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Abstract. We introducethe dynamicSAT problem,a generalisa-
tion of the satisfiabilityproblemin propositionalogic which allows
change®of aproblemovertime. DynSAT canbe seemasa particular
form of adynamicCSR but consideringesultsandrecentsuccesin
solving corventional SAT problemswe believe thatthe conceptual
simplicity of SAT will allow usto moreeasilydevise andinvestigate
high-performingalgorithmsfor DynSAT thanfor dynamicCSPslIn
this article, we motivate the DynSAT problem,discussvariousfor-
malisationsof it, andinvestigatestochastidocal search(SLS) algo-
rithms for solvingit. In particular we apply SLS algorithmswhich
performwell on cornventional SAT problemsto dynamicproblem-
s and we analyseand characteriseheir performanceempirically;
this initial investigationindicatesthat the performancedifferences
betweenvariousalgorithmsof the well-known WalkSAT family of
SAT algorithmsgenerallycarry over whenappliedto DynSAT. We
alsostudydifferentgenericapproachesf solvingDynSAT problems
using SLS algorithmsandinvestigatetheir performancelifferences
whenappliedto differenttypesof DynSAT problems.

1 Intr oduction

An importantmethodfor solving hard combinatorialsearchprob-
lemsis heuristicrepair wherebya solver generates completebut
suboptimalsolution,andthenapplieslocal repairtechniqueso find
an optimal solution. This methodhasbeenusedto solve constraint
satishctionproblemsaswell ashardsatisfiabilityproblems(See[9]
and[11] for introductions.)

Onereasorfor theinitial excitementsurroundindocal searctand
heuristicrepair methodswas the potentialfor solving optimization
problemswhich face changesover time. Schedulingproblems,for
example,faceunexpectedeventswhich may requireschedulerevi-
sion, and the efficiency of dynamicreschedulings importantfor
time-criticalapplicationsMinton et.al., in their1992papelintroduc-
ing heuristicrepairmethodsfor constraintsatishctionandschedul-
ing problemq9], notethatrepairbasednethodscanbe usedfor dy-
namicreschedulingn a naturalmannerwhile completebacktrack-
ing methodsarerequiredto throw away ary currentsolutionandin-
crementallybuild anew solution.This obsenationleadsnaturallyto
the questionof whetherlocal searchis indeedeffective at repairing
solutionswhenproblemsundego smallchangesvhichinvalidatethe
currentsolution.In this paperwe attemptto examinethis questionn
moredetailin thecontext of a particularlysimpledynamicconstraint
satishctionproblem,dynamicpropositionakatisfiability

Sincethe introductionof local searchmethodsfor generalcon-
straintsatistction problems methodsfor solving hardsatisfiability
(SAT) problemsusing local searchhave improved greatly in part
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becauseSAT is a simplified CSP (with only two possiblevalues
pervariable)which allows the useof highly efficient heuristics(ex-
emplified by the WalkSAT family of algorithms).Suchalgorithms
have successfullyhandledclassicalAl problemssuchas planning
mary timesfasterthan other algorithms[7]—the existenceof effi-
cient polynomial encodingsfor suchproblemsallows adwncesin
fundamentaBAT-solvingalgorithmsto applyto otherkindsof prob-
lemsaswell.

Consideringtheserecentsuccessem solving corventional SAT
problems,we believe that the simplicity of SAT may facilitate the
designandinvestigationof high-performingalgorithmsfor dynamic
searchproblems.Someof the problemstackledby fast SAT algo-
rithms, like planning,are often dynamicin nature,and may bene-
fit from the useof highly efficient algorithmsfor dynamic satisfi-
ability problems.Furthermorewe believe that fundamentaprinci-
pleslearnedrom studyingdynamicSAT problemsshouldcarryover
nicelyinto othersearciproblemdik e generalizedonstrainsatisfc-
tion problems.

In this papemve formally introducethedynamicsatisfiabilityprob-
lem and performsomesimple experimentsto seehow state-of-the-
art SAT-solving algorithmshandledynamicSAT problemsWe also
considerthe fundamentafuestionof whether when solving series
of relatedSAT problemsit is betterto startsearchwith the bestsolu-
tion foundfor the previous problemor to startsearchwith arandom
initial assignment.

2 The Dynamic Satisfiability Problem

The conventionalSAT problemcanbe generalisedn differentways
to allow for dynamicchangesn the problemover time. One possi-
bility is to startfrom a given SAT instanceandallow clausego be
dynamicallyaddedo or retractedrom thisinstanceThe motivation
behindthis definitionis thatof modellinga systemwhich is subject
to differentconstraintsat differentspointsin time; theseconstraints
couldreflectthe stateof theervironmentor of asubsystemor thein-
put by a userwho controlsthe systeminteractvely. This notionof a
dynamicSAT problemis capturedy thefollowing formal definition:

Definition 1: An instanceof the dynamic SAT problem (Dyn-
SAT) over a setV of propositionalvariablesis given by a function
®: N — CNF(V),whereN isthesetof nonngatve integers,and
CNF(V) is the setof all propositionaformulain conjunctve nor-
mal form which useonly the variablesin V. For technicalreasons,
we will consideronly casedor which the setof all clauseover all
time stepsis finite, i.e., ® mentionsonly afinite numberof clauses.

If a DynSAT instancedoesnot changeafter a a finite numberof
time steps,i.e.,if In : Vm > n : ®(m) = ®(n), we call this
instancean n-stage DynSA' instance A DynSAT instanceis cyclic
with period A if Vn : ®(n + A) = &(n).



Thedecisionvariant of the DynSA' problemis to determinefor a
given DynSAT instance® whether®(n) is satisfiablefor eachtime
n, i.e.,it hasamodelM (n). If thisisthecase® is calledsatisfiable,
otherwise @ is calledunsatisfiableTheproblemof determiningase-
guenceof modelsis calledthemodeltracking variant of the DynSA
problem

Anotherway of defining DynSAT is to usea fixed setof claus-
eshut allow certainpropositionalvariablesto be setto true or false
at differentpointsin time. The intuition behindthis generalisation
of conventional SAT is that of certain distinguishedpropositional
variablesrepresentingsensorinformation or userinput, while the
remainingvariablescorrespondo aspectf the systemwhich are
controlled by the DynSAT solver (e.g., actions,in the contet of
SAT-encodedblanningproblems).This canbe easily formalisedin
thefollowing way:

Definition 2: An instanceof the dynamic SAT problem (Dyn-
SAT) over a setV of propositional variablesis given by a CNF
formula F' over V' anda second-ordefunction ¥ : N — (V
{true, false, free}), whereN is the setof positive integers.For
eachtime n, ¥(n) determinesfor eachvariable appearingin F
whetherit is fixed to true, fixed to false,or not fixed. The notion
of n-stage andcyclic DynSA instancescanbe definedexactly anal-
ogouslyasin Definition 1.

Thedecisionvariant of the DynSA problemis to determineor a
givenDynSAT instance(F, ¥) whetherit is satisfiablej.e., to deter
minewhetherfor eachtime n, F hasamodel M (n) suchthat M (n)
assigndrueto eachvariablev for which ¥ (n)(v) = true andfalse
to eachvariablev for which ¥ (n)(v) = false. Analogouslyto Defi-
nition 1, theproblemof determininghe sequencef modelsis called
themodeltracking variant of the DynSA’ problem

It is not hardto seethat Definitions1 and2 areequialentin the
sensethat eachDynSAT instanceaccordingto Definition 1 canal-
waysbetransformednto an equivalentDynSAT instanceaccording
to Definition 2 andvice versa.The proof of this propositionis based
onthefollowing two obsenations:

Given a DynSAT instance(F, ¥), for eachvariablev which is
fixedattime n weaddtheunit clausev to F' if ¥'(n)(v) = true, and
we addtheunit clause-w to F' if ¥(n)(v) = false. (If ¥(n)(v) =
free, thenv is not fixed at time n and no unit constraintsneedto
beadded.)This givesa sequenc& where®(n) consistf F with
necessarwnit clausesadded.Clearly @ is satisfiableif (F, ¥) is
satisfiable.

Corversely givenaDynSAT instance®, we let F' bethe CNFfor-
mulaconsistingof all the clauseanentionedby ® (accordingto the
definition, thisis afinite structure) we thenextendthe setof propo-
sitional variablesby addinganindicatorvariablev; for eachclause
¢; in F. Now, anothelCNFformulaE” is obtainedby replacingeach
clausec; in F by ¢; V —w;. Finally, ¥(n) is definedsuchthat for
theindicatorvariables, ¥ (n)(v;) = true if ¢; appearsn ®(n), and
¥(n)(vi) = false if ¢; doesnot appearin ®(n); for all original
problemvariablesy, ¥ (n)(v) = free. (F', ¥) is satisfiablesxactly
if @ is satisfiable.

Both definitions have adwantages.Definition 1 is conceptually
simplerandaslightly moreobviousgeneralisatiorfirom corvention-
al SAT from a theoreticalpoint of view; this malkesit slightly bet-
ter suitedfor theoreticalconsiderationsDefinition 2, on the other
hand,reflectsactualdynamicsystemswith sensoryinformationin a
moredirectway and,aswe will seelater, facilitatesthe development
of generalisation®f corventionallocal searchalgorithmsfor SAT
to DynSAT. For the remainderof this paper we thereforefocuson
DynSAT problemsformalisedaccordingio Definition 2.

It shouldbe notedthat for practical applicationsboth types of
changes—adding/retractimfpusesandfixing/releasingvariables—
canoccur This situationcaneitherbe handledby a formulational-
lowing for both changegwhich canbe obtainedby combiningDef-
initions 1 and2) or by encodingonetype of changesnto the other
onebasedon the obsenationsabore. Furthermorepoth definitions
areslightly moregenerathansuggestedby the informal motivation
givenbefore:in practicalapplicationgi.e.,DynSAT-encodedlynam-
ic problems),we would expectthat typically only a distinguished
setof clauser variableswould be subjectto the dynamicchanges,
while otherclauser variablesrepresenstaticpropertief the giv-
enproblem.For the sale of generalityandconceptuakimplicity, we
did notreflectthis intuition in our definitions.

DynSAT canbe generalisedo a dynamicversionof MAX-SAT
in astraightforvard way: Dyn-MAX-SAT instancegre DynSAT in-
stancesvherethe objective is to maximisethe numberof satisfied
clausesn eachstageof theproblem.Thus,Dyn-MAX-SAT instances
modelproblemswhereassignmentsvhich do not satisfyall clauses
in a given stagearestill of value.Typically, this situationis givenif
optimisationproblemsaremodelledwheresomeof the clausesep-
resentconditionswhich are not essentiako a solution, but which,
whensatisfied jncreasghe valueof a solution.

3 SLSAlgorithms for DynSAT

Stochastidocal searchis a particularly promisingmethodfor solv-
ing dynamicsatisfiabilityproblems:intuitively, the underlyinglocal
searchparadigmseemdo bewell suitedfor recovering solutionsaf-
ter local changesof the problemoccurr Furthermore state-of-the-
art SLS algorithmsshav an impressve performancein solving a
broadrangeof corventional,static SAT problems[5] andtheseal-
gorithmscanbe easilyextendedo solve dynamicSAT anddynamic
MAX-SAT. Onedravbackof SLSalgorithmscomparedo systemat-
ic searchmethodss thefactthatthey aretypically incompletej.e.,
they cannotprove the unsatisfiabilityof a probleminstanceHowev-
er, in practicethis is often not problematic sincein mary casesthe
problemis to find amodel(or, in dynamicSAT, a sequencef mod-
els),andSLSalgorithmshave beenshavn to be competitie with or
superiorto completesystematicsearchproceduregor a wide range
of SAT problems.Furthermoredueto the sizeandhardnes®f the
probleminstancespr tight time-constraintssystematicsearchpro-
cedureftencannotberun to completionwhich severelylimits the
practicalrelevanceof their theoreticcompletenesdgzinally, it hasre-
centlybeenshavn thatsomeof the best-performingsLS algorithms
currently known are probabilisticallyapproximatelycomplete,i.e.,
they find an existing modelwith arbitrarily high probability when
givensufiicientsearctime[3]. It isalsoknown thatin practicethese
algorithmscanbe easilyparallelisedwith optimal speedu6].

For solving dynamicSAT problemsusing SLS algorithms,there
areseveralbasicapproaches:

1. Solving a DynSAT instanceas a seriesof corventional SAT in-
stancesThis methodis very genericandallows arbitrary SAT al-
gorithmsto be used.However, it doesnot exploit thefactthatthe
changedrom one stageof the dynamicproblemto the next are
typically rathersmall andlocal in natureandthus might require
only relatively small repairsto the solution from the last stage.
For SLSalgorithmswith randomsearchnitialisation (suchasthe
GSAT [11, 10] or WalkSAT algorithmg[8]), this methodis equiv-
alentto restartingthe searchat the beginning of eachstage . We
thereforereferto this methodasrandomrestart

2. Using SLS algorithms for cornventional SAT, but after each
change,continuing the searchfrom the point in the searchtra-
jectorywherethe changeoccurred We call this methodtrajectory



continuation Intuitively, it shouldbe able to recover a solution
quickly if only afew searctstepsarerequiredto repairthe claus-
eswhich areunsatisfiedafterthechange.

3. Devising specialisedSLS algorithmsfor DynSAT which try to
identify promisingstartingpointsfor recovering a solution after
achangehasoccurred This approachs ageneralisatiorof trajec-
tory continuatiorand,in principle,allows usto exploit knowledge
onthe probability or frequeng of changes.

4. Devising specialisedSLS algorithmsfor DynSAT which exploit
givenor learnedknowledgeaboutthe dynamicsof the problems,
but are not just generalisation®f trajectory continuation.Such
algorithmsmight, for example,steerthe searchtowardssolution
which aremorerobustto changeusingstatisticalinformationon
theprobability of specificchangesearnedduringpreviousrunsof
thealgorithm.

Approachesdl and2 have the advantagethat existing, highly op-
timisedimplementation®f state-of-the-ar6LS algorithmsfor SAT,
suchasvariousvariantsof GSAT [10] andWalkSAT [8] algorithm-
s can be useddirectly or with very minor modifications.This is
particularlyattractve whenassumingan applicationscenariovhere
the changesoccur on the sametime-scaleas is requiredfor find-
ing or recovering a solution and no information regardingthe fre-
gueng or probability of certainchangess available. This situation
would be given, for instancejn anembeddedeal-timecontrol sys-
tem, wherethe changegeflect sensorinformationin a highly un-
predictablephysicalor virtual environment.Approaches3 and4 re-
quire more substantiamodificationsof existing algorithmsor even
newly designedalgorithms.They seemto be more appropriatefor
situationswherethetime constraintaaremorerelaxed, suchthatad-
ditional computatiortime is availablefor collectingthe information
requiredfor reachingmorerobustsolutions. Approach4 would also
be the mostpromisingmethodif the ervironmentis suchthat vital
aspectof the problemdynamicsareeitherknown or canbelearned
reasonablfficiently [13].

For this initial investigation,we focuson approached and2, s-
ince aswe have seenapproache8 and(evento a greaterextent) 4,
requireadditionalassumptionsvhich complicatethe empiricaleval-
uationandrestrictits scope.For now, we thusrestrictoursehesto
theinvestigationof thefollowing questions:

e Doestrajectorycontinuation(approach?) work significantlybet-
terthanrandomrestart(approachL)?

e Which SLSalgorithmsfor corventionalSAT lendthemselesbest
to solving DynSAT problems,usingrandomrestartor trajectory
continuation?

Whenusingthetrajectorycontinuationvariant— asopposedo the
randomrestartvariant— of an SLS algorithmto find a modelaftera
changen the problemhasoccurred the searchcostcould be affect-
edin differentways.ldeally, themodelof the previousstageis alsoa
modelof the new stage makingsearchunnecessarySinceour goal
hereis to testperformanceof varioussearchstratgiesin tracking
modelsratherthanour goodfortunein choosingmodelsthat satisfy
two adjacentDynSAT stagesall DynSAT instanceausedin our s-
tudy have beenconstructedn away thatthis situationnever occurs.)
A secondpossibilityis thatthe old modelis closeto a modelof the
new stagesuchthatthe expectedsearchcostis small comparedo
solvingthe new stagefrom scratch A third possibilityis thattheold
modelcouldbein anareaof thenew searchspacdrom whichfinding
a solutionof the new stageis relatively difficult. In this casetrajec-
tory continuationwould shav anincreasedearchcostover random
restartA priori, it is not clearwhich of theseeffectswould dominate
in practice.FurthermoredifferentSLS algorithmsfor conventional

SAT might bedifferently affectedby the positionthe searchis start-
edfrom afterachangeoccurrs.n thefollowing sectionwe describe
experimentsvhich investigatehesequestions.

4 Empirical Results

For our empirical investigation, we focus on membersof the
prominentWalkSAT algorithmfamily. In particular we use Walk-
SAT/SKC (the original WalkSAT algorithm)[10], WalkSAT/TABU
[8], Novelty™ andand R-Novelty" [3]. Theseare amongthe best-
performing SLS algorithmsfor varioustypesof corventional SAT
problems[5]. Thesealgorithmsstartthe searchat a randomlycho-
sentruth assignmentandin eachstepselecta currently unsatisfied
clausewhich is thenforcedto becomesatisfiedby selectingone of
its literals andflipping the truth value of the correspondingariable
(for detailson thevariableselectiorheuristics se€[8, 3]).

TheDynSAT instancesisedfor our experimentsarederived from
setsof Random-3-SA andSAT-encodedsraphColouringinstances
taken from the SATLIB BenchmarkSuite? Theseproblemtypes
wereselectecbecausehey have beenintenselystudiedin the SAT
communityandallow usto studypotentialdifferencesn algorithmic
behaiour for randomandmorestructuredproblems.

4.1 Random-3-SA Instances

For Random-3-SA, we developeda seriesof 10-stageDynSAT in-
stance®asedn SATLIB test-setif125-538 (asetof 100cnfformu-
laewith 125variablesand538 clausesach).For eachcorventional
SAT instancea DynSAT instancevasobtainedby fixing 6 variables
at eachstage For thefirst stage®(0), we specifiedé randomlyse-
lectedvariablesv, wherev wassetrandomlyto ¢rue or false. For
the subsequersgtages¥ (i + 1) includedonenegatedvariablefrom
¥(i) aswell as’5 otherrandomlychosenvariables.(Negating one
variablefrom the previous stageensuredhatstage: andstage: + 1
would not shareary models,makingsomesearchnecessaryor ev-
erystage.UsingasystematicSAT solver, we checledthesatisfiabil-
ity of eachstagethusgeneratedif a givenstagewasnot satisfiable,
more stagesmeetingthe samerequirementsvere generatedintil a
satisfiableonewasfound.

To evaluatethe efficacy of alocal searchalgorithmfor DynSAT,
we usethe RLD-basedapproachof [4]: for eachstageof a Dyn-
SAT instancewe measurehe run-length(i.e., the numberof vari-
ableflips neededo reacha satisfyingassignment)thensumup the
run-lengthsover all stagesandmeasurehesetotal run-lengthsover
multiple tries on the sameprobleminstancein orderto obtainrun-
lengthdistributions (RLDs). Here,eachRLD is basedon 250 tries
perinstancegachtry hada high cutof parametesettingof 107 for
eachstageto ensurea maximal numberof successfutries. From
theseRLDs, we extractedthe mediansearchcost per instanceand
analysedhedistribution of this measurever the test-setWe tested
the performancef threealgorithms:WalkSAT/SKC with noise0.5,
WalkSAT/TABU with taku-list length5, andR-Novelty™ with noise
0.7 andwalk probability0.013

Tablel shavs basicdescriptve statisticsof thedistribution of me-
dian searchcostover our Random-3-SA test-setlt shows thatthe
searchcostfor the variantsusingtrajectorycontinuationis approxi-
matelya factorof 2 lower thanfor thoseusingrandomrestart.This
performancegain canbe obsered for all threealgorithms,indicat-
ing thatthe effectivenesf trajectorycontinuationdoesnot depend

2 SATLIB is awidely usedresourcedor SAT-relatedresearclavailableonthe
WWW atwww.informatik.tu-darmstadt.de/Al/SATLIB.

3 The parametesettingsare the oneswhich are approximatelyoptimal for
theunderlyingcorventional SAT problemg5].



test-set mean v.c. median o0 g90/q10
wsatt.c. 20145.67 159 10077 49475 33.18
wsatr.r 42333.78 1.07 28311 76392 5.04
wsat+tabit.c. | 14894.20 1.44 7265 32353 29.20
wsat+tabir.r | 28456.89 0.84 19407 58160 6.50
rnov+t.c. 6975.99 1.15 3800 16168 28.97
rnov+ r.r 14252.82 0.65 11241 27494 5.09

Tablel. DynSAT instancedasedn SATLIB test-seuf125-538, basic
descriptve statisticsof mediansearchcostperinstancefor different
algorithmsusingrandomrestart(r.r.) andtrajectorycontinuation(t.c.); v.c.
denoteghevariationcoeficient (stdde/mean)andq,, thez% percentile.

on the searchheuristic.Furthermorejt may be noticedthatthe per
formancedifferencesetweerthe threeWalkSAT variantsarequal-
itatively analogougo thoseobsened for the underlyingtest-setof
corventionalSAT instanceg5]

Interestingly for trajectorycontinuation,a muchlarger variation
in searchcostacrossthe test-setcan be obsered than for random
restart A closerlook atthe underlyingdatarevealsthatthe effect of
trajectorycontinuationvariessignificantly betweendifferent stages
of a problem,suchthat for the 10-stageproblemsusedhere,these
differencesaddup suchthatfor someinstancesmary of the stages
arelikely to be solved almostinstantly while for others,all stages
requiresubstantiakearcHor t.c. aswell asfor r.r.
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Figurel. Correlationof mediansearchcostfor R-Noveltyt with t.c. and
r.r. acrosghe DynSAT test-setlerived from uf125-538; the correlation
coeficientis r = .45.

This variationcanalsobe seenfrom Figurel, shaving thesearch
costperinstanceor R-Novelty™ with trajectorycontinuatiorvs.ran-
domrestart.Note thatthereare only 2 probleminstancedor which
t.c. performs(minimally) worsethanr.r., while for about1/3 of the
instancegested,the searchcostfor t.c. is more than one order of
magnituddower. Thecorrelationbetweerthesearchcostfor t.c. and
r.r. acrosshetest-seis typically ratherweak(0.45for R-Novelty™,
similar for the other algorithms),while when comparingdifferent
algorithmsusingt.c. or r.r. each,a much strongercorrelationis ob-
sened(correlationcoeficientshetweer0.8and0.95). This confirms
thatthe improvementachieved by usingt.c. is orthogonalto the ef-
fect of the underlyingalgorithm and largely independenfrom the
relative hardnessf theinstancewithin this test-set.

Overall, theseresultssuggesthat trajectorycontinuationis gen-
erally moreefficient thanrandomrestartwhen solving DynSAT in-
stancedasedn Random-3-SA problemsandthatfor theunderly-
ing SLSalgorithm,high performancédor staticSAT instancesrans-
latesto goodperformancen relatedDynSAT problems.

4.2 SAT-encodedGraph Colouring Instances

The previous resultsnaturally lead to the questionof whetherthe
results presentedhus far dependon propertiesof the underlying

Random-3-SA instancespr extendedto DynSAT instancedased
on otherkinds of SAT problems.Therefore,we conducteda sec-
ond seriesof experimentsusingmore structuredDynSAT instances
derived from SATLIB test-setflat100-239 comprising 100 SAT-
encodedgraph colouring instances,each with 100 vertices, 239
edgesanda chromaticnumberof 3. TheseSAT instance$have been
studiedin [5] and contain300 propositionalvariableseach.From
eachof theseSAT instanceswe deriveda 10-stageDynSAT instance,
wherein eachstage¥ (i) thecolourof threeverticesis fixed.For the
first stage® (0), we randomlychosethreevertices andfor eachver-
tex we picked a randomcolour. For the following stages¥ (i + 1)
includesonevertex from the previous stage, ¥ (z), fixed to a differ-
entcolour, onevertex from ¥ (z) fixed at the samecolour, andone
new randomlychosenvertex/colour pair. As for the Random-3-SA
instancesthis ensureghat a new modelbe found for the resulting
SAT encodinghere,it alsoguaranteethatthestage¥ (i + 1) cannot
be solved by simply permutingthe coloursentailedby of M (7). As
before,we madesurethateachstageis satsifiablein orderto obtain
atest-sebf 100satisfiableDynSAT instances.

For this test-setwe measuredhe performancef two algorithms:
WalkSAT/SKCwith noise0.5,andNovelty™ with noise0.6andwalk
probability 0.01# For eachinstance we measurecRLD datafrom
100tries,wherea high cutoff parametesettingof 107 variableflips
(perstage)ensurech maximalnumberof successfutries.

test-set mean V.C. median go0  g90/q10
wsatt.c. 1172919.30 0.60 1053738 1968591 417
wsatr.r 1187833.22 0.62 957819 2146433 4.24
wsatt.c.s.r 670571.11 0.58 566165 1112616 4.01
nov+ t.c. 289056.55 0.92 205854 510034 5.13
nov+ r.r 301332.71 0.86 212009 548829 5.37
nov+t.c.s.r| 226391.21 0.73 168413 422093 5.60

Table2. DynSAT instancedasedon SATLIB test-seflat100-239, basic
descriptve statisticsof mediansearchcostperinstancefor different
algorithmsusingrandomrestart(r.r.), trajectorycontinuation(t.c.),and
trajectorycontinuationwith softrestart(t.c.s.r).

Fromthe performancedatashavn in Tablee2, it is immediately
apparenthat for the graphcolouring problemstrajectorycontinu-
ation is not as effective as for the Random-3-SA instancesThis
suggestshatfor thesemorestructuredoroblemsit is muchmored-
ifficult to reacha modelstartingfrom an old model after a change
hasoccurred.

Uponcloserexaminationof theunderlyingperformancelatafrom
individual stage®f selecterobleminstancesit becomeglearthat
for theseproblemsiwo contraryeffectscanbeobsered: Sometimes,
trajectorycontinuationis asefficientin recosering solutionsquickly
asfor theRandom-3-SA instancesThereareothercaseshowever,
for whichthemodelfoundduringthe preceedingtageseemso pro-
vide anespeciallybadstartingpoint for thenext phaseof searchand
trajectory continuationgives significantly worse performancethan
randomrestart.

This obsenationleadsusto introducea slight modificationof the
trajectorycontinuationapproachthe soft restart strateyy triggersa
randomrestartwhenfor a given numberof flips (in our experiments
setto 10timesthenumberof variablesn thegivenprobleminstance)
no improvementin the objective function (i.e., the numberof unsat-
isfied clauses)ver the bestvalue encounteredgincethe lastrestart
hasbeenachie/ed. Intuitively, whencombinedwith trajectorycon-
tinuation, this stratgy shouldenablethe underlyingSLS algorithms

4 As for Random-3-SA, theseparametesettingswereselectecaccordingo
approximatelyoptimal parametesettingsfor the underlyingcorventional
SAT test-setssee[5].



to recover quickly from bad initial assignmentsaswell as exploit
thefull benefitof goodinitial assignmentsThe datain Table2 con-
firms this intuition and shaws that trajectorycontinuationwith soft
restarts significantlymoreefficientthanrandonrestarfor thegraph
colouringinstancesonsiderechere. However, the performancaif-
ferenceis still muchsmallerthanfor the Random-3-SA instances,
suggestinghat for more structuredDynSAT problems.t.c. is less
effective thanit is for unstructuredrandomprobleminstances.

Whenanalysingthe correlationof searchcostfor the samealgo-
rithm usingrandomrestartandt.c. with soft restart,resp.,we find
that the correlationis quite strong(r = 0.94 for Novelty™). This
reflectsthe smallerimpactof t.c. with softrestartvs. randomrestart,
but alsothe moreuniform structureof the instancesmposedby the
SAT-encodingof the underlyinggraph colouring instanceswhich
malesthevariationin obsened performancalifferencebetweerthe
two approacheessextremethanfor the Random-3-SA case.

Overall, theseresultsconfirm that trajectory continuation(espe-
cially whencombinedwith softrestart)is moreefficientthanrandom
restart.

5 RelatedWork

The concepiof dynamiccombinatoriakearchproblemss notanev

one.Dechterand Dechter[1] introducethe dynamicconstraintsat-
isfaction problem,and describemethodsfor finding new solutions
when CSPsundego minor changedike the addition of unit con-
straintsto exisiting variables Theirwork focuseson the propogation
of constraintsn constraintnetworks, anddoesnt considerheuristic
repairor local searchatall.

Verfaillie andSchie [12] examinewaysto reusesolutionsto dy-
namic randomCSPs,and introducean algorithm which combines
featuresof backtrackingandheuristicrepairtechniquesTheir algo-
rithm performswell for a rangeof randomprobleminstancesput
it is not clear how its performancewvould compareto state-of-the-
art SLSalgorithmsfor CSPsFurthermorethey don't considemore
structuredproblems.

Ginsbeg, Parkes,andRoy [2] attemptto quantifythe notion of a
robust SAT modelby introducingsupermodelsTheir distinctionbe-
tweentherobustnes®f solutionsandalgorithmsis a usefulone,but
finding reasonablsupermodelsvhich arerobustto change®f even
several variablesis ordersof magnitudemore difficult thanfinding
a simplemodel,andthusnot usefulfor the DynSAT algorithmswe
proposehere.We hopefuture work will be ableto further quantify
therobustnesof SAT modelsin away thatis easierto approximate,
andwhichis easilyamenabldo local searchmethods.

WallaceandFreudef13] alsoexploredynamicCSPsandsolution
stability, consideringhe casewhereproblemchangesretemporary
andrecurring.In this case|t is possibleto learnwhatthe next prob-
lem changeis likely to be, so Wallaceand Freuderdefinea stable
solution as one wherevariablesare assignedvalueswhich are not
likely to be madeunavailablein the next problemchangeThis idea
is usefulwhen problemschangesarerecurring,but doesnt help us
decidewhen a solutionis stablein a more fundamentalway; i.e.,
whena solutionis asrobustaspossibleto future problemchanges,
evenif they areareunexpected.

6 Conclusions

In this paper we introducedthe dynamic SAT problem(DynSAT),
gave two different,but equivalent, definitionsfor this problem,and
presente@ninitial investigatiorof stochastidocal searchalgorithms
for DynSAT. We characterisedeveral approache$or solving Dyn-
SAT problemsusingstochastidocal searchfwo of which allow ex-

isting, powerful SLS algorithmsfor SAT to be usedwith little or no
modification.We investigatedhesetwo approacheshasedon ran-
domrestartandtrajectorycontinuatioraftereachchangeof theprob-
lem, by empiricallyanalysingthe performancef several variantsof
thewell-known WalkSAT algorithmfor SAT whenappliedto differ-
enttypesof DynSAT instanceslerived from establishedenchmark
problemsfor corventional SAT. Our resultsindicatethat trajectory
continuationis considerablymoreefficientthanrandomrestart par
ticularly for hard,unstructuregroblemsprobleminstancesWe also
found that heuristicswhich improve SLS performanceon staticin-
stancesilsohelpto solve the correspondindynSAT instancesnore
efficiently.

This work presentsonly an initial investigationof the DynSAT
problemandmethoddor solvingit. Many interestingesearctissues
remainto be explored.One of the mostfruitful areasappeardo be
the study of algorithmsfor DynSAT which utilise the time between
finding aninitial solutionof the currentstageof a problemandthe
occurrencef thenext changedo searckor solutionswhicharemore
robust with respectto problemchangesMoreover, when consider
ing scenariosvherethe changesanbe expectedto be of aregular
nature someof thelessondearnedfor dynamicCSPscanobviously
beappliedto DynSAT, andcombinedwith heuristicstratgieswhich
work well for corventionalSAT. Otherdirectionsfor futureresearch
on dynamicSAT includethe adaptionof systematicDavis-Putnam
like SAT procedureso thedynamiccaseandthecombinatiorof SLS
algorithmsfor DynSAT with polynomial preprocessingechniques
which are known to be crucial for solving large and complex con-
ventionalSAT problems.

Overall, we believe thatDynSAT is aninterestingproblemwhich
will allow usto extend the knowledge gainedfrom studyingalgo-
rithmsfor corventionalSAT to dynamicproblems Sharingthe same
motivationasthemoregeneraldynamicCSPproblem,dynamicSAT
could benefitfrom the sameconceptuakimplicity which hasfacili-
tatedrecentsuccesse SAT-relatedresearch.
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