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1 Overview

The first lecture gives three examples of force directed drawing algorithms with varying formal-
izations of attractive and repulsive forces. The second lecture begins with one more example of a
force directed drawing algorithm. We then cover Laplacian matrices and spectral theory. We end
with a short proof utilizing spectral theory to prove a relationship between Laplacian matrices and
connectivity in graphs.

2 Force Directed Drawing

2.1 Tutte’s Algorithm 1963 [6]

Tutte’s algorithm is one of the first force directed drawing algorithms, it consists of the following
steps:

• Nail vertices in the outerface in a convex position

• Every edge eij attracts i to j with force proportional to distance(i, j)~ji where ~ji is a unit
vector from i to j

The second step can be simulated by placing each vertex at a position equal to the average of
all of its neighbouring vertices’ positions. Let S be the set of nailed vertices, E be the set of edges
and p0 be the position of the nailed vertices, we can now phrase the algorithm as follows:

∀ i ∈ V \ S pi =
1

deg(i)

∑
ij∈E

pj

∀ i ∈ S pi = p0

2.1.1 Solving Tutte’s Algorithm

We have a couple of options when computing the position of vertices in Tutte’s algorithm:

1. We can simulate the attractive forces by repeatedly computing the average position of free
vertices.

2. Alternatively, since all of the forces can be expressed with linear equalities we can solve for
vertices’ positions using a Linear Program.

The existence of a linear program solution permits a polynomial time solution to Tutte’s Algorithm.
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Figure 1: The attractive force (red) ,repulsive force (blue) and total force (green) acting upon a
vertex as a function of distance in Eades’ algorithm.

2.2 Eades’ Algorithm (1984) [2]

Eades presents an alternate force directed drawing algorithm comprised of two forces: an attractive
force (fa) and a repulsive force (fr).

• Every edge attracts j to i with force fa(i, j) = Ca
log(d(i,j)

l
~ji

• Every edge repels j from i with force fr(i, j) = Cr
d(i,j)2

~ij

• The total force acting upon vertex j is Fj =
∑

i,j∈E fa(i, j) +
∑

i,j∈V 2 fr(i, j)

The choice was made to move away from linear functions of distance as they caused too much force.
In addition, the log is used in the attractive force to penalize long edges so they do not contribute
too much force.

2.2.1 Solving Eades’ Algorithm

Since the force functions are no longer linear we cannot solve this algorithm using a linear program.
Our only option is to simulate the system. We can do that using the following procedure:

procedure Eades’ Algorithm
pi ← initial position of i ∈ V
while max|Fj | < ε and T < max iterations do

for all j do
Fj =

∑
i,j∈E fa −

∑
i,j∈V 2 fr(i, j)

for all j do
pj = pj + σFj
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We can now look at computational complexity of each iteration of the while loop. The first for
loop must compute fa for every edge and fr for every pair of vertices. If there are m edges and n
vertices then the first part can be done in O(m) time and the second part can be done in O(n2)
time. This means the first for loop can be done in O(m + n2) time. The second for loop simply
iterates through each vertex and can be done in O(n). This means each iteration of the while loop
can be computed in O(n2 +m) time.

2.3 Fruchterman and Reingold (1991) [3]

Fruchterman and Reingold wanted to create a force directed drawing that spreads vertices out
evenly. To do this they introduced a new variable k which represents the ideal spread of vertices

and is equal to
√

area
|V | . They define their forces as follows:

• Every edge attracts j to i with force fa(i, j) = (d(i,j)2

k
~ji

• Every edge repels j from i with force fr(i, j) = k
d(i,j)

~ij

• The total force acting upon vertex j is Fj =
∑

i,j∈E fa(i, j)−
∑

i,j∈V 2 fr(i, j)

Figure 2: The attractive force (red) ,repulsive force (blue) and total force (orange) acting upon a
vertex as a function of distance in Fruchterman and Reingold’s algorithm. The value of k is plotted
in black.

Fruchterman and Reingold’s algorithm introduced two novel additions to force directed drawing.

1. They included an upper bound on movement per iteration called temperature. Vertices are
moved at each iteration by the minimum of the force acting upon them and the temperature
at the current iteration. This temperature cools as the algorithm progresses and forces the
algorithm to terminate.
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2. They also introduced a data structure that allowed them to ignore repulsive forces caused by
distant vertices. They did this by separating the drawing area into a grid of squares which
have dimensions 2k by 2k and only computing the repulsive forces acted on a vertex by the
vertices in the 9 surrounding boxes. Since their motivation was to spread vertices evenly the
amount of vertices in any given group of boxes should only be a portion of the total vertices.

Figure 3: An example of the partitioning of the drawing space used by Fruchterman and Reingold.
The boxes that intersect with the interior of the red circle must be used when computing fr for the
shown vertex.

2.3.1 Quad Tree

The data structure used by Fruchterman and Reingold does not work well for arbitrary placements
of vertices, for example, if every vertex is contained within a single 2k by 2k box. Quad trees are a
data structure originally used in n-body simulation that provide an alternative way of partitioning
the drawing space [1]. The drawing space is split into 4 quadrants and each quadrant is then split
into 4 more quadrants until every subsection contains only a single point. We can represent this
with a tree data structure where each subdivision is represented by a node whose children are the
four subsections contained within it. For each tree node we compute both the location of the center
of mass and the total mass contained within the section. Then to compute the forces acting on j
we traverse the nodes of the quad tree beginning at the root until the center of mass of the node
is far from j.
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Figure 4: An example of a partitioning of the drawing space when subdivided using a Quad Tree.

Figure 5: The resulting tree structure from the partitioning shown in figure 3.

procedure Quad Tree Forces
d← location of vertex
q ← root node
computeForce(d,q)
function computeForce(d, q)

u← CenterofMass(q)

if d(j, u) > quadboxsize(q)
θ then

fr(j, u) = k2

d(j,u) +mass(q)
else

for x← Children of q do
computeForce(d, x)

We can still run into problems when vertices are arbitrarily close together (giving us an arbitrary
depth to our quad tree). However, we can ‘shallowfy’ a quad tree by collapsing nodes that represent
the same set.

2.4 Kamada and Kawai (1989) [4]

Kamada and Kawai wanted to create a drawing where the distances between vertices are close to
their shortest path distance in the graph. This is also known as multi-dimensional scaling. To do
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this, first we have to convert path lengths into values that are proportional to our drawing area.
We start with the length of a single edge L and set this to be equal to L0, which is the side length
of the drawing area, divided by the maximum path length. In other words if dij is the shortest path
from i to j then L = L0

max dij
. Now the ideal distance between a point pi and a point pj is lij = L ·dij .

We can now place our vertices by minimizing the energy E =
∑

i<j
1
2kij(d(pi, pj) − lij)2. Where

kij = k
d2ij

which allows the distances to be more inaccurate for vertices which are far away. By using

our definitions of k and lij we can rearrange our energy formula to E = k
2

∑
i<j(

d(pi,pj)
dij

− L)2.

Our goal is now to find the local minimum where σE
σxm

= σE
σym

= 0 for pm(xm, ym) for all vertices m.
We can find this minimum by freezing everything except for the worst m, minimizing the energy
with respect to m and the repeating with a new m.

procedure Find Local Min

m← argmax
√

( σE
σxm

)2 + ( σE
σym

)2

Move pm to minimize E while keeping other vertices fixed

3 The Laplacian Matrix

The Laplacian matrix for a graph G is

Lij =


−1 ij ∈ E(G)

d(i) i = j

0 otherwise

The Laplacian Matrix for the graph shown in figure 6 is

L =



3 −1 0 −1 −1 0 0
−1 3 −1 0 0 −1 0
0 −1 3 −1 0 −1 0
−1 0 −1 3 0 0 −1
−1 0 0 0 3 −1 −1
0 −1 −1 0 −1 4 −1
0 0 0 −1 −1 −1 3
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Figure 6: A simple example graph.

3.1 Solving Tutte’s algorithm with a Laplacian Matrix

Laplacian matrices encode a variety of useful information. One example is the locations of vertices
that solve Tutte’s algorithm. Suppose vertices 1, 2...h are nailed down and vertices h + 1...n are
placed at the average of their neighbours. Let (xi, yi) be the location of i ∈M where M is the set of

free vertices and m = |M | for all i = h+ 1, ...n. We know that xi =
∑

i,j∈E
deg(i) which we can rearrange

to xideg(i) −
∑

i,j∈E = 0. By definition of the Laplacian matrix this is equal to
∑m

j=1 Lijxj = 0.
In other words the set of valid placements of free vertices in Tutte’s algorithm are in the null space
of the Laplacian Matrix.

4 Spectral Theory

If M is an n × n real symmetric matrix then there exists real numbers λ1 ≤ λ2 ≤ λ3... ≤ λn
and mutually orthogonal unit vectors e1, e2...en such that Mei = λiei for all i. λi are known as
eigenvalues and ei are known as eigenvectors.

4.1 Rayleigh’s Quotient

Rayleigh’s Quotient allows us to solve for the eigenvalues and eigenvectors of a Matrix. It is equal
to

xTMx

xTx

or if ||x|| = 1 its simply xTMx.

7



4.1.1 Rayleigh Optimization Theorum

Eigenvectors and eigenvalues can be solved for using the following formulas.

λi = min
x⊥e1,e2...ei−1

xTMx

xTx

ei = arg min
x⊥e1,e2...ei−1

xTMx

xTx

For a proof of this see Dan Spielman’s notes on spectral graph theory [5].

4.2 Weighted Laplacian

We can extend the concept of the Laplacian matrix to weighted graphs by defining the matrix as

Lij =


−wij ij ∈ E(G)∑

k 6=i
ik∈E

wik i = j

0 otherwise

This allows us to make a connection between graph optimization problems and the Rayleigh’s
quotient as xTLx =

∑
ij∈E wij(xi − xj)2.

4.3 Connectivity

We can use spectral theory and the Laplacian matrix to prove interesting properties about a graph.
One example applies to connectivity.

Lemma 1. G is connected iff the second eigenvalue λ2 of L is positive.

Proof. If G is not connected imagine a weight vector which assigns weight xi to vertex i. Then
there exists a partition of V into A and B such that no edges cross from A to B. A vector with 0’s
on A and 1’s on B has eigenvalue 0 as does 1’s on A and 0’s on B.
⇒ λ2 = 0
If G is connect since λ2 = minx⊥e1 x

TLx and x ⊥ ei there must be some xa 6= xb. If we take the
path from xa to xb there must be at least 2 adjacent nodes for which xi 6= xj . Since xTLx =∑

ij∈E wij(xi − xj)2 therefore minx⊥e1 x
TLx must be greater than 0.

⇒ λ2 > 0
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