalingbehaviour for WalkSAT betweenRandom-3-SAT
andtheGraphColouringproblemdistribution consideredhere.Onereasonfor this
mightbethefactthatcomparedto Random-3-SAT, theGraphColouringinstances
arestructurallymuchmorerestrictedbecauseof theeffectsof theSAT-encoding
usedfor transformingtheoriginal problemsinto CNF formulae.Also thefactthat
all instancesaregeneratedto beexactly 3-colourablemight keepthevariationof
instancehardnesswithin thetest-setssomewhatsmaller.
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7. Conclusions

In this work, we have studiedseveralof themostprominentandbest-performing
SLS algorithmsfor SAT. The publishedempirical resultson the performanceof
thesealgorithmsaremostlyincompatiblewith eachotherbecausedifferentmethod-
ologiesand/ordifferentsetsof benchmarkinstanceswereused.Thus,in orderto
obtainacomprehensivepictureof thesealgorithm’sperformance,wesystematical-
ly evaluatedthemonnewly compiledsetof benchmarkproblems.Thisbenchmark
library containsdifferent typesof probleminstances,including setsof randomly
generatedSAT instancesandmorestructuredSAT-encodedproblemsfrom various
other domains.All problemclassesare known from the literatureand most of
themhave beenusedin the context of several studiesof SLS performance.For
our empiricalstudy, we have useda novel empiricalmethodologywhich allowed
us to characterisethe behaviour of the variousalgorithmsin greatdetail. This
methodologyhasanumberof advantagesover traditionalmethodsfor theempiri-
calevaluationof SLS-basedSAT algorithms;in particular, it allows thefunctional
characterisationof run-timedistributions.

From our comparative analysiswe obtaineda numberof new andinteresting
insights.Firstof all, of thealgorithmsconsideredhere,nosingleonedominatesall
the otherson all domains.However, we identifieda subsetof algorithmswhich
show superiorperformancecomparedto the othersacrossour benchmarkset.
Thesealgorithmsare: R-Novelty, Novelty, WalkSAT/TABU and GSAT/TABU;
they all suffer from occasionalstagnationbehaviour, which for someinstances
severely compromisestheir performance.GWSAT, WalkSAT and HWSAT, on
the other hand,are generallydominatedby at leastone of the aforementioned
algorithms.Interestingly, all thebestperformingSLSvariantsfor SAT make use
of someaspectsof the searchhistory, suchasa tabu list or the ageof variables
for guiding the local searchprocess.This suggeststhat an adequateuseof the
searchhistorymaybe generallycrucial for obtainingsuperiorSLSperformance.
This is very muchin tunewith recentresultson local searchalgorithmsfor oth-
er combinatorialoptimisationproblemswhere,on a wide variety of problems,
history-sensitive algorithmshave beenshown to performbetterthanlocal search
methodswhichdo not take into accountthesearchhistory.

Additionally, whencomparingtheperformanceof thedifferentSLSalgorithms
studiedhere,onehasto takeinto accountthatwhenusingthecurrentlybest-known
implementations,the GSAT variantsareby at leasta factorof 3 slower thanthe
WalkSAT variants,suchthat effectively, even GSAT/TABU is never competitive
with thebest-performingWalkSAT variantswhenabsoluteCPU-timeis measured.
Sincethe implementationsof all GSAT andWalkSAT variantsusedin this study
arehighly optimised,we believe that this performancedifferenceis inherentto
the algorithms.Thereareseveral implementationrelatedreasonswhich may be
responsiblefor this fact. One is that WalkSAT algorithmsare much simpler to
implementefficiently andrequirelesssophisticateddatastructuresbecausethey
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evaluateonly thescoresof a small numberof variablesin eachsearchstep.Fur-
thermore,clausesaretypically rathershort— in many instancesstemmingfrom
SAT-encodingsof otherproblems,mostof theclausesareactuallybinaryclauses.
ThereforeWalkSAT algorithmsactuallyoften selectonly betweentwo variables
while GSAT algorithmsselectthevariableto be flipped from a potentiallymuch
largerset.

As we have shown, theessentialincompletenesswhich compromisesthe per-
formanceespeciallyof thehigh-performingWalkSAT variantscanbeeffectively
overcomeby addingan unconditionalrandomwalk mechanismas usedin G-
WSAT. TheNovelty; andR-Novelty; variantsthusobtainedshow superiorper-
formancecomparedto theoriginal algorithmsand,to our bestknowledge,might
currentlybe the best-performingSLS algorithmsfor SAT. Comparedto Novelty
andR-Novelty they areparticularlysuperiorin termsof their robustnessw.r.t. the
settingof thecutoff parameter, whichplaysanimportantrole in practice.

Regarding the functional characterisationof SLS behaviour, we empirically
studiedthe run-time behaviour of WalkSAT, WalkSAT/TABU, Novelty, and R-
Novelty. We showed that, using optimal noiseparametersettings,the RLDs of
thesealgorithmswhenappliedto hardprobleminstancesfrom variousdomains
canbe approximatedby exponentialdistributions.The samephenomenonis ob-
servedfor larger-than-optimalnoisesettings,while for smaller-than-optimalnoise
qualitatively different behaviour occurs.The insights gainedby the functional
characterisationof SLS behaviour also explain the observationsmadeby other
researchersthat theuseof randomwalk reducesthesensitivity of SLSalgorithms
to theparticularvalueof themaxStepsparameter[20, 55]: for exponentiallydis-
tributedRLDs, thesolutionprobabilitydoesnot dependon a particularmaxSteps
setting.However, duetheeffectsof theinitial hill-climbing phase,maxStepsshould
notbechosentoo low.

We further introduceda refinedmathematicalmodelbasedon a new distribu-
tion type which is asymptoticallyexponential,but allows to modeltheeffectsof
the initial searchphase.As we have shown, this extendedmodelallows a precise
characterisationof SLSbehaviour for avastmajorityof theprobleminstancesfrom
ourbenchmarksuite.Thus,for thefirst time,wecanmodelthebehaviour of some
of the mostpowerful andprominentSLS algorithmsfor SAT in greatdetail.As
a direct consequenceof theseresults,whenusingoptimal or larger-than-optimal
noisesettings,thealgorithmsarevery robustw.r.t. thecutoff parametersetting.

Furthermore,weanalysedthecorrelationbetweenthedifferentalgorithm’sper-
formanceacrossthe Random-3-SAT andGraphColouringtest-sets.As a result,
we found that there is a stronglinear correlationbetweenthe logarithm of the
averagelocal searchcost for eachpair of algorithms.In other words, instances
which are hard for one algorithm tend also to be hard for all other algorithms.
Consequentlyit is justifiedto talk abouttheintrinsichardnessof probleminstances
for local search.Theexistenceof thetight correlationin searchcostwe observed
for variousSLS algorithmsis somewhat surprising,becausethe underlyingcon-
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ceptsare sufficiently different to causesignificant differencesin performance.
This suggeststhat the local searchcostfor thesealgorithmsdependson thesame
structuralfeaturesof thesearchspace.Finally, we investigatedthescalingof SLS
performancewith problemsize.Surprisingly, our resultsindicatethat while for
thehardestfractionsof probleminstancesfrom therandomlygeneratedtestsets,
the local searchcostgrows exponentially, for fractionsof easierinstancesthe s-
calingof SLSperformancemight bepolynomial.This phenomenoncouldnot be
observed for the GraphColouring test-sets,wherethe scalingwasgenerallyex-
ponential.WhencomparingdifferentSLSalgorithmsw.r.t. theirscalingbehaviour
for growing problemsize,we foundno evidenceof any substantialdifferences.

Of course,this studyhasa numberof limitations andleavesmany issuesfor
furtherinvestigation.In particular, wedid notattemptto explain theobservedper-
formancebehaviour in termsof structuralfeaturesof theunderlyingsearchspaces
[64, 15, 35]. Clearly, any advancesin obtaininga deeperunderstandingof the
factorswhich affect SLSperformance,suchassearchspacetopology, theeffects
of variousSAT-encodings,andpolynomialsimplification techniques(which can
be appliedas a preprocessingstep),will improve the chancesof designingbet-
ter performingandmorerobust SAT algorithms.Searchspaceanalysesmayalso
be helpful for understandingthe ratherpoor performanceof the SLS algorithms
studiedherecomparedto algorithmsusingclauseweightingschemeson certain
typesof problems,suchasthesinglesolutioninstanceswith very low clauseper
variableratiogeneratedwith theAIM generator[2]. Wearecurrentlyinvestigating
theseissues,usingthe samemethodologyunderlyingthis study(for first results,
see[35, 33]).

Furthermore,the algorithmsconsideredherecanbe extendedin many direc-
tions, e.g.,by consideringclauseweightingschemes,multiple variableflips per
local searchstep,and learningschemesfor certainparametersor the objective
function. In particular, for thealgorithmsconsideredhereit would be highly de-
sirableto develop schemesfor automaticallytuning the noiseparametersetting
to a given probleminstance.Given sucha method,the effort for fine-tuningthe
algorithmswould be significantlyreduced.To achieve this goal, the local search
invariantsfrom [51] or areactionmechanismassuggestedin [5] couldbeveryuse-
ful. Anotherinterestingdirectionis thedesignandinvestigationof hybridmethods
which combinedifferent SLS strategies (or even SLS methodswith systematic
SAT algorithms)using a simple control mechanism[35]. In fact, the improved
WalkSAT variantsNovelty; andR-Novelty; areexamplesof suchhybrid algo-
rithms as they combinethe Novelty and R-Novelty strategies with the random
walk mechanismusedin GWSAT.

We feel, basedon the empiricalresultspresentedhere,that asalgorithmsare
further improved, robustnessof performancewill becomea major issue,andhy-
brid combinationsof differentalgorithmsor heuristicsmight becomethe key to
obtainingmaximalperformanceover a broadrangeof problemclasses.Finally,
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oneof thebig questionsin SAT solvingremainsto beanswered:how thebestSLS
algorithmsandthebestsystematicmethodscomparein termsof peakperformance
androbustness.We startedinvestigatingthis question[38], for which this study
providesa goodbasis,as it providesa carefully designedbenchmarkset,offers
anadvancedempiricalmethodologyfor empiricallyanalysingtheperformanceof
stochasticalgorithms,and identifiesthe candidatesfor the best-performingSLS
algorithms.Weareconvincedthatthesecontributionswill alsoprove valuablefor
researchon many of the issuesmentionedabove andthusbring us anotherstep
closerto adeepunderstandingandprofoundassessmentof stochasticlocal search
algorithmsfor SAT andotherhardcombinatorialproblems.
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Appendix

A. Details on the Benchmark Set

In this appendix,we provide moredetailedinformationon the suiteof benchmarkprob-
lemsusedfor the empiricalanalysesreportedin this study. All benchmarkinstancesare
availablefrom theSATLIB website(http://www.informatik.tu-darmstadt.de/AI/SATLIB).

A.1. UNIFORM RANDOM-3-SAT

Uniform Random-3-SAT is a family of SAT instancedistributionsobtainedby randomly
generating3-CNFformulaein thefollowing way: For an instancewith n variablesandk
clauses,eachof thek clausesis constructedfrom 3 literalswhicharerandomlydrawn from
the2n possibleliterals(then variablesandtheirnegations)suchthateachpossibleliteral is
selectedwith thesameprobabilityof 1 Y 2n. Clausesarenot acceptedfor theconstruction
of the probleminstanceif they containmultiple copiesof the sameliteral or if they are
tautological(i.e., they containa variableandits negation).Eachchoiceof n andk thus
inducesa distribution of Random-3-SAT instances.Uniform Random-3-SAT is theunion
of thesedistributionsoverall n andk.

Oneparticularlyinterestingpropertyof uniform Random-3-SAT is the occurrenceof
a phasetransitionphenomenon,i.e., a rapid changein solubility which canbe observed
whensystematicallyincreasing(or decreasing)thenumberk of clausesfor fixedproblem
sizen [52, 47]. More precisely, for smallk, almostall formulaeareunderconstrainedand
thereforesatisfiable;when reachingsomecritical k Z k [ , the probability of generating
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a satisfiableinstancedropssharplyto almostzero.Beyond k[ , almostall instancesare
overconstrainedand thusunsatisfiable.For Random-3-SAT, this phasetransitionoccurs
approximatelyat k[\Z 4 ] 26n for large n; for smallern, the critical clauses/variablera-
tio k[^Y n is slightly higher [52, 10]. Furthermore,for growing n the transitionbecomes
increasinglysharp.

Empiricalanalysesshow thatprobleminstancesfrom thephasetransitionregionof u-
niform Random-3-SAT tendto beparticularlyhardfor bothsystematicSAT solvers[9, 10]
andSLSalgorithms[64]. Striving to testtheiralgorithmsonhardprobleminstances,many
researchersusedtest-setssampledfrom thephasetransitionregionof uniformRandom-3-
SAT (see[21, 50, 51] for someexamples).Althoughsimilar phasetransitionphenomena
have beenobservedfor othersubclassesof SAT, includinguniform Random-k-SAT with
k _ 4, thesehave never gainedthepopularityof uniform Random-3-SAT. Maybeoneof
the reasonsfor this is the prominentrole of 3-SAT as a prototypicaland syntactically
particularlysimple `ba -completeproblem.

TableXIX. Uniform Random-3-SAT test-sets.

test-set instances clause-len vars clauses

uf50-218 1,000 3 50 218

uf75-325 100 3 75 325

uf100-430 1,000 3 100 430

uf125-538 100 3 125 538

uf150-645 100 3 150 645

uf175-753 100 3 175 753

uf200-860 100 3 200 860

uf225-960 100 3 225 960

uf250-1065 100 3 250 1,065

Our test-setswereobtainedby randomlygeneratingprobleminstancesfrom thephase
transitionregion of uniform Random-3-SAT asdetailedabove; insolubleinstanceswere
filteredout usinga fastcompleteSAT algorithm.TableXIX shows thecharacteristicsof
thetest-setsusedin this study.

A.2. GRAPH COLOURING

All instanceswere generatedusing JoeCulberson’s randomgraphgenerator7. Given a
graphG Zdc V e E f , whereV Zhg v1 e v2 ei]j]k]je vn l is the setof verticesandE m V n V the set
of edgesconnectingthevertices,thefollowing, simpleyetefficientencodingwasusedfor
transformingGCPinstancesinto SAT [12]: Givenk colours,eachassignmentof a colour
g to avertex vi is representedby apropositionalvariablexi o g; eachconstraint(i.e.,anedge
connectingtwo vertices)is representedby a setof clauses( p xi o g q p x j o g); two additional

7 availablefrom http://web.cs.ualberta.ca/˜joe/Coloring/index.html, JoeCulbersons’sGraphCol-
oringPage.
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setsof clausesensurethat valid SAT assignmentsassignexactly onevalueto eachCSP
variable:(xi o 0 q xi o 1 q ]>]i] q xi o k r 1), s vi t V (at leastonecolour is assignedto a node)and
cup xi o g q p xi o h f , s g e h t g 0 ei]>]i]ie k v 1 l e g wZ h e	s vi t V (at mostonecolour is assignedto a
node).TableXX showsthecharacteristicsof thetest-setsusedfor ourempiricalstudy.

TableXX. SAT-encodedGraphColouringtest-sets(flat randomgraphs).

test-set instances vertices edges colours vars clauses

flat50-115 1,000 50 115 3 150 545

flat75-180 100 75 180 3 225 840

flat100-239 100 100 239 3 300 1,117

flat125-301 100 125 301 3 375 1,403

flat150-360 100 150 360 3 450 1,680

flat175-417 100 175 417 3 525 1,951

flat200-479 100 200 479 3 600 2,237

A.3. PLANNING INSTANCES

Ourbenchmarksetcontainsthefour largestBlocksWorld Planninginstancesandfour Lo-
gisticsPlanninginstancesfrom HenryKautz’sandBart Selman’sSATPLAN distribution.
Theseinstancesaredescribedin TableXXI; despitethereductionsmentionedabove,they
arestill very largewhencomparedto otherinstancesof our benchmarksuite.At thetime
of thiswriting, bw_large.c andbw_large.d belongto thehardestprobleminstancesthat
canbesolvedby state-of-the-artSAT algorithmsin reasonabletime.

The SAT encodingusedfor generatingthe benchmarkinstancesrelies critically on
techniquesfor reducingthesizeof theCNFformulae.Theseconcerntheparticularwayof
definingthepropositionalvariablesaswell astheapplicationof well-known propositional
reductionstrategies, like unit propagationandsubsumption,which areusedto simplify
the formulaebeforeapplyingstochasticlocal search.Thesereductionscanbe computed
in polynomialtime andeliminatea numberof propositionalvariableswherebythesearch
spaceis efficiently reduced.Detailson theSAT encodingusedto generatethebenchmark
instancescanbefoundin [45, 44].

A.4. INSTANCES FROM THE DIMACS BENCHMARK SET

ThelargeSAT-encodedGraphColouringinstancesoriginally stemfrom astudyperformed
by Johnsonet.al. [40]. The encodingusedfor theseinstancesis the sameas described
in SectionA.2. In our experimentalanalysiswe usedthe three instancesdescribedin
TableXXII; for a forth instance(g250.15), we foundthat,despiteits size,it is extremely
easyfor all algorithmsconsideredhereand thus decidednot to useit in our analysis.
Instancesg125.18.cnf andg125.17.cnf arebasedon thesamegraph.In thefirst case,
the formulaencodessearchingfor a solutionwith 18 colours,while in the latercaseone
triesto find a colouringwith 17 colours(which is conjecturedto beanoptimalcolouring
for this graph).
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TableXXI. SAT-encodedBlocks World PlanningandLo-
gisticsPlanninginstances.

instance packages plansteps vars clauses

logistics.a 8 11 828 6,718

logistics.b 5 13 843 7,301

logistics.c 7 13 1,141 10,719

logistics.d 9 14 4,713 21,991

bw_large.a 9 6 459 4,675

bw_large.b 11 9 1,087 13,772

bw_large.c 15 14 3,016 50,457

bw_large.d 19 18 6,325 131,973

TableXXII. SAT-encodedGraphColouringinstances
from theDIMACSbenchmarkset.

instance nodes colours vars clauses

g125.18.cnf 125 18 2,250 70,163

g125.17.cnf 125 11 2,125 66,272

g250.29.cnf 250 29 7,250 454,622

The parity learning instancespar x are very hard for the SLS algorithmswe used.
Thereforewe limited our RLD-basedstudy to the smallerinstancesfrom the DIMACS
Benchmarkset,which encodelearninga parity function with eight variablesbasedon
a sampleof (potentiallynoisy) input/outputpairs.Theseformulaehave beensimplified
usingunit propagationandsubsumption.Theresultingformulaearerathersmall:eachof
thefive instancescontainsapprox.70 variablesandapprox.270clauses.

Otherclassesof benchmarkinstancesof theDIMACSbenchmarksethavebeendelib-
eratelyexcludedfrom our study. Among thesearetheaim x instancesobtainedfrom the
AIM instancegenerator[2] which aregeneratedrandomlyfor clauses/variableratiosof
1.6,2.0,3.4,and6.0in suchawaythateachformulahasexactlyonesatisfiableassignment.
However, differentfrom all problemclassesusedin our benchmarkcollection,theresult-
ing instancesarepolynomiallysolvableby simplificationprocedures(usingbinary failed
clauses)andthuscannotbe consideredintrinsically hard.Whenpracticallysolving SAT
instances,suchsimplificationproceduresare typically appliedasa preprocessingstep.8

Consideringthis, we regardinstanceswhich aresolved by the preprocessingprocedure
aloneto be of minor interestin the context of our study of SLS performance.Without
simplification,whenusingreasonablyoptimisednoisesettings,thebestWalkSAT variants

8 Note that for SAT-encodedproblemsfrom otherdomains,this preprocessingis known to be
crucialfor finding solutionsusingSLSor systematicSAT algorithms.
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typically solve the instanceswith high clausesper variableratio with an averageof less
than1000flips. But for lower clauseper variableratios,suchas1 y 6 or 2 y 0, someof the
instancesarevery difficult to solve using the algorithmsconsideredhere.For example,
whenrunningexperimentson instanceaim-50-1_6-yes1-2.cnf (50 variables,clauses
pervariableratio z 1 y 6) wecould,usingvariousnoiseparametersettingsandfor eachset-
ting running100triesof 107 flips each,only find 14 solutionswith eitherof theWalkSAT
variants.In contrast,weightingschemesfor GSAT solve this typeof instancesmuchmore
efficiently [7, 8]. It is notclearwhetherthisis justanartifactof thisproblemclassoramore
generalphenomenonwhich canbealsoobservedfor hardproblemclassesthatcannotbe
efficiently solvedby polynomialsimplificationmethods.It wouldbeinterestingto further
investigatethis interestingquestion;however, this would requireadditionalmethodology
which is beyondthescopeof this study.

Similary, alsothe instancesfrom a testpatterngenerationprogramfor VLSI circuits
[48] (ssa x ) canbe solved,despitetheir relatively largesize(they containfrom 1,363to
1,501variablesand3,032to 3,575clauses),by preprocessingtechniquesalone.They are
alsorelatively easilysolved by the SLS algorithmsappliedhere.Of the other instances
therearesomesatisfiableones(16 out of 50) amongthe randomlygeneratedinstances
jnh x .cnf with variableclauselenghts.Someinitial experimentsshowed that thesein-
stancesare easily solved and thereforewe preferredto focus ratheron our large-sets
of hardUniform Random-3-SAT instances.Finally, we alsoexcludedthe ii x instances
whichoriginally stemfrom anintegerprogrammingformulationof aninductiveinference
problem[42]. Theseareveryeasilysolvedby, for example,WalkSAT andthereforedonot
provideachallengingbenchmarkfor thelocal searchalgorithmsappliedhere.

B. Supplementary Data from the Comparative Study of SLS Performance

This appendixprovidessomeadditionalinformationon the resultsof our comparisonof
SLSalgorithmspresentedin Section5. In particular, wereportthedescriptivestatisticsfor
the variousalgorithms’ RLDs when appliedto probleminstancesfrom our benchmark
suite in numericalform. This information is particularly useful when reproducingour
resultsor evaluatingotheralgorithmon thesamebenchmarkproblems.

B.1. RANDOM-3-SAT

In Section5.1 we comparedvariousGSAT andWalkSAT algorithmson Random-3-SAT
instances.For the threeinstanceswe studiedin moredetail (easy, med, andhard), we
found that generallybetweendifferent algorithm’s RLDs typically no cross-overs are
observed. In this situationit is admissibleto baseperformancecomparisonsmainly on
descriptivestatistics,which aregivenin TablesXXIII–XXV.

In general,thenumericaldataconfirmthediscussionof theresultsin Section5.1.One
interestingobservation which is even moreobvious whenlooking at the numericaldata
ratherthan the graphicalrepresentationof the RLDs is the hugevariability in the time
requiredto find a solution(seestandarddeviation andpercentileratiosin thetables)and
thefactthatthisvariability increaseswith instancehardness,ascanbeseencomparingthe
stddev/meanvaluesor thepercentileratiosbetweentheeasy, medium,andhardinstance.
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Table XXIII. Problem instanceuf100-430/easy, basic descriptive statistics of
RLDs for variousalgorithms,approx.optimalnoise(in parenthesesafteralgorithms’
names),basedon1,000tries.

algorithm mean stddev stddev
mean median Q75 Q90

Q75
Q25

Q90
Q10

GWSAT(0.5) 270.63 240.62 0.89 202 313 504 2.35 5.54

GSAT/TABU(20) 137.78 91.31 0.66 108 170 255 2.18 4.40

HWSAT(0.3) 190.58 154.25 0.81 145 223 365 2.40 5.21

WalkSAT(0.5) 177.86 135.78 0.76 139 206 336 2.22 4.87

WalkSAT/TABU(5) 97.79 49.04 0.50 86 119 164 1.92 3.28

Novelty(0.9) 77.36 37.29 0.48 68 92 124 1.77 3.02

R-Novelty(0.9) 76.63 34.79 0.45 68 90 121 1.70 2.81

TableXXIV. Probleminstanceuf100-430/med, basicdescriptivestatisticsof RLDsfor
variousalgorithms,approx.optimalnoise,basedon1,000tries.

algorithm mean stddev stddev
mean median Q75 Q90

Q75
Q25

Q90
Q10

GWSAT(0.5) 2,432 2,159 0.89 1,785 3,345 5,434 3.78 11.51

GSAT/TABU(20) 1,368 1,297 0.95 995 1,804 2,903 3.83 12.62

HWSAT(0.4) 2,015 1,727 0.87 1,509 2,687 4,502 3.59 10.67

WalkSAT(0.5) 1,877 1,776 0.95 1,333 2,510 4,133 3.90 12.84

WalkSAT/TABU(3) 532 365 0.69 433 689 999 2.43 5.52

Novelty(0.6) 504 372 0.74 416 647 962 2.62 6.13

R-Novelty(0.7) 580 467 0.80 440 767 1,213 3.09 7.93

TableXXV. Probleminstanceuf100-430/hard, basicdescriptivestatisticsof RLDs for various
algorithms,approx.optimalnoise,basedon1,000tries.

algorithm mean stddev stddev
mean median Q75 Q90

Q75
Q25

Q90
Q10

GWSAT(0.6) 177,468 181,843 1.02 119,666 247,047 400,466 5.27 22.78

GSAT/TABU(20) 84,578 84,301 1.00 57,778 120,286 196,493 5.01 24.95

HWSAT(0.4) 37,822 37,717 1.00 26,481 52,008 89,132 4.96 22.98

WalkSAT(0.5) 86,773 90,538 1.04 56,666 120,583 198,109 5.41 27.07

WalkSAT/TABU(5) 87,031 86,692 1.00 60,019 119,246 206,822 5.14 26.23

Novelty(0.7) 26,995 27,165 1.01 19,434 36,972 58,661 4.43 18.06

R-Novelty(0.7) 19,118 19,827 1.04 12,819 26,707 43,911 4.71 23.36
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Table XXVI. Problem instancebw_large.a, basic descriptive statistics of RLDs for
variousalgorithms,approx.optimalnoise,basedon 1,000tries.

algorithm mean stddev stddev
mean median Q75 Q90

Q75
Q25

Q90
Q10

GWSAT(0.6) 26,994 24,784 0.92 18,653 38,041 58,679 4.09 11.61

GSAT/TABU(10) 10,635 10,515 0.99 6,977 14,917 25,291 4.72 20.02

WalkSAT(0.5) 17,490 15,320 0.88 13,505 23,446 35,981 3.44 11.77

WalkSAT/TABU(3) 10,603 9,665 0.91 7,563 14,169 23,870 3.84 13.41

Novelty(0.4) 9,315 8,587 0.92 6,932 12,877 20,202 4.02 13.17

R-Novelty(0.6) 6,053 5,583 0.92 4,317 8,413 12,875 4.01 11.87

TableXXVII. Probleminstancebw_large.c, basicdescriptive statisticsof RLDs
for variousalgorithms,approx.optimalnoise,basedon 250tries.

algorithm mean stddev stddev
mean median Q75

Q75
Q25

WalkSAT(0.2) 14.06 { 106 15.60 { 106 1.11 9.76 { 106 17.0 { 106 4.85

WalkSAT/TABU(2) 2.52 { 106 2.12 { 106 0.84 2.00 { 106 3.53 { 106 3.89

Novelty(0.2) 6.4 { 106 7.13 { 106 1.12 4.40 { 106 8.16 { 106 4.70

B.2. GRAPH COLOURING

TablesXXVIII–XXX presentthenumericaldataon theRLDs of variousSLSalgorithms
appliedto the easy, medium,andhard instancesof the flat100-329 GraphColouring
test-set.Here,it is interestingto notethat the (atypical)cross-over betweentheRLDs of
R-Novelty andWalkSAT/TABU on the mediuminstance,which is very obvious in the
graphicalrepresentation(Figure8), is hardto seefrom thenumericalstatisticsandcould
not be detectedwithout the datafrom very low percentiles,suchas Q10. Nevertheless,
cross-overslike thisaresignificant,asthey indicatethattheperformancerelationbetween
two algorithmschangesdependingon their run-time.

B.3. BLOCKS WORLD PLANNING

In Table XXVI and Table XXVII we report the descriptive statisticsfor the RLDs of
severalSLSalgorithmsappliedto thetwo SAT-encodedBlocksWorld Planninginstances
bw_large.a andbw_large.c. Here, it is interestingto note that the optimal noisepa-
rametersettingfor WalkSAT andNovelty significantlydependson theproblemsize:The
larger(andharder)theinstance,thelowertheoptimalnoisesetting;thisis confirmedby the
correspondingresultsfor theothertwo instancesbw_large.b (seeTableIII in Section5.3)
andbw_large.d (not shown here).This is very differentfrom thesmall deviation in the
approximatelyoptimalnoisevaluesreportedfor differentinstancesof theRandom-3-SAT
andGraphColouringtest-sets,which ratherreflectminor andnon-systematicdeviations
betweentheinstanceswithout significantimpacton SLSperformance.
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TableXXVIII. Probleminstanceflat100-239/easy, basicdescriptive statisticsof
RLDs for variousalgorithms,approx.optimalnoise,basedon1,000tries.

algorithm mean stddev stddev
mean med Q75 Q90

Q75
Q25

Q90
Q10

GWSAT(0.6) 7,268 6,898 0.95 5,146 9,031 15,168 3.24 9.07

GSAT/TABU(20) 1,636 1,156 0.71 1,320 2,242 3,215 2.97 6.68

HWSAT(0.5) 3,142 3,080 0.98 2,271 3,878 5,946 2.84 8.11

WalkSAT(0.5) 5,602 4,358 0.78 4,341 7,398 11,577 2.93 7.61

WalkSAT/TABU(5) 2,453 1,924 0.78 1,863 3,155 4,978 2.82 6.78

Novelty(0.6) 1,333 1,097 0.82 980 1,733 2,704 2.96 6.97

R-Novelty(0.6) 2,253 1,912 0.85 1,687 2,958 4,721 3.44 9.15

TableXXIX. Probleminstanceflat100-239/med, basicdescriptive statisticsof RLDs for various
algorithms,approx.optimalnoise,basedon1,000tries.

algorithm mean stddev stddev
mean med Q10 Q75 Q90

Q75
Q25

Q90
Q10

GWSAT(0.6) 41,784 41,629 1.00 27,288 5,426 58,159 97,410 4.83 17.95

GSAT/TABU(10) 9,811 9,765 1.00 6,539 1,656 13,041 22,443 4.07 13.55

HWSAT(0.5) 20,377 21021 1.03 13,469 2,023 28,089 49,004 5.08 24.22

WalkSAT(0.5) 31,260 28,586 0.91 22,595 4,995 42,567 70,267 4.23 14.07

WalkSAT/TABU(3) 11,881 11,094 0.93 8,548 2,091 16,086 26,590 3.87 12.72

Novelty(0.6) 7,070 5,928 0.84 5,455 1,297 9,951 14,826 3.77 11.43

R-Novelty(0.6) 16,183 16,333 1.01 11,291 1,997 20,790 36,645 4.36 18.35

Table XXX. Probleminstanceflat100-239/hard, basic descriptive statisticsof RLDs for
variousalgorithms,approx.optimalnoise,basedon1,000tries.

algorithm mean stddev stddev
mean med Q75 Q90

Q75
Q25

Q90
Q10

GWSAT(0.6) 306,886 249,012 0.81 240,302 451,475 700,129 4.35 15.96

GSAT/TABU(10) 107,872 111,690 1.04 73,594 142,838 251,477 4.51 21.35

HWSAT(0.5) 166,365 161,314 0.97 113,981 220,950 405,482 4.35 26.20

WalkSAT(0.5) 254,373 222,835 0.88 192,788 375,285 578,138 4.73 21.45

WalkSAT/TABU(3) 297,778 245,045 0.82 229,496 453,820 674,915 4.66 20.79

Novelty(0.6) 116,773 117,259 1.00 79,307 159,525 276,180 4.78 24.50

R-Novelty(0.6) 195,965 183,408 0.94 140,671 284,093 433,875 5.18 19.36
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