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Abstract

Stochasticlocal search(SLS)algorithmshave beensuccessfullyappliedto hardcombi-
natorialproblemsfrom differentdomains.Dueto their inherentrandomness,therun-time
behaviour of thesealgorithmsis characterisedby a randomvariable.Thedetailedknowl-
edgeof the run-timedistribution provides importantinformationaboutthe behaviour of
SLSalgorithms.In thispaperwe investigatetheempiricalrun-timedistributionsfor Walk-
sat,oneof themostpowerful SLSalgorithmsfor thePropositionalSatisfiabilityProblem
(SAT). Using statisticalanalysistechniques,we show that on hardRandom-3-SAT prob-
lems,Walksat’s run-timebehaviour canbecharacterisedby exponentialdistributions.This
characterisationcan be generalisedto variousSLS algorithmsfor SAT and to encoded
problemsfrom otherdomains.This resultalsohasanumberof consequenceswhichareof
theoreticalaswell aspracticalinterest.Oneof theseis thefactthatthesealgorithmscanbe
easilyparallelisedsuchthatoptimalspeed-upis achievedfor hardprobleminstances.

1 Introduction

Recentsuccessesin usingstochasticlocalsearch(SLS)algorithmsto practically
solvehardcombinatorialproblemsfrom variousdomainshavestirredconsiderable
interestand inspireda quickly growing body of research.Basedon earlier SLS
approaches[8,27] to solvingthesatisfiabilityproblemin propositionallogic (SAT),
currentSLSalgorithmslikeHSAT [5], theBreakout Method[24], Walksat[26], or
Novelty [21] donotonly outperformstate-of-the-artsystematicsearchmethodsfor
a varietyof problemclasses,but have alsoshown to becompetitive with thebest
algorithmson domainslikeplanning[19] or network routing[18].

Becausethetheoreticalunderstandingof thebehaviour of stochasticlocalsearch
algorithmsis still very limited, mostof the work in this field is basedon empiri-
cal methodsandcomputationalexperiments.Thekind of conclusionsthatmaybe
drawn from their empiricalanalysisdependsstronglyon theempiricalmethodol-
ogy applied.In particular, theempiricalmethodologyhasto take into accounttwo
importantsourcesof randomnessin theperformanceof anSLSalgorithm.Oneis
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thatfor agivenprobleminstance,therun-timeneededto find asolutionvariesasa
consequenceof theinherentrandomnessof SLSalgorithms,causedby randomised
decisionslike randominitial solutionsor randomlybiasedmoves.Theotheris that
thesolutioncostfor solvingagivenprobleminstancedependsontheinstanceitself,
which (in caseslikeRandom-3-SAT) might berandomlygenerated.

In this work we clearly seperatethesesourcesof randomness.The methodol-
ogy we useis basedon analysingthe run-timebehaviour of SLS algorithmson
singleinstancesdrawn from a randomisedproblemclass.Basedon theempirical
run-timedistributionsobservedfor aparticularSLSalgorithmappliedto individual
probleminstances,we formulatea generalhypothesisregardingthe typeof these
run-timedistributionsfor the givenalgorithmandproblemclass.This hypothesis
is testedandvalidatedby runninga seriesof experimentson a large numberof
instancessampledfrom thegivenrandomproblemdistribution. Here,we usethis
genericmethodologicalapproachto analysethe performanceof Walksatapplied
to Random-3-SAT, a prominentrandomised��� -completesubclassof SAT con-
sisting of propositionalformulaein conjunctive normal form with exactly three
literalsperclause.Specificallywe show thatwhenappliedto hardrandom3-SAT
instances,Walksat’s run-timebehaviourcan be characterisedby exponentialdis-
tributions.This resultalsoholds for variousSAT-encodedproblemclasses,such
asBlocksWorld PlanningandGraphColouring,andsomerecentlyproposedim-
proved variantsof the original Walksatalgorithm.It hasa numberof significant
implications,themostinterestingof which might be the fact thatSLSalgorithms
displayingthis typeof behaviour canbeeasilyparallelisedwith optimalspeedup.

Thepaperis structuredin thefollowing way. Webegin with reviewing basicno-
tionsconcerningSLSalgorithmsfor SAT andintroducingourempiricalmethodol-
ogy. Thenwepresentempiricalanalysesof thebehaviour of severalSLSalgorithms
whenappliedto randomisedproblemdistributionsandencodedprobleminstances
from otherdomainswhich leadto our mainresult.Next, we discussseveral inter-
estingimplicationsof this result.After comparingourapproachwith relatedwork,
we concludewith a brief sumaryof themaincontributionsof this work andpose
somequestionsindicatingpossibledirectionsfor furtherresearch.

2 SLS Algorithms for SAT

Local searchis a widely used,generalapproachfor solvinghardcombinatorial
searchproblems.Stochasticlocal searchcanbeinterpretedasperforminga biased
randomwalk in thesearchspacedefinedby thegivenprobleminstance;for SAT,
thesearchspaceis thesetof all possibletruth assignmentsof thevariablesappear-
ing in thegivenpropositionalformula in conjunctive normalform (CNF). A CNF
formula � over � truth variables�	��
���
�
���������� (with domain � true
 false� each),is
a conjunctionof � clauses����
���
�
�������
���� . Eachclause��� is a disjunctionof oneor
moreliterals,wherea literal �! is avariable�" or its negation #$�" , i.e. ���&%(' �*) �+,� �- .
A formulais satisfiable,if anassignmentof truthvaluestoall variablescanbefound
whichsimultaneouslysatisfiesall clauses;otherwisetheformulais unsatisfiable.
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A generaloutlineof a SLSalgorithmfor SAT is givenin Figure1. Thegeneric
procedurestartswith sometruth assignment,which is randomlychosenfrom the
setof all possibleassignmentsaccordingto a uniform distribution.Thenit triesto
reducethenumberof violatedclausesby iteratively flipping somevariable’s truth
value,wherethe selectionof the variabledependson the formula � andthe cur-
rentassignment. . If aftera maximumof maxStepsflips no solutionis found,the
algorithmrestartsfrom a new randominitial assignment.If after a givennumber
maxTries of suchtries still no solutionis found, the algorithmterminatesunsuc-
cessfully.

procedure LocalSearch
input CNF formula / , maxTries, maxSteps
output satisfyingassignmentof / or “no solutionfound”
for 0 := 1 to maxTriesdo1 := randomtruthassignment;

for 2436587 to maxStepsdo
if 1 satisfies/ then return 1 ;
else9

:= chooseVariable: 1<; />= ;1 := 1 with truth valueof
9

flipped;
end if

end for
end for
return “no solutionfound”;

end LocalSearch;

Fig. 1. Outline of a generallocal searchprocedurefor SAT;
actualSLS algorithmsdiffer mainly in the variableselection
functionchooseVariable( 1<; / ).

In this articlewe concentrateon SLSalgorithmsbasedon theWalksatarchitec-
ture [26], oneof the bestperforminglocal searchapproachesfor SAT [21]. This
architectureis basedon a two-stagevariableselectionprocessfocusedon thevari-
ablesocurringin currentlyunsatisfiedclauses.For eachlocal searchstep,in a first
stageacurrentlyunsatisfiedclause� is randomlyselected.In asecondstep,oneof
thevariablesappearingin � is thenselectedaccordingto someheuristic? , biasedto
increasethetotal numberof satisfiedclauses;this variableis thenflippedto obtain
thenew assignment.

For theoriginal Walksatalgorithm,in thefollowing referredto simply asWalk-
sat,a pseudocodeof thefunctionchooseVariable@A.B
��DC is givenin Figure2. Here,
thefunctionrandomPickrandomlyselectsanelementof a set E accordingto a u-
niform distribution(i.e.,eachFHGIE is chosenwith aprobability JLK�M ENM , where M EOM is
thenumberof elementsin set E ). � For Walksat,theheuristic ? choosesavariable
with aminimal valuebreak@A�P
�.B
��,C from theselectedclause,wherebreak@Q�P
�.B
��,C
� For theremainderof this paper, all randomselectionsareconsideredto bemadeusing

uniform probabilitydistributionsif notexplicitely indicatedotherwise.
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is thenumberof clauseswhich aresatisfiedby thecurrentassignment. but would
becomeunsatisfiedif variable � wereflipped. If in the selectedclausevariables
canbeflipped without violating otherclauses(i.e., RS�UT break@A�P
�.V
��,CW%YX ), one
of theseis randomlychosen.Otherwise,with a fixed probability Z\[ a variableis
randomlychosen(accordingto a uniform distribution) from the clauseandwith
probability JB]^Z_[ oneof thevariablesminimisingthenumberof breaksis picked.
Thewalk probability Z\[ (alsocallednoisesetting)is themostimportantparameter
influencingthealgorithms’overall performance.

function chooseVariable-Walksat: 1<; />=` := randomPick: � `La ` clauseof / and ` not satisfiedunder1 ��= ;b
:=
� 9 a 9 appearsin ` andbreak:c/ ;d1<; 9 = is minimal� ;e := randomPick: b = ;

if break:c/ ;d1<;fe =g5ih then
return e ;

else
with probabilitywp: ekj := randomPick: � 9 a 9 appearsin ` ��= ;
otherwisee j := e ;
return e<j ;

end if
end chooseVariable-WSAT;

Fig. 2. Outlineof thefunctionchooseVariablefor WSAT.

In this articlewealsopresentcomputationalresultswith two morerecentWalk-
satvariants.In Walksatwith tabu-search(Walksat/Tabu) [21], heuristic ? always
picks oneof the variablesminimising the numberof breaks.However, variables
which havebeenflippedduringthelast Fd� iterations,whereFd� is a parametercalled
tabu list length, aredeclaredtabu andarenot consideredfor flipping. To realise
this,everyvariable� hasassociatedanage,age@c�,C , which is definedasthenumber
of local searchsteps(i.e., variableflips) since � hasbeenflipped the last time. 

If all variablesin the chosenclauseare tabu, no variableis flipped (a so called
null-flip). In Figure 3 we give the pseudocodefor Walksat/Tabu. The seconds-
trategy is calledNovelty [21]. This strategy choosesvariableswhich whenflipped
leadto a maximaldecreasein thetotal numberof unsatisfiedclauses(score@c�,Cl%
fix @A�P
�.B
��,C$] break@A�P
�.B
��,C , wherefix @A�P
�.V
��,C is thenumberof clauseswhich are
not satisfiedunderassignment. but would becomesatisfiedif thevariable � were
flipped).Tiesarebrokenin favour of theleastrecentlyflippedvariable.If thevari-
ablewith thehighestscoreis not themostrecentlyflippedvariablein theclause,it
is flipped,m otherwise,with probability Z_[ thesecond-bestvariable,andwith prob-


 Whenimplementingthis algorithm,insteadof explicitly storingandupdatingthevari-
ableages,it is moreefficient to storefor eachvariablethenumberof theiterationin which
it wasflippedlastandto comparethesenumbersinsteadof theactualages.m If several variablesin the selectedclausehave identical scoreand age(which rarely
happens,as clausesare typically rathershort and the ageof two variablescan only be
identicalif bothhavenever beenflippedsincethelastsearchinitialisation),tiesarebroken
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ability JB]^Z_[ thebestvariableis flipped.A pseudocodedescriptionof thevariable
selectionstrategy usedin Novelty is givenin Figure4. In analogyto [21] we will
referto the Z\[ and Fd� parametersfor thedifferentheurisiticsasnoiseparameters.

function chooseVariable-Walksat/Tabu : 1L; />=` := randomPick: � `La ` clauseof / and ` not satisfiedunder 1 ��= ;b
:=
� 9 a 9 appearsin ` andbreak:c/ ;d1L; 9 = is minimal andage: 9 =$nporqs� ;

if
but5 � � thene j := randomPick: b = ;
return ekj ;

else
return

� � ;
end if

end chooseVariable-Walksat/Tabu;

Fig. 3. Outlineof thefunctionchooseVariablefor Walksat/Tabu.

function chooseVariable-Novelty : 1L; /\=` := randomPick: � `La ` clauseof / and ` not satisfiedunder 1 ��=v
:= List of variablesoccurringin ` orderedaccordingto decreasing

score: 9 =g5 fix :c/ ;d1L; 9 =	w break:c/ ;d1<; 9 = andage: 9 = ;e j 5 first elementof list
v

;e<j j 5 secondelementof list
v

;
if age: ekj =$x age: ekj j = then

return e j ;
else

with probabilitywp: return e j j ;
otherwisereturn ekj ;

end if
end chooseVariable-Novelty;

Fig. 4. Outlineof thefunctionchooseVariablefor Novelty.

3 RTD-Based Empirical Analysis of SLS Algorithms

SLSalgorithmslikeWalksatstronglyinvolverandomdecisionssuchasthechoice
of theinitial assignment,randomtie-breaking,or biasedrandommoves.Dueto the
inherentrandomness,thetimeneededby anSLSalgorithmto find asolutiondiffers
from run to run evenfor a singleinstance.In general,therun-timeneededby such
analgorithmto find asolutionis arandomvariable.ThereforemostSLSalgorithms
areof LasVegastype[1,20]; analgorithm y for a problemclassz is of LasVegas
typeif (i) for agivenprobleminstance{|Gpz it returnsasolution . , . is guaranteed
to bea valid solutionof { , and(ii) oneachgiveninstance{ , therun-timeof y is a

basedonanarbitrary, fixedorderingof thevariablesappearingin thegivenformula.
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randomvariable }�~_��� � . For LasVegasalgorithmstherearefundamentallydiffer-
entcriteriafor evaluation,dependingonthecharacteristicsof theenvironmentthey
aresupposedto work in. While in the caseof no time limits beinggiven (type 1
situation),themeanrun-timemightsuffice to roughlycharacterisetherun-timebe-
haviour, in real-timesituationswith a given,strict time-limit (type2 situation)it is
basicallymeaningless.This is becausethetime-limits areoftenconsiderablylow-
er thantheexpectedor medianrun-time;at thesametime, a LasVegasalgorithm
with veryhigh expectedrun-timemight still givea reasonablesolutionprobability
for shortruns.An adequatecriterion for a type2 situationwith time-limit F max is� @r}�~��8F maxC , theprobabilityof findingasolutionwithin thegiventime-limit. In
themostgeneralcasewe aregivena utility functionthatdefinestheusefulnessor
utility of asolutiondependingonthetimeneededto find it. In thiscaseit is impor-
tant to beableto characterisethe run-timebehaviour by the run-timedistribution
function ���r�pT IR �� ��X�
�J�� definedas ���A��@cF�CD% � @f}�~���F�C or someapproximation
of it. This run-timedistribution (RTD) completelyanduniquelycharacterisesthe
run-timebehaviour of aLasVegasalgorithm.Giventhis information,othercriteria,
like themeanrun-time,its standarddeviation,percentiles,or success-probabilities� @r}�~��8F j C for arbitrarytime-limits F j canbeeasilyobtained.�

ToactuallymeasureRTDs,onehasto takeintoaccountthatmostSLSalgorithms
have somecutoff parameterboundingtheir run-time,like themaxStepsparameter
in Figure1. Practically, wemeasureempiricalRTDs by runningtherespectiveLas
Vegasalgorithmfor � times(without usingrestart,i.e., settingmaxTries to one)
on a givenprobleminstanceup to some(very high) cutoff value� andrecording
for eachsuccessfulrun thetime requiredto find asolution.Theempiricalrun-time
distribution is thecumulativedistributionassociatedwith theseobservations.More
formally, let �<F�@��"C denotethe run-timefor the � th successfulrun, thenthe cumu-
lative empiricalRTD is definedby �� @c�<FI���fC�% M-���	M �<F�@��SCI���d��M�Kk� . Insteadof
actuallymeasuringrun-timedistributionsin termsof CPU-time,it is oftenprefer-
ableto userepresentativeoperationcountsasamoremachineindependentmeasure
of analgorithm’sperformance.An appropriateoperationcountfor local searchal-
gorithmsfor SAT, for example,is the numberof local searchsteps,i.e., we get
run-length distributions (RLDs) insteadof run-time distributions.Note, that ob-
taining run-lengthdistributionsfor singleinstancesdoesnot involve significantly
highercomputationtimesthanto getastableestimatefor themeanperformanceof
analgorithm.

Hooker [12,13] criticisesthat the empirical analysisof algorithmsusually re-
mainsat thestageof simplycollectingdataandarguesthat,analogousto empirical
methodologyusedin othersciences,oneshouldfurthermoreattemptto formulate
hypothesesbasedon this datawhich, in turn,canbeexperimentallyrefutedor val-
idated.Our RTD-basedmethodology, asoutlinedabove, meetsthis demand:We

� For amoregeneraldiscussionof theapplicationscenariosand,in general,of theadvan-
tagesof measuringrun-timedistributionsonsingleinstances,we referto [16].� Optimalcutoff settingsmaythenbedeterminedaposterioriusingtheempiricalrun-time
distribution.
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first analysetherun-timebehaviour of SLSalgorithmsfor SAT on single,hardin-
stances;thenweusetheseobservationsasabasisfor formulatinghypothesesonthe
typeof run-timedistributionsobservedfor thesealgorithmsfor varioussubclasses
of SAT. We validateour hypothesesby testingthemfor a wide rangeof individu-
al probleminstances,usingstandardstatisticalmethodologyfor testingour RLD
characterisationsfor singleprobleminstances.Note, that hypothesesconcerning
problemclasseswith an infinite numberof instances(suchasSAT) cangeneral-
ly be not experimentallyverified andthereforeoften validationbasedon a finite
numberof individual instancesis thebestonecando.

4 Empirical Results for Random-3-SAT

In this section,we first describethe generationof the Random-3-SAT testsets
we usedfor our experiments;then we detail how we optimisedWalksat’s noise
parameterfor thoseprobleminstances,andfinally we reportour resultsregarding
thecharacterisationof Walksat’sbehaviour on thesetestsets.

4.1 Generationof probleminstances

TheRandom-3-SAT formulaeweusedfor ourexperimentsarepropositionalfor-
mulaein conjunctive normalform in which all clausesconsistof exactly threelit-
erals.Giventhenumberof variables� andclauses� , theseformulaearerandomly
generatedaccordingto thefixedclauselengthmodel[22]: Eachclauseis produced
by choosingthreevariablesat randomaccordingto a uniform distribution (i.e.,
eachvariableis chosenindependentlyof theotherswith a probabilityof J�Kk� ) and
then negatingeachof thesevariableswith probability XS�!� . In the clausegenera-
tion process,tautologicalclauses(i.e.,clausescontaininga literal andits negation)
andclauseswith multiple occurrencesof thesameliteral arerejected;clausesare
produceduntil � clauses(notconsideringrejectedclauses)aregenerated.

Thus,for eachvalueof � and � , a randomdistribution of Random-3-SAT for-
mulaeis given;testsetsgeneratedasdescribedabove correspondto samplesfrom
thesedistributions.It is well known that theprobability for obtaininga satisfiable
instanceby samplingfrom a specificRandom-3-SAT instancedistributioncritical-
ly dependson theclausesper variablesratio ��%Y��Kk� . While for small � , mostof
the instancesareunderconstrainedandthussatisfiable,at a certaincritical value
of � this changesratherabruptly. Beyond this critical � , mostof the instancesare
overconstrainedand thereforeunsatisfiable.This so-calledphase-transitionphe-
nomenonhasbeenobserved for a numberof problemclassesandreceived a lot
of attentionwithin theCSPandSAT communities[9]. For SAT, thecritical � (the
phase-transitionor cross-over point), whereapproximately50% of the randomly
generatedinstancesaresoluble,occursat �N�¡ ¢�6£ (for large � ) [3,22]; it is known
thatat this point theaveragehardnessof theinstancesis maximalfor bothsystem-
atic andlocal searchbasedSAT algorithms[28].

Testsetsof Random-3-SAT formulaefrom thephasetransitionregion arepop-
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finding a solution)andnoiseparametersettingfor a singleRandom-3-SAT instancewith
100 variables,430 clauses.The shapeof the curve is typical for Walksatappliedto hard
Random-3-SAT instances(seetext for details).

ular in SAT algorithmanalysis,sincethey areeasyto generatebut hardto solve.
However, whenstudyingincompletelocal searchalgorithms,thereis no point in
evaluatingtheir performanceon unsatisfiableinstances;thereforewe filtered the
randomlygeneratedinstancesusinga fastcompleteSAT algorithm,suchthat the
final testsetscontainonly satisfiableinstances.This is well establishedmethodolo-
gy [21] andguaranteesthatif thetestedalgorithmfails to find asolutionfor agiven
instance,this is not causedby theinstancebeingunsatisfiable.

4.2 Optimisingthenoiseparameter

For the following empiricalanalyses,we generallyusenoiseparameter(walk
probability) settingswhich arechosensuchthat theexpectednumberof stepsre-
quiredfor findingasolution(solutioncost)is minimal.Therefore,asafirst step,we
determinednoiseparametersettingsfor Walksatminimising themeansearchcost
whenappliedto individualprobleminstances.Sinceaprecisedeterminationof the
optimalnoisesettingfor eachprobleminstancefrom our testsetsis computation-
ally not feasible,weusedthefollowing two-stageapproach.

First, we randomlyselected10 probleminstancesfrom eachtestsetanddeter-
minedthemeanlocal searchcostfor noisesettingsbetween0.0 and1.0 in incre-
mentsof 0.05 from 1000 runs of the algorithm with maxSteps% J�XBXBXBX¥X . This
analysisstrongly indicatesthat for a single instancesthe meansolutioncostasa
functionof thenoisesettingis alwaysconvex with a singleminimum locatedbe-
tween0.4 and0.7; Figure5 shows a typical examplefor oneof the 100 variable
instances.

Next, we appliedthesamemethod,but usingnoisesettingsfrom 0.35to 0.75in
0.01increments,to 100randomlyselectedinstancesfrom the50 and100variable
testsetand10 randomlyselectedinstancesfrom the200variabletestsetto verify
this resultsandto determinethebestnoisesettingswith moreaccuracy. Theresults
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Table1
Basicstatisticsfor hardnessdistributions

testset mean median stddev stddev/mean

50vars,1000inst 429.56 277 479.71 1.1168

100vars,1000inst 2507.5 1433 3580.3 1.4278

200vars,100inst 106440 10032 664100 6.2392

of this analysisshow that the meanof the bestnoisesettingsover the samplesisX��-�B§ for �¨% �¥X , X��-�B� for �Y% J�XBX , and X��-�B© for �Y% ©¥XBX . Although thereis
somevariancein theoptimalnoisesettingbetweenthe instances,this is relatively
smallandseemsto decreasewith problemsize;thevariationcoefficients(= mean
/ standarddeviation) are X���J�  for �ª%«�kX , X��-X¥¬ for �¡% J�XBX and X��6XV� for �ª%©¥XBX . Furthermore,thereis no correlationbetweenthe meansolutioncostandthe
optimalnoisesettingwithin thetestsets(absolutecorrelationcoefficients ­8X��-XB� ).
To illustratetheseresults,in Figure6 we give a scatterplot of the meansolution
costandoptimalnoisesettingsfor the 100 testedinstancesfrom the100variable
testset;thecorrespondingresultsfor �®%(�¥X and �®%(©¥XBX areanalogous.It should
alsobenoticedthataroundtheoptimalnoisevaluethesensitivity of thesearchcost
w.r.t. smallchangesof thenoisesettingis very low (seeFigure5). Basedon these
results,we usedanapproximatelyoptimalnoisesettingof X��!�¥� for Walksatfor all
subsequentexperiments.

4.3 Distributionof themeansolutioncost

To getanimpressionof thevariability of thesolutioncostbetweentheinstances
of thetestsets,wefirst determinedhardnessdistributionsfor testsetswith 50,100,
and200variables.Figure7 showsthecumulativedistributionsof themediansearch
costperinstance(measuredin localsearchsteps)acrossthethreetestsets.Thetest
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-axisshows

themediansearchcostfor Walksat,the ¯ -axisshows theprobabilitythatthemediansearch
costof agiveninstanceis below a givenbound(seetext for details).

setsfor �®%(�kX�
�J�XBX contain1000instanceseach,theonefor �®%�©¥X¥X contains100
instances.For eachprobleminstance,themediansearchcostwasdeterminedfrom
anRLD obtainedby runningWalksatwith anapproximatelyoptimalnoiseparam-
eter (determinedasdescribedabove) of Z_[p%°X��-�B� for 1000 tries. By usingan
extremelyhigh cutoff parameter(i.e., allowing a very long time beforethesearch
is unsuccessfullyaborted)wemadesurethateachinstancewassolvedin everysin-
gle try. In all our experimentswith Walksat,usingthenoiseparameterasspecified
above, we found that for sufficiently high cutoff parametervalue,a solutionwas
alwaysfound.This indicatesthatWalksatwith thegivennoiseparametermight be
probabilistically approximatelycomplete, i.e., for eachsolubleprobleminstance,
theprobabilityof solvingit in a singletry (without usingrestart)convergesto 1 as
thecutoff parameter(maxSteps) approachesinfinity [15]. ±

As canbeseenfrom Figure7, thereis ahugevariability betweentheinstancesof
eachtestset(seealsoTable1). At thesametime, for increasingproblemsizesthe
tail of thedistributionsbecomesmoreprominent,indicatingthatfor largerproblem-
sthereis considerablymorevariability in themediansearchcost,especiallyamong
thehardestinstancesfrom eachtestset.Thiscanalsobeseenfrom thenormalised
standarddeviationsasgiven in Table1. It is known that averagingover suchex-
tremelyinhomogeneoustestsetsis potentiallyproblematic[16]. Consequently, in
thenext stepweanalysedtheRLD datafor individual instances.

4.4 Run-lengthdistributionsfor individual instances

Figure8 showstheRLDs for Walksat(usingtheparametersettingsasdescribed
before)whenappliedto theeasiest,median,andhardestproblemfrom the100vari-

± Notethatprobabilisticapproximatecompletenessis easyto prove if restartis used,but
approximatecompletenessfor thepureWalksatstrategy, without restart,is yet unproven.

10



0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

1 10 100 1000 10000 100000 1e+06

pr
ob

ab
ili

ty
 o

f f
in

di
ng

 s
ol

ut
io

n

²

# local search steps

easy problem
medium problem

hard problem

Fig.8. RLDsfor Walksatwith ³µ´^5¶hB·¹¸�¸ and1000triesontheeasiest,median,andhardest
problemfrom thehardnessdistribution for the ºO587�h�h testset.

Table2
Parameterandqualityof RLD approximationusingexponentialdistributions »�¼�½ ¾À¿

instance median#steps¾ Á 
 for ed½ ¾À¿
easy 132 501.68

medium 1433 69.41

hard 61082 27.51

ables,430clausestestset.For thehardestproblem,theRLD canbeapproximatedÂ
usingthe cumulative form of an exponentialdistribution Ã�Ä��Å�Æ�f@Ç�,CN%ÈJW]�©VÉËÊ�Ì �
where � is the medianof the distribution and � the numberof stepsrequiredto
find a solution.Í For testingthe goodnessof this approximationwe usea stan-
dard Î 
 -test[25]. Basically, for a givenempiricalRLD this is doneby estimating
theparameter� andcomparingthedeviationsto thepredicteddistribution Ã�Ä��Å�Æ� .
Theresultof this comparisonis the Î 
 value,wherelow Î 
 valuesindicatea close
correspondencebetweenempiricalandpredicteddistribution. Table2 shows the
estimatedparameters� andthe Î 
 valuesfor theeasy, median,andhardinstance
mentionedbefore.It canbeclearlyseenthatwith increasingmediansearchcost �
the Î 
 valuedecreases,indicatingthatthehardertheproblem,thecloserWalksat’s
RLD on this problemapproximatesanexponentialdistribution. In thegivencase,
to passthe Î 
 testatastandardÏÐ%�XS�-XV� acceptancelevel, a Î 
 �U V¬��6Ñ is required.
Thus,only the approximationfor the hardinstancepassesthe test.Note,howev-
er, that for the medianandeasiestproblem,the approximationis still reasonably
goodfor thetail of thedistribution(i.e., for longruns),while for smallernumberof
stepstheactualdistribution is steeperthananexponentialdistribution.We conjec-

Â All approximationswere done using C. Gramme’s “Gnufit” implementationof the
Marquart-Levenberg algorithmfor fitting parametricfunctionsto asetof datapoints.Í In the statisticalliterature,the exponentialdistribution Ò 9 ´&:cÓ�= is usually definedbyÔ :ÖÕØ× 9 =Ù587�wÀ» É"Ú�Ê , which is equivalentto our representation»�¼S½ ¾À¿ using ¾u5iÛÝÜ>ÞLß�Ó .
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turethatthedeviationsarecausedby theinitial hill-climb phaseof thelocalsearch
procedure(cf. [6]): Walksat(andall otheralgorithmsusedin our study)startsits
searchfrom a randomlychosenassignment,which typically violatesmany claus-
es.Consequently, the algorithmneedssometime to reachthefirst local optimum
(which possiblycould be a satisfyingsolution); in this initial phaseof the search
theprobabilityfor findingasolutionis zero.

Theseobservationslead to the following hypothesis:For hard Random-3-SAT
instancesfromthephasetransitionregion, therun-timebehaviourof Walksatwith
approximatelyoptimalnoisesettingcanbecharacterisedusingexponentialdistri-
butions.To further investigatethis hypothesis,we applythemethodologyoutlined
above to theentiretestsets.Theresultingcorrelationbetweenmediansearchcost
and Î 
 valuescanbe seenfrom the scatterplots given in Figures9 and10. Ob-
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Table3
Numberof instancespassingÁ 
 testfor differentRandom-3-SAT testsets.

testset acceptancelevel numberpassed

50vars,1000inst 0.01 114= 11.4%

50vars,1000inst 0.05 71 = 7.1%

100vars,1000inst 0.01 166= 16.6%

100vars,1000inst 0.05 103= 10.3%

200vars,100inst 0.01 30= 30%

200vars,100inst 0.05 26= 26%

Table4
Parameterandqualityof RLD approximationusingexponentialdistributions »�¼�½ ¾À¿

instance median#steps¾ Á 
 for ed½ ¾À¿
bw large.a â�ã�ä�å 60.37

bw large.b 7�7�å�â�ã�h 11.40 æ
bw large.c çV·¹ÞLèDéL7�h ± 8.71 æê

passedthe Á 
 -testat the ë�5ihB·�hL¸ acceptancelevel.

viously, thereis a strongnegative correlation,indicating that, indeed,for harder
probleminstances,the Î 
 valuestendto be lower which leadsto the conclusion
thatWalksat’s behaviour canbemoreandmoreaccuratelycharacterisedby expo-
nentialdistributions.The figuresalsoindicatetwo standardacceptancelevels for
the Î 
 test( Ï8%ªXS�-X�J and Ïì%íX��6XV� ). As canbeseenfrom theplots,for high me-
dian searchcost,almostall instancespassthe Î 
 test.Table3 shows the overall
percentageof the instanceswhich passedthe testfor thedifferentacceptancelev-
els.Thedatasuggeststhat for increasingproblemsize,a relatively highernumber
of instancespassthe test,i.e., the deviationsof the RLDs from ideal exponential
distributionsbecomelessprominentfor largerproblems.î

In summary, thedatafrom the Î 
 testsconfirmsandrefinesour hypothesisthat
for hardRandom-3-SAT instancesfrom the phasetransitionregion, the run-time
behaviour of Walksatwith approximatelyoptimalnoisesettingcanbeapproximat-
edusingexponentialdistributions.

5 Beyond Random-3-SAT

Applying themethodologydescribedin theprevioussectionsto otherSLSalgo-
rithmsandSAT-encodedproblemsfrom otherdomainsweobtainsimilar resultsas
describedfor therandomproblemdistributions.

Fig. 11 shows the RLDs for Novelty, oneof the mostrecentWalksatvariants,

î ThecompleteRLD datafor theexperimentsdescribedhereis availablefrom theauthors.
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Fig.11. RLDsfor Novelty with approx.optimalnoisesettingonSAT encodedblocksworld
planningproblems.
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Fig. 12. RLDs for WalksatandWalksat+Tabu, andNovelty with approx.optimal noise
settingsonSAT encodedgraphcolouringproblem.

whenappliedto SAT encodedprobleminstancesfrom the blocks-world planning
domain.�sï Weusedapproximatelyoptimalnoiseparametersettings( Z\[�%ðXS�6  , X��6£ ,X��-© for theblocksworld planninginstancesbw large.a,b,c), determinedsim-
ilarily asdescribedin Section4.2,andmaxStepssettingswhich werehighenough
( J�X Â and J�X Í , resp.)to ensure100%successrate.For bw large.a we used1000
runs,for theotherproblems250runsto approximatetheactualRLDsasdescribed
before.Theestimatesfor theparameter� andthecorrespondingÎ 
 valuesfor the
approximationby exponentialdistributionsareshown in Table4. The critical Î 

valuesfor astandardÏÐ%�X��6XV� acceptancelevel are  Ë©"�-Ñ for 1000triesand ©¥Ñ��6£ for
250 tries.This means,that only for the smallestinstancethe approximationdoes
not passthetest.As for theeasyRandom-3-SAT instances,we interpretthis asan
effectof theinitial hill-climb phaseof local search.

�sï We usedthe probleminstancesfrom [19] in the SAT formulation obtainedby linear
encodingandsimplifying. Similar resultswereobtainedfor otherprobleminstancesfrom
thesamedomain.
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Table5
Parameterandqualityof RLD approximationusingexponentialdistributions »�¼�½ ¾À¿

algorithm median#steps¾ Á 
 for ed½ ¾À¿
Walksat Þ�â�Þ�âLè 41.92

Walksat+Tabu Þ�Þ�ç<¸�h 26.26

Novelty âLè�Þ�Þ 42.37

In afinal experiment,weappliedthesamemethodologyto aSAT-encodedprob-
lem instance�f� from the graphcolouring domain,using threedifferent variants
of Walksat (standardWalksat,Walksatwith tabu-search,and Novelty [21]). A-
gain,we determinedapproximatelyoptimalnoiseparametersettingsasdescribed
in Section4.2 ( Z\[�%uXS�-Ñ for Walksat,a tabu-list lengthof � for Walksat+tabu, andZ_[�%ªXS�!§ for Novelty). For eachalgorithmwe performed1000tries,usinga large
maxStepsvalue( J�X¥± ). The experimentalresultsareshown in Figure12 andTa-
ble 5. For all threealgorithms,the approximationsof the empiricalRLDs using
exponentialdistributionspassedthestandardÎ 
 testfor ÏÐ%�X��6XV� .

In summary, theresultspresentedin this sectionshow thatthehypothesiswhich
we formulatedand testedfor Random-3-SAT in the previous sectionalso holds
for hardSAT-encodedprobleminstancesfrom other domains.Furthermore,it is
not restrictedto Walksat,but alsoappliesto somevariantsof the basicalgorithm
which show significantlybetterperformance.Basedon our experimentalexperi-
encewe conjecturethat the regular behaviour we observed for thesealgorithms
whenappliedto hardprobleminstancesmightbeageneralpropertyof currentSLS
algorithmsfor SAT.

6 Interpretation

The empiricalresultspresentedin Sections3 and4 have a numberof theoreti-
cally andpracticallyinterestingconsequences.

Random restart For algorithmsexhibiting an exponentialRLD, the probabili-
ty of finding a solutionwithin a fixedtime interval is independentof the run-time
spentbefore.Basedon our results,this holdsfor variouscurrentSLS algorithms
for SAT whenusingapproximatelyoptimal noiseparametersettings.Furtherex-
perimentationindicatesthatexponentialRLDs arealsocharacteristicfor noisepa-
rametervalueswhicharelargerthantheoptimalnoiseparametersettings(cf. [14]).
E.g.,whenanalysingWalksat’s behaviour for the �ñ%¡J�XBX Random-3-SAT test-set
asoutlinedin Section3, but usinglarger-than-optimalnoisesettingsof Z\[�%¡X��6ÑV�
and X��!§¥� , we getacceptanceratesof J�¬��6òVó and ©¥¬��6XVó , resp.from the Î 
 testwith

�f� a3-colourableinstancewith è�¸ verticesandconnectivity çV·¹â (correspondingto thephase
transitionfor this typeof graphcolouringproblem[11]).
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Fig. 13. RLDs for Novelty applied to the hardestinstancefrom the ºô5 7�h�h Ran-
dom-3-SAT test set from Section 3, using approx. optimal ( ³Ù´ð5 hB·6è ) and small-
er-than-optimalnoisesettings.

acceptancelevel Ïõ%�X��6XV� . �s

Thus, for approximatelyoptimal and larger-than-optimalnoisesettings,these

SLS algorithmsareessentiallymemoryless,asfor a given total time F , restarting
at time F j ­(F doesnot significantlyinfluencetheprobabilityof finding a solution
in time F . � m Consequently, for thesealgorithmsrandomrestartis ineffective. In
practicethis resultcanbeeasilyverifiedover a broadrangeof maxStepssettings.
However, due to small deviations at the extremeleft endof the RLDs, for very
low maxStepssettingsthealgorithms’performanceusuallydeteriorates.As argued
in Section3, this is mostlikely aneffect of the initial hill-climbing phaseof SLS
algorithmsbasedonhill-climbing approaches.

For smaller-than-optimalsettingsof thenoiseparameter, adifferentsituationcan
befound(cf. [14]). TheRLDs arelesssteepthanexponentialdistributions,which
meansthat the efficiency of the searchprocessdecreasesover time andtherefore
randomrestartcanbeeffectively usedto speedup thealgorithm.A typical exam-
ple for this is given in Figure13, showing the RLDs for Novelty appliedto the
hardestinstancefrom the �ö%÷J�XBX Random-3-SAT testsetusingapprox.optimal
andsmaller-than-optimalnoisesettings.Notethat for small runstheotherwisein-
ferior small noisesettingsachieve highersuccessprobabilities.Therefore,using,
e.g., Z\[ø%�XS�6  andrestartingaftermaxStep%��kXBX stepsin thisparticularcasegives
evenbetterperformancethanusing Z\[�%uX��!§ with any maxStepssetting.Howev-
er, for Z\[Ð%�X��¹  , Novelty’s performanceis very sensitive w.r.t. maxSteps, while
for Z\[ñ%ùX��-§ , the RLD is very well approximatedby an exponentialdistribution
(thestandardÎ 
 -testacceptswith a Î 
 valueof £B£��-§¥¬ ) andthus,asarguedabove,
the algorithm’s performanceis essentiallyindependentof maxSteps. This exam-

�s
 As reportedin Table3, for the approximatelyoptimal noisevalue of ³µ´¢5ØhB·¹¸�¸ , the
correspondingacceptancerateis 7�â¥·¹âLú .� m Becausetheexponentialdistribution is memoryless,it is oftenusedin reliability theory
to describecomponentsthatarenot subjectto agingphenomena,like transistors[2].
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ple demonstratesthe usefulnessof the RLD-basedanalysis:the tradeoff between
performanceand robustness(w.r.t. restart)can be easily seenfrom the RLDs in
Figure13, while comparingmeans,or eventhestandardpercentiles(0.1,0.25,me-
dian,0.75,0.9)wouldnothave revealedthis phenomenon.

Consequences for parallel processing Randomisedalgorithmslendthemselves
to a straightforward parallelisationapproachby performingindependentruns of
the samealgorithmin parallel.Given our characterisationsof exponentialRLDs
for SAT, this approachis particularlyeffective:Basedonawell-known resultfrom
statisticalliterature[25], if for a givenalgorithmtheprobabilityof finding a solu-
tion in F timeunitsis distributedexponentiallyÃ�Ä,�Å�Æ� , thentheprobabilityof finding
a solutionin û independentrunsof time F is distributed Ã�Ä��Å�üKBû"� . Consequently, if
we run suchan algorithmoncefor time F we get the samesuccessprobability as
whenrunningthealgorithm û timesfor time F�KBû . This meansthatusingmultiple
independentrunsof thecorrespondinglocalsearchalgorithms,anoptimalspeedup
canbeachieved.This holdsfor almostarbitrarynumbersû of processors;only for
high û , dueto the deviationsfor short runscausedby the initial hill-climb phase
of local search,thespeedupwould belessthanoptimal.Notethatagainthis result
holdsfor optimalaswell aslarger-than-optimalnoiseparametersettings.

For smaller-than-optimalsettings,if the overall processingtime F (numberof
processorsý time per processor)is fixed,a singleoptimal numberof processors
canbederivedfrom theRTD data,for which a super-optimalspeedupcanbeob-
tainedwhencomparedto thesequentialcaseûà%¡J . Formally, for a givenproblem
instancelet [�þ�@dJB
�F�C bethesuccessprobabilityachievedby usingasingleprocessor
and total processingtime F . Then the successprobability when running û inde-
pendentrunson differentprocessorsin parallelwith processingtime F�KBû eachis[�þ�@Aû,
�F�K¥û¢Cl%ÿ@ J�] @ J�]õ[�þ�@dJB
�F�KBû¢C�C � C . Consequently, for a givenRTD theoptimal
numberof processorsis given by the û j maximising [�þ�@Aû j 
�F�KBû j C . It canbe easily
verifiedthatthis û j alsoachievesthemaximalspeedup.

It shouldbenotedthatparallelexecutionof independenttriesis anextremelyat-
tractivemodelof parallelprocessing,sinceit involvesbasicallynocommunication
overheadandcanbeeasilyimplementedandrun on almostany parallelhardware
platform,from networksof standardworkstationsto specialisedMIMD machines
with thousandsof processors.Therefore,theseresultsarenot only relevantfor the
applicationof SLS algorithmsto hardcombinatorialproblemslike SAT to time-
critical tasks(like robotcontrol or online scheduling),but alsofor the distributed
solvingof very largeandhardprobleminstances.

7 Related Work and Conclusions

In this paperwe have characterisedrun-timedistributions for Walksat,a high
performingstochasticlocal searchalgorithmsfor SAT. Wehaveshown thatfor ap-
proximatelyoptimal noiseparametersettingsthe RTDs for singlehard Random
3-SAT instancesandfor SAT encodedproblemscanbeapproximatedby exponen-
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tial distributions.Comparedto usingsimpledescriptive statistics,asusuallydone
in previouswork, analysingrun lengthdistribution givesa moredetailedinforma-
tion of SLS algorithms’behaviour andperformancewhile not causingsignificant
computationaloverhead.Additionally, RLDs provide the informationrequiredfor
assessingSLSalgorithmsin thecontext of moregeneralapplicationscenarios,such
asrealtimeor anytime situations,whereoften theruntimelimitations imposedby
the applicationenvironmentareso strict that the expectedor medianrun-timeis
oftenirrelevant(cf. Section2).

To the bestof our knowledge,run-timedistributionshave not yet beeninvesti-
gatedfor local searchalgorithmson theSAT domain.In [4], thesearchcostdistri-
bution of findinga satisfyingassignmentonanensembleof instancesfor complete
proceduresfor SAT is studied.The distribution of the searchcost for SLS algo-
rithmscorrespondsto thehardnessdistributionshown in Figure7. For thehardness
distributionswe could not find a good approximationusing any of the standard
familiesof probabilitydistributions.This is mainlydueto thelong tail on theright
sideof theempiricalhardnessdistributionsrepresentingthehardestinstances.

To clearlyseparatebetweendifferentsourcesof thehigh variability observedin
SLS algorithms’ run-timebehaviour when appliedto test setsof randomlygen-
eratedprobleminstances,our methodologyis basedon empirically studyingSLS
behaviour on singleinstances.A similar approachalsoproved to be essentialfor
assessingthepotentialof parallelprocessingfor randomisedcompletebacktrack-
ing algorithmsfor graphcolouring [10]. � � This shows that focussingon obser-
vationsfor single probleminstancescan be also very useful for the analysisof
randomisedcompletesearchalgorithms. Along thesamelines,[7] observe distri-
butionsfor singleinstancesandfind heavy-taileddistributionsof thesearchcostfor
randomisedcompleteprocedureson theQuasigroupCompletionProblem. For the
SLSalgorithmsstudiedhere,on thecontrary, we couldobserve suchheavy-tailed
distributionsneitherasRLDs norashardnessdistributions.

Our work demonstrateshow a moreadequatemethodologyof empiricallyana-
lysing the run-timebehaviour of SLS algorithmscanbe usedto obtainnew and
surprisinglygeneralhypotheses.Thesehypotheses(concerningthe typeof RLDs
andits dependency on the noiseparametersetting,oneof the crucial parameters
of many currentSLS algorithms)can be experimentallyverified using standard
statisticaltestingprocedures.Onesuchhypothesisthat we could validateis that
the RLDs on hardrandom3-SAT instancesfrom the phasetransitionregion and
SAT-encodedproblemsfrom other domainscanbe characterisedby exponential
distributions.Generalisingthe individual instancebehaviour on a whole problem
classis also a main motivation for approacheslike the MULTITAC system[23]
which automaticallyconfiguressearchalgorithmsfor a givenproblemclassbased
on a trainingsetof typical instances.

Fromtheresultsof ourempiricalinvestigationwealsoderivedanumberof both
theoreticallyandpractically interestingconsequences.Moreover, our resultsgive

� � Thesealgorithmsarecompletebut involve randomiseddecisionsin thesinglenodesof
thesearchtree.
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riseto anumberof new questions:
– What are the commonfeaturesof the differentSLS approachesleadingto the

uniformbehaviour (i.e.,theexponentialrun-timedistributions)for hardinstances
from variousproblemclassesreportedhere?

– What causesthe observed run-time behaviour? Exponentialdistributions are
characteristicfor the simplestrandomisedsearchtechnique,uniform random
picking from asetof solutioncandidates.Thus,observingthis typeof behaviour
for moresophisticatedandmuchmoreefficientalgorithms(suchastheSLSalgo-
rithmsstudiedhere)suggeststhattheirbehaviour mightbeinterpretedasrandom
samplingfrom a muchsmallerspace.Evidencefor this interpretationcould be
establishedby linking this hypothetical“virtual searchspace”to featuresof the
actualsearchspace,suchasthenumber, size,andtopologyof localoptima.

– How cantheseresultsbegeneralisedto optimisationproblems?SincemostSLS
algorithmsfor decisionproblemslike SAT implicitly solve the corresponding
optimisationproblem(here:MAX-SAT, becausesolutionsfor SAT arefoundby
stochasticallymaximisingthenumberof satisfiedclauses),thisgeneralisationis
very naturalandshouldprovide further insight in the behaviour of SLS algo-
rithms.
Weareconvincedthatpursuingthis line of researchwill significantlycontribute

to deepeningour understandingof stochasticlocal search— andthusfacilitatethe
developmentandapplicationof improvedSLStechniques.
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