Regular Polygons are Most Tolerant

William Evans^∗ Department of Computer Science University of British Columbia

1 Introduction

Suppose we are asked to draw the “most convex” n-gon within^1 a given circle. By most convex we mean that the distance we can allow the vertices to move without ruining convexity is maximum. What n-gon do we choose? Our intuition suggests that the regular n-gon whose circumscribed circle is the given circle is the best choice. This paper shows that our intuition is correct.

Abellanas et al. pose this problem as one of a host of problems which involve the tolerance of a geometric object [2]. The tolerance of an object measures its ability to withstand perturbation and maintain some property. Perturbation has been studied as a method for handling degeneracies in an algorithm’s input or as a way to quantify and control computational errors [4, 5, 6]. We take the idea of perturbation from this realm of algorithmic robustness and use it to define a property — the tolerance — of a particular geometric object.

Our definition of tolerance is based on the notion of Epsilon-Predicates from [6]. Let O be a set of objects with a distance metric δ : O × O → ℜ. Let P be a predicate defined on O. For P ∈ O, define

P-tolerance(P ) = sup{ϵ | ∀Q ∈ O if δ(P, Q) ≤ ϵ then P(Q)}

This definition is a restatement of the definition of tolerance given in [2, 3, 1].

As an example of the preceding definition, we rephrase (and make precise) the problem of finding the most convex n-gon within a given finite circle C. Let O be the set of n-gons, each specified by an n-tuple of vertices (points in ℜ^2). Define the distance metric δ to be δ(P, Q) = δ((p_1, . . ., p_n), (q_1, . . ., q_n)) = max_{i∈{1,...,n}} d(p_i, q_i) �Research supported by NSERC Canada International Fellowship.

1An n-gon is within a circle C if the vertices of the n-gon lie on the boundary or in the interior of C.

where d is the Euclidean distance function for points. Let P(Q) be the predicate “Q is convex”. In this paper, when we refer to the tolerance of an n-gon P we mean Ptolerance(P ) with the above definitions.

The problem of finding the most convex n-gon within C is the problem of finding

arg max

P ∈ O within C

P-tolerance(P )

Rather than solving this problem directly, we look at the related problem of finding the n-gon with tolerance ϵ that has minimum perimeter. Solving the related problem will allow us to solve the original problem quite simply.

2 Perimeter Minimization

ϵ θ ϵ

ϵ

ϵ

Figure 1: A regular pentagon with tolerance ϵ.

We start by calculating the perimeter of a regular n-gon with tolerance ϵ. Let θ = (n − 2)π/2n be half of the interior angle of the regular n-gon. The perimeter of a regular n-gon with tolerance ϵ is 2n ϵ cos θ = 2nϵ cos((n − 2)π/2n) Notice that the perimeter is proportional to the tolerance for fixed n. In addition, except for triangles which have infinite tolerance, the tolerance of an n-gon is limited by the distance required to make three consecutive vertices on the n-gon co-linear.

Theorem 1 For n > 3, the regular n-gon with tolerance ϵ has the unique smallest perimeter of any convex n-gon with tolerance ϵ.

Proof. Let P be a convex n-gon with tolerance ϵ and vertices v_1, . . ., v_n in clockwise order. The idea of the proof is to lower bound the perimeter of P as a function of the interior angles of P and its tolerance ϵ, and then show that the regular n-gon uniquely achieves this lower bound.

Let m_i be the midpoint of the edge v_iv_{i+1}. To avoid an overabundance of notation, we adopt the convention that subscript n + 1 ≡ 1 and subscript 0 ≡ n.

We claim that, for all i ∈ {1, . . ., n}, the distance from v_i to the line ℓ_i through m_{i−1} and m_i is at least ϵ. On one side of ℓ_i lies v_i and on the other side lies v_{i−1} and v_{i+1}. Let u_i be the point on ℓ_i closest to v_i, and let ϵ_i be the distance between u_i and v_i.

v_{i−1} v_i

v_{i+1} m_i m_{i−1} x u_i ℓ_i ϵ_i ϵ_i ϵ_i α_i β_i

Figure 2: Every vertex v_i is ϵ_i ≥ ϵ from ℓ_i.

Let x be the point on ℓ_i closest to v_{i−1}. Triangles v_{i−1}, x, m_{i−1} and v_i, u_i, m_{i−1} are congruent, thus v_{i−1} is distance ϵ_i from ℓ_i. Similarly, v_{i+1} is distance ϵ_i from ℓ_i. By moving v_{i−1}, v_i, and v_{i+1} each a distance ϵ_i, we can make these three vertices co-linear. Thus ϵ ≤ ϵ_i for i ∈ {1, . . ., n}. Let α_i be the angle formed by v_{i−1}, v_i, u_i, −π/2 < α_i < π/2. Let β_i be the angle formed by u_i, v_i, v_{i+1}, −π/2 < β_i < π/2. The sum α_i + β_i is the interior angle at vertex v_i. Thus P^n_{i=1}(α_i + β_i) = (n − 2)π.

The distance between v_i and m_{i−1} is ϵ_i/ cos α_i. Similarly, the distance between v_i and m_i is ϵ_i/ cos β_i. Thus, the perimeter of P is equal to

per(P ) =

nX_{i=1} ϵ_{icos αi +} ϵ_{icos βi ≥ ϵ} nX_{i=1} 1_{cos αi +} 1_{cos βi}

By the strict convexity of 1/ cos θ for −π/2 < θ < π/2, this sum is uniquely minimized when all angles α_i and β_i are equal. To see this explicitly,

per(P ) ≥ 2nϵ

nX_{i=1} 1/2n_{cos αi +} 1/2n_{cos βi = 2nϵE[1/ cos X]}

where X is a random variable which takes value α_i with probability 1/2n and value β_i with probability 1/2n for i ∈ {1, . . ., n}. By Jensen’s inequality [7], E[1/ cosX] ≥ 1/ cos E[X] with equality if and only if X is constant. Since, E[X] = nX_{i=1} α_i + β_{i2n =} (n − 2)π_{2n}

we have per(P ) ≥ 2nϵ cos((n − 2)π/2n) That is, the perimeter of P is at least the perimeter of the regular n-gon with tolerance ϵ, with equality if and only if P is the regular n-gon with tolerance ϵ. 2

Corollary 1 For n > 3, the convex n-gon with maximum tolerance within a given circle C is unique and is the regular n-gon with circumscribed circle C.

Proof. Let R_C be the regular n-gon with circumscribed circle C. Let P be any convex n-gon within C other than R_C . By theorem 1, there exists a regular n-gon R with the same tolerance as P and perimeter per(R) ≤ per(P ). Since R_C has greater perimeter than any other n-gon within C [8], per(P ) < per(R_C). Since R_C is similar to R and has strictly greater perimeter, R_C has strictly greater tolerance than P . 2

3 Open Problems

There is a nearly endless supply of interesting open problems of the form “What is the object within O ∩ K whose P-tolerance is maximum?” Two such problems posed in [2] are to find the set of n points within the unit disc whose Delaunay triangulation is most tolerant, and to find the n-gon within the unit disc which is “most simple,” i.e. farthest from crossing itself. Alternatively, one could follow the approach presented in this paper and ask for the “smallest” object in O with P-tolerance equal to ϵ.

Other interesting questions involve designing algorithms to calculate the P-tolerance of a given object. (See [2] for a glimpse of what is known.)

4 Acknowledgments

I thank Paco Gómez for bringing the problem to my attention.

References

[1] M. Abellanas, F. Gómez, F. Hurtado, and P. Ramos. Structural tolerance and Delaunay triangulation. Technical Report MA2-IR-93-11, Universitat Politècnica de Catalunya, 1994.

[2] M. Abellanas, F. Hurtado, and P. Ramos. Tolerance of geometric structures. In Proceedings of the Sixth Canadian Conference on Computational Geometry, pages 250– 255, 1994.

[3] M. Abellanas, F. Hurtado, and P. Ramos. Redrawing a graph within a geometric tolerance. In R. Tamassia and I. Tollis, editors, Graph Drawing, volume 894 of Lecture Notes in Computer Science, pages 246–253. Springer-Verlag, 1995. DIMACS International Workshop, GD ’94 Proceedings.

[4] H. Edelsbrunner and E. Mücke. A technique to cope with degenerate cases in geometric algorithms. In Proceedings of the Fourth Annual Symposium on Computational Geometry, pages 118–133, 1988.

[5] I. Emiris and J. Canny. A general approach to removing degeneracies. In Proceedings of the 32nd Annual Symposium on Foundations of Computer Science, pages 405–413, 1991.

[6] L. Guibas, D. Salesin, and J. Stolfi. Epsilon geometry: Building robust algorithms from imprecise computations. In Proceedings of the Fifth Annual Symposium on Computational Geometry, pages 208–217, 1989.

[7] G. Hardy, J. E. Littlewood, and G. Pólya. Inequalities. Cambridge University Press, second edition, 1952.

[8] A. W. Marshall and I. Olkin. Inequalities : Theory of Majorization and its Applications.

Mathematics in Science and Engineering. Academic Press, 1979.