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Abstract

Stochastidocal search(SLS) algorithmshave beensuccessfullyappliedto hardcombi-
natorialproblemsfrom differentdomains Dueto their inherentrandomnesshe run-time
behaiour of thesealgorithmsis characterisety a randomvariable.The detailedknowl-
edgeof the run-time distribution providesimportantinformation aboutthe behaiour of
SLSalgorithms.n this paperwe investigatehe empiricalrun-timedistributionsfor Walk-
sat,oneof the mostpowerful SLS algorithmsfor the PropositionalSatisfiability Problem
(SAT). Using statisticalanalysistechniqueswe shav thaton hard Random-3-SA prob-
lems,Walksats run-timebehaiour canbe characterisetdy exponentialdistributions. This
characterisatiortan be generalisedo various SLS algorithmsfor SAT andto encoded
problemsfrom otherdomains.This resultalsohasa numberof consequenceshich areof
theoreticabswell aspracticalinterest Oneof theseis thefactthatthesealgorithmscanbe
easilyparallelisedsuchthatoptimal speed-ups achiezedfor hardprobleminstances.

1 Introduction

Recentsuccessem usingstochastidocal searcSLS)algorithmsto practically
solve hardcombinatoriaproblemsrom variousdomainshave stirredconsiderable
interestand inspireda quickly growing body of researchBasedon earlier SLS
approachef8,27]to solvingthesatisfiabilityproblemin propositionalogic (SAT),
currentSLSalgorithmslike HSAT [5], theBrealout Method[24], Walksat[26], or
Novelty [21] do notonly outperformstate-of-the-arsystematicearchmethodgor
a variety of problemclassesbut have alsoshowvn to be competitive with the best
algorithmson domaindik e planning[19] or network routing[18].

Becausehetheoreticaunderstandingf the behaiour of stochastidocal search
algorithmsis still very limited, mostof the work in this field is basedon empiri-
cal methodsand computationakxperimentsThekind of conclusionghatmay be
dravn from their empiricalanalysisdependsstrongly on the empiricalmethodol-
ogy applied.In particular the empiricalmethodologyhasto take into accountwo
importantsourceof randomnest the performancenf an SLS algorithm.Oneis
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thatfor agivenprobleminstancetherun-timeneededo find a solutionvariesasa
consequencef theinherentrandomnessf SLSalgorithms causedy randomised
decisiondik e randominitial solutionsor randomlybiasedmoves.The otheris that
thesolutioncostfor solvingagivenprobleminstancedepend®ntheinstancatself,
which (in casedike Random-3-SA) might berandomlygenerated.

In this work we clearly seperateéhesesourcesof randomnessThe methodol-
ogy we useis basedon analysingthe run-time behaiour of SLS algorithmson
singleinstancesdravn from a randomisedroblemclass.Basedon the empirical
run-timedistributionsobsenedfor aparticularSLSalgorithmappliedto individual
probleminstanceswe formulatea generalhypothesigegardingthe type of these
run-timedistributionsfor the given algorithmand problemclass.This hypothesis
is testedand validatedby running a seriesof experimentson a large numberof
instancesampledrom the given randomproblemdistribution. Here,we usethis
genericmethodologicabpproacho analysethe performanceof Walksatapplied
to Random-3-SA, a prominentrandomisedVP-completesubclasf SAT con-
sisting of propositionalformulaein conjunctive normal form with exactly three
literals per clause Specificallywe shav thatwhenappliedto hardrandom3-SAT
instancesWalksat's run-time behaviourcan be characterisedby exponentialdis-
tributions. This resultalso holdsfor various SAT-encodedproblemclassessuch
asBlocks World Planningand GraphColouring,andsomerecentlyproposedm-
proved variantsof the original Walksatalgorithm. It hasa numberof significant
implications,the mostinterestingof which might be the factthat SLS algorithms
displayingthis type of behaiour canbe easilyparallelisedwvith optimal speedup.

Thepaperis structuredn thefollowing way. We begin with reviewing basicno-
tionsconcerningSLSalgorithmsfor SAT andintroducingour empiricalmethodol-
ogy. Thenwe presenempiricalanalyse®f thebehaiour of severalSLSalgorithms
whenappliedto randomisegroblemdistributionsandencodedrobleminstances
from otherdomainswhich leadto our mainresult.Next, we discussseveralinter-
estingimplicationsof this result.After comparingour approactwith relatedwork,
we concludewith a brief sumaryof the main contributionsof this work andpose
somequestionsndicatingpossibledirectionsfor furtherresearch.

2 SLSAlgorithmsfor SAT

Local searchis a widely used,generalapproachfor solving hardcombinatorial
searchproblems.Stochastidocal searchcanbeinterpretedasperforminga biased
randomwalk in the searchspacedefinedby the given probleminstancefor SAT,
thesearchspacds the setof all possibletruth assignmentsf thevariablesappear
ing in the given propositionalformulain conjunctve normalform (CNF). A CNF
formula® overn truth variablesz,, zo, . . . z,, (with domain{true, false} each),is
aconjunctionof m clauses:, cs, . . ., ¢,,. Eachclauseg; is a disjunctionof oneor
moreliterals,wherealiteral /; is avariablex; or its negation—z;, i.e.c; = V7%, ;.
A formulais satisfiableif anassignmenof truthvaluego all variablescanbefound
which simultaneouslysatisfiesall clausesptherwisethe formulais unsatisfiable.



A generaloutline of a SLS algorithmfor SAT is givenin Figurel. The generic
procedurestartswith sometruth assignmentwhich is randomlychosenfrom the
setof all possibleassignmentaccordingto a uniform distribution. Thenit triesto
reducethe numberof violatedclausedy iteratively flipping somevariables truth
value,wherethe selectionof the variabledependwn the formula ® andthe cur
rentassignment. If aftera maximumof maxStepdlips no solutionis found, the
algorithmrestartsfrom a new randominitial assignmentlf aftera given number
maxTries of suchtries still no solutionis found, the algorithmterminatesunsuc-
cessfully

procedure LocalSeatch
input CNF formula®, maxTries maxSteps
output satisfyingassignmendf ® or “no solutionfound”
for i := 1to maxTriesdo
s = randomtruth assignment;
for j := 1 to maxStepslo
if s satisfiesd then return s;
else
x := choose¥riablg s, ®);
s = s with truth valueof z flipped,;
end if
end for
end for
return “no solutionfound”;
end Local Search;

Fig. 1. Outline of a generallocal searchprocedurefor SAT;
actual SLS algorithmsdiffer mainly in the variableselection
function choose¥riablés, ).

In this article we concentraten SLS algorithmsbasedon the Walksatarchitec-
ture [26], one of the bestperforminglocal searchapproachesor SAT [21]. This
architecturas basedn a two-stagevariableselectionprocesgocusedon the vari-
ablesocurringin currentlyunsatisfiecclausesFor eachlocal searchstep,in afirst
stagea currentlyunsatisfiectlausec is randomlyselectedin a secondstep,oneof
thevariablesappearingn c is thenselectediccordingo someheuristich, biasedo
increasehetotal numberof satisfiedclausesthis variableis thenflippedto obtain
thenew assignment.

For the original Walksatalgorithm,in thefollowing referredto simply asWalk-
sat,a pseudocodef the function choose¥riabld s, ®) is givenin Figure2. Here,
the function randomPickrandomlyselectsan elementof a set7T” accordingto a u-
niform distribution (i.e.,eacht € T is choserwith aprobability1/|T’|, where|T| is
thenumberof elementsn setT’).! For Walksat,the heuristich chooses variable
with aminimal valuebreaK®, s, x) from the selectectlausewherebreak®, s, x)

! For the remainderof this paper all randomselectionsareconsideredo be madeusing
uniform probability distributionsif notexplicitely indicatedotherwise.



is the numberof clausesvhich aresatisfiedby the currentassignment but would
becomeunsatisfiedf variablexz wereflipped.If in the selectedclausevariables
canbe flipped without violating otherclauseqi.e., 3z : break®, s,z) = 0), one
of theseis randomlychosen Otherwise with a fixed probability wp a variableis
randomlychosen(accordingto a uniform distribution) from the clauseand with
probability 1—wp oneof the variablesminimisingthe numberof breaksis picked.
Thewalk probabilitywp (alsocallednoisesetting)is themostimportantparameter
influencingthe algorithms’overall performance.

function choose¥riable-Viélksats, ®)
¢ = randomPicKk{c|c clauseof ® andc not satisfiedunders});
V = {z|z appearsn c andbreaK®, s, z) is minimal};
v := randomPickV );
if break®, s,v) = 0 then
return v;
else
with probabilitywp: v' := randomPick{z|z appearsn c});
otherwisev’ := v;
return o';
end if
end choose¥riable-WSA;

Fig. 2. Outlineof thefunction choose¥riablefor WSAT.

In this articlewe alsopresentomputationatesultswith two morerecentWalk-
satvariants.In Walksatwith tabu-search(Walksat/®ku) [21], heuristich always
picks one of the variablesminimising the numberof breaks.However, variables
which have beenflipped duringthelastt! iterationswheret! is a parametecalled
tabu list length are declaredtabu and are not consideredor flipping. To realise
this, everyvariablexr hasassociatednage,aggx), whichis definedasthenumber
of local searchsteps(i.e., variableflips) sincexz hasbeenflipped the lasttime.?
If all variablesin the chosenclauseare talu, no variableis flipped (a so called
null-flip). In Figure 3 we give the pseudocoddor Walksat/®hku. The seconds-
trategy is calledNovelty [21]. This stratgy choosewariableswhich whenflipped
leadto a maximaldecreasén the total numberof unsatisfiecclauseqscoréz) =
fix(®, s, x) — breaK®, s, z), wherefix(®, s, x) is the numberof clausesvhich are
not satisfiedunderassignment but would becomesatisfiedif the variablex were
flipped).Tiesarebrokenin favour of theleastrecentlyflippedvariable.If thevari-
ablewith the highestscoreis notthemostrecentlyflippedvariablein the clausejt
isflipped,® otherwisewith probabilitywp thesecond-bestariable andwith prob-

2 Whenimplementingthis algorithm,insteadof explicitly storingandupdatingthe vari-
ableagesijt is moreefficientto storefor eachvariablethe numberof theiterationin which
it wasflippedlastandto comparehesenumberdnsteadof theactualages.

3If several variablesin the selectedclausehave identical scoreand age (which rarely
happensas clausesare typically rathershortand the age of two variablescan only be
identicalif both have never beenflipped sincethelastsearchnitialisation),tiesarebroken



ability 1—wp thebestvariableis flipped.A pseudocodéescriptionof the variable
selectionstrategy usedin Novelty is givenin Figure4. In analogyto [21] we will
referto thewp andtl parametersor thedifferentheurisiticsasnoiseparametes.

function choose¥riable-Vélksat/Bhu(s, ®)
¢ = randomPicKk{c|c clauseof & andc not satisfiedunders});
V :={z|x appearsn c andbreak®, s, z) is minimalandagdzx) > tl};
if V. # {} then
v’ := randomPickV );
return v';
else
return {};
end if
end choose¥riable-ValksatTaku,

Fig. 3. Outlineof thefunction choose¥riablefor Walksat/Blu.

function choose¥riable-Naelty(s, ®)
¢ = randomPick{c|c clauseof ® andc not satisfiedunders})
L :=List of variablesoccurringin ¢ orderedaccordingo decreasing
scor¢z) = fix(®, s,x) — breaK®, s, z) andagéz);
v' = first elementof list L;
v"" = seconcelementof list L;
if agdv’) > agdv”) then
return v’;
else
with probabilitywp: return v"”;
otherwisereturn v';
end if
end choose¥riable-Naelty,

Fig. 4. Outline of thefunction choose¥riablefor Novelty.

3 RTD-Based Empirical Analysisof SLS Algorithms

SLSalgorithmdik e Walksatstronglyinvolverandomdecisionsuchasthechoice
of theinitial assignmentiandomtie-breakingpr biasedrandommoves.Dueto the
inherenrandomnesghetime neededy anSLSalgorithmto find asolutiondiffers
from runto run evenfor a singleinstanceln generaltherun-timeneededy such
analgorithmto find asolutionis arandonvariable . ThereforemostSLSalgorithms
areof LasVegastype[1,20]; analgorithm A for a problemclasslI is of LasVegas
typeif (i) for agivenprobleminstancer € II it returnsasolutions, s is guaranteed
to beavalid solutionof 7, and(ii) on eachgiveninstancer, therun-timeof A isa

basednanarbitrary fixed orderingof the variablesappearingn the givenformula.



randomvariable RT 4 .. For Las Vegasalgorithmstherearefundamentallydiffer-
entcriteriafor evaluation,dependingnthecharacteristicef theervironmentthey
are supposedo work in. While in the caseof no time limits beinggiven (type 1
situation),themeanrun-timemight suffice to roughlycharacteris¢herun-timebe-
haviour, in real-timesituationswith a given,stricttime-limit (type 2 situation)it is
basicallymeaninglessThis is becausehe time-limits are often considerablyiow-
er thanthe expectedor medianrun-time;at the sametime, a Las Vegasalgorithm
with very high expectedrun-timemight still give areasonablsolutionprobability
for shortruns.An adequateriterion for a type 2 situationwith time-limit tmaxis
P(RT < tmay), theprobabilityof finding a solutionwithin thegiventime-limit. In
themostgeneralcasewe aregivena utility functionthatdefinesthe usefulnes®r
utility of asolutiondependingnthetime neededo find it. In this caset is impor-
tantto be ableto characteris¢he run-timebehaiour by the run-timedistribution
functionrtd : R — [0, 1] definedasrtd(t) = P(RT < t) or someapproximation
of it. This run-timedistribution (RTD) completelyanduniquely characterisethe
run-timebehaiour of aLasVegasalgorithm.Giventhisinformation,othercriteria,
like the meanrun-time,its standarddeviation, percentilespr success-probabilities
P(RT < t') for arbitrarytime-limits ¢ canbe easilyobtained*

To actuallymeasurdRTDs, onehasto take into accounthatmostSLSalgorithms
have somecutoff parameteboundingtheir run-time, lik e the maxStepparameter
in Figurel. Practically we measureempiricalRTDs by runningtherespectie Las
Vegasalgorithmfor n times (without usingrestart,i.e., settingmaxTriesto one)
on a given probleminstanceup to some(very high) cutoff value® andrecording
for eachsuccessfutunthetime requiredto find a solution. Theempiricalrun-time
distributionis the cumulatve distribution associateavith theseobsenations.More
formally, let r¢(j) denotethe run-timefor the jth successfutun, thenthe cumu-
lative empirical RTD is definedby P(rt < i) = |{j|rt(j) < i}|/n. Insteadof
actuallymeasuringun-time distributionsin termsof CPU-time, it is often prefer
ableto userepresentatie operationcountsasamoremachinendependentneasure
of analgorithm’s performanceAn appropriateoperationcountfor local searchal-
gorithmsfor SAT, for example,is the numberof local searchsteps,i.e., we get
rundength distributions (RLDs) insteadof run+time distributions. Note, that ob-
taining run-lengthdistributionsfor single instancesdoesnot involve significantly
highercomputatiortimesthanto geta stableestimatdor themeanperformancef
analgorithm.

Hooker [12,13] criticisesthat the empirical analysisof algorithmsusually re-
mainsat the stageof simply collectingdataandaruesthat,analogouso empirical
methodologyusedin othersciencespne shouldfurthermoreattemptto formulate
hypothesedasedon this datawhich, in turn, canbe experimentallyrefutedor val-
idated.Our RTD-basedmethodology as outlined above, meetsthis demand:We

4 For amoregeneraldiscussiorof theapplicationscenariosind,in general of theadvan-
tagesof measuringun-timedistributionson singleinstanceswe referto [16].

5 Optimalcutof settingsnaythenbedeterminedh posterioriusingtheempiricalrun-time
distribution.



first analysehe run-timebehaiour of SLSalgorithmsfor SAT on single,hardin-
stancesthenwe usetheseobsenationsasa basisfor formulatinghypothesesnthe
type of run-timedistributionsobsenredfor thesealgorithmsfor varioussubclasses
of SAT. We validateour hypothesedy testingthemfor a wide rangeof individu-
al probleminstancesysing standardstatisticalmethodologyfor testingour RLD
characterisationfor single probleminstancesNote, that hypothesesoncerning
problemclasseswith aninfinite numberof instancegsuchas SAT) cangeneral-
ly be not experimentallyverified and thereforeoften validation basedon a finite
numberof individual instancess the bestonecando.

4 Empirical Resultsfor Random-3-SAT

In this section,we first describethe generatiorof the Random-3-SA testsets
we usedfor our experiments;thenwe detail how we optimisedWalksats noise
parametefor thoseprobleminstancesandfinally we reportour resultsregarding
the characterisationf Walksats behaiour on thesetestsets.

4.1 Geneationof probleminstances

TheRandom-3-SA formulaewe usedfor our experimentsarepropositionafor-
mulaein conjunctive normalform in which all clausesconsistof exactly threelit-
erals.Giventhe numberof variablesn andclaused, theseformulaearerandomly
generate@ccordingo thefixedclauselengthmodel[22]: Eachclauses produced
by choosingthreevariablesat randomaccordingto a uniform distribution (i.e.,
eachvariableis chosernindependentlyf the otherswith a probability of 1/n) and
then negating eachof thesevariableswith probability 0.5. In the clausegenera-
tion processtautologicalclausedi.e., clausesontaininga literal andits negation)
andclauseswith multiple occurrence®f the sameliteral arerejected;clausesare
produceduntil / clausegnot consideringejectedclausespregenerated.

Thus, for eachvalue of n and!, a randomdistribution of Random-3-SA for-
mulaeis given;testsetsgeneratedsdescribedabove correspondo samplesrom
thesedistributions. It is well known thatthe probability for obtaininga satisfiable
instanceby samplingfrom a specificRandom-3-SA instancedistribution critical-
ly dependsn the clausegervariablesratio r = n/l. While for small», mostof
the instancesare underconstrainednd thus satisfiable at a certaincritical value
of r this changegatherabruptly Beyond this critical », mostof the instancesare
overconstrainednd thereforeunsatisfiable This so-calledphase-tansition phe-
nomenorhasbeenobsened for a numberof problemclassesandreceved a lot
of attentionwithin the CSPandSAT communitieg9]. For SAT, the critical r (the
phase-tansitionor cross-wer point), whereapproximately50% of the randomly
generatednstancesaresoluble,occursatr ~ 4.3 (for largen) [3,22]; it is known
thatatthis pointthe averagehardnes®f theinstancess maximalfor both system-
aticandlocal searchhasedSAT algorithms[28].

Testsetsof Random-3-SA formulaefrom the phasetransitionregion are pop-



1le+06 T T

T T
] ~ coarse analysis —+—
refined analysis around optimum X

RN
. e

e

10000 M

mean solution cost

1000
0 0.2 0.4 0.6 0.8 1
noise parameter setting
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ularin SAT algorithmanalysis sincethey areeasyto generatebut hardto solve.

However, when studyingincompletelocal searchalgorithms,thereis no pointin

evaluatingtheir performanceon unsatisfiablanstancesthereforewe filtered the
randomlygeneratednstancesusinga fastcompleteSAT algorithm,suchthatthe
final testsetscontainonly satisfiablenstancesThisis well establisheanethodolo-
gy [21] andguaranteethatif thetestedalgorithmfailsto find a solutionfor agiven
instancethisis not causedy theinstancebeingunsatisfiable.

4.2 Optimisingthe noiseparameter

For the following empirical analyseswe generallyuse noise parametei(walk
probability) settingswhich are chosensuchthat the expectednumberof stepsre-
quiredfor finding asolution(solutioncost)is minimal. Therefore asafirst step,we
determinedhoiseparametesettingsfor Walksatminimising the meansearchcost
whenappliedto individual probleminstancesSincea precisedeterminatiorof the
optimal noisesettingfor eachprobleminstancefrom our testsetsis computation-
ally notfeasible we usedthefollowing two-stageapproach.

First, we randomlyselectedlO probleminstancedrom eachtestsetanddeter
minedthe meanlocal searchcostfor noisesettingsbetween0.0 and1.0in incre-
mentsof 0.05from 1000 runs of the algorithmwith maxSteps= 100000. This
analysisstronglyindicatesthat for a single instanceghe meansolutioncostasa
function of the noisesettingis alwayscorvex with a singleminimum locatedbe-
tween0.4 and0.7; Figure5 shaws a typical examplefor one of the 100 variable
instances.

Next, we appliedthe samemethod but usingnoisesettingsfrom 0.35to0 0.75in
0.01lincrementsto 100 randomlyselectednstancegrom the 50 and 100 variable
testsetand10 randomlyselectednstancegrom the 200 variabletestsetto verify
thisresultsandto determinghebestnoisesettingswith moreaccurag. Theresults
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Tablel

Basicstatisticsfor hardnesslistributions
testset mean median stdde stdde/mean
50vars,1000inst 429.56 277 479.71 1.1168
100vars,1000inst 2507.5 1433 3580.3 1.4278
200vars,100inst 106440 10032 664100 6.2392

of this analysisshav thatthe meanof the bestnoisesettingsover the sampless
0.57 for n = 50, 0.55 for n = 100, and 0.52 for n = 200. Although thereis
somevariancein the optimal noisesettingbetweerthe instancesthis is relatively
smallandseemsdo decreaseavith problemsize;the variationcoeficients(= mean
|/ standarddeviation) are 0.14 for n = 50, 0.09 for n = 100 and0.05 for n =

200. Furthermorethereis no correlationbetweenthe meansolutioncostandthe
optimalnoisesettingwithin thetestsets(absolutecorrelationcoeficients < 0.05).

To illustratetheseresults,in Figure 6 we give a scatterplot of the meansolution
costandoptimal noisesettingsfor the 100 testedinstancegrom the 100 variable
testset;thecorrespondingesultsfor n = 50 andn = 200 areanalogouslt should
alsobenoticedthataroundthe optimalnoisevaluethe sensitvity of thesearchcost
w.r.t. smallchange®f the noisesettingis very low (seeFigure5). Basedon these
results,we usedan approximatelyoptimal noisesettingof 0.55 for Walksatfor all

subsequergxperiments.

4.3 Distribution of themeansolutioncost

To getanimpressiorof the variability of the solutioncostbetweerntheinstances
of thetestsets,we first determinechardnesslistributionsfor testsetswith 50,100,
and200variablesFigure7 shavsthe cumulatve distributionsof themediansearch
costperinstancgmeasuredh local searchstepslacrosghethreetestsets.Thetest
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themediansearclcostfor Walksat,they-axisshows the probabilitythatthe mediansearch
costof agiveninstances below a givenbound(seetext for details).

setsfor n = 50, 100 contain1000instance®ach theonefor n = 200 contains100
instanceskFor eachprobleminstancethe mediansearchcostwasdeterminedrom
anRLD obtainedby runningWalksatwith anapproximatelyoptimal noiseparam-
eter (determinedas describedabove) of wp = 0.55 for 1000tries. By usingan
extremelyhigh cutoff paramete(i.e., allowing a very long time beforethe search
is unsuccessfullpaborted)we madesurethateachinstancenvassolvedin every sin-
gletry. In all our experimentswith Walksat,usingthe noiseparameteasspecified
above, we found that for sufficiently high cutoff parametewalue,a solutionwas
alwaysfound. Thisindicatesthat Walksatwith the givennoiseparametemight be
probabilistically approximatelycompletei.e., for eachsolubleprobleminstance,
the probability of solvingit in a singletry (without usingrestart)corvergesto 1 as
the cutoff paramete{maxStepysapproachemfinity [15].°

As canbeseenfrom Figure7, thereis ahugevariability betweertheinstance®f
eachtestset(seealsoTablel). At the sametime, for increasingproblemsizesthe
tail of thedistributionsbecomesnoreprominentjndicatingthatfor largerproblem-
sthereis considerablynorevariability in themediansearclcost,especiallyamong
the hardesinstancesrom eachtestset. This canalsobe seenfrom the normalised
standarddeviationsasgivenin Table 1. It is known that averagingover suchex-
tremelyinhomogeneoutestsetsis potentially problematic16]. Consequentlyin
the next stepwe analysedhe RLD datafor individual instances.

4.4 Run-lengthdistributionsfor individualinstances

Figure8 shavsthe RLDs for Walksat(usingthe parametesettingsasdescribed
before)whenappliedto theeasiestmedianandhardesproblemfrom the 100vari-

6 Note thatprobabilisticapproximatecompletenesis easyto prove if restartis used but
approximatecompletenestor the pureWalksatstratgy, without restart,is yetunprosen.
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probability of finding solution

Table2
Parameteandquality of RLD approximatiorusingexponentialdistributionsed[m]

instance median#stepsn  x? for edm)

easy 132 501.68
medium 1433 69.41
hard 61082 27.51

ables430clausesestset.For thehardesproblem theRLD canbeapproximated
usingthe cumulatie form of an exponentialdistribution ed[m](z) = 1 — 27%/™
wherem is the medianof the distribution and z the numberof stepsrequiredto
find a solution® For testingthe goodnesof this approximationwe usea stan-
dardx2-test[25]. Basically for a givenempirical RLD this is doneby estimating
the parametern andcomparingthe deviationsto the predicteddistribution ed[m].
Theresultof this comparisoris the x? value,wherelow x? valuesindicatea close
correspondencbetweenempirical and predicteddistribution. Table 2 shavs the
estimatedparametersn andthe x? valuesfor the easy median,andhardinstance
mentionedbefore.lt canbe clearly seenthatwith increasingmediansearchcostm
the x? valuedecreasesndicatingthatthe harderthe problem the closerWalksats
RLD on this problemapproximatesn exponentialdistribution. In the givencase,
to passthe y? testatastandardy = 0.05 acceptancéevel, ax? < 49.6 is required.
Thus, only the approximationfor the hardinstancepasseghe test. Note, howev-
er, thatfor the medianand easiesproblem,the approximationis still reasonably
goodfor thetail of thedistribution (i.e.,for long runs),while for smallermumberof
stepsthe actualdistribution is steepethananexponentialdistribution. We conjec-

T All approximationswere done using C. Grammes$ “Gnufit” implementationof the
Marquart-Leenbeg algorithmfor fitting parametridunctionsto a setof datapoints.

81n the statisticalliterature,the exponentialdistribution Ezp()) is usually definedby
P(X < z) = 1—e %, whichis equivalentto our representationd[m] usingm = In2/\.

11
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turethatthe deviationsarecausedy theinitial hill-climb phaseof thelocal search
procedurg(cf. [6]): Walksat(andall otheralgorithmsusedin our study) startsits

searchfrom a randomlychosenmassignmentwhich typically violatesmary claus-
es.Consequentlythe algorithmneedssometime to reachthefirst local optimum
(which possiblycould be a satisfyingsolution);in this initial phaseof the search
the probabilityfor finding a solutionis zero.

Theseobsenationsleadto the following hypothesisFor hard Random-3-SA
instancesromthe phasetransitionregion, the run-timebehaviourof Walksatwith
approximatelyoptimal noisesettingcan be characterisedusingexponentialdistri-
butions.To furtherinvestigatethis hypothesiswe applythe methodologyoutlined
above to the entiretestsets.Theresultingcorrelationbetweermediansearchcost
and x? valuescanbe seenfrom the scatterplots givenin Figures9 and10. Ob-
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Table3
Numberof instancepassingy? testfor differentRandom-3-SA testsets.

testset acceptancéevel numberpassed
50vars,1000inst  0.01 114=11.4%
50vars,1000inst  0.05 71=7.1%
100vars,1000inst  0.01 166=16.6%
100vars,1000inst  0.05 103=10.3%
200vars,100inst  0.01 30=30%
200vars,100inst  0.05 26=26%

Table4
Parameteandquality of RLD approximatiorusingexponentialdistributionsed[m]

instance  median#stepsn  x? for edm)

bw_large.a 6839 60.37
bw_large.b 119680 11.40f
bw_large.c  4.27 - 106 8.71f

1 passedhe x?-testatthe« = 0.05 acceptancéevel.

viously, thereis a strongnegative correlation,indicating that, indeed,for harder
probleminstancesthe x? valuestendto be lower which leadsto the conclusion
that Walksats behaiour canbe moreandmoreaccuratelycharacterisethy expo-

nential distributions. The figuresalsoindicatetwo standardacceptancéevels for

the x? test(a = 0.01 anda: = 0.05). As canbe seenfrom the plots, for high me-
dian searchcost,almostall instancegassthe x? test. Table 3 shavs the overall

percentag®f the instancesvhich passedhe testfor the differentacceptancéev-

els. The datasuggestshatfor increasingproblemsize,arelatively highernumber
of instancegassthe test,i.e., the deviations of the RLDs from ideal exponential
distributionsbecomdessprominentfor larger problems?

In summarythe datafrom the x? testsconfirmsandrefinesour hypothesighat
for hard Random-3-SA instancedrom the phasetransitionregion, the run-time
behaiour of Walksatwith approximatelyoptimalnoisesettingcanbeapproximat-
edusingexponentialdistributions.

5 Beyond Random-3-SAT

Applying themethodologydescribedn the previoussectiongo otherSLS algo-
rithmsandSAT-encodedroblemsrom otherdomainswe obtainsimilar resultsas
describedor therandomproblemdistributions.

Fig. 11 shavs the RLDs for Novelty, one of the mostrecentWalksatvariants,

9 ThecompleteRLD datafor theexperimentglescribedereis availablefrom theauthors.
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Fig.11. RLDsfor Novelty with approx.optimalnoisesettingon SAT encodedlocksworld
planningproblems.
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Fig. 12. RLDs for Walksatand Walksat+Blu, and Novelty with approx.optimal noise
settingson SAT encodedyraphcolouringproblem.

whenappliedto SAT encodedorobleminstancedrom the blocks-world planning
domain!® We usedapproximatelyoptimalnoiseparametesettinggwp= 0.4, 0.3,

0.2 for the blocksworld planninginstancedw. ar ge. a, b, c¢), determinedsim-

ilarily asdescribedn Section4.2,andmaxStepsettingswhich werehigh enough
(107 and108, resp.)to ensurel00%successate.For bw.l ar ge. a we used1000
runs,for theotherproblems250runsto approximatehe actualRLDs asdescribed
before.The estimategor the parametern andthe corresponding? valuesfor the

approximationby exponentialdistributionsare shavn in Table4. The critical 2

valuesfor astandardv = 0.05 acceptancéevel are42.6 for 1000triesand26.3 for

250tries. This meansthat only for the smallestinstancethe approximationdoes
not passthetest.As for the easyRandom-3-SA instancesye interpretthis asan

effect of theinitial hill-climb phaseof local search.

10 We usedthe probleminstancesrom [19] in the SAT formulation obtainedby linear
encodingandsimplifying. Similar resultswereobtainedfor otherprobleminstancesrom
thesamedomain.
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Table5
Parameteandquality of RLD approximatiorusingexponentialdistributionsed[m]

algorithm median#stepsn  x? for edm)
Walksat 26267 41.92
Walksat+Blu 22450 26.26
Novelty 6722 42.37

In afinal experimentwe appliedthe samemethodologyto a SAT-encodegrob-
lem instance! from the graph colouring domain, using three different variants
of Walksat (standardwalksat, Walksatwith taku-search,and Novelty [21]). A-
gain,we determinedapproximatelyoptimal noiseparametesettingsasdescribed
in Section4.2 (wp= 0.6 for Walksat,a talu-list lengthof 5 for Walksat+tal, and
wp= 0.7 for Novelty). For eachalgorithmwe performed1000tries, usinga large
maxStepsvalue (10°%). The experimentalresultsare shovn in Figure 12 and Ta-
ble 5. For all threealgorithms,the approximationsof the empirical RLDs using
exponentialdistributionspassedhe standardy? testfor o = 0.05.

In summarytheresultspresentean this sectionshowv thatthe hypothesisvhich
we formulatedand testedfor Random-3-SA in the previous sectionalso holds
for hard SAT-encodedprobleminstancedrom other domains.Furthermoreijt is
not restrictedto Walksat,but alsoappliesto somevariantsof the basicalgorithm
which shaw significantly better performanceBasedon our experimentalexperi-
encewe conjecturethat the regular behaiour we obsened for thesealgorithms
whenappliedto hardprobleminstancesnightbeageneralpropertyof currentSLS
algorithmsfor SAT.

6 Interpretation

The empiricalresultspresentedn Sections3 and4 have a numberof theoreti-
cally andpracticallyinterestingconsequences.

Random restart For algorithmsexhibiting an exponentialRLD, the probabili-
ty of finding a solutionwithin a fixedtime interval is independenof the run-time
spentbefore.Basedon our results,this holdsfor variouscurrentSLS algorithms
for SAT whenusingapproximatelyoptimal noise parametesettings.Furtherex-
perimentationindicatesthatexponentialRLDs arealsocharacteristi¢or noisepa-
rametewalueswhich arelargerthanthe optimalnoiseparametesettingg(cf. [14]).
E.g.,whenanalysingWalksats behaiour for then = 100 Random-3-SA test-set
asoutlinedin Section3, but usinglargerthan-optimalnoisesettingsof wp= 0.65
and0.75, we getacceptanceatesof 19.8% and29.0%, resp.from the x? testwith

11 a3-colourablénstancewith 75 verticesandconnectiity 4.6 (correspondingo thephase
transitionfor this type of graphcolouringproblem[11]).
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Fig. 13. RLDs for Novelty appliedto the hardestinstancefrom the n = 100 Ran-
dom-3-SA test set from Section 3, using approx. optimal (wp = 0.7) and small-
erthan-optimahoisesettings.

acceptancéevel o = 0.05.1?

Thus, for approximatelyoptimal and largerthan-optimalnoise settings,these
SLS algorithmsare essentiallynemorylessasfor a giventotal time ¢, restarting
attimet' < t doesnot significantlyinfluencethe probability of finding a solution
in time ¢.13 Consequentlyfor thesealgorithmsrandomrestartis ineffective. In
practicethis resultcanbe easilyverified over a broadrangeof maxStepsettings.
However, dueto small deviations at the extremeleft end of the RLDs, for very
low maxStepsettingshealgorithms’performanceisuallydeterioratesAs argued
in Section3, this is mostlikely an effect of theinitial hill-climbing phaseof SLS
algorithmsbasedon hill-climbing approaches.

For smallerthan-optimakettingsof the noiseparametera differentsituationcan
befound(cf. [14]). The RLDs arelesssteepthanexponentialdistributions,which
meangthat the efficiency of the searchprocessdecreasesver time andtherefore
randomrestartcanbe effectively usedto speedup the algorithm.A typical exam-
ple for this is givenin Figure 13, shoving the RLDs for Novelty appliedto the
hardestinstancefrom then = 100 Random-3-SA testsetusingapprox.optimal
andsmallerthan-optimalnoisesettings.Note thatfor smallrunsthe otherwisein-
ferior small noisesettingsachiere higher succesprobabilities. Therefore,using,
e.g.,wp = 0.4 andrestartingafter maxStepg- 500 stepsn this particularcasegives
evenbetterperformanceghanusingwp = 0.7 with ary maxStepssetting.Howev-
er, for wp = 0.4, Novelty's performances very sensitve w.r.t. maxStepswhile
for wp = 0.7, the RLD is very well approximatedy an exponentialdistribution
(the standardy2-testacceptswith a x? valueof 33.79) andthus,asamuedabore,
the algorithm’s performances essentiallyindependenbf maxStepsThis exam-

12 As reportedin Table 3, for the approximatelyoptimal noisevalue of wp= 0.55, the
correspondingcceptanceateis 16.6%.

13 Becausethe exponentialdistribution is memorylessit is oftenusedin reliability theory
to describecomponentshatarenot subjectto agingphenomendijk e transistorg2].
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ple demonstratethe usefulnes®of the RLD-basedanalysis:the tradeof between
performanceand robustnesqw.r.t. restart)can be easily seenfrom the RLDs in
Figure 13, while comparingmeanspr eventhe standardpercentile0.1,0.25,me-
dian,0.75,0.9)would not have revealedthis phenomenon.

Consequences for parallel processing Randomisedlgorithmslendthemseles
to a straightforvard parallelisationapproachby performingindependentuns of
the samealgorithmin parallel. Given our characterisationsf exponentialRLDs
for SAT, this approachs particularlyeffective: Basedon awell-known resultfrom
statisticalliterature[25], if for a givenalgorithmthe probability of finding a solu-
tionin ¢ time unitsis distributedexponentiallyed[m], thenthe probabilityof finding
asolutionin £ independentunsof time ¢ is distributeded[m/k]. Consequentlyif
we run suchan algorithmoncefor time ¢t we getthe samesuccesgrobability as
whenrunningthe algorithm & timesfor time ¢/k. This meansthat usingmultiple
independentunsof thecorrespondindpcal searchalgorithms,anoptimalspeedup
canbeachiesed. This holdsfor almostarbitrarynumberst of processorspnly for
high &, dueto the deviationsfor shortrunscausedby the initial hill-climb phase
of local searchthe speedupvould be lessthanoptimal. Note thatagainthis result
holdsfor optimalaswell aslargerthan-optimahoiseparametesettings.

For smallerthan-optimalsettings,if the overall processingime ¢ (numberof
processorsx time per processor)s fixed, a single optimal numberof processors
canbederivedfrom the RTD data,for which a superoptimal speedupanbe ob-
tainedwhencomparedo the sequentiatasek = 1. Formally, for a givenproblem
instancdet p,(1, t) bethesuccesprobabilityachievedby usinga singleprocessor
and total processingime t. Thenthe succesgprobability whenrunning & inde-
pendentunson differentprocessorsn parallelwith processingime ¢/k eachis
ps(k,t/k) = (1 — (1 — ps(1,t/k))*). Consequentlyfor a given RTD the optimal
numberof processorss given by the &' maximisingps (&', t/k"). It canbe easily
verifiedthatthis £’ alsoachiezesthe maximalspeedup.

It shouldbenotedthatparallelexecutionof independentriesis anextremelyat-
tractive modelof parallelprocessingsinceit involvesbasicallyno communication
overheadandcanbe easilyimplementedandrun on almostary parallelhardware
platform,from networks of standardvorkstationgo specialisedMIMD machines
with thousand®f processorsTherefore theseresultsarenot only relevantfor the
applicationof SLS algorithmsto hard combinatorialproblemslike SAT to time-
critical tasks(lik e robot control or online scheduling) but alsofor the distributed
solving of very large andhardprobleminstances.

7 Related Work and Conclusions

In this paperwe have characterisedun-time distributionsfor Walksat,a high
performingstochastidocal searchalgorithmsfor SAT. We have shawn thatfor ap-
proximately optimal noise parameteisettingsthe RTDs for single hard Random
3-SAT instanceandfor SAT encodedroblemscanbe approximatedy exponen-
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tial distributions.Comparedo usingsimpledescriptve statistics,asusuallydone
in previouswork, analysingrun lengthdistribution givesa moredetailedinforma-
tion of SLS algorithms’behaiour andperformancewhile not causingsignificant
computationabverhead Additionally, RLDs provide the informationrequiredfor

assessingLSalgorithmsn thecontext of moregenerabpplicationscenariossuch
asrealtimeor anytime situations whereoften the runtimelimitations imposedby

the applicationervironmentare so strict that the expectedor medianrun-timeis

oftenirrelevant(cf. Section2).

To the bestof our knowledge,run-timedistributions have not yet beeninvesti-
gatedfor local searchalgorithmson the SAT domain.In [4], the searchcostdistri-
bution of finding a satisfyingassignmenbn anensembl@f instancegor complete
proceduredor SAT is studied.The distribution of the searchcostfor SLS algo-
rithmscorrespondso thehardnesslistribution shovn in Figure7. For thehardness
distributions we could not find a good approximationusing ary of the standard
familiesof probability distributions.This is mainly dueto thelong tail ontheright
sideof theempiricalhardnessglistributionsrepresentinghe hardesinstances.

To clearly separatéetweendifferentsourcesof the high variability obsenedin
SLS algorithms’ run-time behaiour when appliedto testsetsof randomlygen-
eratedprobleminstancespur methodologyis basedon empirically studyingSLS
behaiour on singleinstancesA similar approachalso provedto be essentiafor
assessinghe potentialof parallelprocessingor randomiseccompletebacktrack-
ing algorithmsfor graphcolouring[10].'* This shawvs that focussingon obser
vationsfor single probleminstancescan be also very useful for the analysisof
randomiseadompletesearchalgorithms. Along the samelines,[7] obsene distri-
butionsfor singleinstancesandfind heary-taileddistributionsof thesearctcostfor
randomiseadcompleteprocedure®n the Quasigoup CompletionProblem For the
SLSalgorithmsstudiedhere,on the contrary we could obsene suchheary-tailed
distributionsneitherasRLDs nor ashardnesslistributions.

Our work demonstratesow a more adequatenethodologyof empirically ana-
lysing the run-time behaiour of SLS algorithmscan be usedto obtainnew and
surprisinglygeneralhypothesesThesehypothesegconcerningthe type of RLDs
andits dependeng on the noiseparametessetting,one of the crucial parameters
of mary currentSLS algorithms)can be experimentallyverified using standard
statisticaltesting proceduresOne such hypothesighat we could validateis that
the RLDs on hardrandom3-SAT instancedrom the phasetransitionregion and
SAT-encodedproblemsfrom other domainscan be characterisedby exponential
distributions. Generalisinghe individual instancebehaiour on a whole problem
classis alsoa main motivation for approachedike the MULTITAC system[23]
which automaticallyconfiguressearchalgorithmsfor a given problemclassbased
onatrainingsetof typicalinstances.

Fromtheresultsof our empiricalinvestigationve alsoderivedanumberof both
theoreticallyand practically interestingconsequence$loreover, our resultsgive

14 Thesealgorithmsare completebut involve randomisediecisionsin the single nodesof
thesearcttree.
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riseto anumberof new questions:

— What arethe commonfeaturesof the different SLS approacheseadingto the
uniformbehaiour (i.e.,theexponentiakun-timedistributions)for hardinstances
from variousproblemclasseseportechere?

— What causesthe obsened run-time behaiour? Exponentialdistributions are
characteristidor the simplestrandomisedsearchtechnique,uniform random
picking from a setof solutioncandidatesThus,observinghistype of behaiour
for moresophisticatedndmuchmoreefficientalgorithmgsuchastheSLSalgo-
rithmsstudiedhere)suggestshattheirbehaiour mightbeinterpretecasrandom
samplingfrom a muchsmallerspace Evidencefor this interpretationcould be
establishedy linking this hypothetical‘virtual searchspacetb featuresof the
actualsearctspacesuchasthe number size,andtopologyof local optima.

— How cantheseresultsbe generalisedo optimisationproblems?SincemostSLS
algorithmsfor decisionproblemslike SAT implicitly solve the corresponding
optimisationproblem(here:MAX-SAT, becauseolutionsfor SAT arefoundby
stochasticallymaximisingthe numberof satisfiedclauses)this generalisatiors
very naturaland shouldprovide further insight in the behaiour of SLS algo-
rithms.

We arecorvincedthatpursuingthis line of researctwill significantlycontribute
to deepeningur understandingf stochastidocal search— andthusfacilitatethe
developmentandapplicationof improved SLStechniques.
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