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Abstract. Local searchalgorithmsareamongthe standardnethodgfor solvinghardcombinatorial
problemdrom variousareaof Artificial IntelligenceandOperationfResearchi-or SAT, someof the
mostsuccessfuhndpowerful algorithmsarebasedn stochastidocal searctandin thepastlOyears
alarge numberof suchalgorithmshave beenproposedandinvestigatedIin this article,we focuson
two particularlywell-known familiesof local searchalgorithmsfor SAT, the GSAT and WalkSAT
architecturesWe presenta detailedcomparatie analysisof thesealgorithms’ performanceusing
a benchmarksetwhich containsinstancesrom randomisedistributionsaswell as SAT-encoded
problemsfrom variousdomains.We also investigatethe robustnesof the obsered performance
characteristicasalgorithm-dependergndproblem-dependemarameterarechangedOur empiri-
calanalysiggivesa very detailedpictureof thealgorithms’performancédor variousdomainsof SAT
problems;it alsorevealsa fundamentalweaknessn someof the best-performingalgorithmsand
shaws how this canbe overcome.

Keywords: SAT, Stochastid_ocal SearchEmpirical Evaluation,Run-timeDistributions, Robkust-
ness

1. Introduction

The satisfiability problemin propositionallogic (SAT) is the taskto decidefor a
given propositionafformulawhetherit hasa model. This problemplaysa promi-
nentrole in variousareasof computerscience,asit is one of the conceptual-
ly simplestA/P-completeproblems.Local searchapproachegor SAT became
prominentin 1992, whenindependenthSelman,LevesqueandMitchell [60] as
well as Gu [27] introducedalgorithmsbasedon stochasticlocal hill-climbing
which could be shavn to outperformstate-of-the-arsystematicSAT algorithms
like ASAT [13] onavariety of hardsubclassesf SAT [4, 59]. Sincethen,numer
ousotherstochastidocal search(SLS) schemedor SAT have beenproposedTo
date state-of-the-arELSalgorithmscansolve hardSAT problemswith upto sevs-
eralthousandrariablesjncluding SAT-encodegroblemsrom otherdomainsBut
becausef theirinherenrandomnesghebehaiour of SLSalgorithmss generally
difficult to analysetheoreticallyandevenin the casesvheretheoreticakesultsdo
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2 HoosandStiitzle

exist, their practicalapplicability is often very limited. Given this situation,the
performancef SLS algorithmsis usuallyanalysedisingempiricalmethodology

In this paper we empirically analysethe behaiour of algorithmsfrom the
GSAT and WalkSAT architecturesof SLS algorithmsfor SAT. Thesealgorith-
m families were chosenfor two reasonskFirstly, they provided a major driving
force in the developmentand applicationof SLS algorithmsfor SAT. Second-
ly, for mostalgorithmsfrom thesefamilies, very efficient, thoroughlyoptimised
implementationsare available which could easily be modified and extendedto
cover somemorevariantsandto yield a sufiiciently coherenframework for prac-
tically conductingexperiments.Although our empirical methodologyallows us
to abstracfrom machine-andimplementation-specifidetailsof algorithmicper
formance,someof our analysesare so computationallyexpensve that efficient
implementationgreindispensable.

Our empirical analysisaddresseseveral importantissues.Maybe the most
straightforvard questionto askis how the performanceof differentalgorithms
comparesacrossa rangeof probleminstancedrom differentsubclassesf SAT.
But furthermore,as the behaiour of thesealgorithms(like for mostother SLS
algorithms)is controlled by a numberof parametersvhich have to be chosen
beforerunningthem, it is crucial to investigatethe influenceof theseparameters
on the algorithms’ behaiour. In particular optimal parametessettingsare often
not known exactly, but rathera rangeof reasonablygood parametersettingsis
available.Thereforepnemightbeinterestedn therobustnes®f SLSperformance
w.r.t. theseparametersSimilarly, the influenceof problemdependenparameters,
in particularproblemsize,on SLS behaiour is of considerablenterest.

To adequatehaddresshesessuesarefinedempiricalmethodologyis needed.
Therefore differentfrom mary previous studies,our experimentalmethodology
goesconsiderablypeyondjustmeasuringasmallnumbetrof basicstatisticssuchas
themeanrun-timeandits standardleviation. Insteadwe usethe methodologyde-
velopedin [36] whichis basedn measuringandanalysingrun-timedistributions
(RTDs) on individual probleminstancesThis allows us to study the behaiour
of SLSalgorithmson singleprobleminstancesaswell ason whole subclassesf
SAT, while cleanly separatingpetweendifferentsourcesof randomnesssuchas
the randomisedgenerationof instancefrom a problemdistribution and the in-
herentrandomnessf the SLS algorithmapplied.MeasuringRTDs doesnotincur
ary significantoverheadin dataacquisition,and from the RTD information,the
commonlyusedbasicdescriptve statisticsof therun-time,like its mean,standard
deviation, andarbitrarypercentilecanbe easilyderived. At the sametime, RTDs
provide importantinformationon analgorithms behaiour in a more preciseand
accessiblevay. For instancetheprobabilityfor findingasolutionwithin ary given
time-limit or stagnatiorbehaiour of the searchprocescaneasilybe determined
from agraphicalrepresentatioof anRTD.

Using the RTD-basedmethodology we analysethe behaiour of GSAT and
WalkSAT algorithmsfor a carefullyselectedsetof benchmarkproblemsThis col-
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lectionhasbeendesignedo provide a basisnot only for this study but to sene as
the coreof abenchmarklibrary thatcanbe usedfor comprehense future studies
of SAT algorithmsin general.Therefore,it covers a broadrangeof subclasses
of SAT which arewell-knowvn from the literatureandwhich are preferablyhard
for bothsystemati@ndlocal searcralgorithms.ThebenchmarKibrary comprises
threefundamentallydifferenttypesof problems:SAT instancesrom randomised
distributions of native SAT problems(type 1), SAT-encodednstancedrom ran-
domiseddistributionsof othercombinatoriaproblemstype 2), andSAT-encoded,
hand-craftedndividual instancesrom other domains(type 3). For type 1, we
decidedto focus on setsof Random-3-SA instancesrom the solubility phase
transition,astheseareknown to be very hardfor both systematiand SLS-based
algorithmd10, 47, 64] andthey have playedaprominentrolein themajority of the
studiedn literature[55, 60, 59, 22]. For type 2, we selectedsetsof graphcolouring
problemsfrom randomisedlistributions of 3-colourablegraphs[54, 35]. Finally,
for type 3 we choseSAT-encodedplanninginstanceswvhich have beenusedin
a numberof previous studies,aswell asa subsetof the DIMA CS Satisfiability
BenchmarK_ibrary.! Oursetof benchmarlproblemss describedn Section4 and
Appendix A; it is, alongwith the WalkSAT and GSAT implementationgwhich
have beenkindly provided by Henry Kautz) usedin this work, availablefrom the
SATLIB websiteatht t p: // www. i nf or mat i k. t u- dar nst adt . de/ Al / SATLI B.

Theresultsof our studycanbe summarisedsfollows. For optimal parameter
settinggherelative performancef the SLSalgorithmsstudiedherevarieswith the
problemdomainsuchthatthereis no singlebestalgorithmoverthefull benchmark
set.However, we canidentify a subsebf the algorithmsstudied(this subsetom-
prisesthe WalkSAT variantsR-Novelty, Novelty, WalkSAT/TABU) which shav
superiorperformancecomparedo the remainingalgorithms.At the sametime,
thesealgorithmsshov prematurestagnatiorof the searchwhenappliedto some
instancesAs aconsequencthesealgorithmsarevery sensitve with respecto the
settingof the cutoff parametefwhich determinesfterhow mary stepshesearch
is abortecandrestartedrom anew initial assignment)}However, aswe shaw later,
this deficieny canbe overcomeby a relatively simple and genericmodification
of thealgorithms the so-calledrandomwalk extension Theaccordinglymodified
algorithmsshav improved performanceand a significantly increasedobustness
w.r.t. the cutoff parametesetting.

Our investigationof the robustnesf SLS performanceconfirmsandextends
earlierobsenrationsthatfor relatively hard probleminstancesall algorithmsex-
hibit approximatelyexponential RTDs and are thus very robust w.r.t. the cutoff
parametesetting.As a consequencef this characterisatiomesult, by usingthe
“multiple independentries” parallelisationschemewhich is easyto implement
andextremelyscalable pptimal speedumndparallelisatiorefficiency canbe ob-

1 Accessible via FTP at ftp://dimacs.rutgers. edu/ pub/ chal | enge/ sati sfi abili -
ty/ benchmarks/ cnf/
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tained.At the sametime, the exponentialRTDs suggest novel interpretationof
SLS behaiour asindependentandompicking from a drasticallyreducedsearch
spaceHowever, aswe shaw, theRTDs areonly exponentialif thenoiseparameter
whichcontrolsthegreedinessf thesearctprocessis suficiently high. If thenoise
settingis toolow, i.e.,thesearchis very greedytherobustnes®f SLSperformance
w.r.t. thecutoff parametedeterioratesapidly. Furthermorethereareconsiderable
differencedetweertheindividual algorithmsin therobustnessw.r.t. the settingof
the so-callednoiseparameter

Anotherinterestingresultis thefactthatacrosdest-set®f randomlygenerated
probleminstancegsuchasRandom-3-SA at the solubility phasetransition)the
relative performancef thedifferentalgorithmstendsto betightly correlatedsuch
that probleminstanceghat are hardfor onealgorithmtendto be hardfor all the
otheralgorithms Thisis somevhatsurprisingvhenconsideringhatthealgorithm-
s studiedhereare differentenoughto yield absoluteperformanceifferencesof
morethanoneorderof magnitude At the sametime, this resultsuggestshatthe
samestructuralfeaturesareresponsibldor renderinga probleminstancehardor
easyfor all thealgorithms.

Finally, we investigatethe scalingof SLS performancewith problemsize.We
found no evidenceof ary substantiadifferencesbetweendifferentWalkSAT al-
gorithmsw.r.t. their scalingbehaiour for growing problemsize.But, somavhat
surprisingly our resultsindicate that the local searchcost grows exponentially
only for the hardestRandom-3-SA instanceswhile for easierinstanceshe s-
caling of SLS performanceappeargo be polynomial. This phenomenorcould
not be obsered for the graphcolouringtest-setsywherethe scalingwasgenerally
exponential.

Knowledgeon which algorithmsperform bestundervariouscriteria, suchas
maximumperformanceor robustnessis usefulfor directingfuture efforts in de-
signing even better SAT algorithms.Given the recentsuccessesf solving com-
binatorial problemsfrom other domainsby encodingtheminto SAT, especially
in variousdomainsof Al planning[45, 46|, using SAT algorithmsfor solving
encodedeal-world problemsseemgao becomea seriousalternatve to usingspe-
cialisedalgorithmsundercertaincircumstancesn thecontet of thisdevelopment
it seemgo beof crucialimportanceo malke surethatthe best-performingAT al-
gorithmsareusedandthatwhencomparingtheir performanceo the performance
of domain-specifialgorithmsall importantaspectf their behaiour aretaken
into account.Moreover, sincemost SLS algorithmsfor SAT canbe easily gen-
eralisedto more generalproblemclassessuchasfinite Constrainedsatishiction
Problemsor MAX-SAT, the potentialimpactof this knowvledgewould very likely
reachbeyond SAT. It is unfortunatethat most of the empirical studiesof SLS
algorithmsfor SAT thatcanbefoundin the literatureareincompatiblewith each
other Becauseof differencedn eitherthe methodologyor the referenceproblem
instancedeingusedtheir resultscannotbe easily assembledo yield a compre-
hensie picture.Additionally, mostof theseprevious studiesareratherlimited in
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their methodologyandscope.The empiricalmethodologypresentedh this paper
the benchmarlibrary used,andthe resultsobtained,areintendedto provide the
startingpointfor aseriesof empiricalstudiesvhich arecompatiblewith eachother
andcanthusbeusedto approacta comprehense pictureof the state-of-the-arin
solvingpropositionalkatisfiabilityproblems.

The remainderof the paperis structuredas follows. Section2 introducesa
generaframavork for SLSalgorithms,andin particular the GSAT andWalkSAT
familiesof SAT algorithms.In Section3, we give anovervien of the RTD-based
methodologyfor empirically investigatingSLS behaiour on individual problem
instancesas well as on problemdistributions. The benchmarksuite which pro-
videsthe basisfor our empirical studyis introducedin Section4. The problems
comprisingthe benchmarkibrary and the resultsof a comparatre analysisof
SLS performancecrosshesetest-setarereportedin Section5. In Section6 we
presenbur characterisatioof parameterobustnessndscalingof SLSbehaiour,
including an overview of sometheoreticalresultsconcerningthe asymptoticbe-
haviour of prominentGSAT andWalkSAT algorithms Furthermorewe shav how
theseresultscanbe exploited to improve someof the bestknowvn SLS algorithms
for SAT. The concludingSection7 summariseshe mainresultspresentedn this
paperandpointsout directionsfor futureresearch.

2. Stochastic Local Search Algorithmsfor SAT

Local searchis a widely used,generalapproachfor solving hard combinatorial
searchproblems.The generalideais to examinethe searchspaceinducedby the
given probleminstancefor solutionsby initialising the searchat somepoint and
from thereto iteratvely move from one searchspacepositionto a neighbouring
positionwherethe decisionon eachstepis basedon informationaboutthe local

neighbourhooanly. Thus,thefollowing componentarerequiredto definealocal

searctprocedurdor problemclassll appliedto a givenprobleminstancert € IM:

— theseach spaceS; of mwhichis a setof positionss € S; (alsocalledcandi-
datesolutionsor states)

— asetof solutionsS C S;

— aneighbourhoodelationN C S; x S;on Sywhich specifiedor eachposition
the setof positionswhich canbevisitedin onelocal searchstep.

— aninitialisation functioninit : 0 — (S; — R) which specifiesa probability
distribution overinitial searchpositions.

— astepfunctionstep: S;— (Sy— R) mappingeachpositiononto a proba-
bility distribution over its neighbouringstatesfor specifyingthelocal search
steps.
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6 HoosandStutzle

Typically, local searchalgorithmsalso make useof an objectivefunction f :
St — R, mappingeachsearchspaceposition onto a real (or integer) numberin
suchaway, thatthe globaloptimaof the objective functioncorrespondo thesolu-
tions.In SLSalgorithmsfor SAT, generallythesearclspaces definedasthe setof
all possibletruth valueassignmentfor the variablesoccurringin the given prob-
lem instanceandthe solutionsarethe satisfyingassignmentgmodels).Of course
the searcrspaceahusdefinedis of exponentialsizein the numberof propositional
variablesMost SLS-base®AT algorithmsusea 1-flip neighbourhoodelationfor
whichtwo truthvalueassignmentareneighboursf they differ in thetruthvalueof
exactly onevariable.Thus,the local searchstepsmodify the truth valueassigned
to one propositionalvariable; sucha move is called a variable flip. Almost all
SLS algorithmsfor SAT work on propositionalformulaein conjunctve normal
form (CNF), i.e., on sentencesf the form /\ikzlck with ¢, = V'jk:l Lxj wherethe
Lxj arepropositionalvariablesor their negations.Typically, they usean objectve
functionwhichis definedasthenumberof clauseshich areunsatisfiedinderthe
givenvariableassignmentHence for satisfiableprobleminstanceshe modelsof
the givenformulacorrespondo global minimaof this function. The generalidea
for finding thesemodelsis to performa randomwalk in the searchspacewhich
is biasedtowards minimising the numberof unsatisfiedclauses(obviously, this
is equivalentto maximisingthe numberof satisfiedclauses)The maindifference
betweendifferent SLS algorithmsfor SAT is in the stepfunction, thatis, in the
stratgy usedto selectthevariableto beflippednext.

SLSalgorithmsfor SAT aretypically incompletej.e., evenfor satisfiablgrob-
lem instanceghey cannotbe guaranteedo find a solution. The reasonfor this
is the non-systematimatureof the search.Furthermore SLS algorithmscan get
trappedin local minimaandplateauregionsof the searchspacg?22, 15, leading
to prematurestagnatiorof thesearchOneof thesimplestmechanismfor avoiding
prematurestagnatiorof the searchs randomrestartwhich reinitialisesthe search
if afterafixednumberof steps(cutof time) no solutionhasbeenfound.Random
restartis usedin almostevery SLSalgorithmfor SAT.

A generabutlineof anSLSalgorithmfor SAT is givenin Figurel. Thegeneric
procedurdnitialisesthe searchat sometruth assignmenandtheniteratively flips
somevariables truth value, wherethe selectionof the variable dependson the
formula ® andthe currentassignmentlf aftera maximumof maxStepdlips no
solutionis found, the algorithmrestartdrom a newv randominitial assignmentif
afteragivennumbermaxTriesof suchtriesstill nosolutionis found,thealgorithm
terminatesunsuccessfully

For mary concretealgorithms,andin particular for all algorithmsinvestigat-
ed here, initAssign randomly chooseghe initial assignmenfrom the set of all
possibleassignmentsaccordingto a uniform distribution. Hence,the main dif-
ferencebetweenSLS algorithmsfor SAT is typically the implementationof the
stepfunctionasgiven by the procedurechoose¥riable In the following, we will
focusonthe GSAT andthe WalkSAT familiesof algorithms,which have provided
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procedure StochasticLocalSeardbr SAT
input CNF formula®, maxTries maxSteps
output satisfyingassignmentf @ or “no solutionfound”
for i := 1to maxTriesdo
S:= initAssign ®);
for j :=1to maxStepsio
if ssatisfiesb then return s;
ese
X := choose¥riablé®, s);
s := swith truth valueof x flipped;
end if
end for
end for
return “no solutionfound”;
end StochasticLocalSeardbr SAT

Figure 1. Outlineof ageneraktochastidocal searchprocedurdor SAT.

amajordriving force in the developmentof SLS algorithmsfor SAT, andreview
someof the mostwidely usedmembersof thesefamilies. Later, we will briefly
discusotheralgorithmsandfurther GSAT andWalkSAT variantsknown from the
literature.

2.1. THE GSAT ARCHITECTURE

The GSAT algorithmwasintroducedin 1992by Selman LevesqueandMitchell
[60Q]. It is basedon a rathersimpleidea: GSAT tries to minimise the numberof
unsatisfiedclausedy a greedydescentn the spaceof variableassignmentsv/ari-
ableselectionin GSAT andmostof its variantsis basedon the scoe of a variable
x underthe currentassignmens, which is definedasthe differencebetweerthe
numberof clausesinsatisfiedy s andtheassignmenobtainedby flipping xin s.

2.1.1. BasicGSA

ThebasicGSAT algorithmuseghefollowing instantiatiorof theprocedureehoose-
Variablds, ®). In eachlocal searchstep,oneof thevariableswith maximalscoreis
flipped.If thereareseveralvariableswith maximalscore oneof themis randomly
selectedaccordingio a uniform distribution. A straightforvard implementatiorof
GSAT mayberatherinefficient, sincein eachstepthe scoreof all variableswould
have to be calculatedirom scratch.The key to efficiently implementingGSAT is
to evaluatethe completesetof scoresonly onceat the beginning of eachtry, and
thenaftereachflip to updateonly the scoresf thosevariablewhich werepossibly
affectedby theflippedvariable.Detailson theseimplementatiorissuesor GSAT
andrelatedalgorithmscan be found in [32]. One problemwith basic GSAT is
thatit caneasily getstuckin local minima of the objectve functions.As these
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8 HoosandStutzle

might containa large numberof searchspacepositionsbetweenvhich GSAT can
arbitrarily wandey local minima cannotbe efficiently detectedn generalandthe
built-in randomrestartmechanisnis the only way for escapingrom these.This
meansthat for GSAT there exist searchspacepositionsfrom which a solution
cannotbereachedvithoutreinitialisingthe searchWe call SLS algorithmswhich
have this propertyessentialljincomplete

2.1.2. GSA with Random\alk (GWSA)

An importantextensionof the basicGSAT algorithmis GSAT with RandomWalk
(GWSAT) [59]. Here,besideghe abore definedgreedylocal searchstep,a sec-
ond type of local searchstep,the so-calledrandomwalk step is introduced.In
arandomwalk step,first a currently unsatisfiedclausec' is randomlyselected.
Then,oneof the variablesappearingn ¢’ is flipped, thuseffectively forcing ¢’ to
becomesatisfied. The basicideaof GWSAT is to decideat eachlocal searchstep
with afixedprobabilitywp (calledwalk probability or noisesetting)whetherto do
a standardGSAT stepor a randomwalk step.The randomwalk mechanismhas
beenaddedto basicGSAT to avoid gettingstuckin local minima of the objective
function. Obviously, for arbitrary wp> O this algorithm allows arbitrarily long
sequencesf randomwalk steps;as detailedin [35], this implies that from ary
givenassignmentsa model(if existent)canbe reachedwith a positve, bounded
probability This meansthat appliedto a satisfiableformula, even without using
randomrestart(thatis, for maxTries=1), the probability that GWSAT findsasolu-
tion corvergesto 1 astherun-timeapproachemfinity (theso-called?AC property
or probabilisticappoximatecompletenesgs

2.1.3. GSA with Tabu Seach (GSAT/TABU)
Anotherwell-knovn mechanisnfor preventingthe searchfrom getting stuckin
local optimais Talu Search[23, 28]. The generalideais to forbid reversingthe
effect of a particularmove for a numbertl of iterations;the parametetl is called
the tabu tenue. This mechanisntanbe easilyaddedto basicGSAT [50, 61]; in
theresultingalgorithm,afteravariablex hasbeenflippedit cannotbeflippedback
within thenext tl steps GSAT/TABU canbeefficiently implementedy storingfor
eachvariablex theiterationnumberiy whenit waslastflipped. Wheninitialising
thesearchall theiy aresetto —tl andeverytime avariablex is flipped, iy is setto
thenumberj of the currentiteration.Obviously, avariablex canonly beflippedif
j>ix+tl

Note that, unlike for GWSAT, it is not clearwhetherfor arbitrary satisfiable
formulaethereexists atl value suchthat GSAT/TABU hasthe PAC propertyfor
fixedmaxTies. ThismeanghataddingTalu Searcldoesnotnecessarilguarantee
that the algorithmwill never get stuckin local minima. Intuitively, the problem
is that for low tl valuesthe local minima region might be big enoughthat the
algorithmstill cannotescapewithout usingrestart,while for high tl valuesall the
routesto a solutionmightbe cut off because¢oo mary variablescannotbeflipped.
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2.1.4. HSAT andHWSA

HSAT [21] is anotherGSAT variantwherethe local searchstepsmake use of
historyinformation.Whenin asearchstepthereareseveralvariableswith identical
score,HSAT selectsthe leastrecentlyflipped variable.Only shortly after search
initialisation,whentherearestill variableswhich have not beenflipped,arandom
selectionlike in GSAT is done.Theintuition behindHSAT is thatin GSAT some
variableamightnever getflippedalthoughthey arefrequentlyeligibleto bechosen.
This might causestagnationof the search,as sucha variable might be the one
which hasto be flipped for the searchto make further progressAlthough when
comparedo plain GSAT, HSAT wasfoundto shav superiorperformancd21], it
is clearthatit is evenmorelikely to getstuckin localminimafrom whichit cannot
escapeas the additional history-basedie-breakingrule effectively restrictsthe
searchrajectoriesvhencomparedo GSAT. Thereforejt appeargo beattractve
to extend HSAT with the samerandomwalk mechanisnusedin GWSAT. The
resultingvariantis calledHWSAT [20]; like GWSAT it hasthe PAC property

2.2. THE WALKSAT ARCHITECTURE

TheWalkSAT architecturas basednideasfirst publishedoy SelmanKautz,and

Cohenin 1994[59] andit waslaterformally definedasanalgorithmicframeavork

by McAllester Selman,and Kautz in 1997 [51]. It is basedon a 2-stagevari-

able selectionprocesdocusedon the variablesoccurringin currentlyunsatisfied
clausesFor eachlocal searchstep,in a first stagea currently unsatisfiedclause
¢ is randomlyselectedln a secondstep,one of the variablesappearingn ¢’ is

thenflipped to obtainthe new assignmentThus,while the GSAT architectures

characterisetby a staticneighbourhoodelationbetweerassignmentsvith Ham-

ming distanceone, WalkSAT algorithmsare effectively basedon a dynamically
determinedsubsebf the GSAT neighbourhoodelation.

2.2.1. WalkSAT
WalkSAT, originally introducedin [59], differsin oneimportantaspectrom the
otherlocal searchvariantsdiscussechere: The scoring function scoey(x) used
by WalkSAT countsonly the numberof clauseswhich arebroken, i.e., currently
satisfied,but will becomeunsatisfiedby flipping variable x. Using this scoring
function, the following variableselectionschemds applied:If thereis a variable
with scoey(x) = 0 in the clausec’ selectedn stagel, i.e., if ¢’ canbe satisfied
without breakinganotherclause,this variableis flipped (so-calledzein-damae
flip). If no suchvariableexists,thenwith a certainprobability p (noisesetting)the
variablewith minimal scoky, valueis selectedjn the remainingcasespneof the
variablesfrom ¢’ is randomlyselectedrandomwalk flip).

Conceptuallyas well as historically WalkSAT is closely relatedto GWSAT.
However, thereare a numberof significantdifferencesetweenboth algorithms,
whichin combinatioraccounfor thegenerallysuperiomperformancef WalkSAT.
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10 HoosandStutzle

While bothalgorithmsusethe samekind of randomwalk steps WalkSAT applies
them only underthe condition that thereis no variable with scoey(x) = 0. In
GWSAT, however, randomwalk stepsaredonein an unconditionalprobabilistic
way. Fromthispointof view, WalkSAT is greediersincerandomwalk stepswhich
usuallyincreaséhe numberof unsatisfiectlausesareonly donewhenevery vari-
ableoccurringin the selectedclausewould breaksomeclausesvhenflipped. Yet,
in agreedystep,dueto thetwo-stagevariableselectionrschemeWalkSAT chooses
from a significantlyreducedsetof neighboursandcanthereforebe consideredo
be lessgreedythanGWSAT. Finally, becausef the differentscoringfunction,in
somesenseGWSAT shavs agreedietbehaiour thanWalkSAT: For a GSAT step,
it would prefera variablewhich breakssomeclausesut compensatefor this by
fixing someotherclauseswhile in the samesituation, WalkSAT would selecta
variablewith a smallertotal score but breakingalsoa smallernumberof clauses.

To our bestknowledgeit is unknavn whetherWalkSAT hasthe PAC property
i.e.,whetherit cantheoreticallyescapdrom ary local minimawithout usingran-
domrestart.Unlike for GWSAT, it is not clearwhetherarbitrarily long sequences
of randomwalk stepsare always possible becauseandomwalk stepscanonly
be executedwhen no zero-damagélip is available. However, thereis plenty of
empiricalevidencethatin practiceWalkSAT caneffectively escapdrom ary local
minima[35, 37].

2.2.2. WalkSAT/TABU

Analogouslyto GSAT/TABU, thereis alsoa WalkSAT variantwhich usesa Talu

Searchmechanismthisalgorithmis calledWalkSAT/TABU [51]. It useghesame
two stageselectionmechanisnmandthe samescoringfunction scoie, asWalkSAT

andadditionallyenforcesa talu tenureof tl stepsfor eachflipped variable.Here,
if nozero-damagdip canbemade from all variableswvhich arenottalu, theone
with the highestscor, valueis picked; whenthereare several variableswith the

samemaximal score,one of themis randomly selectedaccordingto a uniform

distribution. As aresultof the two-level variableselectionschemeijt mayhappen
thatall variablesappearingn the selectedclausecannotbe flipped becauseahey

aretalu. In this caseno variableis flipped (a so-callednull-flip).

As hasbeenshavn in [35], WalkSAT/TABU is essentiallyincompletefor all tl
settingsasit cangetstuckin local minimaregionsof the searchspace Although
this is mainly causedby null-flips, it is not clearwhetherreplacingnull-flips by,
e.g.,randomwalk stepswould be suficient for obtainingthe PAC property

2.2.3. Novelty

Novelty, introducedin [51], is one of the mostrecentSLS algorithmsfor SAT.
Conceptuallyit combineghealgorithmsbasedon the WalkSAT architecturevith
a history-basedariableselectionmechanisnin the spirit of HSAT. Novelty, too,
is basedon theintuition, thatrepeatedlyflipping backandforth the samevariable
shouldbe avoided.Additionally, like for talu searchvariants the numberof local

sat 2000. tex; 14/03/2000; 12:10; p.10



Local SearchAlgorithmsfor SAT: An Empirical Evaluation 11

searchstepswhich have beenperformedsinceit waslastflipped (alsocalledthe
variables age) is taken into considerationAlso, differently from WalkSAT or
WalkSAT/TABU, Novelty usesthe samescoringfunctionasGSAT.

In Novelty, afteranunsatisfiedtlausenasbeenchosenthevariableto beflipped
is selectedasfollows. If thevariablewith the highestscoredoesnot have minimal
ageamongthevariableswithin thesameclausejt is alwaysselectedOtherwisejt
is only selectedvith a probability of 1-p; in theremainingcasesthe variablewith
the next lower scoreis selectedIn Kautz's andSelmans implementationif there
areseveral variableswith identical score,the oneappearindirst in the clauseis
alwayschosen.

Notethatfor p > 0, theage-baseuariableselectiorof Novelty probabilistically
preventsflipping the samevariableover and over again;at the sametime, flips
can be immediatelyreversedwith a certainprobability if a betterchoiceis not
available.GenerallytheNovelty algorithmis significantlygreediethanWalkSAT,
sincealwaysone of the two mostimproving variablesfrom a clauseis selected,
whereWalkSAT mayselectary variableif noimprovementwithoutbreakingother
clausescanbe achiered. Also, Novelty is moredeterministicthan WalkSAT and
GWSAT, sinceits probabilisticdecisionsaremorelimited in their scopeandtake
placeundermorerestrictve conditions For example differentfrom WalkSAT, the
Novelty stratgy for variable selectionwithin a clauseis deterministicfor both
p=0andp=1.

On onehandside, this oftenleadsto a significantlyimproved performanceof
Novelty whencomparedo WalkSAT. On the otherhand,becausef this proper
ty, it canbe shavn that Novelty is essentiallyincomplete[35], asselectingonly
amongthe besttwo variablesin a given clausecanleadto situationswherethe
algorithm getsstuckin local minima of the objectve function. As we will see
later, this situationcanbe obseredfor someof our benchmarkproblemswhereit
severelycompromisedNovelty’s performance.

2.2.4. R-Novelty
R-Novelty, alsointroducedin [51], is a variantof Novelty which is basedon the
intuition that when deciding betweenthe bestand secondbestvariable (using
the samescoringfunction asfor Novelty), the actualdifferenceof the respectre
scoresshouldbetakeninto account.The exactmechanisnmior choosinga variable
from the selectectlausecanbe seenfrom thedecisiontreerepresentatiogivenin
Figure2. Notethatthe R-Novelty heuristicis quite complex — asreportedn [51],
it wasdiscoreredby systematicallyestinga large numberof WalkSAT variants.
R-Novelty’s variableselectionstratgy is evenmoredeterministicchanNovel-
ty’s; in particular it is completelydeterministicfor p € {0,0.5,1}. Sincethe pure
R-Novelty algorithmgetstoo easilystuckin local minima,a simpleloop breaking
stratgy is used:every 100 steps.a variableis randomlychosenfrom the selected
clauseandflipped.However, it canbeshavn thatthis mechanisnis insufficient for
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randomlyselectunsatclause

selectbestvar
from clause

selectbestvar  selectsecond-bestselectbest selectsecond-best
from clause varfrom clause varfrom clause varfrom clause

Figure 2. Decisiontreerepresentatiofor R-Novelty variableselectiormechanismg¢onditionC, =
“best var does not have minimal age”; conditionC, = “score diff between best and second best
var > 1”; “best” and “second-best'relateto the GSAT-scoreof variables;p; = max{1— 2p,0},
p2 = min{2—2p,1}.

effectively escapingrom local minimaandconsequentlyR-Novelty is essentially
incomplete.

2.3. OTHER SLS ALGORITHMS FOR SAT

Apart from the presented>SAT andWalkSAT algorithmsandtheir variants,nu-
merousotherSLSalgorithmsfor SAT have beenproposedOneparticularlyinter
estingtechniquewhich providesthe basisfor anumberof SLSalgorithmsstudied
in literatureis clauseweighting Theunderlyingideais to associat¢he clausesof
the given CNF formulawith weightswhich are modifiedduring the local search
procesy7, 16, 17, 53, 58]. The objective function, on which the choiceof the
variableto beflippedis basedthenreflectstheweightof the satisfiedclausesuch
thatclauseswith a highweightaremorelikely to becomesatisfied.Typically, the
weightsof the clauseswvhich areunsatisfiedat a local minimum areincreasedy
someconstant.One interpretationof clauseweightingis that local minima are
“filled in” by adaptingthe weights.

In [58], weightsareonly modifiedaftereachGSAT try by increasingheweight
of unsatisfiedclausesby one. A differentapproachthe brealout method[53],
adjuststhe clauseweightsduring a singletry. In particular eachtime the algo-
rithm encounters local minimum, the weightsof the currently violated clauses
areincreasedln [7, 16, 17] different stratgies of how to changethe weights
during a single try are investigated When evaluatingthe performanceof a par
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ticular weightingschemeon a classof randomlygeneratednstanceshich have
only onesinglesolution[2], it wasobseredthatfor the hardesbf theseinstances
the weighingschemeperformedconsiderablybetterthan GSAT andGWSAT [7].
Yet, the instanceausedin thatcomparisorarenot intrinsically hardbecausehey
canbe solved by polynomialsimplifications(unit propagatiorandunary/ binary
failedclauses)Experimentatesultspresentedn [16, 17] shav thattheweighting
stratg@iessignificantlyimprove over GSAT andgive somavhatbetterresultsthan
HSAT on Random-3-SainstancegseeSection4.1 for a descriptionof this prob-
lem class).More concretely usingthe weightingschemegroposedthe average
numberof flips neededo find a solutionis reducedby ca. 50% whencompared
to HSAT. Yet it is not clearhow efficiently the proposedschemesanbe imple-
mentedsincethe weightshave to be modifiedratherfrequentlyandthereforethe
singlesearctstepsaremoreexpensive — in termsof CPUtime — thanfor GSAT.
Consideringpur resultsreportedin Sectionb, it will becomeclearthatevenwhen
amguing basedn the mostefficientimplementation®f GSAT, thesevariantswill
generallynotbecompetitve with thebest-performingValkSAT algorithms.n this
studywedonotinvestigatdocal searchalgorithmswith clausewveightingschemes.
Therearetwo mainreasondor this: On the oneside,usingclauseweightingis a
generalmechanisnwhich could be combinedwith almostarny SLS algorithm;in
particularit couldbeaddedo eachof the GSAT andWalkSAT algorithmsstudied
here.On the otherside, exceptfor GSAT with clauseweighting,asproposedn
[58], thereare no efficient implementationof the weighting schemesvailable,
whichwouldrenderthetypeof empiricalanalysigperformedn this studyextreme-
ly expensve in termsof computationtime. However, we feel that a systematic
investigationof weightingschemesndtheir effect on the performanceof various
SLS algorithms,especiallythe best-performing/NalkSAT variants,would be an
importantextensionof thework presentedhere.

Another interestingSLS algorithm is the GSAT variant using cycle-cutsets
(GSAT+CC)[43]. This algorithmadditionallyincorporates numberof otherex-
tensiongo GSAT, includingrandomwalk andclausewveighting.To our bestknowl-
edge,so far it hasonly beenappliedto binary constraintsatistction problems
(CSPs)itheresultsreportedin [43] suggesthat GSAT+CC might shav a perfor
manceroughlysimilarto WalkSAT for averylimited subclas®f CSPqthosewith
smallcutsets)vhile on othersubclassesf CSPst seemgo be aboutafactorof 2
inferior to the GWSAT variantusedfor comparison.

Many other local searchvariantswhich are very popularin the Operations
Researcltommunityhave beenappliedto SAT. Theseinclude methodshasedon
SimulatedAnnealing[3, 63, 59|, Evolutionary Algorithms [26, 14], and Greedy
RandomizedAdaptive SearchProcedure{GRASP)[56]. Some of thesealgo-
rithms have beendirectly comparedo the algorithmsusedin this study but from
thedatapublishedontheperformancef thesealgorithmsthereis noevidencethat
they might generallyperform significantly betterthanthe algorithmsconsidered
here.
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3. Empirical Methodology

SLS algorithmslike thosepresentedn Section2 strongly involve randomdeci-
sionssuchasthe choiceof theinitial assignmentandomtie-breaking,or biased
randommoves.Dueto thisinherentrandomnesgjivena specificsolubleproblem
instancethetime neededy an SLSalgorithmto find a solutionis arandomvari-
able,asit variesfrom runto run. Consequentlythe mostdetailedcharacterisation
of suchanalgorithms behaiour is givenby its run-timedistribution (RTD), which
for a given instancemapsthe run-timet to the probability of finding a solution
within timet [36, 37, 35).

3.1. RTD-BASED ANALYSIS OF SLS ALGORITHMS

To measureRTDs, one hasto take into accountthat most SLS algorithmshave
somecutoff parameteiboundingtheir run-time, like the maxStepgparametein
thegenericalgorithmschemaof Figurel. Practically we measureempiricalRTDs
by runningtherespecire LasVegasalgorithmfor afixednumberof times(without
usingrestart,.e., settingmaxTriesto one)onagivenprobleminstanceup to some
(very high) cutoff value (optimal cutoff settingsmay thenbe determinedh poste-
riori usingthe empiricalrun-timedistribution) andby recordingthetime required
to find a solutionfor eachsuccessfutun (cf. Figure 3, left). The empirical run-
time distribution is the cumulatve distribution associateavith theseobserations.
More formally, let rt(j) denotethe run-timefor the jth successfutun, andn be
the numberof runsperformedthenthe cumulatve empirical RTD is definedby
P(rt <t) =|{j|rt(j) <t}|/n. Insteadof actuallymeasuringun-imedistributions
in termsof CPU-time, it is often preferableto userepresentate operationcounts
asa moremachine(andimplementationjndependentneasureof an algorithms
performanceAn appropriat@peratiorcountfor localsearchalgorithmsfor SAT is
thenumberof local searchstepstherun-timedistributionsobtainedoy measuring
the run-timein termsof local searchsteps(here:variableflips) insteadof CPU
time arealsocalledrundengthdistributions (RLDs) (cf. Figure3, right).

From the RTD information,the commonlyusedbasicdescriptve statisticsof
the run-time, like its mean,standarddeviation, and arbitrary percentilescan be
easilyderived. At the sametime, measuringRTDs doesnot incur ary significant
overheadn dataacquisition,becausé¢he amountof experimentatiorrequiredfor
obtainingstableestimategor basicstatisticglike themeanrun-time)is alsosufi-
cientfor measuringRTDs with areasonablaccurag. But comparedo measuring
standarddescriptve statistics,an RTD-basedempiricalanalysishasa numberof
adwantages.

Firstly, it doesnot make ary assumptionsegardingthe applicationscenario,
i.e., thetime constraintsn finding a solution. To seewhy this is important,con-
sidera SAT-baseplannermworkingin areal-timeervironment,wheretherun-time
of the SAT solwer is severely limited. Whenusingan SLS algorithmin suchan
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Figure 3. Run-timedataof WalkSAT, appliedto ahardRandom-3-SA instanceor approx.optimal

settingof wp, 1000 tries. Left: Bar diagrammof rt(i) (vertical axis: run-time in CPU seconds).
Right: CorrespondindRLD with best-fitapproximationby an exponentialdistribution (horizontal

axis:run-timein local searchstepsyverticalaxis: probability of solvingtheinstance).

applicationcontet, the expectedtime for solving a particularprobleminstance
is typically not relevant; the correctperformancecriterion is the probability of

solving the problemwithin the given time-limit — which canbe easily derived

from anestimateof the RTD.

Secondly RTDs give a graphicrepresentatiorof the algorithms behaiour
which is well suitedfor analysingand describingthe qualitatve behaior of an
algorithm.Especiallywhencomparingthe performanceof differentalgorithms,a
graphicrepresentationf the RTDs is very useful.Let us considertwo algorithm-
s which, when appliedto the sameprobleminstance shav a cross-oer in the
correspondindRTDs. This immediatelyimplies thatfor shortrunsonealgorithm
givesa highersolution probability thanthe other while for longerrun-timesthe
situationis reversed.The location of the cross-@er indicatesthe critical time at
which both algorithmsgive the samesolutionprobability If onthe otherhandno
suchcross-@er occurs this providesevidencethatfor thegiven probleminstance,
one algorithm dominatesthe otherin the sensethat it gives consistentlyhigher
succesrobabilities,regardlessof the run-time. Note thatwhenonly comparing
the meanor medianrun-time, or even a numberof percentilesdominationcan
typically not be testedbut is oftenimplicitely andmisleadinglysuggestedby this
data.Thegraphicrepresentationf anRTD oftenalsogivesanindicationwhether
an algorithmshaws stagnatiorbehaiour andthusgives hints on the possiblein-
completenessf analgorithm. Stagnationin an RTD is indicatedby the factthat
the RTD shaws a horizontalsectionwith a solution probability smallerthanone
over oneor more ordersof magnitudeon the run-time axis. Moreover, asargued
in [36], giventhe RTD data,optimal cutoff times(i.e., maxStepsettings)canbe
determinedn aratherstraight-forvard way.
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3.2. ANALYSING SLS PERFORMANCE FOR PROBLEM DISTRIBUTIONS

As specifiedabore, RTDs are measuredor individual probleminstancegather
thanfor setsof instancesWhile atthefirst glancethis might seemlik e adisadwan-
tageof the RTD-basedapproachin factit is oneof its biggestadwantagesTo see
why this is so, considerthe prominentcaseof evaluatingan SLS algorithmon a
setof probleminstancesampledrom arandominstancedistribution, suchasuni-
form Random-3-SA (cf. Sectiond.1)for agivennumberof variablesandclauses.
Thereis two source®f randomneswhich have to betakeninto considerationthe
variability in the run-timewhenapplyingthe algorithmto anindividual problem
instanceand the stochasticgenerationof the instancesFor variousreasonsve
feel thatit is very desirableto investigatethesetwo typesof randominfluences
seperatelypne of theseis the fact that the type of randomnesgapturedin the
RTD mightstronglydependnthealgorithmbeingusedwhile theinstance-related
variationmightbecausedy propertief theinstancevhich affectalargenumber
of algorithms.Later, in Section6, we will shav that for Random-3-SA this is
actuallythecase.

Anotherimportantagumentfor analysingRTDs basedn individual instances
is thefollowing (see[36] for details):Considera situationwherefor a setof prob-
lem instanceghe RTDs on all individual instancesare exponentialdistributions.
As we will shav in Section6, this impliesthatthis algorithmis very robustw.r.t.
the maxStepsettingand cannotbe improved by usingrestart.If, however, one
looksatan“averageRTD” obtainedby summingup the RTDs over theinstances
of thetest-setanddividing by the numberof instancesthis RTD is generallynot
anexponentialdistribution, asthe family of exponentialdistributionsis not closed
underthe operationof averaging[57]. As aguedin [36], this RTD will generally
suggesthe existenceof an optimal settingof the maxStepparameterUsing this
settingwill indeedmaximisethe algorithm’s performance— but only in thesense
thatwithin a giventime period,the numberof probleminstancesandomlydravn
from theinstanceset(or distribution) which aresolvedwithin this time periodwill
be maximal.However, asan RTD-basedanalysisshavs, in this casethe “optimal
parametesetting”will notaffectthe performancen ary individual instancefrom
the set— it will only make surethat not too much is wastedtrying to solve
hard instancesThus, using the optimal settingwill effectively introducea bias
for solvingeasiemproblems— aneffectwhich, exceptfor very specialapplication
situationswill mostlikely beundesirablendcanpotentiallygiveriseto erroneous
interpretationsof the obsered behaiour. This problembecomesvery relevant
whenthe interinstancedifficulty within the test-sethasa high variance asis the
casefor Random-3-SA andGraphColouringtest-setgseealsoSectionb).

Using the RTD-basedapproachrequiresestimatingthe RTDs for eachindi-
vidual probleminstancefrom a given test-setsuch as the Random-3-SA and
GraphColouring instancesetsusedfor this study In all caseswhen evaluating
analgorithms behaiour for atest-sebf instanceswe follow this approachHow-
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ever, it is impracticalto actuallyreportthe RTD datafor 100 or 1,000instances
(thetypical sizeof our test-sets)Instead we usuallyreportRTD datafor a small
numberof instancegSection5) or performfunctionalcharacterisationsf the in-
dividual RTDs (Section6). Additionally, we analyseandreportdistributionsof the
RTDs’ meansor percentilegtypically themedian)acrosshegiventest-setThese
hardnesddistributionsreflectthe variationin searchcostarisingfrom therandom
structureof the instancesinterestingly using this approachone can easily see
(cf. Sectionb) thatthe RTDs areusuallyvery differentfrom the hardnesslistribu-
tions;in particular the hardnesslistributionsaretypically heary-tailed (cf. [24]),
while we neverobseredaheary-tailedRTD for ary of the SLSalgorithmsstudied
here.

3.3. FUNCTIONAL CHARACTERISATIONS OF RTDs

In additionto the advantagedliscussedbove, an RTD-basedmethodologypro-
vides the basisfor more advancedtypes of empirical evaluations,such as the
functional characterisatiof the RTDs for a given algorithm.Here,oneideais
thatif a given algorithmdisplaysthe sametype of RTDs for a rangeof problem
instancesandthis type canbe determinedthenthe RTD datacanberepresented
in a much more compactand informative way. Practically this can be doneby
approximatingRT Ds usingparameterisethmiliesof distribution functions,where
the parametersare estimatedrom the measuredRTD data(cf. Figure 3, right).
Oncesuchcharacterisationare obtained,they provide a basisfor studyingthe
dependencef the RTD parameter®on variousfactorssuchas problemsize or
constrainedness.

Note that this type of empirical analysiscan be usedto producehypotheses,
suchas “when applying WalkSAT and using an optimal setting of wp to hard
Random-3-SA probleminstancesthe RTDs arewell approximatedy exponen-
tial distributions”, which canbe testedfor statisticalsignificance. Therefore this
typeof RTD-basednalysidollows suggestionsnadeby Hooker [30, 31], thatthe
empiricalanalysiof algorithmsshouldnotremainatthe stageof simply collecting
data.Rather analogougo empirical methodologiesisedin other sciencespne
shouldattemptto formulatehypothesed®asedon this datawhich, in turn, canbe
experimentallyrefuted or validated.As we will seein Section6, this approach
is extremelyusefulfor investigatingthe robustnesf SLS performanceFurther
more,functionalcharacterisationsf RTDs mayalsohelpin relatingthe empirical
behaiour of algorithmsto moregeneralstatisticalphenomenandthusprovide a
basisfor new interpretionof the obsered behaiour [24, 18, 37, 35].

Finally, it shouldbe notedthatthe sameRTD-basedmethodologywe areusing
herefor analysingherun-timebehaiour of SLSalgorithmsfor SAT cangenerally
beappliedto empiricalstudiesof amuchbroaderclassof algorithms theso-called
LasVegasalgorithms Thesearealgorithmswhich, if they find asolution,guaran-
teeits correctnesbut generallyhave arun-timewhichis characterisetly arandom
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variable[49, 1, 35]. Also, this methodologycan be generalisedo optimisation
problemswhich is of interestasmary SLSalgorithmsfor decisionproblemscan
be analogouslyusedfor solving the correspondingptimisationproblems(e.g.,
the SAT algorithmscoveredherecanbe equallywell usedfor solving MAX-SAT
problems)35, 62].

4, TheBenchmark Set

The benchmarksuitewe are usingasa basisfor the empiricalevaluationof SLS
algorithmsfor SAT comprisegshreedifferenttypesof problemstest-setsampled
from Random-3-SA, a well-knovn randomproblem distribution; test-setsob-
tainedby encodinginstance$rom arandomdistribution of hardGraphColouring
instancednto SAT; andSAT-encodednstance$rom Al planningdomainsjn par
ticular, from theBlocksWorld andthe Logisticsdomain[45]. All thesebenchmark
instancesrehardin generabnddifficult to solve for SLSalgorithms For the SAT-
encodegroblemsthehardnessf theinstancess inherentatherthanjustinduced
by the encodingschemehatwasusedfor transformingtheminto SAT. The SAT-
encodingusedhereare mostly very simple and well-knowvn from the literature.
In addition,we usedsomeof the satisfiablebenchmarknstancegrom the second
DIMA CSchallengd41].

The selectionof the benchmarkproblemswasinfluencedby a numberof cri-
teria. Firstly, we wantto facilitate the combinationof the resultsreportedin this
studywith future evaluationsof other SAT algorithms(not necessarilybasedon
SLS) usingthe samebenchmarNibrary, in orderto obtainan overall picture of
the performanceof differentSAT algorithms.Thus,the benchmarksetshouldnot
be biasedby the selectionof algorithmsstudiedhere.This approachalsoallows
to investigatewhetherthereareperformancalifferencedetweerthesealgorithms
which are so fundamentathat they canbe consistentlyobsered acrossthe full
benchmarkset. Our choiceof particularproblemclassedocuseson fairly well-
known instancesand instancedistributions, which have beenusedwidely in the
literature.Secondlyasthe goal hereis to evaluateSLS algorithmswhich aretyp-
ically incomplete we have to restrictthe benchmarlsuiteto satisfiablanstances.
Consequentlywhensamplingfrom instancedistributionslike Random-3-SA, the
costfor filtering out unsatisfiablenstancexanbe very high andrestrictthe size
andnumberof instancesncludedin our testsets.Finally, becausef the detailed
RTD-basednalysisto beapplied,eachSLSalgorithmhasto solve every problem
instancea large numberof times (typically, at least250) which againlimits the
sizeandnumberof probleminstancesn our benchmarlcollection.Nevertheless,
thebenchmarkibrary usedin the context of this work containsca.4,500problem
instances.

In the following, we give a brief overview of the benchmarkproblems.More
detailedinformation can be found in Appendix A of this paper All benchmark
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instancesreavailablefrom the SATLIB website(http://www.informatik.tu-darm-
stadt.de/Al/SALIB).

4.1. UNIFORM RANDOM-3-SAT

We use a numberof test-setssampledfrom Uniform Random-3-SA distribu-
tions from the solubility phasetransitionregion at ca. 4.26 clausesper variable
[52, 47], wherethe averageinstancehardnesgor both, systematiandstochastic
local searchalgorithmsis maximal[9, 10, 64]. Sincein thecontext of (incomplete)
SLS algorithmsfor SAT it makes no senseto include insolubleinstancesn a
benchmarlsuite,we filteredtherandomlygeneratedest-sets$or solubleinstances
usinga systematialgorithmwhich wasalwaysrun to completion.Thus,for each
generatednstancewe definitely determinedwhetherit is satisfiableor not, and
includedall satisfiableinstancesn our test-setsThis way, we ensuredhatthere
wasno biastowardsgeneratingsatisfiableinstancesAs this kind of samplingis
computationallyexpensve, both, the sizeandthe numberof instancesn the test-
setsare effectively limited. Using this generatiormethod,which is well-known
from theliterature(see[21, 50, 51] for someexamples)we generatedest-setsor
n= 25to n = 250instancewwith typically 100instancegpertest-setThetest-sets
for n=50andn = 100contain1,000instance®ach.

4.2. GRAPH COLOURING

TheGraphColouringproblem(GCP)is awell-knovn combinatoriaproblemfrom
graphtheory: Given a graphG = (V,E), whereV = {vi,v,,...,vn} is the setof
verticesandE C V x V the setof edgesconnectingthe vertices find a colouring
C:V — N, suchthatneighbouringverticesalways have differentcolours.When
transformingGCPin SAT, we encodea decisionvariantin which the objectve is
to find a colouringfor a givennumberof colours.The optimisationvariant,which
searche$or a colouringwith a minimal numberof colours,canthenbe solved by
solvinga seriesof suchdecisionproblems.

We generatedseven test-setsof 3-colourableflat randomgraphswith 50 to
200 vertices.The connectiity (edgesper vertex) of thesegraphswas adjusted
in sucha way that the instanceshave maximalhardnesgon average)for graph
colouring algorithmslike the Brelaz heuristic[29]. Eachtest-setcontains100
instancesexceptfor the 50 vertex test-setwhich comprisesl,000instancesThe
GCPinstancesveretransformednto SAT by usingastraightforvard, yetefficient
encodingknown from theliterature[12] (seealsoAppendixA).

4.3. PLANNING INSTANCES

Recentlyit hasbeenshavn that someAl Planningproblemscan be efficiently
solved by encodingtheminto SAT andthenfinding modelsof the SAT formu-
lae using standardSAT algorithmslike the SLS algorithmsappliedin our study
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This approachhasshavn to be competitve or even to outperformstate-of-the-
artgeneral-purposplanningalgorithms[45]. For our benchmarlsetwe useSAT
encodingfrom two planningdomainsthe Blocks World domainandthe Logis-
tics domain.In Blocks World Planning startingfrom someinitial configurationa
numberof blockshasto be movedto reachsomegivengoalsituation;in Logistics
Planning,packagesave to be moved betweenlocationsin differentcities using
trucksandairplaneswith limited capacity

Our benchmarksetcontainsthe four largestBlocks World Planninginstances
andfour LogisticsPlanninginstance$rom HenryKautz'sandBart Selmans SAT-
PLAN distribution. Theseproblemsangefrom 459to 6,325variablesandcontain
up to 131,937clausesAt the time of this writing, the two largestBlocks World
instanceshw | ar ge. c andbw _| ar ge. d, areamongthehardesprobleminstances
which canbe solved by state-of-the-arSAT algorithmsin reasonabléme.

4.4, INSTANCES FROM THE DIMACS BENCHMARK SET

Other SAT instancesve usedin our experimentsare taken from the benchmark
setestablishedluring the SecondDIMA CS Challenge[41]. This benchmarkset
containssatisfiableaswell asunsatisfiablénstancesbut sincethe SLSalgorithms
usedin our study cannotbe usedto establishunsatisfiability we selectedonly
satisfiableinstancesfor our empirical study As we were mainly interestedin
challengingSAT-encodedroblemsfrom otherdomainswe chosethe threelarge
SAT-encodedGraphColouringinstancesandthe smallerSAT-encodednstances
from the problemof learninga parity functionfrom givendata.

Otherinstanceslik e thelarger parity learninginstancesanbe solved by some
of the best-performindsLS algorithmsidentifiedin this study but the searchcost
is too high for a systematieempiricalanalysisof SLS behaiour. Otherproblems
werenot considereecausehey wereextremelyeasyfor the algorithmsstudied
hereor they could be solved by polynomial preprocessingechniquegfor details
regardingthe selectionof problemsfrom the DIMA CS collection, the interested
readeris referredto AppendixA.)

5. Peak Performance Comparison

In this section,we presentheresultsof our comprehense performanceanalysis
for thealgorithmsintroducedn Section2 appliedto the suiteof benchmarkprob-
lemsdescribedn the previous section.As motivatedandintroducedn Section3,
we usean RLD-basedmnethodologyln particular two basicmethodsareapplied:
For individual instancesywe comparethe RLDs of the algorithmsusing approx-
imately optimal settingsof the noise parametersvp, p, or tl. As an optimality
criterionwe usethe expectednumberof stepsrequiredfor finding a solution.For
test-setsampledrom randominstancedistributions, we additionallyanalysethe
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Figure 4. Hardnesdistributionsacrosstest-seuf 100- 430 for variousalgorithms;x-axis: median
numberof local searchstepspersolution.

distribution of the meansearchcost per instancefor differentalgorithms,again
usingapproximatelyoptimalnoisesettings More advancedaspect®f ourempiri-
calinvestigationjn particularfunctionalcharacterisationsf the RLDs, aswell as
robustnessaandscalingissuesaredeferredto Section6, wherewe alsostudythe
influenceof the noiseparameteré moredetail.

5.1. RANDOM-3-SAT

For Random-3-SA, we first empirically analysedSLS performanceor test-set
uf 100- 430 (1,000instanceshy measuringan RLD for eachalgorithm applied
to eachindividual instanceusing approximatelyoptimal noisesettings(wp, p, or
tl).2 In this casethe RLDs arebasecbn 100tries perinstance usingan extremely
high cutoff parametesettingof maxSteps- 10" we madesureto obtainamaximal
numberof successfulries. To getanimpressiorof thevariability of thesearctcost
within the test-setwe analysedhe distribution of the meansearchcost(number
of local searchsteps)over the instancedrom the test-setFigure 4 shaws these
cumulatve hardnesdlistributions, while Table| reportsthe correspondingasic
statistics.

For all algorithms,we obsere a hugevariability in searchcostbetweenthe
instance®f eachtest-setln particular ascanbe seenfrom thelong tails of these
distributions,a substantiapartof the probleminstancess dramaticallyharderthan
therestof the test-setFurthermore)ooking at the graphicrepresentatiof the
hardnesslistributionsin Figure4, onemightnoticethatthecurvesareroughlypar
allel in asemi-logplot. This indicatesthatthe differencesn searchcostfor these
algorithmscanbecharacterisebtly a uniformfactoracrosgshewhole hardnesslis-

2 Thenoisesettingshave beenoptimisedn preliminaryruns.It wasfoundthattheapproximately
optimalnoisesettingsdid not considerablydiffer betweerdifferentinstancedrom the sametest-set.
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Tablel. Test-setuf 100- 430, basicdescriptve statisticsof hardnesglistributions for
various algorithmswith approx. optimal noise, basedon 100 tries / instance;noise
settingsasfor mediuminstancgcf. TableXXIV).

algorithm mean  stdde %‘{% med Qs Qoo 8—22 8—‘1’8

GWSAT 6,532 10,639 1.63 3,398 7,040 13,880 3.82 12.62
GSAT/TABU 4,783 9,741 2.04 1,621 4,260 11,399 5.62 24.93
HWSAT 3,039 3,365 111 1,914 3,622 6,605 3.33 9.71
WalkSAT 3,672 5,698 155 1,995 4,142 7,296 3.62 10.40
WalkSAT/TABU 2,485 6,263 252 1,041 2,215 4,751 3.92 1351
Novelty 28,257 191,668 6.78 851 1,845 4,390 3.85 14.50
R-Novelty 1,245 1,893 1.52 640 1,402 2,625 3.73 11.30

tribution. However, examiningthe top 10% of the cumulatve distribution curves,
therearethreenotableexceptionsfrom that rule: thosefor GSAT/TABU, Walk-
SAT/TABU, and— far moredramatically— Novelty have a significantlyheavier
tail thanthe curvesfor the otheralgorithms.That GSAT/TABU, WalkSAT/TABU,
andNovelty causeconsiderablynoreinter-instancehardnessariationcanalsobe
seenwhencomparingthe normalisedstandarddeviationsand percentileratiosin
Tablel. This oberserationindicatesthatthe variantsusingtaltu searchaswell as
Novelty, have greatedifficultiesescapingrom highly attractve areasn thesearch
space®f someinstanceghanthe othervariants.For the talu searchvariantsthis
is mostprobablycausedy thefixedlengthof thetaku list which limits the ability
to escapdrom local minimaregions. For Novelty, 33 of the 1,000instancesad
asolutionratebetween’5%and99%,whereador identical maxStepsettingsall
otheralgorithmssolved all instancesn eachtry. This explainsthe hugestandard
deviation obsenred for the Novelty hardnesslistribution. It alsoindicatesthatdue
to its greedybias,Novelty cangetpermanenthstuckin local minimaregions.
Next, we analysedhe RLDs obtainedby applyingthealgorithmsto individual
probleminstancesFor practicalreasonsyve restrictour presentatiornereto the
instancesorrespondindo the minimum, median,and maximumof the hardness
distribution for WalkSAT; thesearereferredto asthe “easy”, “medium” (med),
and“hard” hardnessnstancedrom the underlyingtest-set.The RLDs shavn in
Figuresb and6 offer an easilyaccessibleyet comprehense andprecisepicture
of ourresults Neverthelessywe additionallyincludethe correspondinglescriptve
statisticsin numericalform. This dataand someadditionaldiscussionon minor
detailsof ourresultscanbefoundin AppendixB. As canbe seerfrom thefigures,
the RLDs for the differentalgorithmshave all roughly the sameshapeand,with
oneexception(R-Novelty andWalkSAT/TABU onthemediuminstance)no cross-
oversoccur Thus,generallythereis adominanceelationbetweerthe algorithms
whenappliedto the sameinstancej.e., whencomparingtwo algorithms’perfor
mance,oneis uniformly betteror worsethanthe other Note that basedon our
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Figure 5. Probleminstanceuf 100- 430/ easy, RLDsfor variousalgorithms,approx.optimalnoise,
basedn 1,000tries.
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Figure 6. Probleminstanceuf 100- 430/ ned (left) anduf 100- 430/ har d (right), RLDs for various
algorithms,approx.optimalnoise,basedn 1,000tries/ instance.

earlierobsenration of stagnatiorbehaiour for someof the algorithms,thereare
instancesfor which thisis nottrue, but it holdsfor the majority of the instances.
This indicatesthatfor Random-3-SA problemstherelative effectivity of differ-
entsearchmechanismsywhencomparedo eachother doestypically not change
with increasingengthof the searchrajectory Thus,searchspacefeatureswhich
affectthedifferentsearchmechanismaon-uniformlyaretheexceptionratherthan
thenorm.

Note alsothatfor all algorithms,thereis a hugevariancein the lengthof dif-
ferentrunsof the samealgorithm.Interestingly for harderprobleminstancesthe
variability in the lengthof the algorithms’runsis even higher ascanbe seenby
the factthatthe distribution curvesin the semi-logplots of the RLDs (Figures5
and6) getlesssteepwith increasingoroblemhardness.

Fromthe RLD data,onecaneasilyseethat GWSAT is generallytheworstper
forming algorithm,while R-Novelty performsbest.Apart from this, however, the
relative performanceof the algorithmson Random-3-SA generallydependson
theinstancehardnessOnly for the hardinstancea significantdifferencebetween
Novelty andR-Novelty canbeobsered,whichsuggestshatthemorecomplicated
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variableselectionmechanisnusedin R-Novelty only paysoff for extremelyhard
instancesAt the sametime, the performancalifferencebsered betweenWValk-
SAT, WalkSAT/TABU, and GSAT/TABU for the easierinstancesare no longer
obsered for the hardinstance.This suggestghat the talu mechanisnmmight be
considerablymoreeffective for easietinstancesHWSAT ranksbetweenGWSAT
andGSAT/TABU for theeasyandmediuminstancefor thehardinstancehowever,
thisalgorithmshawvs very competitve performancendranksthird afterR-Novelty
andNovelty. Thus,comparedo rigid tatu lists the moreflexible memory-based
mechanisnusedin HWSAT, Novelty, and R-Novelty seemgo be moreeffective
for hard instanceslt may be further notedthat the differencesin performance
betweerthe bestandthe worstperformingalgorithm(GWSAT andR-Novelty) is
far more dramaticfor the hard instance(a factor of approx.10 in the median)
than for the medium (factor = 4 in the median)and the easyinstance(factor
=~ 3 in the median).This suggestghat especiallyfor the featureswhich make
instancesdardfor the SLS algorithmsconsideredhere,R-Novelty’s sophisticated
searchmechanismis particularly effective. As we will shav in Section6.3, by
usingadvancedanalysigechniquesadditionalevidencefor thisinterpretatiorcan
beobtained.

5.2. GRAPH COLOURING

Applying thesameRLD analysisasusedfor Random-3-SA to thef | at 100- 329
GraphColouringtest-se{100instances)we obsere somesurprisingdifferences
(cf. Figures7 and 8; for numericaldata on theseRLDs, seeAppendix B, Ta-
blesXXVIII-XXX). Theseconcernmainly the performanceof GSAT/TABU and
R-Novelty. The latter algorithm, which dominatedthe scenefor the Random-3-
SAT test-setshavs arelatively weakperformancentheGraphColouringdomain
testedhere,whereit ranksthird (on the easyandhardinstance)or fourth (on the
mediumproblem).Novelty is significantlybetterthan R-Novelty on all threetest
instancesthe performancedifferenceis uniformly characterisedby a factor of
ca.2 in the numberof stepsrequiredto find a solutionwith a given probability
This suggestshat R-Novelty’s sophisticatedariableselectionmechanisnmight
be too much tunedtowards searchspacefeatureswhich tend to occuronly in
Random-3-SA problems Alternately R-Novelty might have difficultieswith the
morestructuredsearchspace®f SAT-encodegroblems.

GSAT/TABU, on the otherhand,is muchstrongerwhenappliedto the Graph
Colouring test-setthan for Random-3-SA. Here, for the easyand mediumin-
stance GSAT/TABU is only secondafter Novelty, which is the bestalgorithmfor
theseinstancesfor the hardinstance GSAT/TABU is slightly betterthanNovelty
andthusleadsthefield. But analogouslyo whatwe obseredfor Random-3-SA,
WalkSAT/TABU'’s performancas relatively poor on the hardinstancewhere,for
flat 100- 239, it is inferior to WalkSAT. This is somevhat surprisinggiven the
huge advantageGSAT/TABU realisesover GWSAT (for the hard instance,we
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Figure 7. Problemf | at 100- 239/ easy, RLDs for variousalgorithms approx.optimalnoise,based
on 1,000tries.

1 T 1 T
gwsat(0.6) —— gwsat(0.6) ——
0.9 I gsatttabu(10) ——--—- 0.9 I gsat+tabu(10) --—---
hwsat(0.5) -------- hwsat(0.5) -~
08 wsat(0.5) 0.8 wsat(0.5)
wsat+tabu(3) ---- wsat+tabu(3) -
07 F novelty(0.6) ------- 07 F novelty(0.6) -------
r-novelty(0.6) - r-novelty(0.6) -
0.6 0.6
T °
s 2
° 05 5 05
2 2
T o
0.4 0.4
03 0.3
0.2 0.2
0.1 0.1
0 i o nraz=ns
100 1000 10000 100000 1e+06 100 1000 10000 100000 1le+06

# variable flips # variable flips

Figure 8. Problemf | at 100- 239/ nmed (left) and f | at 100- 239/ hard (right), RLDs for various
algorithms,approx.optimalnoise,basedn 1,000tries/ instance.

obsere afactorof ca. 3 betweenthe performanceof thesetwo algorithms).Ob-
viously, the moreglobaltalu mechanisnin GSAT/TABU is particularlyeffective
for themorestructuredsearchspace®f the GraphColouringinstancesHWSAT's
performances consistenlyinferior to both, Novelty’s andGSAT/TABU's.
Additionally to theseRLD analyseslike in the caseof Random-3-SA, we
performedan analysisof the instancehardnesdistribitionsfor the differental-
gorithms.For practicalreasongcomputingtime limitations and higheraccurag
becauseof a larger numberof instances)we usedthe f | at 50- 115 test-setfor
this analysis;however, our experimentalexperienceindicatesthat theseresults
translatedirectly to f | at 100- 239. The hardnesdlistributions shavn in Figure9
confirm and refine the obserations from studying the three sampleinstances.
Novelty, R-Novelty, and GSAT/TABU clearly dominatethe otheralgorithmson
themajorpartof thetest-setthe hardnesglistributionsof thesealgorithmsappear
to be almostidentical.However, for Novelty andR-Novelty, aswell asfor Walk-
SAT/TABU, the distributions have heavy tails which indicatethat the algorithms
getstuckin localminimafor arelatvely smallnumberof instancesConsequently
theirworst-cas@erformancenthegiventest-sets drasticallyworsethantheoth-
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Figure 9. Hardnesdglistributionsacrosgest-sef | at 50- 239 for variousalgorithms;x-axis: median
numberof local searchsteps/ solution.

Tablell. Test-sef | at 50- 115, basicdescriptve statisticsof hardnesglistributionsfor
various algorithmswith approx. optimal noise, basedon 100 tries / instance;noise
settingsasfor mediuminstancecf. Table XXVII).

algorithm mean  stdde %‘{,ﬁ’] median Qs Qoo 8—22 8—?8
GWSAT 7,023 7,060 1.01 4,846 8,122 13,640 2.65 6.44
GSAT/TABU 1,040 855 0.82 787 1,220 1,963 2.26 4.99
HWSAT 2,641 2,056 0.78 2,042 3,139 4,926 230 4.95
WalkSAT 3,913 2,779 0.71 3,132 4,648 7,287 222 4.63
WalkSAT/TABU 61,393 720,406 11.73 1,265 2,252 4,675 2.70 8.00
Novelty 20,065 330,262 16.46 776 1,282 2,335 250 6.19
R-Novelty 7,109 97,543 13.72 739 1,282 2,142 262 6.01

er algorithms’.Notethatfor Novelty, a similar situationwasobseredin the case
of Random-3-SA — where,however, neitherWalkSAT/TABU, nor R-Novelty
shavedary signsof essentialncompleteness.

5.3. BLOCKS WORLD AND LOGISTICS PLANNING

After evaluatingthe differentalgorithmson randomdistributionsof hardproblem
instancesye now turnto singleSAT-encodednstance$rom theBlocksWorld and
LogisticsPlanningdomainsHere,we comparehe RLDs for individual instances,
like it wasdonefor the easy medium,and hardinstancedrom the distributions
studiedbefore. After preliminary experimentsindicatedthat the GSAT variants
are substantiallyoutperformedby the more efficient WalkSAT variantson these
problemgseealsoSection5.5),we focusedmainly on algorithmsof the Walk SAT
family.
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Figure 10. Probleminstancebw | arge. a (left) and instancebw | arge. ¢ (right) for various
algorithms approx.optimalnoise,basedn 1,000and250tries, respectely.

Table 1ll. Probleminstancebw | ar ge. b, basic descriptive statisticsof RLDs for various
algorithms approx.optimalnoise,basedn 250tries.

algorithm mean stdde % median Q25 Qs 8—;:
WalkSAT(0.35) 582,384 570,626 0.98 414,744 166,326 782,842 4.71
WalkSAT/TABU(2) 152,104.03 137,108.76 0.90 107,586 54,611 215,564 3.95
Novelty(0.30) 191,715 195,045 1.02 131,494 53,629 254,779 4.75

R-Novelty(0.55) 234,304.18 215,100.55 0.92 166,922 73,673 341,827 4.64

For the smallestBlocks World instance(bw_| ar ge. a), aswell asfor similar
small instancesrom the SATPLAN distribution, we obsere a uniform perfor
mancepattern:R-Novelty is uniformly betterthanNovelty, which shows slightly
improved performanceover WalkSAT/TABU, which in turn is significantly bet-
ter than WalkSAT (seeFigure 10 on the left side; numericaldatais given in
AppendixB, TableXXVI). Forthelargerinstanceshowever, the situationis con-
siderablydifferent: Applied to bw | ar ge. b, R-Novelty ranksonly third behind
WalkSAT/TABU andNovelty, which shawv a very similar performancgseeTable
). Forbw | ar ge. ¢, WalkSAT/TABU is significantlybetterthanNovelty (factor
=~ 2), while Novelty’'s performancas betweenValkSAT’s andWalkSAT/TABU’s
(seeFigure 10 on the right side; numericaldatais given in Appendix B, Ta-
ble XXVII). The big surprise,however, is that R-Novelty performsextremely
poorly: for noiseparametesettingsup to 0.5, we obsered stagnatiorbehaiour
with extremelylow asymptoticsolutionprobabilities(< 10%).However, if asolu-
tionis found,thisrequiresonly arelatively smallnumberof stepsonaverage-thus
by usingrestartanda smallcutof value,competitve performanceanbeachieved.
Neverthelessevenusinganoptimalcutof value,R-Novelty’s performancas still
inferior to WalkSAT/TABU's (thebestestimatedactorbetweerthecorresponding
averagelocal searctstepd solutionvaluesis 1.75).
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Table V. Probleminstancel ogi sti cs. a, basicdescriptve statisticsof RLDs for variousalgo-
rithms, approx.optimal noise,basedon 1,000tries for algorithmsof WalkSAT-architectureand
250triesfor algorithmsof GSAT architecture.

algorithm mean  stdde %‘{% median Qs Qoo 8—22 8—?8
GWSAT(0.30) 711,033 682,080 0.96 500,970 904,361 1,464,615 3.79 9.95
HWSAT(0.15) 107,143 76,633 0.72 86.609 148,109 213,285 2.96 6.75
WalkSAT(0.3) 95,205 91070 0.96 65,566 120,207 200,325 3.33 9.92
WalkSAT/TABU(1) 177,169 139,661 0.79 139,647 246,933 365,434 3.49 10.55
Novelty(0.45) 55,748 41,323 0.74 46,366 72,153 108,518 2.81 6.53
R-Novelty(0.65) 45,220 36,219 0.80 33,713 62,321 93,278 3.18 8.32

TableV. Probleminstance ogi sti cs. d, basicdescriptve statisticoof RLDsfor variousalgorithms,
approx.optimalnoise,basedn 1,000tries.

algorithm mean  stdde % median Qs Qoo 8—;2 %
WalkSAT(0.4) 499,956 373,354 0.75 398,277 641,438 972,765 2.56 6.29
WalkSAT/TABU(2) 400,005 276,011 0.69 332,494 526,125 750,234 2.61 5.77
Novelty(0.35) 134,695 96,288 0.71 109,297 174,384 254,862 2.58 591
R-Novelty(0.6) 936,537 885,835 0.95 671,914 1,251,464 2,081,376 3.88 12.57

On the SAT-encodedinstancesrom the Logistics Planningdomain, similar
to the blocks world instancesnone of our algorithmsdominatesall the other
s. For example,on the smallestinstance(l ogi sti cs. a, seeTablelV), Novelty
and R-Novelty are the best performing algorithms,followed by WalkSAT and
HWSAT which take roughly twice as mary steps.WalkSAT/TABU is the worst
algorithmof the WalkSAT-architectureand GWSAT is quite significantlyoutper
formedby all the others requiring— on average- roughly 15 timesasmary flips
asthe bestperformingalgorithm. We were not able to solwe this instancewith
GSAT/TABU trying variousvaluesfor thetalu tenure Forinstance$ ogi sti cs. b
and| ogi sti cs. ¢ (notshavn here),the performanceankingof the algorithmsis
thesameasfor| ogi sti cs. a. Yet,forinstance ogi sti cs. d, R-Novelty performs
substantiallyvorsethanall otherWalkSAT variantswhile Novelty shavs thebest
performancdollowed by WalkSAT/TABU andWalkSAT (seeTableV).

5.4. INSTANCES FROM THE DIMACS BENCHMARK SET

Finally, we presenthe comparisorof the SLS algorithmson instanceof the DI-
MACS Benchmarkset. We startedwith comparingthe algorithms’ performance
onthelarge SAT-encodedyraphcoloringinstancesln TableVI we give thecom-
putationalresultson instanceg125. 18. All the algorithmswe appliedsolve this
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Table VI. Probleminstanceg125. 18, basic descriptve statisticsof RLDs for various
algorithms,approx.optimalnoise,basedn 1,000tries.

algorithm mean  stdde %%% median Qs Qoo 8—;: %

GSAT/TABU(20) 7,799 5,168 0.66 6,466 10,087 13,874 2.39 4.52

HWSAT(0.15) 12,442 9,591 0.77 9,566 16,281 24,510 2.89 6.76
WalkSAT(0.15) 44,923 34,731 0.77 34,712 59,574 87,705 2.89 6.75
WalkSAT/TABU(2) 21,215 71,263 3.36 13,856 20,653 29,786 2.30 4.78
Novelty(0.45) 9,304 31,989 3.43 7,125 10,124 14,873 2.17 4.36
R-Novelty(0.2) 27,501 138,038 5.02 6,933 10,220 15,353 2.18 4.32

TableVIl. Probleminstanceg125. 17, basicdescriptve statisticsof RLDs for variousalgorithms,
approx.optimalnoise,basecbn > 100triesperinstance.

; stdde/ ; Q Q
algorithm mean stdd®  mean median Qs Qoo Q—ZE Q—fl’g

GSAT/TABU(20) 1.21-10F  1.26.1CF 1.04 0.76:10°F 1.53.10° 3.06-10° 5.03 29.27
WalkSAT(0.15) 5.74.10° 5.52.10° 0.77 4.11.10°F 8.29-10° 1253.10° 4.19 17.79
WalkSAT/TABU(1) 2.94.10° 14.20.10° 3.36 0.64.10° 1.20.10° 2.01.10° 2.73 7.87
Novelty(0.25) 1.87-1¢° 10.10-10° 538 0.64.10° 1.14.10° 1.95.10° 3.89 15.43

instancen relatvely few steps;consistentlywith the resultsfor the smaller ran-
domly generatedyraphcolouringinstancesGSAT/TABU and Novelty shav the
bestperformanceNovelty, however, aswell as WalkSAT/TABU and R-Novelty
shaw stagnatiorbehaiour andhencedo notfind solutionsin everyrun,evenwhen
using extremely high maxStepssettings(here: 10° steps).Of these,R-Novelty
is affected worst which is reflectedby the high standarddeviation of the run
length (see Table VI). A similar situation can be found for instanceg125. 17
(correspondingo thesamegraphbut usingonly 17insteadof 18 colours) whichis
considerablyharderto solve. OnthisinstanceR-Novelty (not shavn in thetable)
sufferedfrom extremestagnatiorbehaiour.

Next, we did an analogougperformanceanalysisfor the DIMA CS parity in-
stancesmentionedin Section4.4. In Table VIII we give the basic descriptve
statisticsfor instancepar 8- 5- ¢, which we found to be the hardestfor the SLS
algorithmsconsiderechere.Here,R-Novelty andNovelty arethe top performing
algorithms followed by thetwo otherWalkSAT variantsandthealgorithmsbased
ontheGSAT-architectureOf thesdatter HWSAT shavsthethebestperformance
andGSAT/TABU theworst. On the otherparity instancesthe relative rankingof
thealgorithmshasbeenfoundto beidenticalto the oneonthisinstance.
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Table VIII. Probleminstancepar 8- 5- ¢, basic descriptve statisticsof RLDs for various
algorithms approx.optimalnoise,basedon 1,000tries.

algorithm mean stdde %%% median Qs Qoo 8—;: %
GWSAT(0.6) 27,143 44,044 1.62 18,634 37,812 63,169 4.65 21.45
GSAT/TABU(25) 62,687 80,268 1.28 45,027 88,950 146,843 5.42 25.58
HWSAT(0.45) 18,631 19,066 1.02 12,538 26,263 43,190 5.08 24.33
WalkSAT(0.2) 19,182 17,995 0.77 13,345 25,737 43,693 3.78 14.18
WalkSAT/TABU(7) 12,338 12,654 1.03 8,388 17,017 28,233 4.78 25.01
Novelty(0.80) 4,273 4,287 1.00 2,879 5,916 9,659 4.92 18.65
R-Novelty(0.85) 4,052 4,149 101 2,711 5643 9546 528 20.22

5.5. ABSOLUTE CPU-TIMES

In thecomparatre analysisabore, we measure@ndreportedtherun-timein terms
of variableflips, which implicitely suggestsa uniform costmodelfor all algo-
rithms. In practice however, this assumptiordoesnot hold. For our experiments,
wewereusingthehighly optimisedGSAT andWalkSAT implementation®y Hen-
ry KautzandBart Selmanwhich we extendedto implementHWSAT. Comparing
the absoluteCPU-time per local searchstep(i.e., variableflip) on a PC System
with asingle400 MHz Pentiumll CPUand256 MB RAM runningRedhat_inux
5.2,wefoundthatfor all benchmarknstanceshe GSAT variantswereconsistently
slower (in termsof variableflips per CPU second)hanthe WalkSAT variantsby
afactorof atleast3.

TablelX shavsthetypicalnumberf flips for aselectiorof instancegrom our
benchmarksuite.Note that for structuredproblems the obsered differencesare
usuallygreateralso thedifferencebetweerGSAT andWalkSAT variantstypically
increasewvith problemsize.Underthe assumptiorthatbothimplementationsre
optimisedto approximatelythe samedegree,this implies that for our benchmark
suitethe bestWalkSAT variantswould consistentlyoutperformary GSAT variant
consideredhere.In particular this appliesto the casesvherethe bestGSAT vari-
ant(typically GSAT/TABU) wasfoundto be competitve with the bestWalkSAT
variant(asfor the GraphColouringinstanceshencountinglocal searchsteps.
This canbe explainedby thefactthatdifferentfrom GSAT, WalkSAT usesatwo-
stagevariable selectionschemewhich meansthat in eachsearchstep,only the
consequencesf flipping a typically small numberof variablesoccuringin one
particularunsatisfiechave to be considered.

It is alsoworth noting that for the Random-3-SA and GraphColouringin-
stancesthe numberof flips perCPUseconds almostunafectedby increasinghe
problemsize.The reasonfor this is the factthat for theseformulae,the connec-
tivity of the constraintgraph(in which variablescorrespondo nodesandedges
connectvariableswhich occurin a sameclause)aswell asthe length(numberof
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Table IX. Absolute CPU timing for different algorithms and benchmarkinstances;all
timingsweremeasurean a400MHz Pentiumll CPU.

instance algorithm flips persec | instance algorithm flips persec
ufl00-430 GWSAT 38,400 | uf250-1065 GWSAT 31,300
GSAT/TABU 56,100 GSAT/TABU 60,100
WalkSAT 248,000 WalkSAT 223,000
R-Novelty 214,000 R-Novelty 191,000
flat100-239 GWSAT 48,300 | flat200-479 GWSAT 42,900
GSAT/TABU 44,100 GSAT/TABU 33,000
WalkSAT 389,000 WalkSAT 378,000
R-Novelty 320,000 R-Novelty 318,000
bw_lage.a GWSAT 21,500| bw_lage.c GWSAT 7,810
GSAT/TABU 26,100 GSAT/TABU 16,100
WalkSAT 170,000 WalkSAT 76,500
R-Novelty 145,000 R-Novelty 74,000

literals) of the clausesareindependenof the problemsize.In the mostefficient
implementationsthesetwo factorsdominatethe CPUtime pervariableflip.

In summary our comparatre analysisof different SLS algorithms’ perfor
manceacrossariousproblemdomainsshavsthatthereis nosinglebestalgorithm
for all domains.This is aninterestingandnew resultbecausereviously, a com-
prehensie study of the mostrecentand bestperforming GSAT and WalkSAT
variantswas not available. In particular while the more limited resultsin [51]
suggestedhat R-Novelty might be the overall bestperformingSLS algorithmfor
SAT, our resultsshav clearly that this is not the case.We obsered a tendeng
indicating that Novelty and R-Novelty are performingbestfor random,unstruc-
tured problems,but WalkSAT/TABU and GSAT/TABU are competve or better
(whenrun-timeis measuredn termsof variableflips) on someof the relatively
hard, large, structuredprobleminstancedike the large Blocks World Planning
andGraphColouringinstancesHowever, all of thesealgorithmspotentiallysuffer
from stagnatiorbehaiour which, in somecasessererely compromisesheir per
formance Additionally, giventhe currentlybestknovn implementationsor these
algorithms,GSAT/TABU is never competitive with the best-performingNValkSAT
variantsin termsof absoluteCPUtime.

6. Robustnessand Scaling

Up to this point, our analysiswasmainly focusedon peakperformancelike most
otherstudiesin this field we analysedandreportedresultsfor optimal parameter
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settings(suchasthe cutoff time maxStep®r the noise parametersvp, p, or tl).
Butin practice optimalparametesettingsareoftennotknown a priori, andaswe
have seenin thelastsection for the samealgorithmthey may differ considerably
betweenprobleminstancesor domains.Therefore,robustnessof an SLS algo-
rithm w.r.t. suboptimalparametesettingsis animportantissue.At leastof equal
importancearethescalingaspect®f SLSbehaiour. Thesecomprisescalingw.r.t.
problemsize,scalingw.r.t. constrainednessndscalingw.r.t. the meanhardness
of instancewithin test-setsampledrom problemdistributions.

Of thesescalingwith problemsizeis atleastimplicitly coveredto somedegree
in mary experimentalstudiesin the sensethat probleminstancesor test-setdor
differentproblemsizesareused;but only a few studies,suchas[19], investigate
andmodelthe scalingbehaiour of SLS algorithmsfor SAT in moredetail. The
influenceof constrainednessn SLS performancenasbeeninvestigatedn great
detail in a numberof studies,especiallyin the context of phase-transitiophe-
nomenale.g.,[19, 52]). Finally, aswe will shawv in this section,the performance
of the differentSLS algorithmsstudiedhereis typically tightly correlatedwithin
test-setsi.e., the sameinstancesendto berelatively hardfor all algorithms.This
suggestghat the relatve hardnes®f probleminstanceswithin the sametest-set
of, e.g.,Random-3-SA instancesis anintrinsic featureof the probleminstance.
Consequentlythe distribution of the meanperformancef an SLS algorithmover
suchatest-setanbeviewedasakind of scalingw.r.t. thisintrinsic hardness.

Scalingdependencieandrobustnessarerelatedin thatthe formercanbein-
terpretedasrobustnessof an algorithm’s performancew.r.t. probleminstanceor
domainspecificpropertiesin this sectionwe studythe robustnesandthe scaling
behaiour of SLS algorithmsw.r.t. problemsize andinstancehardnessbuilding
onthe methodologysedin the previous section.

6.1. ROBUSTNESS W.r.t. THE CUTOFF PARAMETER

As almostall SLS algorithmsfor SAT, andin particularall algorithmsconsidered
here,usea restartmechanismandthereforeneedthe cutof parametemaxSteps
to be specified robustnessw.r.t. to this parameters generallyanimportantissue.
Obviously, for a given algorithm and probleminstance the robustnessw.r.t. the
cutoff parameteis tightly relatedto the run-timedistribution. Specifically if the
algorithm (without randomrestart)is essentiallyincompleteand stagnationoc-
curs,the performancecritically relieson reasonablysmall settingsfor the cutoff
parameterBut goodmaxStepsettingsareextremelydifficult to find a priori and
currently to our bestknowledge,thereexist no theoreticalresultson how to ef-
fectively determinegoodsettings.The only empiricalresultswe areawareof, are
for GSAT whenappliedto hard Random-3-SA problemdistributions [22]; but
theseresultsarelimited to Random-3-SA andrely on propertiesof therespectre
problemdistributionsratherthantheindividualinstancesOntheotherhand while
usingrandomrestartwith inappropriatelychosenmaxStepsettingstheoretically
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eliminatesessentialncompletenessn practiceit leadsto extremelypoor perfor
mance.Thus,for obtaininga reasonableobustnessw.r.t. the maxStepparameter
setting,an SLSalgorithmshouldhave the PAC property

In [35, 34], the following resultsregardingthe essentialncompletenessr the
PAC propertyof thealgorithmsconsideredereareestablished:

— plain GSAT (= GWSAT with wp=0) is essentiallincomplete.
— GWSAT is PAC for arbitrarywp > 0;

— WalkSAT/TABU is essentiallyincompletefor arbitrarytl;

— Novelty is essentiallyincompletefor arbitraryp;

— R-Novelty is essentiallyincompletefor arbitraryp;

Furthermoreit is easyto seethefollowing:
— HSAT is essentiallyincomplete;
— HWSAT is PAC for arbitrarywp > 0.

Unfortunately it hasnot beenproven whetheror not WalkSAT is PAC; the
sameholds for GSAT/TABU. However, our experimentalanalysissuggestghat
WalkSAT might be PAC for p > 0, asin thousandsf experiments,we never
obserer ary indicationof stagnatiorbehaiour. Furthermorepur resultsindicate
that GSAT/TABU is probablyessentiallyincompleteat leastfor sufiiciently low
talu tenure. It shouldbe notedthatthetheoreticakesultsmentionedabore do not
necessarilymply thatthe performanceof the algorithmsare affectedin practice.
In particular thetwo following questionshave to beanswered:

1. For PAC algorithms,s the corvergenceof the succesprobabilityfastenough
to beobsenrablewhenapplyingthesealgorithmsto hardprobleminstances?

2. Foressentiallyncompletealgorithmsjs thecharacterististagnatiorbehaiour
obsenrablefor any of thecommonbenchmarks$or SAT algorithms?

Consideringhe resultsreportedin Section5, both questionscanbe answered
positively: PAC behaiour aswell asessentiaincompletenests reflectedn thep-
resencer absencef stagnatiorbehaiour obseredin theRTDs of thealgorithms
underconsiderationsvhenappliedto our benchmarkproblems.

Giventhis situationandthe fact that with Novelty and R-Novelty, two of the
overall bestperformingalgorithmsareaffectedby the adwerseeffectsof essential
incompletenesst seemgo bevery desirableo modify thesealgorithmsin sucha
way thattheir overall superiomerformancés retainedwhile their essentiaincom-
pletenesss removedin a way which makesthemsignificantlymorerobustw.r.t.
themaxStepparametesetting.
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Fortunatelyasdemonstratedh [35, 34], thiscanbedonein arathersimpleand
uniform way by extendingthemwith randomwalk asusedin GWSAT in sucha
way thatfor eachlocal searchstep,with afixed probability arandomwalk stepis
performed Notethatfor arny algorithmusingthis mechanismarbitrarily long se-
quence®f randomwalk stepscanoccur which directly impliesthe PAC property
[35, 34]. Furthermorethe amountof perturbationintroducedby a randomwalk
sequencéerobabilisticallydependsn the length of the sequenceuchthatsmall
perturbationsare much more likely to occur than large oneswhich, intuitively,
should make the algorithmsmore robust than techniquedike the deterministic
loop-breakr in R-Novelty (seeSection2.2.4).Basedon theseconsiderationsye
extendedNovelty andR-Novelty with randomwalk suchthatin eachsearchstep,
with probabilitywp, the variableto beflippedis randomlypicked from the select-
ed clause while in the remainingcasesthe variableis selectedaccordingto the
heuristicfor Novelty or R-Novelty, respecttely. Obviously, WalkSAT/TABU can
be analogouslyextended.For R-Novelty, we furthermoreomit the deterministic
loop breakingstratgy which randomlyflips a variablefrom the selectedclause
every 100steps Thetwo algorithmsthusobtainedNoveltyt andR-Noveltyt, are
ohviously PAC asamuedabove. Furthermoretestingtheir performanceagainst
Novelty andR-Novelty on instancegrom our benchmarksetshavs thatthe stag-
nation behaiour obsered for Novelty and R-Novelty is effectively eliminated
even whenusinga fixed settingof 0.01 for the newly introducedparametemwp.
Consequentlythe new variantsshov a superiorperformancevhenappliedto in-
stancesn whichtheoriginal algorithmssufferedfrom the effectsof their essential
incompletenesascanbe seerfrom TablesX andXI.

Note, thatin caseswherethe original algorithmdid not shav stagnatiorbe-
haviour, the performances not negatively affected by addingrandomwalk, a
fact which we verified in all the experimentswe have run. When evaluatingthe
performanceof Novelty"™ and R-Novelty*, we generallyuseda fixed settingof
wp = 0.01. By optimisingthis additionalparameterfurtherimprovementsn per
formanceandrobustnesganbeachieved.

While, aswe have seenthe PAC propertyis of considerabl¢heoreticainterest
and also affects the robustnessof SLS algorithmsin practice,a more detailed
analysishasto focuson the overall shapeof the RTDs, which is the factorwhich
ultimately and uniquely determineghe robustnessof an algorithmw.r.t. the cut-
off parameterAs pointedout in [36], the maximal robustnessw.r.t. the cutoff
parameteis encounteredor exponentialrun-timedistributions. To seethis, con-
sideran exponential RTD characterisedy the cumulatve distribution function
edm]|(x) = 1— 2™ Obviously, the probabilityfor finding a solutionwithin the
first k stepsis edm(k) = 1—27%/™. Now, if alreadyj searchstepshave been
donewithout successusing complementaryrobabilitiesand Bayes’ Rule gives
the probabilityfor finding a solutionwithin thenext k stepsas:
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Ci-edmi(j+k) 2%

L T edm()) 2

= edm|(k)

Thus,an SLS algorithm characterisedby an exponentialRTD is memoryless
in the sensethat the probability of finding a solutionwithin a fixed numberof
local searchstepsdoesnot dependon the numberof searchstepsdonein the past.
Consequentlyasalsoamuedin [36, 35, 39], in caseof an exponentialRTD, the
probability to find a solutionwithin a giventime would not dependon the setting
of themaxStepparameteandthus,the numberof randomrestarts.

It canbe shawvn that for approximatelyoptimal noise parameteisettings,all
GSAT andWalkSAT variantsconsiderechereshav exponentialRTDs whenap-
plied to hard probleminstanced35, 36, 37, 39]. Here,”hard instance’refersto
a probleminstancewhich is relatvely hardcomparedo instancesof comparable
sizeandstructure suchasthe 25%fraction of a Random-3-SA test-sefor which
the meanof the RLD for a given algorithmis highest.Note that the claim is of
sucha naturethatit caneasilybetested especiallyfor the test-setsampledrom
randominstanceadistributionsusedin this study

We systematicallytestedall algorithmsconsideredherefor the problemsets
uf 100- 430, fl at 100- 239, aswell asfor the individual planningand DIMACS
instancesThis analysiswasbasedon the sameRLDs usedin Section5. For each
individual instanceandalgorithm,the RLD wasapproximate# usingthe cumu-
lative form of an exponentialdistritution edm|(x) = 1 — 2™ wherem is the
medianof the distribution andx the numberof stepsrequiredto find a solution?
For testingthe goodnesof this approximationwe use a standardy?-test[57].
Basically for a given empirical RLD this is done by estimatingthe parameter
m and comparingthe deviations to the predicteddistribution edm]. The result
of this comparisonis the x? value, where x? valuesbelow a critical threshold
indicatea closecorrespondenceetweerempiricalandpredicteddistribution. For
the resultsreportedhere,we usedthe acceptancehresholdscorrespondingo a
maximalprobability of 0.05 or 0.01 of falsenegativesfor thetest(thesevaluesare
commonlyusedin the statisticalliterature).

Figure 11 shows a scatterplot of the correlationbetweenthe mediansearch
costper solutionandthe x? valuesfor WalkSAT appliedto test-setf 100- 430.
Obviously, thereis a strongnegative correlation jndicatingthat,indeed for harder
probleminstancesWalkSAT’s behaiour canbe moreandmoreaccuratelychar
acterisedby exponentialdistributions. As can be seenfrom the plot, for high
mediansearchcost, aimostall instancespassthe x? test. Table XIl shaws the

3 All approximationsveredoneusingC. Grammes “Gnufit” implementatiorof the Marquart-
Levenbeg algorithm.

4 In the statisticalliterature, the exponentialdistribution Exp(A) is usually definedby P(X <
x) = 1—e~™, whichis equivalentto our representatiordm] usingm= In2/A. A similaragument
appliesto the Weibull distribution mentionedater.
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Table X. Performancecomparisonfor Novelty and R-Novelty (approx. optimal noise) vs.
Novelty* andR-Novelty™ for Random-3-SA andGraphColouringtest-setsThe reportedbasic
descriptve statisticsreferto the hardnesslistributions(meannumberof steps/ solution)over the
test-sets.

test-set algorithm mean  stdde %%% median s 75 Q10 Goo

uf100-430 Novelty(0.6) 28,257 191,668  6.78 851 479 1,845 302 4,390
Novelty+(0.6) 1570 2,802  1.78 801 467 1,663 288 3,049
flat50-115 R-Novelty(0.6) 7,109 97,543  13.72 739 490 1,282 356 2,142
R-Novelty+(0.6) 1,084 1,053  0.97 747 486 1,245 358 2,167

Table XI. Performancecomparisonfor Novelty and R-Novelty (approx. optimal noise) vs.
Noveltyt andR-Novelty™ for Blocks World Planningand GraphColouringinstancesrom the
DIMA CS benchmarkset; ps* indicatesthe asymptoticmaximal succesgrobability Es denotes
the expectednumberof stepsfor finding a solution (using randomrestart);the reportedbasic
descriptve statisticsreferto the correspondingonditionalRLDs.

instance algorithm ps* ms Es mean stdder median

bw_lage.c R-Novelty(0.3)  0.028 108 347.10° 169,810 157,752 32,334
R-Novelty+(0.3) 1.0 108 809.10° 8,086,468 8,414,928 5,292,830

g125.18 R-Novelty(0.2)  0.981 107 27,501 8133 5107 6,866
R-Novelty+(0.2) 1.0 107 10,012 10,012 27,325 7,115

925029  R-Novelty(0.8) 0.904 25.10° 1,376,845 359,146 454,448 263,995
R-Novelty+(0.8) 1.0 25.1F 501,464 501,464 1,313,066 280,333

Table XII. Fractionof instancedrom the hardest25% of the uf 100- 430 Ran-
dom-3-SA test-sepassinghex? testfor differentalgorithmswith approximately
optimalnoisesettingsthelastcolumnindicateshe numberof instancegor which
essentiallyincomplete behaiour was obsered, thesewere removed from the

test-set.
algorithm acceptancéevela fractionpassed numberemoved
WalkSAT(0.55) 0.01 57.6% 0
WalkSAT/TABU(3) 0.01 49.6% 1
Novelty(0.7) 0.01 57.2% 35
R-Novelty(0.7) 0.01 49.6% 0
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Figure11. Correlationbetweerhardnessf problems(horizontal)andy? values(vertical)from test-
ingtheRLDsof individualinstanceversusabest-fitexponentiadistributionfor test-setif 100- 430.
Thehorizontallinesindicatethe acceptancéhresholdgor the 0.01and0.05acceptancéevel.

TableXIIl. Fractionof instancesrom thehardes5%of thef | at 100- 239 Graph
Colouring test-setpassingthe x2 testfor differentalgorithmswith approximate-
ly optimal noise settings;the last column indicatesthe numberof instancegor

which essentiallyincompletebehaiour was obsered, thesewere removed from

thetest-set.

algorithm acceptancéevela  fractionpassed numberemoved
WalkSAT(0.5) 0.01 52% 0
WalkSAT/TABU(3) 0.01 64% 1
Novelty(0.6) 0.01 84% 1
R-Novelty(0.6) 0.01 100% 1

overall percentag®f the instancedrom the hardesiquarterof the test-setwhich

passedhe testfor the differentacceptancéevels when performingthis analysis
for differentWalkSAT variants As indicatedin TableXIll, analogousesultswere
obtainedfor thef | at 100- 239 GraphColouringtest-setthe resultsfor the GSAT

variants(not reportechere)arevery similar. Whenapplyingthe sameanalysisfor

differentproblemsizes,t canfurthermorebenotedthatarelatively highernumber
of instancegpassthe test,i.e., the deviations of the RLDs from ideal exponential
distributionsapparentlypecomdessprominentfor largerproblemgfor detailssee
[33)).

For thesingleinstancegrom variousSAT-encodegroblemswe performedhe
sameanalysis.The resultsare consistentwith thosefor the Random-3-SA and
GraphColouringtest-setsfor the harderinstancesthe RLDs arewell approxi-
matedby exponentialdistributions(seeTableXIV). Theonly exceptionis instance
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Table XIV. RLD approximationsusing exponential distributions
edm| for Novelty (approximatelyoptimal noise)appliedto Block-
s World Planninginstancesand an instancefor learningthe parity
function; for the Graph Colouring instanceswe applied Novelty+
since Novelty shavs stagnationbehaiour on theseinstancesThe
lastcolumnindicateswhetherthe approximatiorpassedhe x? test.

instance mediar#stepgn  x?foredm] v passeda)

bw_lage.a 6,839 60.37 29 no

bw_lage.b 119680 11.40 16 yes(0.05)
bw_lage.c 4.27-10° 8.71 16 yes(0.05)
bw_lage.d 8.51.1(F 10.14 10 yes(0.05)
par8-5-c 4,273 29.83 29 yes(0.05)
gl125.18 8,558 579.24 29 no

gl25.17 1,151,392 29.15 16 yes(0.01)

1 T

RLD for wsat(0.5) ——

ed[11500] -------

ged[12800,1900,1] --------
ged[13300,700,0.65]

0.1

P(solve)

0.001
100 1000 10000 100000 1e+06

# variable flips

Figure 12. RLD for WalkSAT (approx. optimal noise) applied to Blocks World instance
bw_| ar ge. a andthreefunctionalapproximations.

g125. 18 which correspondgo finding a suboptimalcolouring of a 125 nodes
graph. For this relatively easyinstance(consideringits size) the testis clearly
rejected.Yet, if for the samegraphthe conjecturedoptimal solution shouldbe
found (correspondingo instanceg125. 17) the x? valueis muchsmallerand,in
fact,thetestfor anexponentialdistribution is passedatthe0.01 level.
Interestingly exponentialdistributions are characteristidor the simplestran-
domisedsearchtechnique:uniform randompicking from a setof solution can-
didates.Thus,observingthis type of behaiour for more sophisticatecand much
moreefficient algorithms(suchasthe SLS algorithmsstudiedhere)suggestshat
their behaiour might be interpretedas randomsamplingfrom a much smaller
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spacelntuitively, this hypotheticalvirtual searchspaceshouldbe linkedto fea-
turesof the actualsearchspace suchasthe number size,andtopology of local
optima. Unfortunately the existing resultson the topology of searchspacedor
SLS algorithmscannotbe exploited to establishsucha link [22, 64, 15, 35, 34].
While further investigatingof this issueis beyond the scopeof this paper we
are confidentthat it can be adequatelyaddressedy combiningthe methodol-
ogy for characterisingSLS performanceappliedin this study with established
methodologyfor analysingsearchspaceopology

Note that for relatively easyinstanceghe exponentialapproximationsof the
RLDs arerejectedby the x? test. Furtheranalysisshaws thatin thesecasegypi-
cally thetail of theRLDs s still well approximatedy anexponentialdistribution
edm|, while for shorterrun-times the succesprobabilityis systematicallyower
than given by edm|. Figure 12 illustratesthis situationfor a typical example.
Intuitively, this can be explainedby the fact that SLS algorithmstypically go
throughaninitial searctphasgcf. [22]), duringwhich the probabilityof finding a
solutionis ratherlow. For hardinstancesthe successfutunsarelong enoughthat
theimpactof thisinitial searchphasds only minimal, whereador easyinstances,
it is clearlyobserablefrom the RLD.

Basedon RLD data,the effect of this initial local searciphasecanbe modeled
usinga slightly generalisedamily of distributions. Sucha distribution hasbeen
introducedn [35]; it is basednthefamily of Weikull distributions wd[m, 8](x) =
1—2-®/m? 3well-known generalisatiomf the exponentialdistribution. The new
modelis definedby thefollowing cumulatve distribution function:

gedm,y, 8](x) = wd[m, 1+ (y/x)](x) = 1 — 2~ C/m= "’

Althoughthefull definingtermlooks quite complicatedthe definition simply
reflectsthe ideaof a Weihull distribution with a dynamicallychangingp param-
eter More precisely the new distribution is obtainedfrom a Weibull distribution
by introducinga hyperbolicallydecaying parameterLike for the exponential
andWeikull distributions, m is the medianof the distribution. The two remaining
parametermtuitively correspondo thelengthof theinitial searcthphasgy) andto
its impacton the overall behaiour (8). High y valuesindicatealong initial search
phasewhile high d valuesareusedto modelastronginfluenceof theinitial search
phase.

Note that the exponentialdistribution is a specialcaseof this new classof
distributions,sinceedm| = gedm, 0, ], while generallyWeikull distributionscan-
not be representeavithin this family. As canbe easily seenfrom the definition,
gedm,y,d](x) asymptoticallyapproacheanexponentialdistribution edm](x) for
large x. For decreasing, however, therelative differencebetweengedm,y, 8](x)

5 Weikull distributionsareusedin reliability theoryto modelfailure ratesin systemawhich are
subjectto agingphenomen6].
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andedm|(x) increasesnonotonically which is qualitatively exactly whatwe ob-
senedfor theempiricalRLDs of SLSalgorithms(seealsoFigure12).

Usingthis model,the RLDs measuredor the SLS algorithmsconsideredere
canbe modeledin greatdetail. Performingan analogousanalysisas above, on-
ly now using ged approximationsnsteadof ed approximationsthe fraction of
instancegrom test-setdike uf 100- 430 orf | at 100- 239 which passthex? testin-
creaseso ca.80%(for details,se€[35]). At thesameime, thecorrelationbetween
instancehardnessand goodness-of-ficannotbe obsered ary longer— which
indicateghatindeedtheinitial searctphasds correctlymodeledlin therelatively
few remainingcaseswhereeventheseapproximationgrenotsuficient,we gener
ally found multi-modalRLDs which canbewell approximatedy weightedinear
combination®of ged-type distributions.Intuitively, thesanstanceseemnto contain
“traps”, i.e., singular highly attractve regionsof the searchspacewhich arehard
to escapdrom. Clearly, furtherinvestigationis requiredfor ultimately explaining
thisphenomenorandthe RLD-basedapproachgombinedwith advancednethods
for searctspaceanalysisasproposedn [15, 35, 64] providesagoodbasisfor such
anendeaour.

6.2. ROBUSTNESS W.r.t. THE NOISE PARAMETER

Thenoiseparameters morespecificto thegivenalgorithmthanthe cutof param-
eter; e.g.,the wp parametewusedfor the algorithmsutilising randomwalk steps
(suchasGWSAT or HWSAT) is conceptuallyquite differentfrom thetaku tenure
parametecontrollingthe behaiour of SLS algorithmsincorporatingtalu search.
Neverthelessas emphasisedn [51], the effect of high noisesettings(high wp,
p, tl parametewalues)is generallysimilar: the algorithms ability to escapdrom
local minimaincreasesOn the otherhandit might be expectedthat this comes
at a price, ashigh noisesettingsalsodecreasehe probability for analgorithmto
rapidly descendnto local minimawhich aresolutions.

Here,we investigatethe robustnesof SLS algorithmsw.r.t. the settingof the
noiseparameterlt shouldbe notedthataccordingto a resultby Selman Kautz,
and McAllester [51], the optimal noise settingseemsto be closely relatedto a
simplestatisticalpropertyof the searchrajectory However, it is notclearwhether
this resultis accurateenoughto provide a basisfor automaticallyand dynami-
cally determiningthe approximatelyoptimal noiseparametesetting.To our best
knowledge,asof thiswriting thereexistsno successfuGSAT or WalkSAT variant
with self-adjustingnoise. Therefore,evaluatingthe sensitvity of the SLS algo-
rithms considerecherew.r.t. non-optimalnoisesettingsseemso be a reasonable
endeaour.

Basedon our resultson the functionalcharacterisatiolof RLDs, it is aninter-
estingguestiorhow theseareaffectedby non-optimahoisesettingsTo investigate
this questionwe measure@ndanalysedRLDs for the differentalgorithmswhen
appliedto the instancesfrom our benchmarklibrary. Here, we summarisethe
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Figure 13. RLDs for WalkSAT appliedto Blocks World Planninginstancebw | ar ge. a, using
differentnoiseparametesettings(0.5 is approximatelyoptimal).

Table XV. edm] approximationsof RLDs for WalkSAT applied to
Blocks World Planninginstancebw | ar ge. a, using optimal and larg-
er-than-optimahoiseparametesettings.

algorithm medianof RLD m x?foredm passeda)
WalkSAT(0.5) 13,505 13,094 98.41 no
WalkSAT(0.6) 15,339 16,605 76.17 no
WalkSAT(0.7) 27,488 27,485 42.13  yes(0.5)
WalkSAT(0.8) 72,571 74,289 20.78 yes(0.5)

correspondingesultsandgive a few representate examples.Generally we find
thatif thenoisesettingis increasedbore the optimalvalue,the RLDs canstill be
well approximatedisingexponential(or, whentheinitial searctphasds modeled,
ged) distributions. Thus,for largerthan-optimalnoisesettings,SLS performance
is very robustw.r.t. the cutoff parameterAt the sametime therun-timescompared
to optimalnoiseareuniformly higherfor all succesgrobabilities.Thisis reflected
in larger valuesof the m parametervhenfitting the exponentialdistributionsand
canalsobeeasilyseenn the semi-logplotsof thecorrespondindgrLDs, wherefor
largerthan-optimahoise theRLD curveshave thesameshapewhile beingshifted
to theright (seeFigure 13 for a typical example).Furthermorewhenincreasing
the noise,the effectsof theinitial searchphasebecomedessprominent— conse-
guently the approximationsusingexponentialdistributions are usually betterfor
highernoise(seeTableXV). The sameeffectscanbe obsered whenusingother
GSAT or WalkSAT variantsor differentbenchmarknstances.

As a secondexample,we reporttheresultsof analysingthe effectsof increas-
ing the noise parameterfor R-Novelty, appliedto the Graph Colouring test-set
flat50-115. Table XVI shaws the fraction of instancesrom this test-set,for
which a best-fited approximationpassedhe x? test. As can be seenfrom this
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Table XVI. Fractionof instancesrom the hardest25% of the f | at 50- 115
Graph Colouring test-setpassingthe x2 test for Novelty with optimal and
largerthan-optimahoisesettings;jnstancesfor which essentiallincomplete
behaiour wasobsered, wereremored from thetest-set.

algorithm medianhardness acceptancéevela fractionpassed
R-Novelty(0.6) 739 0.01 19.0%
R-Novelty(0.7) 832 0.01 23.8%
R-Novelty(0.8) 1043 0.01 40.7%
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Figure 14. Left: RLDs for GWSAT applied to easy instancefrom Graph Colouring test-set
fl at 100- 239, using different noise parametersettings(0.6 is approx.optimal); right: samefor
WalkSAT appliedto mediuminstancefrom Random-3-SA test-setuf 100- 430 (approx.optimal
noise= 0.5).

data thefractionof thehardes5% of thetest-setvhich passedhetestincreases
for largerthan-optinal noise, as the effects of the initial searchphasebecome
lessprominent.At the sametime the medianhardnesgmeannumberof steps
persolution)increasesonsiderablyAnalogougesultswereobtainedor different

SLSalgorithmsandotherproblemdomainsfrom our benchmarlsuite.

While for largerthan-optimalnoise,the SLS performancedecrease$ut the
algorithmsstill shav approximatelyexponential RTDs, for lowerthan-optimal
noiseparametesettingsive find acompletehdifferentsituation:For all algorithms
the performancedecreaseson-uniformlyfor differentsolution probabilitiesand
someof them shav stagnatiorbehaiour. We demonstratehis hereby giving a
small numberof examples,which are neverthelesdypical for our overall obser
vations.As shavn in Figure 14, GSAT and WalkSAT shav a similar behaiour
for smallerthan-optimalnoise: While for shortruns, the performancesven im-
provesslightly, for longerrunsandthecorrespondindpighersuccesgrobabilities,
the performancealeterioratesonsiderablyConsequentijthe RLDs arelesssteep
than exponentialdistributions and suffer from an increasinglylong and heary
tail. Both GSAT/TABU andR-Novelty shav a similar, but additionallyessential-
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Figure 15. Left: RLDsfor GSAT/TABU appliedto mediuminstancefrom GraphColouringtest-set
fl at 100- 239, using different noise parametersettings(10 is approx.optimal); right: samefor
R-Novelty appliedto Blocks World Planninginstancebw | ar ge. a (approx.optimalnoise= 0.6).

ly incompletebehaiour; as can be seenfrom Figure 15, the maximal success
probabilitiesfor both algorithmsare decreasingwith the noise parameterFor
Novelty, no increasinglyessentiaincompletebehaiour is obsered, but the per
formancealsodecaysnon-uniformlyasfor GSAT andWalkSAT. In comparison,
WalkSAT/TABU seemdo be relatively mildly affected;the mainreasonfor this
might bethattypically, boththe clauselengthandthe optimaltatu-list-lengthare
rathersmall.

Summarisingheseresultstypically thedetrimentakffectsof non-optimahoise
parametesettingsare muchworsefor lowerthan-optimalnoisesettingsthanfor
largerthan-optimahoise.Thisis particularlythe casefor the higherpercentileof
the correspondindrLDs; additionally for essentiallincompleteSLS algorithms,
stagnatiorbehaiour occursmorefrequentlywith decreasingoisesettings How-
ever, thebehaiour for veryshortrunsis usuallynotaffectedby lowerthan-optimal
noise and sometimesgven performancamprovementscan be obsenred for the
earlyphase®f localsearchThisis consistentvith theintuition thatgreedietocal
searchbehaiour shouldpay off during the initial searchphase wheregradient
descentlominateghesearch.

6.3. SCALING WITH INSTANCE HARDNESS

After discussingohustnessw.r.t. the parametesettingsof thealgorithms we now
turn towardsthe influenceof problem-specifiqoropertieson SLS performance.
In Section5, when comparingthe distributions of meanlocal searchcost over
the instancesf our Random-3-SA and GraphColouring test-setsve obsered
that thesehardnesslistributions are mostly similarly shaped.This suggestghat
the hardnes®f instancedor differentalgorithmsmight be tightly correlated.To
testthis hypothesiswe performeda pairwisehardnesgorrelationanalysisof the
differentalgorithmsacrosgsest-setsif 100- 430 andf | at 50- 235. Like before,as
ameasurdor hardnessve chosetheexpectechumberof stepsrequiredfor finding
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Table XVII. Test-setuf 100- 430, pairwisehardnessorrelationfor
variousalgorithmswith approx.optimal noise,basedon 100 tries/
instancer is thecorrelationcoeficient,a andb arethe parametersf
thelmsregressioranalysis ando the numberof outlierswhich have
beeneliminatedbeforethe analysig(seetext).

algorithms r a b o
GWSAT vs.GSAT/TABU 0.9171 1.1456 -0.8007 O
GWSAT vs.WalkSAT 0.9725 0.9229 0.0471 O
GWSAT vs.WalkSAT/TABU  0.9464 0.9962 -0.4814 O
GWSAT vs.Novelty 0.9431 0.9211 -0.3331 33
GWSAT vs.R-Novelty 0.9492 0.9044 -0.3628 O

a solution,basedon 100tries with a high cutoff valueof 107 stepspertry. In our
analysiswe determinedhis hardnessneasurdor eachinstancedrom theproblem
set and analysedthe correlationbetweenthe hardnesdor different algorithms.
To reducethe overall amountof computationwe choseGWSAT asa reference
algorithm, i.e., for eachotheralgorithmwe analysedhe correlationbetweenit-
s performanceand GWSAT's on an instanceper instancebasis. The resultsof
this analysisconfirm the hypothesighat thereis a tight correlationbetweenthe
performanceof ary two algorithmsover the test-setsj.e., instanceswhich are
hardfor one SLS algorithmtendto be hardfor all the others.Figure 16 shavs
the correlationdatafor two pairsof algorithmsappliedto uf 100- 430 aslog-log
scattemplots. Theseplotsaretypical for the correlationrelationswe obsened.

To quantitatvely characterisehe strongcorrelationssuggestedy the scatter
plots, we performeda correlationandleast-mean-squar€bmg linear regression
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TableXVIIl. Test-set!| at 50- 115, pairwisehardnessorrelationfor
variousalgorithmswith approx.optimal noise,basedon 100 tries/
instancer is thecorrelationcoeficient,a andb arethe parametersf
thelmsregressioranalysis ando the numberof outlierswhich have
beeneliminatedbeforethe analysig(seetext).

algorithms r a b o

GWSAT vs.GSAT/TABU 0.9021 0.7673 0.0715 O

GWSAT vs.WalkSAT 0.9527 0.7738 0.6353 O
GWSAT vs.WalkSAT/TABU 0.8417 0.8885 -0.1149 27
GWSAT vs.Novelty 0.8398 0.8212 -0.1217 9
GWSAT vs.R-Novelty 0.8247 0.7848 -0.0205 6

analysisof the logarithm of the hardnesgmeansearchcost per solution); the
regressiorlinesshawvn in thelog-log plots (Figures16) correspondo power func-
tions of the typey = x2- exp(b). The resultsof this analysisare reportedin Ta-
blesXVIl andXVIIl. Thisdataconfirmsthatthecorrelationbetweerthehardness
for differentalgorithmsis very strong;this holdsalsofor algorithmswhich shav
stagnatiorbehaiour for someinstancesafter theseoutliers have beenremoved
from the test-set.This indicatesthat the hardnesdor ary of thesealgorithms
(neglecting the outliers) is an intrinsic propertyof the instancesAs a possible
explanationfor this obserationwe assumehatthe samestructuralfeaturegender
a particularinstancehard for all SLS algorithms.From the regressiondatawe
seethat the a parameteiis relatively closeto onefor all algorithms;this means
thatthereis only minor variationin the performancelifferencedetweertheindi-
vidual algorithmsasthe intrinsic hardneswaries.Neverthelesssomesystematic
differencesanbeobsenred.In particular for bothtest-setsthetatu-variantsshav
thelowestb value,indicatinga superiorperformancen easyinstancesHowever,
exceptfor GSAT/TABU on the GraphColouringtest-sef, they scaleworsethan
theothervariantsastheintrinsic hardnesincreasesAlso, we obsere a consistent
scalingadwantageof R-Novelty over Novelty (comparinghea values) of Novelty
over WalkSAT, andof WalkSAT over GWSAT.

Two more obserationsare worth noting. First, our dataindicatesthat within
a test-setthe hardnes<orrelationgets noisier for harderproblems.This holds
especiallyfor the moreeffective variantsof WalkSAT, like WalkSAT/TABU or R-
Novelty andsuggestshatfor relatively hardinstancesSLSproceduresliffer more
in their effectivenessFurthermorethe occurrencef stagnatiorbehaiour, ascan
be seenfrom Figure 16, is not relatedto the intrinsic hardnes®f aninstanceas

6 Recallthat for the instancesconsiderechere, GSAT/TABU is the bestperformingalgorithm
when countingvariableflips; apparentlyit canexploit the specificstructureinducedby encoding
GraphColouringinstancesnto SAT.
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Figure17. Left: Scalingof instancehardnessvith problemsizefor WalkSAT, approx.optimalnoise,
appliedto Random-3-SA test-setsRight: Functionalpproximation®f medianand0.98percentile;
themedianseemdo grow polynomially with n while the 0.98 percentileclearly shavs exponential
growth.

outliersoccurfor instancesvhich arerelatively easyfor anotheralgorithmaswell
asfor intrinsically hardinstances.

6.4. SCALING WITH PROBLEM SIZE

In afinal analysis,we investigatedhe scalingof local searchcostwith problem
size.First, we determinedhe hardnesdglistributions for WalkSAT with approxi-
mately optimal noiseparametesettingson the Random-3-SA test-setdor n =
50,75,100Q ...,250 asdescribedn Section5. The scalingbehaiour of the medi-
an andsomehigherpercentilegshusdetermineds shavn in Figure 17. The data
clearly suggeststhatthe highestpercentileggron exponentiallywith the problem
size;asshavn ontheleft sideof Figurel7,the0.98percentilecanbewell approx-
imatedwith the exponentialfunctiony = 400- exp(n/30). Thelower percentiles,
including the median,however, appearto be groving polynomiallyin n, the best
approximatiorfor the medianwasfound asy = 89.44- (n/30)2°. Note however,
thatin both casedor smalln, the actualvalue of the percentiledalls slightly off
the approximationsThis effect might explain why [19] obsered a polynomial
scalingbehaiour of the 0.9 percentilein a similar analysisfor GSAT whenusing
smallermproblemgupto n= 100);anothepotentialexplanationfor thediscrepang
betweenour resultmight be given by differencesn the empirical methodology
However, consideringhetight performanceorrelationestablishedh Section6.3,
we assumehatthe differencein the algorithmsbeingusedis not responsibldor
thedifferentresults.

The qualitative differencein the scalingof the lower and higher percentiles
is surprisingand leaves at leasttwo differentinterpretationsEither, thereis a
sharptransitionbetweenthe polynomial and exponentialbehaiour aswe study
increasinglyhigh percentilesof the hardnesdlistributions. Or, all percentilesare
exponential but the lower onesshav exponentialbehaiour only for muchhigher
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n. Either way, the higherpercentilesgrov muchfasterthanthe lower onesand,
asa consequencehe variationof hardnesawithin the test-setdas measuredy
thepercentileratiosQy/Q1—x), increasestrictly monotonicallywith problemsize.
An intuitive explanationof this phenomenotis the assumptiorthatwith growing
problemsize,asmorevariablesand clausesare available, more comple “traps”
(local minima or plateauregionswhich are hardto escapgrom) for SLS-based
algorithmscanoccurin thesearcrspace®f therandomlygeneratednstances.

PerformingthesameanalysisusingR-Novelty™, thebest-performinglgorithm
for Random-3-SA accordingo ourearlierresultsyieldsexactly analogousesult-
s: Themediancurve canbewell approximatedy y = 26.83- (n/30)%°, while the
0.98percentiles scalingis ca.y = 200- exp(n/30). Comparingtheseresultswith
theonefor WalkSAT givenabove, we notethatthedifferencein thepercentilegor
thetwo algorithmsisindependenof n (ca.3.5for themedianandca.4 for the0.98
percentile)In otherwords,the performancealifferencebetweenR-Noveltyt and
WalkSAT doesnotdependdntheproblemsize,whichis mildly disappointingasit
meanghatfor this problemclass,R-Novelty™ improvesonly by a smallconstant
factorover WalkSAT.

Next, we appliedan exactly analogousanalysisfor the GraphColouringtest-
setswith k= 50,...,200verticesin theoriginal graph(this correspondo 150-600
propositionalvariablesin the SAT-encodednstances)Here,surprisingly we ob-
tain a differentresult: For WalkSAT (with approximatelyoptimal noisefor each
n), the scalingof all the percentilesanbe approximatedy y = a- exp(k/b) with
(a,b) = (800 33) for themedianand(80Q 23) for the0.98percentile Whenusing
Novelty™ insteadof WalkSAT, we get analogousesultswith (a,b) = (220,30)
for the medianand (220, 20) for the 0.98 percentileIn generalfor this problem
classwe have no evidencefor a polynomialscalingof ary percentile At thesame
time, thephenomenothatfor smallk the percentilecurvesfall off theapproxima-
tionsis lessobvious here.As athird difference thevariationin instancehardness
is generallymuch smallerwithin our Graph Colouringtest-setghanwithin the
Random-3-SA test-setsAs anexample,considerthe Qp 95/ Qo.05 percentileratio
which is ca. 47 for test-setuf 150- 645 andonly ca. 5.1 for test-seff | at 50- 115
(all instanceshave 150 propositionalvariables) Hence thereseemdo be a qual-
itative differencein the scalingbehaiour for WalkSAT betweenrRandom-3-SA
andthe GraphColouringproblemdistribution consideredhere.Onereasorfor this
mightbethefactthatcomparedo Random-3-SA, the GraphColouringinstances
arestructurallymuchmorerestrictedbecausef the effects of the SAT-encoding
usedfor transformingthe original problemsinto CNF formulae.Also thefactthat
all instancesaregeneratedo be exactly 3-colourablemight keepthe variation of
instancehardnessvithin thetest-setsomavhatsmaller
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7. Conclusions

In this work, we have studiedseveral of the mostprominentandbest-performing
SLS algorithmsfor SAT. The publishedempirical resultson the performanceof
thesealgorithmsaremostlyincompatiblewith eachotherbecauselifferentmethod-
ologiesand/ordifferentsetsof benchmarknstancesvereused.Thus,in orderto
obtainacomprehensk pictureof thesealgorithms performancewe systematical-
ly evaluatedhemon newnly compiledsetof benchmarlproblemsThisbenchmark
library containsdifferenttypesof probleminstancesincluding setsof randomly
generate®AT instancesandmorestructuredsAT-encodegroblemdrom various
otherdomains.All problemclassesare knovn from the literature and most of
themhave beenusedin the context of several studiesof SLS performanceFor
our empiricalstudy we have useda novel empiricalmethodologywhich allowed
us to characterisehe behaiour of the variousalgorithmsin greatdetail. This
methodologyhasa numberof adwvantage®ver traditionalmethodgor the empiri-
cal evaluationof SLS-baseAT algorithms;in particular it allows thefunctional
characterisatioof run-timedistributions.

From our comparatie analysiswe obtaineda numberof new andinteresting
insights.Firstof all, of thealgorithmsconsideredhere ,no singleonedominatesll
the otherson all domains.However, we identified a subsetof algorithmswhich
shav superiorperformancecomparedto the othersacrossour benchmarkset.
Thesealgorithmsare: R-Novelty, Novelty, WalkSAT/TABU and GSAT/TABU,
they all suffer from occasionalstagnationbehaiour, which for someinstances
severely compromisegheir performance GWSAT, WalkSAT and HWSAT, on
the other hand, are generallydominatedby at leastone of the aforementioned
algorithms.Interestingly all the bestperformingSLS variantsfor SAT make use
of someaspectof the searchhistory suchasa taku list or the age of variables
for guiding the local searchprocess.This suggestghat an adequateause of the
searchhistory may be generallycrucial for obtainingsuperiorSLS performance.
This is very muchin tunewith recentresultson local searchalgorithmsfor oth-
er combinatorialoptimisationproblemswhere,on a wide variety of problems,
history-sensitie algorithmshave beenshavn to performbetterthanlocal search
methodswhich do not take into accounthe searchhistory

Additionally, whencomparinghe performancef thedifferentSLSalgorithms
studiedhere onehasto take into accounthatwhenusingthecurrentlybest-knavn
implementationsthe GSAT variantsare by at leasta factorof 3 slower thanthe
WalkSAT variants,suchthat effectively, even GSAT/TABU is never competitve
with thebest-performingValkSAT variantswhenabsoluteCPU-timeis measured.
Sincethe implementation®f all GSAT andWalkSAT variantsusedin this study
are highly optimised,we believe that this performancedifferenceis inherentto
the algorithms.Thereare several implementatiorrelatedreasonsvhich may be
responsiblefor this fact. Oneis that WalkSAT algorithmsare much simplerto
implementefficiently andrequirelesssophisticatedlatastructuresbecausehey
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evaluateonly the scoresof a small numberof variablesin eachsearchstep.Fur
thermore clausesaretypically rathershort— in mary instancestemmingfrom
SAT-encoding®of otherproblemsmostof the clausesareactuallybinary clauses.
ThereforeWalkSAT algorithmsactually often selectonly betweentwo variables
while GSAT algorithmsselectthe variableto be flipped from a potentiallymuch
larger set.

As we have shawvn, the essentiaincompletenesshich compromiseshe per
formanceespeciallyof the high-performingWalkSAT variantscanbe effectively
overcomeby adding an unconditionalrandomwalk mechanismas usedin G-
WSAT. The Novelty™ andR-Novelty™ variantsthusobtainedshav superiorper
formancecomparedo the original algorithmsand, to our bestknowledge, might
currently be the best-performingSLS algorithmsfor SAT. Comparedo Novelty
andR-Novelty they areparticularlysuperiorin termsof their robustnessw.r.t. the
settingof the cutoff parameterwhich playsanimportantrole in practice.

Regardingthe functional characterisatiorof SLS behaiour, we empirically
studiedthe run-time behaiour of WalkSAT, WalkSAT/TABU, Novelty, and R-
Novelty. We shaved that, using optimal noise parametersettings,the RLDs of
thesealgorithmswhen appliedto hard probleminstancedrom variousdomains
canbe approximatedy exponentialdistributions. The samephenomenoris ob-
senedfor largerthan-optimalnoisesettingswhile for smallerthan-optimainoise
qualitatvely different behaiour occurs.The insights gainedby the functional
characterisatiorof SLS behaiour also explain the obserations madeby other
researcherthatthe useof randomwalk reduceghe sensitvity of SLSalgorithms
to the particularvalue of the maxStepparametef20, 55]: for exponentiallydis-
tributed RLDs, the solutionprobability doesnot dependon a particularmaxSteps
setting.However, duetheeffectsof theinitial hill-climbing phasemaxStepshould
not bechosertoo low.

We further introduceda refinedmathematicaimodelbasedon a new distribu-
tion type which is asymptoticallyexponential,but allows to modelthe effects of
theinitial searchphase As we have shavn, this extendedmodelallows a precise
characterisationf SLSbehaiour for avastmajority of theprobleminstance$rom
our benchmarlsuite. Thus,for thefirst time, we canmodelthe behaiour of some
of the mostpowerful and prominentSLS algorithmsfor SAT in greatdetail. As
a directconsequencef theseresults,whenusingoptimal or largerthan-optimal
noisesettingsthealgorithmsarevery robustw.r.t. the cutoff parametesetting.

Furthermorewe analysedhecorrelationbetweerthedifferentalgorithms per
formanceacrossthe Random-3-SA and GraphColouringtest-setsAs a result,
we found that thereis a stronglinear correlationbetweenthe logarithm of the
averagelocal searchcostfor eachpair of algorithms.In otherwords, instances
which are hard for one algorithmtend alsoto be hardfor all otheralgorithms.
Consequentlyt is justifiedto talk abouttheintrinsic hardnessf probleminstances
for local searchThe existenceof thetight correlationin searchcostwe obsered
for variousSLS algorithmsis somevhat surprising,becausehe underlyingcon-
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ceptsare sufiiciently differentto causesignificant differencesin performance.
This suggestshatthe local searchcostfor thesealgorithmsdependsn the same
structuralfeaturesof the searchspaceFinally, we investigatedhe scalingof SLS
performancewith problemsize. Surprisingly our resultsindicatethat while for
the hardestractionsof probleminstancedrom the randomlygeneratedestsets,
the local searchcostgrows exponentially for fractionsof easierinstanceghe s-
caling of SLS performancemight be polynomial. This phenomenorould not be
obsenred for the GraphColouring test-setswherethe scalingwas generallyex-
ponential WhencomparingdifferentSLSalgorithmsw.r.t. their scalingbehaiour
for growing problemsize,we foundno evidenceof ary substantiadifferences.

Of course this study hasa numberof limitations and leaves mary issuesfor
furtherinvestigationln particular we did notattemptto explaintheobsered per
formancebehaiour in termsof structuralfeaturesof theunderlyingsearctrspaces
[64, 15, 35]. Clearly ary adwancesin obtaininga deeperunderstandingf the
factorswhich affect SLS performancesuchassearchspacetopology the effects
of various SAT-encodingsand polynomial simplification techniquegwhich can
be appliedas a preprocessingtep),will improve the chancesf designingbet-
ter performingandmorerobust SAT algorithms.Searchspaceanalysesnay also
be helpful for understandinghe ratherpoor performanceof the SLS algorithms
studiedherecomparedo algorithmsusing clauseweighting schemeson certain
typesof problems suchasthe single solutioninstanceswith very low clauseper
variableratio generateavith the AIM generatof2]. We arecurrentlyinvestigating
theseissuesusingthe samemethodologyunderlyingthis study (for first results,
seg[35, 33)).

Furthermorethe algorithmsconsideredherecanbe extendedin mary direc-
tions, e.g., by consideringclauseweighting schemesmultiple variableflips per
local searchstep,and learningschemedor certain parameterr the objectve
function. In particular for the algorithmsconsiderechereit would be highly de-
sirableto develop schemedor automaticallytuning the noise parameteisetting
to a given probleminstance Given sucha method,the effort for fine-tuningthe
algorithmswould be significantly reduced.To achieve this goal, the local search
invariantsfrom [51] or areactionmechanisnassuggesteth [5] couldbeveryuse-
ful. Anotherinterestingdirectionis thedesignandinvestigationof hybrid methods
which combinedifferent SLS stratgies (or even SLS methodswith systematic
SAT algorithms)using a simple control mechanisnm35]. In fact, the improved
WalkSAT variantsNovelty™ and R-Novelty™ are examplesof suchhybrid algo-
rithms asthey combinethe Novelty and R-Novelty stratgies with the random
walk mechanisnusedin GWSAT.

We feel, basedon the empiricalresultspresentechere,that asalgorithmsare
furtherimproved, robustnessof performancewill becomea majorissue,andhy-
brid combinationsof differentalgorithmsor heuristicsmight becomethe key to
obtainingmaximal performanceover a broadrangeof problemclassesFinally,
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oneof thebig questionsn SAT solvingremaingo beansweredhow thebestSLS
algorithmsandthebestsystematianethodscomparan termsof peakperformance
androbustnessWe startedinvestigatingthis question[38], for which this study
providesa good basis,asit provides a carefully designedbenchmarkset, offers
anadwancedempiricalmethodologyfor empirically analysingthe performancef
stochasticalgorithms,and identifiesthe candidatedor the best-performingSLS
algorithms.We arecorvincedthatthesecontritutionswill alsoprove valuablefor
researchon mary of the issuesmentionedabore andthusbring us anotherstep
closerto a deepunderstandingndprofoundassessmerf stochastidocal search
algorithmsfor SAT andotherhardcombinatorialproblems.
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Appendix
A. Detailson the Benchmark Set

In this appendix,we provide more detailedinformation on the suite of benchmarkprob-
lemsusedfor the empiricalanalyseseportedin this study All benchmarkinstancesare
availablefrom the SATLIB website(http://www.informatik.tu-darmstaidde/AlI/SATLI B).

A.1. UNIFORM RANDOM-3-SAT

Uniform Random-3-SA is a family of SAT instancedistributionsobtainedby randomly
generating3-CNF formulaein the following way: For aninstancewith n variablesandk
clauseseachof thek clausess constructedrom 3 literalswhicharerandomlydravn from
the2n possiblditerals(then variablesandtheir negations)suchthateachpossiblditeral is
selectedwvith the sameprobability of 1/2n. Clausesarenot acceptedor the construction
of the probleminstanceif they containmultiple copiesof the sameliteral or if they are
tautological(i.e., they containa variableandits negation). Eachchoiceof n andk thus
inducesa distribution of Random-3-SA instancesUniform Random-3-SA is the union
of thesedistributionsoverall n andk.

Onepatrticularlyinterestingpropertyof uniform Random-3-SA is the occurrenceof
a phasetransitionphenomenoni.e., a rapid changein solubility which canbe obsened
whensystematicallyincreasing(or decreasinglhe numberk of clausedor fixed problem
sizen [52, 47]. More precisely for smallk, almostall formulaeareunderconstrainednd
thereforesatisfiable;when reachingsomecritical k = k*, the probability of generating
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a satisfiableinstancedropssharplyto almostzero. Beyond k*, almostall instancesare

overconstraine@nd thus unsatisfiableFor Random-3-SA, this phasetransitionoccurs
approximatelyat k* = 4.26n for large n; for smallern, the critical clauses/ariablera-

tio k*/n is slightly higher[52, 10]. Furthermorefor growing n the transitionbecomes
increasinglysharp.

Empiricalanalyseshaw thatprobleminstancegrom the phaseransitionregion of u-
niform Random-3-SA tendto beparticularlyhardfor bothsystematicSAT solvers[9, 10]
andSLSalgorithmg[64]. Striving to testtheiralgorithmson hardprobleminstancesmary
researcherasedtest-setsampledrom the phaseransitionregion of uniform Random-3-
SAT (see[21, 50, 51] for someexamples) Although similar phasetransitionphenomena
have beenobsenedfor othersubclassesf SAT, including uniform Randomk-SAT with
k > 4, thesehave never gainedthe popularity of uniform Random-3-SA. Maybe one of
the reasondor this is the prominentrole of 3-SAT as a prototypicaland syntactically
particularlysimple A P-completeproblem.

TableXIX. Uniform Random-3-SA test-sets.

test-set instances clause-len vars clauses
uf50-218 1,000 3 50 218
uf75-325 100 3 75 325
uf100-430 1,000 3 100 430
uf125-538 100 3 125 538
uf150-645 100 3 150 645
ufl75-753 100 3 175 753
uf200-860 100 3 200 860
uf225-960 100 3 225 960
uf250-1065 100 3 250 1,065

Ourtest-setwereobtainedoy randomlygeneratingorobleminstancedgrom the phase
transitionregion of uniform Random-3-SA asdetailedabove; insolubleinstancesvere
filtered out usinga fastcompleteSAT algorithm.Table XIX shaws the characteristic®f
thetest-setaisedin this study

A.2. GRAPH COLOURING

All instanceswere generatedising Joe Culbersons randomgraph generatof. Given a
graphG = (V,E), whereV = {vi,va,...,vn} is the setof verticesandE C V x V the set
of edgesconnectinghevertices thefollowing, simpleyet efficientencodingwvasusedfor

transformingGCPinstancesnto SAT [12]: Givenk colours,eachassignmenof a colour
gto avertex v is representetdy a propositionalariablex; 4; eachconstrainti.e.,anedge
connectingwo vertices)is representedy a setof clauseg—x; gV —Xj g); two additional

7 availablefrom http://webcs.ualberta.ca/“joe/Coloring/indatml, JoeCulbersons GraphCol-
oring Page.
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setsof clausesensurethat valid SAT assignmentassignexactly onevalueto eachCSP
variable:(xio VX 1V...VXk-1), Vv €V (atleastonecolouris assignedo a node)and
(—Xi,gV =Xih), Vg,h € {0,...,k—1},g# h, Vv; € V (atmostonecolouris assignedo a
node).TableXX shavsthe characteristicef thetest-setaisedfor our empiricalstudy

TableXX. SAT-encodedsraphColouringtest-setgflat randomgraphs).

test-set instances vertices edges colours vars clauses
flat50-115 1,000 50 115 3 150 545
flat75-180 100 75 180 3 225 840
flat100-239 100 100 239 3 300 1,117
flat125-301 100 125 301 3 375 1,403
flat150-360 100 150 360 3 450 1,680
flat175-417 100 175 417 3 525 1,951
flat200-479 100 200 479 3 600 2,237

A.3. PLANNING INSTANCES

Ourbenchmarlsetcontainghefour largestBlocksWorld Planninginstancesandfour Lo-
gisticsPlanninginstancesrom HenryKautz's andBart Selmans SATPLAN distribution.
Theseinstancesredescribedn TableXXI; despitethereductionanentionedabove, they
arestill very largewhencomparedo otherinstance®f our benchmarlsuite. At thetime
of thiswriting, bw_| ar ge. ¢ andbw | ar ge. d belongto thehardesprobleminstanceshat
canbesolvedby state-of-the-arBAT algorithmsin reasonabléime.

The SAT encodingusedfor generatingthe benchmarkinstanceselies critically on
techniquedor reducingthe sizeof the CNF formulae.Theseconcerrthe particularway of
definingthe propositionalariablesaswell asthe applicationof well-known propositional
reductionstratajies, like unit propagatiorand subsumptionwhich are usedto simplify
the formulaebeforeapplying stochastidocal search.Thesereductionscanbe computed
in polynomialtime andeliminatea numberof propositionalvariableswvherebythe search
spacsis efficiently reducedDetailson the SAT encodingusedto generatéhe benchmark
instancecanbefoundin [45, 44].

A.4. INSTANCES FROM THE DIMACS BENCHMARK SET

ThelargeSAT-encodedsraphColouringinstance®riginally stemfrom astudyperformed
by Johnsonret.al.[40]. The encodingusedfor theseinstancess the sameas described
in SectionA.2. In our experimentalanalysiswe usedthe threeinstancesdescribedin
TableXXIl; for aforth instancgg250. 15), we foundthat, despiteits size,it is extremely
easyfor all algorithmsconsideredhere and thus decidednot to useit in our analysis.
Instanceg125. 18. cnf andgl125. 17. cnf arebasedon the samegraph.in thefirst case,
the formulaencodesearchingor a solutionwith 18 colours,while in the later caseone
triesto find a colouringwith 17 colours(which is conjecturedo be anoptimal colouring
for this graph).
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Table XXI. SAT-encodedlocks World PlanningandLo-
gisticsPlanninginstances.

instance packages plansteps vars clauses

logistics.a 8 11 828 6,718
logistics.b 5 13 843 7,301
logistics.c 7 13 1,141 10,719
logistics.d 9 14 4,713 21,991
bw_lage.a 9 6 459 4,675
bw_lage.b 11 9 1,087 13,772
bw_lage.c 15 14 3,016 50,457
bw_lage.d 19 18 6,325 131,973

TableXXIl. SAT-encodedsraphColouringinstances
from the DIMA CSbenchmariset.

instance nodes colours vars clauses
g125.18.cnf 125 18 2,250 70,163
g125.17.cnf 125 11 2,125 66,272
g250.29.cnf 250 29 7,250 454,622

The parity learninginstancespar « are very hard for the SLS algorithmswe used.
Thereforewe limited our RLD-basedstudy to the smallerinstancefrom the DIMACS
Benchmarkset, which encodelearninga parity function with eight variablesbasedon
a sampleof (potentially noisy) input/outputpairs. Theseformulae have beensimplified
usingunit propagatiorandsubsumptionThe resultingformulaearerathersmall: eachof
thefive instancegontainsapprox.70 variablesandapprox.270clauses.

Otherclasse®f benchmarknstance®f the DIMA CSbenchmarlsethave beendelib-
eratelyexcludedfrom our study Among thesearethe ai m« instancesbtainedfrom the
AIM instancegeneratof2] which are generatedandomlyfor clauses/ariableratios of
1.6,2.0,3.4,and6.0in suchawaythateachformulahasexactlyonesatisfiableassignment.
However, differentfrom all problemclassesisedin our benchmaricollection,the result-
ing instancesre polynomially solvable by simplificationproceduregusingbinary failed
clausesyandthuscannotbe consideredntrinsically hard. When practically solving SAT
instancessuchsimplification proceduresare typically appliedas a preprocessingtep®
Consideringthis, we regardinstanceswhich are solved by the preprocessingrocedure
aloneto be of minor interestin the context of our study of SLS performanceWithout
simplification,whenusingreasonablypptimisednoisesettingsthe bestWalkSAT variants

8 Note that for SAT-encodedproblemsfrom otherdomains this preprocessings known to be
crucialfor finding solutionsusingSLS or systematicSAT algorithms.
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typically solve the instanceswith high clausesper variableratio with an averageof less
than1000flips. But for lower clauseper variableratios,suchas 1.6 or 2.0, someof the
instancesare very difficult to solve using the algorithmsconsiderechere.For example,
whenrunning experimentson instanceai m 50- 1_6-yes1- 2. cnf (50 variablesclauses
pervariableratio = 1.6) we could,usingvariousnoiseparametesettingsandfor eachset-
ting running100triesof 107 flips each,only find 14 solutionswith eitherof the WalkSAT
variants.In contrastweightingschemegor GSAT solve this type of instancesnuchmore
efficiently [7, 8]. It is notclearwhetherthisis justanartifactof this problemclassoramore
generalphenomenonvhich canbe alsoobsenedfor hardproblemclasseghatcannotbe
efficiently solvedby polynomialsimplificationmethodslt would beinterestingto further
investigatethis interestingguestion;hawever, this would requireadditionalmethodology
whichis beyondthe scopeof this study

Similary, alsothe instancedrom a testpatterngeneratiorprogramfor VLSI circuits
[48] (ssax) canbe solved, despitetheir relatively large size (they containfrom 1,363to
1,501variablesand3,032to 3,575clauses)by preprocessingechniqueslone.They are
alsorelatively easily solved by the SLS algorithmsappliedhere.Of the otherinstances
thereare somesatisfiableones(16 out of 50) amongthe randomlygeneratednstances
j nhx. cnf with variableclauselenghts.Someinitial experimentsshaved that thesein-
stancesare easily solved and thereforewe preferredto focus ratheron our large-sets
of hard Uniform Random-3-SA instancesFinally, we alsoexcludedthei i x instances
which originally stemfrom anintegerprogrammingormulationof aninductive inference
problem[42]. Thesearevery easilysolvedby, for example WalkSAT andthereforedo not
provide a challengingbenchmarKor thelocal searchalgorithmsappliedhere.

B. Supplementary Data from the Compar ative Study of SL S Performance

This appendixprovidessomeadditionalinformationon the resultsof our comparisorof
SLSalgorithmspresentedh Sections. In particulay we reportthedescriptve statisticsfor
the variousalgorithms’ RLDs when appliedto probleminstancesrom our benchmark
suite in numericalform. This information is particularly useful when reproducingour
resultsor evaluatingotheralgorithmon the samebenchmarlproblems.

B.1. RANDOM-3-SAT

In Section5.1 we comparedvariousGSAT andWalkSAT algorithmson Random-3-SA
instancesFor the threeinstanceswe studiedin more detail (easy, med, andhar d), we
found that generally betweendifferent algorithm’s RLDs typically no cross-@ers are
obsened. In this situationit is admissibleto baseperformancecomparisonsnainly on
descriptve statisticswhich aregivenin TablesXXII-XXV.

In generalthe numericaldataconfirmthediscussiorof theresultsin Section5.1.0ne
interestingobsenation which is even more obvious whenlooking at the numericaldata
ratherthanthe graphicalrepresentatiomf the RLDs is the hugevariability in the time
requiredto find a solution(seestandarddeviation and percentileratiosin the tables)and
thefactthatthis variability increasesvith instancenardnessascanbe seencomparinghe
stdder/meanvaluesor the percentileratiosbetweerthe easy medium,andhardinstance.
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Table XXIII. Problem instanceuf 100- 430/ easy, basic descriptve statistics of

RLDs for variousalgorithms,approx.optimalnoise(in parentheseafteralgorithms

names)basedon 1,000tries.

algorithm mean stdde %%% median Qs Qoo 8—;: %
GWSAT(0.5) 270.63 240.62 0.89 202 313 504 235 5.54
GSAT/TABU(20) 137.78 91.31 0.66 108 170 255 2.18 4.40
HWSAT(0.3) 190.58 154.25 0.81 145 223 365 240 5.21
WalkSAT(0.5) 177.86 135.78 0.76 139 206 336 2.22 4.87
WalkSAT/TABU(5) 97.79 49.04 0.50 86 119 164 192 3.28
Novelty(0.9) 77.36 37.29 0.48 68 92 124 1.77 3.02
R-Novelty(0.9) 76.63  34.79 0.45 68 90 121 170 281

TableXXIV. Probleminstanceuf 100- 430/ ned, basicdescriptve statisticsof RLDs for
variousalgorithms,approx.optimal noise,basedn 1,000tries.

algorithm mean stdde Sédeda% median Qs Qg 8—22 8—?8

GWSAT(0.5) 2,432 2,159 0.89 1,785 3,345 5,434 3.78 1151
GSAT/TABU(20) 1,368 1,297 0.95 995 1,804 2,903 3.83 12.62
HWSAT(0.4) 2,015 1,727 0.87 1,509 2,687 4,502 3.59 10.67
WalkSAT(0.5) 1,877 1,776 0.95 1,333 2,510 4,133 3.90 12.84
WalkSAT/TABU(3) 532 365 0.69 433 689 999 243 5.52
Novelty(0.6) 504 372 074 416 647 962 262 6.13
R-Novelty(0.7) 580 467 0.80 440 767 1,213 3.09 7.93

TableXXV. Probleminstanceuf 100- 430/ har d, basicdescriptve statisticsof RLDs for various
algorithms approx.optimalnoise,basedon 1,000tries.

algorithm mean  stdde sr%dedﬁ median Qs Qoo 8—;: %

GWSAT(0.6) 177,468 181,843 1.02 119,666 247,047 400,466 5.27 22.78
GSAT/TABU(20) 84,578 84,301 1.00 57,778 120,286 196,493 5.01 24.95
HWSAT(0.4) 37,822 37,717 1.00 26,481 52,008 89,132 4.96 22.98
WalkSAT (0.5) 86,773 90,538 1.04 56,666 120,583 198,109 5.41 27.07
WalkSAT/TABU(5) 87,031 86,692 1.00 60,019 119,246 206,822 5.14 26.23
Novelty(0.7) 26,995 27,165 1.01 19,434 36,972 58,661 4.43 18.06
R-Novelty(0.7) 19,118 19,827 1.04 12,819 26,707 43,911 4.71 23.36
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Table XXVI. Probleminstancebw | arge. a, basic descriptve statisticsof RLDs for
variousalgorithms,approx.optimalnoise,basedn 1,000tries.

algorithm mean stdde sr%dedﬁ median Qs Qoo 8—;: %
GWSAT(0.6) 26,994 24,784 0.92 18,653 38,041 58,679 4.09 11.61
GSAT/TABU(10) 10,635 10,515 0.99 6,977 14,917 25,291 4.72 20.02
WalkSAT(0.5) 17,490 15,320 0.88 13,505 23,446 35,981 3.44 11.77
WalkSAT/TABU(3) 10,603 9,665 0.91 7,563 14,169 23,870 3.84 13.41
Novelty(0.4) 9,315 8,587 0.92 6,932 12,877 20,202 4.02 13.17
R-Novelty(0.6) 6,053 5,583 0.92 4,317 8,413 12,875 4.01 11.87

Table XXVII. Probleminstancebw | ar ge. ¢, basicdescriptve statisticsof RLDs
for variousalgorithms approx.optimalnoise basedn 250tries.

algorithm mean stdde %%% median Qs 8—22
WalkSAT(0.2) 14.06-10° 15.60-1CF 111 9.76-10° 17.0.10° 4.85
WalkSAT/TABU(2)  2.52-10°  2.12.1¢F 0.84 2.00-10° 3.53.10° 3.89
Novelty(0.2) 6.4-10F  7.13.10° 1.12 4.40-1¢F 8.16-1¢° 4.70

B.2. GRAPH COLOURING

TablesXXVIII-XXX presenthe numericaldataon the RLDs of variousSLS algorithms
appliedto the easy medium,and hardinstancesf the f | at 100- 329 GraphColouring
test-setHere, it is interestingto notethatthe (atypical)cross-oer betweernthe RLDs of
R-Novelty and WalkSAT/TABU on the mediuminstancewhich is very obviousin the
graphicalrepresentatioifFigure8), is hardto seefrom the numericalstatisticsand could
not be detectedwithout the datafrom very low percentilessuchas Q1. Nevertheless,
cross-w@erslik e this aresignificant,asthey indicatethatthe performanceelationbetween
two algorithmschangeslependingon their run-time.

B.3. BLOCKS WORLD PLANNING

In Table XXVI and Table XXVII we report the descriptve statisticsfor the RLDs of
several SLS algorithmsappliedto thetwo SAT-encodedlocks World Planninginstances
bw | arge. a andbw | ar ge. c. Here,it is interestingto note that the optimal noise pa-
rametersettingfor WalkSAT andNovelty significantlydepend®on the problemsize: The
larger(andharder}heinstancethelowertheoptimalnoisesetting;thisis confirmedoy the
correspondingesultsfor theothertwo instance$w_| ar ge. b (seeTablelll in Section5.3)
andbw | ar ge. d (not shavn here).This is very differentfrom the small deviationin the
approximatelyoptimalnoisevaluesreportedor differentinstance®f theRandom-3-SA
and GraphColouringtest-setswhich ratherreflectminor and non-systematicleviations
betweertheinstancesvithout significantimpacton SLS performance.
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Table XXVIII. Probleminstancef | at 100- 239/ easy, basicdescriptve statisticsof
RLDs for variousalgorithms approx.optimalnoise,basecn 1,000tries.

algorithm mean stdde Sntqdeda{’}'] med Qs Qoo 8—22 8—51’8
GWSAT(0.6) 7,268 6,898 0.95 5,146 9,031 15,168 3.24 9.07
GSAT/TABU(20) 1,636 1,156 0.71 1,320 2,242 3,215 297 6.68
HWSAT(0.5) 3,142 3,080 0.98 2,271 3,878 5,946 284 8.11
WalkSAT(0.5) 5,602 4,358 0.78 4,341 7,398 11,577 293 7.61
WalkSAT/TABU(5) 2,453 1,924 0.78 1,863 3,155 4978 2.82 6.78
Novelty(0.6) 1,333 1,097 0.82 980 1,733 2,704 2.96 6.97
R-Novelty(0.6) 2253 1,912 085 1,687 2958 4721 3.44 9.15

TableXXIX. Probleminstance | at 100- 239/ med, basicdescriptve statisticsof RLDs for various
algorithms,approx.optimalnoise,basedn 1,000tries.

algorithm mean stdde % med Q1o Qs Qoo 8—;: %
GWSAT(0.6) 41,784 41,629 1.00 27,288 5,426 58,159 97,410 4.83 17.95
GSAT/TABU(10) 9,811 9,765 1.00 6,539 1,656 13,041 22,443 4.07 1355
HWSAT(0.5) 20,377 21021 1.03 13,469 2,023 28,089 49,004 5.08 24.22
WalkSAT(0.5) 31,260 28,586 0.91 22595 4,995 42567 70,267 4.23 14.07
WalkSAT/TABU(3) 11,881 11,094 0.93 8,548 2,091 16,086 26,590 3.87 12.72
Novelty(0.6) 7,070 5,928 0.84 5,455 1,297 9,951 14,826 3.77 11.43
R-Novelty(0.6) 16,183 16,333 1.01 11,291 1,997 20,790 36,645 4.36 18.35

Table XXX. Probleminstancef | at 100- 239/ har d, basic descriptve statisticsof RLDs for

variousalgorithms,approx.optimal noise,basedn 1,000tries.

algorithm mean  stdde %‘ﬁ med Qs Qoo 8—22 8—51’8

GWSAT(0.6) 306,886 249,012 0.81 240,302 451,475 700,129 4.35 15.96
GSAT/TABU(10) 107,872 111,690 1.04 73,594 142,838 251,477 4.51 21.35
HWSAT(0.5) 166,365 161,314 0.97 113,981 220,950 405,482 4.35 26.20
WalkSAT(0.5) 254,373 222,835 0.88 192,788 375,285 578,138 4.73 21.45
WalkSAT/TABU(3) 297,778 245,045 0.82 229,496 453,820 674,915 4.66 20.79
Novelty(0.6) 116,773 117,259 1.00 79,307 159,525 276,180 4.78 24.50
R-Novelty(0.6) 195,965 183,408 0.94 140,671 284,093 433,875 5.18 19.36
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